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ABSTRACT. We prove a Paley-Wiener Theorem for a class of symmetric spaces of the compact type, in
which all root multiplicities are even. This theorem characterizes functions of small support in terms of
holomorphic extendability and exponential type of their (discrete) Fourier transforms. We also provide
three independent new proofs of the strong Huygens’ principle for a suitable constant shift of the wave
equation on odd-dimensional spaces from our class.

INTRODUCTION

In the context of spherical harmonic analysis, the compactness of a symmetric space U/K is reflected by
the discreteness of its dual space, which is the set of irreducible K-spherical unitary representations of
U. The same set parameterizes the set of (elementary) spherical functions. Thus the spherical Fourier
transforms of K-invariant functions on U/K are functions on a discrete set. Likewise, the formula for
spherical inversion, which recovers a sufficiently regular function on the symmetric space in terms spherical
functions, is given by a series. This structural discreteness can be overcome for functions with “small
support”, by relating them to functions on the tangent space q to U/K at the base point 2o = {K}.
This procedure can be easily illustrated in the Euclidean setting: consider a smooth function f : S' — C,
where S* denotes the unit circle. View f as a periodic functions on R by ¢ — f(e®) and assume that f has
small support, say in [— R, R]+27Z, where 0 < R < w. We can then regard f as a smooth function on the
real line with support in [—R, R] by setting it equal to 0 outside of the fundamental period [—m, 7). By
the classical Paley-Wiener theorem on R, the Fourier transform of f is an entire function of exponential
type R. It therefore provides a holomorphic extension of the Fourier transform of f as a function on
S1. Likewise, if F' is a holomorphic function on C of exponential type R, 0 < R < m, then the inversion
formula for the continuous Fourier transform gives a function f; with support in [—R, R], and we can
define a function f on St by f(e®) = fi(t).

The possibility of characterizing central smooth functions with “small support” on compact Lie groups
by means of the entire extension and exponential growth of their Fourier transform was first proven by
Gonzalez in [7]. In this paper we extend the local Paley-Wiener theorem to all compact symmetric spaces
U/K with even multiplicities: the K-invariant smooth functions on U/K with “small support” will be
characterized in terms of holomorphic extendibility and exponential growth of their spherical Fourier
transform. Moreover, the exponential growth of the transformed function will be linked to the size of the
support of the function on the symmetric space. The given characterization relies on the fact that the
spherical functions on a compact symmetric space extend holomorphically to the complexified symmetric
space. Their restrictions to the noncompact dual symmetric spaces G/K are in turn spherical functions
on G/K. This allows us to use known information on the spherical functions on G/K and classical Fourier
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analysis on the Lie algebra of a maximal abelian subspace of q. In particular, the classical Paley-Wiener
theorem is used to obtain the required holomorphic extension of compact spherical Fourier transforms of
a K-invariant function on U/K with a small support.

Properties of holomorphic extendibility for spherical functions on symmetric spaces have been the
objects of intensive recent study, with different approaches and perspectives. See e.g. [14], [20], and [17].
The situation which we consider in this paper corresponds to symmetric spaces with even multiplicities.
It is rather special because of the existence of shift operators providing explicit formulas for the spherical
functions by relating them to exponential functions [16]. These shift operators are suitable multiples of
Opdam’s shift operators. The multiplying factor has been chosen so, as to cancel the singularities of the
coefficients of Opdam’s shift operators along the walls of the Weyl chambers. The resulting operators are
differential operators with holomorphic coefficients. Hence, we can read off the properties of holomorphic
extendibility of the spherical functions directly from these formulas. Furthermore, the shift operators
allow us, as mentioned above, to reduce several problems in harmonic analysis on symmetric spaces of
even multiplicities to the corresponding problems in Euclidean harmonic analysis.

Our proof depends heavily on the assumption that all root multiplicities are even, and it is not possible
to generalize it to obtain local Paley-Wiener type theorems for general compact symmetric spaces. On
the other hand, the same proof can be employed for several other even-valued multiplicity functions which
are not geometric. We will not explore this avenue further in the present article.

The relation between spherical transforms on compact and noncompact symmetric spaces investigated
in this paper also yields a representation of smooth functions with “small support” on the compact space
as integrals of spherical functions of the noncompact dual. These integral formulas are the key ingredient
for studying the solutions of the wave equation on Riemannian symmetric spaces of compact type. ;From
exponential estimates for the solutions, we deduce in Section 4 that the strong Huygens’ principle is valid
on these spaces.

The (strong) Huygens’ principle states that, in odd dimensions, the light at time ¢y at a location x
influences at later times ¢; only those locations which have distance exactly t1 — tg from z. Hence, if
a wave is supported in the sphere {z | ||z|| < R} at the initial time 0, then it will be supported in the
annulus {z | t — R < ||z|| < t 4+ R} at time ¢. In particular, at times ¢t > R, the wave will vanish inside
the sphere {z | ||z| <t — R}.

Several different authors have proven the validity of Huygens’ principle on odd dimensional Riemannian
symmetric spaces with even multiplicities of either noncompact or compact type. Here “light” is to
be interpreted as a solution of a suitable wave equation, obtained by a certain constant shift of the
d’Alembertian. Their proofs use a variety of different methods. The first results in this direction were
given by Helgason [8, 11], see also [13], who proved Huygens’ principle for symmetric spaces G/K for
which either G is complex or G = SOq(n, 1), and for compact groups. In the general case of odd
dimensional Riemannian symmetric spaces of the noncompact type with even multiplicities, the validity
of Huygens’ principle was stated without proof by Solomantina [21]. A proof by Radon transform methods
was provided by Olafsson and Schlichtkrull [18]. An independent proof was obtained by Helgason [12] by
means of his Fourier transform. In [4] the authors proved an exponential decay property for solutions of
the wave equation with compactly supported initial data. This method implied another independent proof
of the Huygens’ principle for odd dimensional symmetric spaces with even multiplicities; see [4]. Finally,
a completely different approach based on Heckman-Opdam’s shift operators and explicit formulas for the
fundamental solutions was provided by Chalykh and Veselov in [5]. The formulas of Chalykh and Veselov
give the fundamental solution of the wave equation in polar coordinates. By replacing hyperbolic functions
with their trigonometric counterparts, one can also deduce formulas for the fundamental solutions of the
wave equation on compact symmetric spaces. These formulas will be valid for small values of time. Using
this argument, Chalykh and Veselov state that Huygens’ principle holds also on Riemannian symmetric
spaces of the compact type.
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In the context of Riemannian symmetric spaces, Huygens’ principle has been much less studied for
compact type than for noncompact type. In [19], Orsted used conformal properties of wave operators
and of Lorentzian spaces covered by R x S2"*1 to establish Huygens’ principle for the wave, Dirac,
and Maxwell equations on S2"t!. His proof makes it clear that analogues will be valid for other linear
differential operators with suitable hyperbolicity and conformal properties. A different proof for the wave
equation on the odd sphere S?"*1 were given by Lax and Phillips [15]. Branson [1] extended the Lax-
Phillips proof to an infinite class of hyperbolic equations on the odd sphere. Helgason proved Huygens’
principle for the compact group case, see [11]. Finally, Branson and Olafsson [3] proved that the local
Huygens’ principle for a compact symmetric space U/K is valid if and only if Huygens’ principle holds
for the non-compact dual space G/K.

In this article we provide three independent new proofs of a local version of the strong Huygens’
principle for compact symmetric spaces U/K. One of these methods comes from exponential estimates
for the smooth solutions of K-invariant Cauchy problems for the modified wave equations on U/K. These
estimates are obtained by methods similar to those introduced for the noncompact setting in [4]. It is
nevertheless important to mention that the use of the shift operators indeed reduces the proof of the
of Huygens’ principle on Riemannian symmetric spaces of either type (compact or noncompact) to the
validity of the same principle in the Euclidean setting. The proof presented in this paper is therefore
easier than that in [4].

Another proof of the local strong Huygens’ principle is in the spirit of the paper of Chalykh and Veselov
[5]. The formulas for the spherical functions proven in Theorem 2.9 permit us to derive an explicit formula
for the solution of the wave equation corresponding to a given smooth initial condition. The tools for
writing down these formulas appear in the proof of the local Paley-Wiener theorem. An essential property
in our argument is that our shift operators, which link spherical functions to exponential functions, have
regular (indeed analytic) coefficients. This fact was not proven in [5].

Our paper is organized as follows. In Section 1 we recall some structure theory of Riemannian sym-
metric spaces of the compact type. The spherical functions and spherical representations are introduced
in Section 2. Theorem 2.9 proves the existence of differential shift operators. These provide explicit
formulas for the spherical functions on compact symmetric spaces. The main theorem in this paper is the
local Paley-Wiener theorem, which is stated and proven in Section 3. The integral formula for functions
with “small support” is given by Corollary 3.16. Finally, Section 4 contains the proofs of the local strong
Huygens’ principle on Riemannian symmetric spaces of the compact type.

1. SYMMETRIC SPACES

1.1. Compact symmetric spaces. In this section we recall some facts about compact symmetric spaces.
We use [9], Chapter VII, and [22], Chapter II, as standard references.

Let U be a connected compact Lie group with center Z and Lie algebra u. Denote by 3 the center of
u. Then u =3 v/, where v := [u,u] is semisimple. Let exp : u — U be the exponential map. If 3 # {0},
then we set I'g := {X € 3 | expX = e}, where e denotes the identity of U. Then Iy is a full rank lattice
in 3 and T := 3/T is isomorphic to the identity connected component of Z. We will from now on write
T = Zy. Denote by U’ the analytic subgroup of U with Lie algebra u’. Then U’ is semisimple with finite
center and U = TU' ~ T x p U’ where F = TNU’ is a finite central subgroup of U. We will for simplicity
assume that F is trivial. Thus U ~ T x U’.

Let 7 : U — U be a non-trivial analytic involution. Set U := {u € U | 7(u) = u}, and define K be the
identity connected component of U”. Then U/K is a connected compact symmetric space (also called
Riemannian symmetric space of the compact type). The derived involution of 7 on u will be denoted by
the same letter 7. Thus 7(exp(X)) = exp(7(X)) for all X € u.
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Let ¢ denote the Lie algebra of K. We shall assume that U acts effectively on U/ K, i.e. that ¢nz = {0}.
Then

t=u ={Xeu|r(X)=X}cCu.
Set
g={Xeu|r(X)=-X}.

Then u=£t®qand 3 Cq.

For a real vector space V' we denote by V* its dual and by V¢ := V ®g C its complexification. If V
is a Buclidean vector space with inner product (-,-) and W C V is a subspace, then W= denotes the
orthogonal complement of W in V. We identify W* with the space {f € V* | flyy+ = 0}. The complex
linear extension to Vg of a linear map ¢ : V' — V will be denoted by the same symbol ¢. For A € V*
define hy € V by A(H) = (H, hy). For X\ # 0 we set Hy := 2(hyx, h\)"'hy. Then A\(H,) = 2. Finally we
define an inner product on V* by

A ) o= (s by = Ahy) = p(hy) -

Recall that the Killing form « on u is negative definite on u’. Fix an inner product (-, -) on 3 and define
a U-invariant inner product on u by

<Z1 —+ Xl,ZQ —+ X2> = <Z1, Z2> — H(Xl,XQ), Zl, Z2 €3, Xl,XQ S u/ .
Let b C q be a maximal abelian subspace and set b; := bNu'. Then

Set a:=ib C uc and a; = iby. Then, by restriction, (-, -) defines an inner product on a, and hence we can
apply the above notational conventions to (a, (-,-)). In particular Hy € a is well defined for all nonzero
A€ a*.
For v € bg = ag let
ug :={X euc|VHeb : [H,X]=a(H)X}

and set m, = dimcug. If u® # {0}, then « is called a root and m, is its multiplicity. We denote by
A the set of roots and by W = W(A) the corresponding Weyl group. Recall that W is generated by
the reflections s, with o € A. Here so(H) := H — a(H)H,. If a € A, then u? C ug, af;. = 0, and
a € ib} = aj. Hence « is real valued on a and af; = 0. Choose X € a so that a(X) # 0 for all roots
a. Then At :={a € A | a(X) > 0} is a set of positive roots. We denote by X the corresponding set of
simple roots.

1.2. Integration on U/K. We now fix our normalization of measures. If L is a locally compact Hausdorff
topological group, then dl denotes a left invariant (Haar) measure on L. When L is a compact group we
normalize dl so that the volume of L is 1. In this case, if M is a closed (and hence compact) subgroup
of L, then we normalize the invariant measure d(IM) on L/M so that L/M has volume 1. We then have
for all f € L*(L/M) and g € L*(L):

FM) d(lM):/Lf(lM) dl:/L(fow)(l)dl

L/M

and

[awa- [ . | ottm) amaqian).

where 7 : L — L/M is the canonical projection [ — [M.
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Let B := exp(b) and By := exp(b;) = BNU'. Then U = KBK = TKB; K. In particular, denoting
by xo the point {K} € U/K, then KB -z = T(KBy)-2z9 = U/K. Set M = Zk(B) and define
U:K/Mx B—U/K by (kM,b) := kb-xy. Then ¥ is smooth and surjective. Furthermore,

(L.1) | det (AW earexp()| = [T [sina(H)[™ =: 6(exp(H)).
acAt

This proves the following integration formula (cf. e.g. [10], Theorem 5.10.)
Lemma 1.1. There ezists a constant ¢ > 0 such that for all f € C(U/K) we have

U/Kf(uK) d(uK) —C/K/M/Bf(kb~xo) 5(b) dbd(kM) .

2. SPHERICAL FUNCTIONS AND SPHERICAL REPRESENTATIONS

In this section we recall some necessary facts about spherical functions and spherical representations.
We refer to [10], Chapter V, as standard reference. Our main result in this section is Theorem 2.9. It
states that, if m,, is even for all & € A, then there exists a differential operator D on B with analytic
coefficients and a rational function @ on af = by such that

(D)1 (b) = Q(u) D <Z b“’(““)> :

weWw

Here 1, is the spherical function corresponding to the spherical representation with highest weight p,
the function ¢ is as in (1.1), and

1 *
(2.1) p:§Zmaa€a.

aEAT

The differential operator D will be constructed explicitly from Opdam’s shift operator and in addition the
rational function @ will be explicitly determined. It is a holomorphic extension (and a trivial extension
to T') of the differential shift operator constructed in [16] for the noncompact symmetric case with even
multiplicities.

2.1. Spherical representations. Let (7, V) be an irreducible unitary representation of U. Let
VE ={veV|Vke K : n(k)v=uv}.

We say that 7 is spherical if VX # {0}. In this case, then dim V% = 1. We denote by U the set
of equivalence classes of irreducible unitary representations of U and by Uy the subset of equivalence
classes of irreducible K-spherical representations. We shall use the same notation for a given unitary

representation and for the corresponding equivalence class in U.
If A\ € bk and b = exp(H) € B, then we write b* = e ) provided this is well defined. The same

notation will be adopted for elements in the complexification of B. Let w € U. As T is central in U , it
follows by Schur’s Lemma that 7 is of the form

m(tu) = 7' (u) teT,uel’,

where A is some element of ib* and 7' = 7|y.

If 3 # {0}, then we let I'g := {X € 3 | exp(X) = e}, as before. Then
T :={\eiy" |VH €Ty : NH) € 2miZ} ~T,

where the isomorphism is given by A — y» and () := t*. Note that, if we do not assume TNU’ = {e},
then we have to impose the additional condition that 7’(t) = t*id for all t € T N U".
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Let ¢ be a Cartan subalgebra of u containing b. Set ¢; := ¢ Nu’. We say that p € ic* is an extremal
weight of an irreducible representation 7 of U if p is the highest weight of m with respect to some ordering
in ic*. We fix an ordering on i3*, then we extend it to ¢b* by using the lexicographic ordering on aj,
and we finally extend it to an ordering in ic*. If 7 is an irreducible representation of U, then u(w) € ic*

denotes the highest weight of m with respect to this ordering. Similarly, if o € /U\’, then pu(o) € ic} denotes
the highest weight of 0. Notice that, in this notation, we have

w(m)le, = plrlor) .
For A € ¢f and a € A let
(ANa)y 1
(a,0) 2

(2.2) Ao = AHy) -

Denote by Aj = AL (U) the set of highest weights of spherical representations of U. Then we have
AL (U) =il @ AL (U’). Here we employ the notation @ to indicate that an element of A% (U) can be
written in a unique way as a sum of an element of I'}; and an element of Aj(U’). If p € AL (U), then
7, denotes the corresponding spherical representation and w, a K-invariant vector in the space of m,
satisfying |jw,| = 1.

Theorem 2.1. Let (m, V) be an irreducible representation of U. Then the following holds:
(1) If w is spherical then u(m) € iT'§ @ af and
(a,q)

for all « € A*. Here Ng ={0,1,2,...}.

(2) Let p € il'§ @ af so that o € Z for all « € A. If U’ is simply connected, then there exists a
unique spherical representation m with extremal weight p.

(3) If U’ is simply connected then Aj(U) =il @ {p € af | Voo € AY : po € No}.

=: u(m)a € No

2.2. Spherical functions. Recall the following definition.

Definition 2.2. Let G be a locally compact Hausdorff topological group and K C G a compact subgroup.
A continuous function ¢ : G — C is said to be spherical if ¢ is K-bi-invariant, is not identically 0, and
satisfies the identity

| etk ik = pla)ety
forall x,y € G.
For p € A (U) define ¢, : U — C by
(2.4) Yu(u) = (mu(w)wp, wy),
where (-,-) denotes the inner product in the space of 7, for which this representation is unitary. Then

1, is a spherical function on U and every spherical function on U is of the form 1, for some yu € AJ(U).
Notice that, with A := p[; € T§ and p' := ply, € A (U’), we have

(2.5) Y (tu') = (0 (Y wp, wy,) = 2,0 (u), teT,u el
Since 7, is unitary, (2.4) implies the following lemma.

Lemma 2.3. Let € AL (U). Then

() = u(u™)
forallueU.
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Let ¢« : U — Uc be the universal complexification of U. Hence, if L is a complex Lie group and ¢ :
U — L is a Lie group homomorphism, then there exists a holomorphic homomorphism ¢¢ : Uz — L such
that pc ot = ¢. As U is compact, it follows that there exists a faithful representation 7 : U — GL(n, C)
for some n. Applying the above to m, we conclude that ¢ has to be injective. We can therefore assume
that U is a subgroup of Ug. Since U is compact, it follows that U is closed in Uc.

Lemma 2.4. Let p € A};(U). Then the spherical function v, extends to a holomorphic function on Uc.
The extension is given by

Yu(9) = (mu)e(g)wu, wy) -

Let G to be the analytic subgroup of Uc with the Lie algebra g := ¢ & iq. Then G is closed in Uc
and K C G. We set p := iq and notice that a = ¢b is a maximal abelian subspace of p. Denote by
7c the holomorphic extension of 7 to Ug and set § = 7¢|g. Then 6 is a Cartan involution on G. We
have K = G?. The symmetric space G/K is called a noncompact dual of U/K. We set A = exp(a) and
A1 = exp(ay). Finally we set Tc = exp(3¢) and Tr = Tc NG = exp(i3) C A.

Let us recall the standard notations and definition for the Iwasawa decomposition of G. Let

n= ®a€A+ga )
where, as usual, g* = {X € g |VH € a: [H, X]| = a(H)X}. Then the Iwasawa map
(2.6) K xAx N> (ka,n)— kan € G

is a diffeomorphism. For x € G define (k(x),a(x),n(z)) € K x A x N by the inverse of the map in
(2.6). We normalize the Haar measure dn on N so that [y a(f(n))"2*dn = 1. Here p is as in (2.1).

Moreover, we normalize the Haar measure da on A (and similarly d¢t on Tr) so that the Fourier transform
on C°(A), defined by

FO) = Fa(Hy) = /A f@)arda,  feCR(A), A€ ab,
has inverse
f(a) = / Fvatax.

Finally we normalize the Haar measure dg on G so that the equality

/Gf(g)dgz/K/A/Jvf(kan)aZPdndadk

holds for all f € C.(G).
For A € by = ag. let

(27) olo) = [ atg 07— [ algh 7 ar
K K
be the corresponding spherical function on G. Let G’ be the analytic subgroup of G corresponding to

the Lie algebra g’ := [g, g]. Notice that if g = th with ¢t € Tg and h € G’, then
ea(9) = M oxs (h)

where A; is the restriction of A to 3¢, A2 is the restriction of A to aijc = ac N [uc, gcl, and @y, is the
spherical function on the semisimple Lie group G’ with spectral parameter Ay. Recall that o) = ¢, if
and only if there exists w € W such that A = wu. We also recall the following well known fact.

Lemma 2.5. Let y € A};(U) and let 1, denote the holomorphic extension to Uc of the spherical function
¥, onU. Then

1/’u|G = Pu+p -
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Proof. (Cf. e.g. [10], pp. 540-541.) Fix a highest weight vector u for 7, such that w, = [, 7. (k)udk.
In particular (u,w,) =1 and for b € B we have

(2.5) 00 = (i Bu,) = [ (b))

As K is compact, it follows that (2.8) remains valid for the holomorphic extension of ¢,,. In particular
it is valid for b € A. Thus, as (u,w,) =1,
(7 (0K )u, wy,) = a(bk)" (u, wy,) = a(bk)wte)=r
and hence
vu0) = [ o) dk = g, (8)
" O
2.3. The dimension function d(y) and the c-function. Set N := (N) and normalize the Haar

measure dn on N so that [ra(m) 2’ dn = 1. If ReAq > 0 for all @ € AT, then the Harish-Chandra
c-function for G/K is given on af by

(2.9) c()\):/ a(n)™*"Pdn,  \€af.

N
Observe that c(p) = 1. By the Gindikin-Karpelevic formula we have

c(A) =co H co(Aa),
acAt

where ¢, (Ay) corresponds to a rank-one c-function, i.e.

27%T (\y)
(210) Ca(Aa) = 1.1 1,1 ’
and the constant ¢y is determined by c(p) = 1. In particular, this formula gives the meromorphic
extension of ¢ to all of af. If mo, = 0 for all a then (2.10) simplifies to
I'(Aa)
cA)=a H _
wert T(Aa +ma/2)

If mq is even for all &« € A, then msa, = 0 and, by the classification or by [16], Appendix C, there
exists m € N such that m, = 2m for all @ € A. The relation I'(z + 1) = 2I'(z) implies then the following
lemma.

Lemma 2.6. Suppose that m, is even for all « € A. Let 2m € 2N be the resulting common value of my

for allaw € A. Then
m—1
1
—=C [] [[O«+k
C()\) aeAt k=0
where the constant C is given by

The dimension d(u) of the spherical representation 7, can be expressed as a limit of ratios of c-
functions by means of Vretrare’s formula, cf. [13], Theorem 9.10, p. 337. In the even multiplicity case
this formula simplifies because the limit involved can be computed as the quotient of the limits of the
c-functions appearing in the numerator and in the denominator of the formula.
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Lemma 2.7. Assume that for all o € A the multiplicities mo are even, and let 2m be their resulting
common value. Then the following properties hold:

(1) po = m for every simple root a;

(2) pa €Z for every a € A;

(3) pa > m for every a € AT ;

(4) For all p € A} (U) we have

_ c(—p)
) = c(u+pe(—(n+p))

Proof. If « is a simple root in a reduced root system A, then p, = m/2. Indeed, p — (my/2)c is fixed
by the reflection s,. This proves (1). All the remaining statements follow easily from the first and from
Vretrare’s formula. O

Theorem 2.8. Assume that all m,, are even for all a € A, and let 2m be their resulting common value.
Then the dimension function d extends as to a polynomial function on af given by

H H /\+p

aeAt k=0

Proof. This follows from Lemmas 2.6 and 2.7. ]

2.4. The differential shift operator. Suppose that all multiplicities m,, are even. Then the function
d(b) of (1.1) extends as a W-invariant holomorphic function on B¢ = AB. (See Lemma 1.2 in [16].)
The following theorem, which is a slight extension of Theorem 5.1(c) of [16], provides an explicit formula
on A for the spherical functions on a symmetric space G/K. This theorem is our starting point for
investigating the holomorphic extension of the spherical functions on G/K to its complexification Uc/ K¢
By restriction, we shall then deduce explicit formulas for the spherical functions on the compact dual
symmetric space U/K. Because of our context, we shall only consider the case for which m,, is even for
each o € A. Recall that since we also assume that u’ is simple, this means that the m, have a common
value 2m € 2N.

Theorem 2.9. Assume that all multiplicities m,, are even. Then there exists a W -invariant differential
operator D on A with analytic coefficients, such that for all A € by = a and all a € A we have

(2.11) 3(b)px(b) = (Z w)

weW
The right hand side of (2.11) is holomorphic in .

Proof. If G (and hence U) is semisimple, then this follows from Lemma 2.7, Theorem 2.8, and [16],
Theorem 5.1(c). For the general case, let D’ be the differential operator from [16] on A;. By assumption,
we have A ~ Tg x A;. For t € Tr and a € A; we define the operator D by D(f)(ta) := D, f(ta)/c(—p),
where the subscript a indicates differentiation with respect to the variable a. O

We remark that the operator D’ occurring in the proof of Theorem 2.9 is of the form § (a)l~), where D
is Opdam’s shift operator of shift 2m. Multiplication by §(a) cancels the singularities of the coefficients
of D. By construction, D’ can be considered as differential operator on B; with holomorphic coefficients
on (B1)c = A1B;. Consequently the operator D itself can be considered as differential operator on B
with holomorphic coefficients on B¢ = AB.

The following corollary, which allows us to holomorphically extend the right hand side of (2.11), will
also play a crucial role in the proof of the local Paley-Wiener theorem.
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Corollary 2.10. Suppose that X € b¢, is such that Ao € £{0,1,...,m — 1} for some o € A*. Then
D (EweW b’u})\) - 0 fo'r all b (= B(C = AB

Proof. The last statement in Theorem 2.9 ensures that D (3, . b“*) = 0 for all b € A. Since
D (3 ,ew b“*) is holomorphic (possibly multivalued) on B¢ and and it vanishes on A, it must be
identically zero on Bc. 0

Because of Corollary 2.10, the only obstruction to the holomorphic extension to B¢ of the right hand
side of (2.11) is the fact that the functions b** might be multivalued. This obstruction is solved by
choosing a domain where the exponential function is a diffeomorphism.

Let 0 € V C bc and e € U C B be open, connected and such that exp : V — U is an analytic
diffeomorphism. We will assume furthermore that ¥V N b is open and connected, and that V (and hence
also U) is W-invariant and contains a. Then, by Theorem 2.9, and Corollary 2.10, ¢, has an analytic
extension to U.

Theorem 2.11. The function
AL(U)xUNB > (u,b) — ¢, (b) € C

has a holomorphic extension to by x U given by:

va(b) = <PA+p(b)

_ Z bw()\-i-p))

i (5

1

= Z Dy A+p)

)\)6 wEW

m—1 k p
_ ~ Pa w(A+p)
<a£[+l}_{)k2 )\+p ) D<w;Vb )

Furthermore the analytic continuation satisfies

1/))\ = ww()\-i-p)—p
for allw € W and X € bg.

Proof. The first claim follows from Lemma 2.5, Theorem 2.9 and Corollary 2.10, as the right hand side
of (2.11) extends to a analytic function on bf x U. The statement 1)\ = ¥y, (r4,)—, follows from the Weyl
group invariance of A — @ (b). O

As a corollary, we obtain the following explicit formulas for the spherical functions on Riemannian
symmetric spaces of compact type and even multiplicities.

Corollary 2.12. Let u € A};(U). Suppose that all multiplicities m, are even. Then the following holds
on B:

(212) 5(b)¢#(b) — ﬁl) <Z bw(#+ﬁ)> Z DY ,qup)
weW wEW

Proof. This follows from the fact that w(u + p) € A (U) and that for all v € AJ(U) the function b” is
single valued and holomorphic on Bc. O
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2.5. The classification. We finish this section by giving the classification — up to coverings — of the
symmetric spaces U/K with U semisimple and U/K irreducible. Here K stands for an arbitrary con-
nected, compact and simple Lie group. We list also the noncompact Riemannian dual G/K as well as
r := rank(U/K) = dim(b), the multiplicities m,, and the dimension d of U/K. In all these cases the
multiplicities m, are constant.

Table |
U/K G/K me | rank 7 | dimension d
KxK/K~K Kc/K 2 | 7 d
SU(2n)/Sp(n) SU*(2n)/Sp(n) | 4 | n—1 | (n—1)(2n+1)
Eo(_7s)/Fa Fo(_26)/F1 | 8 P 26
S Bt o] 1 | wo

The first line of Table I corresponds to the complex case, in which the Lie algebra g admits a complex
structure. The classification of compact real forms K for simple complex Lie algebras g = €¢ is recorded
in Table II (see [10], p. 516).

Table I
K d:=dim K | rankr g
SU(n) m=1)n+1)| n—=1 | a1
SO(2n) n(2n —1) n 0,
SO(2n +1) n(2n+1) n b,
Sp(n) n(2n+1) n n
Eg 78 6 €6
o 133 7 e7
Eg 248 8 es
F4 52 4 fa
Gy 14 2 92

3. THE LOCAL PALEY-WIENER THEOREM FOR COMPACT SYMMETRIC SPACES WITH EVEN
MULTIPLICITY

In this section we introduce the spherical Fourier transform of K-invariant functions on the compact
symmetric spaces U/K. We then use the results from the last section, in particular Theorem 2.11,
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to show that the Fourier transform, which in the beginning is only defined on a discrete set, extends
holomorphically to by, as long as the K-invariant function has sufficiently small support. We then define
the Paley-Wiener space on bg. and prove the local Paley-Wiener theorem. This theorem generalizes the
results obtained by Gonzalez in [7] for the case U = K x K, where K is a connected, compact, simple
Lie group. Notice that in this case U/K = K.

Let || - || be the norm on u with respect to the U-invariant inner product constructed in Section 1, and
let d be the associated Riemannian distance function on U/K. For R > 0 let Bg :={X € q | || X| < R}
and Dg := {z € U/K | d(z,x0) < R} denote the corresponding balls of radius R with center 0 and zo
respectively. We suppose that R is chosen so that the map Exp : X — exp X - ¢ is a diffeomorphism of
Bpg onto Dg. Finally we define

(3.1) CRU/K)® = {f € C*(U/K)" | Supp(f) € Dr}.

Here and in the following the superscript K denotes K-invariance.

Note that m : B — B - z¢ is a finite covering. We will identify B with the image B - x¢. This is
allowed, as we will only be considering K-invariant functions. Then, for every f € C%(U/K)¥ we have
Suppf C Dg if and only if Supp(f|s) C Drg.

3.1. The spherical Fourier transform on U/K. For f € L>(U/K)¥X define IE AL(U) — C by

~

F(w) = () = (f9u)
Fw)d(u™) du

:/fz/m )o(b) d

Here we have used the equality ¢, (u) = wu(u_l) from Lemma 2.3, and c is a suitable positive constant

(3.2)

depending on the fixed normalization of measures. We call fthe spherical Fourier transform of f and the
map F the spherical Fourier transform. It is well known that F is a unitary isomorphism of L?(U/K)X
onto £2(A}(U)). The inversion formula is stated in the next theorem. In the following we shall often
consider the K-bi-invariant functions ¢, on U as K-invariant functions on U/K.

Theorem 3.1. Let f € L2(U/K)X. Then
F=Y dw)F(w,
MEAJr

where the sum is taken in L*(U/K)X. If f € C®°(U/K)X then the above sum converges in the C>-
topology.

Let E be a differential operator on B. Then the formal adjoint operator E* is defined by the relation

[ 10w = [ B g0

B B

for all f,g € C°°(B). In this section D denotes the differential operator from Theorem 2.11. Hence
(3.3) 5(b)ih (D) “LY ) Dyl

weWw

If A = Agr +iA; € b with Ar, A\; € b*, then we set
(3.4) ReX:= g and ImA:=A;.
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Definition 3.2. A holomorphic function f :bE — C is said to be of exponential type R > 0 if for each
N € Ny there exists a constant Cn > 0 such that

[F)] < Cn (14 [IA]) Nl ReA
for all A € bg..

Lemma 3.3. Let p: b — C be a polynomial function. Assume that F': bg — C is an entire function
so that A — p(A\)F(X) is of exponential type R. Then F itself is of exponential type R.

Proof. Let n = dimc bf. Choose a basis Ar,..., A\, of by and identify b with C" by > z;A; —
(iz1,...,i2zn). The fact that F is of exponential type follows then from [13], Ch. III, Theorem 5.13.
The type R, which is not explicitly computed in this reference, can be easily deduced from formula (62)
in that proof. Indeed one obtains the estimate

F(z)| < C sup Ip(z +w)F(z +w)],
lw|I<1

which shows that F' and pF' have the same exponential type. O
Theorem 3.4. Suppose that all multiplicities are even. Let € A (U) and f € C®°(U/K)K. Then

Fln) = W1 [10° r@)ees) an,

where |W| denotes the cardinality of W.
Assume that R > 0 is chosen so that Exp is a diffeomorphism of Br onto Dg, and let f € C¥(U/K)¥

Then A (U) 3 p v f(u) € C extends to a holomorphic function on by of exponential type R such that
for all X € bf and all w € W we have:

~

FO) = FlwA+p) - p).

Proof. Observe that 6(b=1) = 6(b) because the multiplicities are even. The formula for f follows then
directly from Corollary 2.12, formula (3.2) and the W-invariance of D and f. For the second part, we
note that, by Theorem 2.11, for every fixed b € Dr N B the map

b3 A= o Hua(b ) eC

is holomorphic. Hence, as we are integrating over a compact set, the map
b3 A= [ fO)Y(bHE(b)db e C
Dr

is holomorphic. By Theorem 2.11, we have for the holomorphic extension:

(3.5) AN F(A) = c|W]| A [D* f](b)b~ M) db .

The statement on the exponential type R of ffollows now using Lemma 3.3 because the right hand side
of (3.5) is a Fourier transform for the torus B. O

3.2. The local Paley-Wiener Theorem. In this subsection we prove the non-trivial part of the local
Paley-Wiener Theorem for compact symmetric spaces with even multiplicities. But first let us introduce
some notation. Let 7 : U’ — U’ be the universal covering of U’, and set U = T x U'. Let expg 1 u — U
be the exponential map, and let n; :=id x n : U — U. Then expy = 11 o expg - Set K = expg ¢ Then
m(K) = K. Since K NT = {e}, we have K C U'. The symmetric space U’/K is the universal covering
manifold of U’/K. Let d denote the Riemannian metric on U/K induced by the fixed U-invariant inner
product on u. The induced map n; : U/K — U/K is a local isometry. Let Zo = {K} be the base point
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in U/K. Setting D := {# € U/K | d(Z,%y) < R}, we have 1, (Dg) = Dg. Finally, let Expg :q — U/K
be defined by Expz(X) := expg X - To. Then Expy = 11 o Expg.

Definition 3.5. We say that R > 0 is small if the following two conditions are satisfied:
(1) Expg : Br — Dgisa diffeomorphism;
(2) 0y Y(DR) is a disjoint union of copies diffeomorphic to Dp under 1.

Notice that, if R is small, then n; gives a diffeomorphism of l~)R onto Dg. Moreover, in this case, the
restriction of Exp is a diffeomorphism of Br onto Dg.

We underline that we are employing the following notion of diffeomorphism for closed subsets: If C
and C’ are closed subsets of manifolds M and M’, respectively, then a map ¢ : C — C’ is said to be
a diffeomorphism if there exists open sets U in M and U’ in M’ with C C U and C’ C U’, so that
¥ : U — U’ is a diffeomorphism. According to Theorem 2.1, we have

+ CAH(TT) = A+ — T gt + . .:</‘70‘>
(3.6) A (U) SAL(U)=AT: {MEZF da* | Vae AT : pgy: <a,a>€N0 .
We set
(3.7 A={puelida" |YaeA: pu, €Z}.

The decomposition
(‘C7L2(U/K)): @ (T‘—Wvﬂu)v
pEAL (V)

where £ stands for the left-regular representation of U in L?(U/K) and V;, denotes the Hilbert space of
7, implies the following lemma.

Lemma 3.6. A function f € C’(U'/IN() is of the form gom for some g € C(U/K) if and only if f(,u) =0
for all w € AY\ AL (U). If f has support in Dg, then g has support in Dg.

Definition 3.7 (Local Paley-Wiener space). We shall denote by PWr(b*) the space of holomorphic
functions of exponential type R satisfying F(w(A + p) — p) = F(X) for all X € bf and all w € W.
Furthermore, we set

(3.8) PWg(b*,U) := {F € PWg(b*) |Vu € AT\ A}(U) : F(u) =0}.

We call PWg(b*,U) the local Paley- Wiener space on b.

Theorem 3.8 (Local Paley-Wiener Theorem). Suppose that R > 0 is small (according to Definition
3.5). Then the Fourier transform F is a bijection of C¥ (U/K)X onto PWg(b*,U).

We have already seen that the Fourier transform maps C%(U/K)X injectively into PW g (b*), so we
only have to show the surjectivity. Given F € PW (b*), then, by the inversion formula in Theorem 3.1,
we have to define

(3.9) F=> dWF(i,.
HEAT(U)
We must show:

(1) f is smooth and K-invariant;
(2) f=TF;
(3) Supp(f) € Dr.
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We start with some necessary preliminaries. Let X € u and p € AL (U). Denote by 70 (X) the
bounded linear map defined on V,, by

tX)v —
7 (X )0 1= Tim T SPIXJV — v

" lim ; , veV,.

We can extend 7;° to all of uc by complex linearity.

Lemma 3.9. Let X € u and p € A (U). Then
[l (CON < Hlulll1 X1

Proof. Notice that, if X € u, then there exists k € U such that Ad(k)X € ¢, where ¢ is the Cartan
subalgebra from Section 2. Furthermore

72 (Ad(k) X )| = [l (k)7 (X ) (k™) = [l (X))
We can therefore assume that X € c.

Denote the set of roots of ¢¢ in uc by A(c), the set of positive roots from Section 2 by A™(c) and the
corresponding set of simple roots by ¥(c). Finally let W (c) denote the corresponding Weyl group. As m,
extends to a representation of Uc it is easily seen that |75 (w(X))|| = [|75°(X)|| for all w € W(c) and
X €c. Let

={X €ic|Vac At(c) : a(X) > 0}.
Then, if X € ic, there exists w € W such that w(X) € icT. Let wg be the longest element in W (c). Then
there exists a orthogonal basis vy consisting of weight vectors for b, i.e. for all X € b we have

7 (X)ua = A(X)vx

Furthermore, each weight is of the form
A=pu— Z N = Wolt + Z koo
a€X(c) a€X(c)

for some ng, ko € No. If X € ict™ we get:

(X )= naa (wop)(X) + > kaat(X) > (wop)(X).
As ||p|l = ||lwop| it follows that

MO < Nl IX)]
and hence for X € c:
IANX)| = [AGX)] < ||pll [1X]] -
The claim in the Lemma therefore follows. O

Lemma 3.10. Let F € PWg(b*,U) and define f by (3.9). Then f € C(U/K)K, and f(u) = F(u) for
all we AL (U).

Proof. Let u € Aj:(U) C ib*. By Theorem 2.8 we have that d()) is a polynomial of degree L = 2m|A*|.
Furthermore,

()| = (T (2)wu, wu)| < 1.
It follows that for each NV € N, there exists a constant C' > 0 such that
|d() F (1)1 (0)] < Cn (1 + )™

By choosing N large enough, it follows that the series (3.9) converges uniformly. Hence f is continuous.
As each v, is K-bi-invariant, we deduce that f is K-invariant. Choose a basis X1,..., Xy of u with
[|X;|l =1 for all j, and let

gultr, .- k) = Yu(exp(t1 X1) ... exp(te X)) -
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For a fixed j, let g1 = exp(t1X1) ... exp(t;—1X,-1) and g2 = exp(tj41X;j4+1) ... exp(txXy). Then

(ti,.. . te)| = |(7Tu(91)7TﬁO(Xj)7TM(92)ww wy)|

< flmE ()l
<l
by Lemma 3.9. Iteration shows that for any multi-index o € N’g, we have
1Dgu(tr, - ti)| < ]!
where [a| = a1+...+ag. It follows, as above, that the series }°  d(u)F (1) D gy (exp(t1 X) - . . exp(txXy))
converges uniformly. Hence f is smooth. In particular we have f € L?(U/K)X, and therefore

S dwfwea ==Y duwF(u),

HEAT (V) HEAT (V)

9
ot; Iu

in L?(U/K). Taking the inner product with 1,,, we see that f(u) = F(p) for all p € AL (U). O
We will now show that Supp(f) C Dg. For this, it is enough to show that Supp(df) C Dp.

Lemma 3.11. Let R be small according to Definition 3.5. Let F € PWg(b*,U), and define f by (3.9).
Then for b € B:

SOFB) =D Y F(u) > bt

M€A+ (U) weW

Proof. If b € B, then by the proof of Lemma 3.10, we have

Z F(u Z pyvlete) — p Z F(u Z pwnte)

HE/\+ (U) weWw MEA () weW
Hence, for all b € B with §(b) # 0, we get
o(0)f(b) = Y () F(u),(b)
HEAL(U)
- Z F(p) Z Dhw(ute)
;LGA;;(U) weW
= D| Y F(u ) pwto
MEA+ (U) weW
As both sides are continuous in b, it follows that this holds on {b € B | §(b) # 0} = B. O

Before finishing the proof of the main theorem, we need the following well-known lemma. Recall that,
for p € ib*, we have introduced the notation x,(b) := b, provided b* is defined for all b € B.

Lemma 3.12. Let I'y := {X € by | exp(X) € K}. Then
I ={Xeby |VueA: nX)e2mlZ}.
Furthermore, if I =T¢ @& T'y, then i['* = A and the map
Asp—xu€ b/T

is a bijection.
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Proof. See the proof of Lemma 4.1, p. 535, in [10]. |

Lemma 3.13. Let FF € PWg(b*) and b € B. Then

DY Fu) Y oot | =D | > F(u—ppp*

pEAT weW HEA

Proof. Set G(u) := F(u — p). Then G is of exponential type R. It follows, as in the proof of Lemma
3.10, that >_ ., G(p)b" defines a smooth function on B. From F(w(A + p) — p) = F(A) we obtain that
G(w(A+p)) = G(A+p) for all A € b} and w € W. Finally, part (2) of Lemma 2.7 implies that p — p+p
is a bijection on A. As AT is a fundamental domain for the action of W on A, we have:

DGy = > Glu+pptte

HEA HEA
1
— w(p+p)
= Z F(“)|Wu+p| Z b
ptpeAt weW

where WHTP :={w e W | w(u + p) = p+ p}.

For the final step, assume first that p+p € AT, but u ¢ A™. Then there is a simple root 3 € AT such
that (u, 3) < 0. As pu € A, it follows that ug € Z. In particular, ug < —1. Since (u + p, 3) > 0 we have,
using part (1) of Lemma 2.7,

(n+p,B) B
Ogiw’m =(u+pp<-1+m.

By Corollary 2.10 it follows that

D <Z b“’(““)) =0.

weW
Finally, if 4+ p € Af; and u € AJ, then W#*? = {e}. The claim thus follows. O

Lemma 3.14. Suppose that R > 0 is small in the sense of Definition 3.5. Let F € PWg(b*). Define
h:b—C by
BX) = 37 Fu— p)er)
HEA
Then h is a T'-periodic smooth function on b and Supp(h) C B +T.

Proof. Tt follows from Lemma 3.12 and from the proof of Lemma 3.10 that A is smooth and I'-periodic.
It therefore defines a smooth function on the abelian group b/T". Hence

F(u—p) =vol(o/T) " [ n(x)e 00 ax =)
b/T

By the classical Paley-Wiener Theorem there is a g € C%’(b) such that g(\) = F(A—p), Here the Fourier
transform of g is defined by

. 1 _ .

g\ = —n/g(X)e MY dx , Meib*

(2m)™ Je

where n = dim b, as before. We claim that there exists a constant v # 0 such that

S0 g(X +Y) = h(X).
Yell
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Indeed, let
G(X)=> g(X+Y).

yer
Then G is I'-periodic and

/@
=
Il

vol(b/T)~! / G(X)e X dx
b/T

= vol(b/T)~? / g(X)e X dx
b

= vol(b/T) ™" (2m)"G(n)

= vol(b/T)~*(2m)" F (11 — p)

= vol(b/T)~*(27)"(u)

But this implies that

G = vol(b/T)*(27)"h.
Observe that (Bg + v1) N (Br + v2) = 0 if 41,72 € T and y; # 2. Hence Supp(g) C Bgr implies that
Supp(G) C Bgr + I'. The same must therefore hold for h. O

We now finish the proof of the local Paley-Wiener Theorem by proving the following lemmas:

Lemma 3.15. Assume that R > 0 is small in the sense of Definition 3.5 and that FF € PWg(b*,U).
Then there exists a f € C¥(U/K)X such that f(u) = F(u) for all u € Aj. Hence the spherical Fourier
transform F : C¥ (U/K)E — PWg(b*,U) is surjective.

Proof. By Lemma 3.6 we can assume that U = U and K = K. Hence A} = A*. Define a smooth
K-invariant function f on U/K by

fl@) =" dp)F(u) ().
peEAt

Then f(u) = F(u) for all 4 € AT, cf. Lemma 3.10. As already observed, it sufficed to prove that
Supp(f|s) € Dg, which is equivalent to the condition Supp(df|g) € Dg. By Lemma 3.11 and Lemma
3.13 we have for X € b:

(3.10) @NexpX)=D( > F(u) Y e 40) = D(S7 F(u— p)er™)) = Dh(X)

pEAT weW nEA

where h is the function defined in Lemma 3.14. Here Dh is defined locally by Dh := D(h o exp™!).
According to Lemma 3.14, we know that h (and hence Dh) has support in B +T'. Thus ¢ f has support
hll)R. O

We conclude this section by proving two integral formulas for the smooth functions on U/K with
“small support”. The first formula, which can be deduced from the proof of the local Paley-Wiener
theorem, will play a decisive role in proving the validity of Huygens’ principle on U/K.

Corollary 3.16. Suppose that R > 0 is small in the sense of Definition 3.5 and that f € CX(U/K)X.
Then the following integral formulas hold on B:

(3.11) 010 =0 ([ Fo- o ar).
ib*
where D is the differential operator of Theorem 2.11, and
1 ~
f(b) SOV =p)ex(b) d(N) dX.

W e
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Proof. Suppose b = expX € Dg N B. Then by (3.10), we have 6(b)f(b) = Dh(X). The function h is

~

determined by the proof of Lemma 3.14 with F' = f. Keeping the notation of that proof, we obtain

~

h(X) = g(X) because X € Bg, and g(\) = f(A — p) for all A € bf. Hence

h(X) =g(X) = / GgNe X dx= [ FA—pe M dr= [ F(A—pp .
ib* ib* ib*

This proves (3.11) because both f|p and [, f(/\ — p)b~* dX are supported in exp Bg. The last formula

~

follows then immediately from Theorem 2.11 and the W-invariance of A — f(A — p). O

4. THE LOCAL HUYGENS’ PRINCIPLE FOR COMPACT SYMMETRIC SPACES WITH EVEN MULTIPLICITIES

Let Lx denote the Laplace-Beltrami operator on a Riemannian symmetric space X of the noncompact
or compact type. The modified wave equation on X is the partial differential equation

(4.1) (Lx £ lpl*)u = uee ,

where u = u(z,t) is a function of (x,t) € X x I and I C R is an interval containing 0. The sign in front
of ||p||? := {p, p) has to be chosen + if X is of the noncompact type, and — if X is of the compact type.

Let f € C*(X) be fixed. Huygens’ principle concerns specific support properties for the smooth
solution u of (4.1) which satisfies the Cauchy conditions

u(z,0) =0,
ug(z,0) = f(z).

Recall that solving a Cauchy problem with initial conditions u(x,0) = g(z), u(z,0) = f(z), where
fyg € C*(X) are arbitrary, can always be reduced to solving a Cauchy problem with initial conditions
of the form (4.2), and that support properties like Huygens’ principle reduce at the same time. Indeed,
if u; for ¢ = 1,2 is the solution to Lu; = (u;)¢ (for L the operator on the left in (4.1)) with Cauchy data
(0, f:), then u := ug + (u1): is a solution with Cauchy data

U(I,O) = fl($)7
ur(,0) = fo(x) + (u1)u(z,0) = fo(z) + (Lua)(x,0) = fa(w).

Moreover, if u(x,t) is the solution corresponding to (4.2), then wu(z, —t) corresponds to the initial
conditions u(z,0) = 0, us(z,0) = —f(z). This allows us to restrict our analysis to values t > 0. Finally,
the general case can be reduced to the K-invariant one. We shall therefore assume in the following that
f € C°(X)X. In this case, the solution u will be a K-invariant function of the variable x € X.

The property that the support of the solution u is compact is stated by the principle of finite propaga-
tion speed. This principle holds, more generally, for solutions of wave equations on arbitrary Riemannian
manifolds. (See e.g. [6], Ch. 5.) In our setting, it corresponds to the following lemma. We recall the
notation Dg := {z € X | d(z,z0) < R} for the closed ball of center z¢ and radius R.

(4.2)

Lemma 4.1 (Finite propagation speed). Let u € C*(X x I) be solution to the Cauchy problem (4.2).
Let e > 0 and let t € I N (0,400). Suppose that the Cauchy datum f in (4.2) satisfies Supp(f) C D..
Then Supp (u(-,t)) C Deg.

For positive values of ¢ € I, the solution u(z,t) to the Cauchy problem is therefore supported inside
the positive cone
(4.3) C. = {(z,t) € X x [0,00) | d(z,z0) < &+ t}.

Let ¢, t, f and u be as in Lemma 4.1. We say that the (strong) Huygens’ principle holds provided
Supp(u(-t)) C{z € X |t —e < d(z,x0) < t+e}.
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Thus, when the strong Huygens’ principle holds, the solution of u(x,t) to the Cauchy problem is
supported for positive ¢ € I inside the conical shell

(4.4) Se i ={(x,t) € X x[0,00) | t —e < d(z,x0) < t+ €}

Huygens’ principle holds true (at least for small values of t) for the wave equation on odd dimensional
Riemannian symmetric spaces X of the noncompact or compact type for which all root multiplicities are
even. (See the references in the introduction.) As can be verified from the tables reported in Subsection
2.5, dim(U/K) is odd if and only if dim(b) = rank(U/K) is odd.

The main result of this section is the following local version of Huygens’ principle on symmetric spaces
of the compact type.

Theorem 4.2. Let U/K be a Riemannian symmetric space with all even multiplicities. Let R > 0 be
small according to Definition 5.5. Let 0 < ¢ < R, and let f € C(U/K)X. Assume that U/K is odd
dimensional (that is, rank(U/K) = dim b is odd).
Suppose that u(x,t) is a smooth solution of Cauchy’s problem
(LU/K - ||/)||2)U = Utt ,
(4.5) u(z,0) =0,
u(z,0) = f(z).
Then the following properties are satisfied:
(a) (Local exponential Huygens’ principle) There is a constant C > 0 so that for all (z,t) € U/K X
[0, R —¢] and all vy € [0, 00) we have
(4.6) 6(x)u(z, t)] < Cem1td@z0)=e)

Here 6 denotes the K -invariant extension to U/K of the W -invariant function § defined in (1.1).
(b) (Local strong Huygens’ principle)

Supp(u) N (U/K x [0, R —¢]) = Supp(u) N (D x [0,R—¢€]) C S,
where Se denotes the e-shell (4.4).

t
R—¢ Se
€
-R %o | R X
De

(¢) Suppose dim(U/K) > 3. Let D be the differential operator of Theorem 2.11. Then for all
b=expX € B and t € [0, R — €] the smooth solution u(b,t) to (4.14) is given by formula

0,/2 (83 )<nf3)/2

(4.7) o)uld.t) = o5y P\am

(t"2(M'f)(X)).
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Here

(48) (M7 f)(X) = ﬁ /S o)

is the mean value of a function f:b — C on the Euclidean sphere S, (X):={X e b || X| =1}
in b 2 R™ with respect to the O(n)-invariant surface measure do. Moreover, Q,_1(r) denotes the
surface area of Sy(x), and Q1 := Qp_1(1).

Parts (a) and (c) of Theorem 4.2 seem to be new in the context of symmetric spaces of compact type.
As we shall see in the following, they both imply the local strong Huygens’ principle of Part (b). Another
independent proof of Theorem 4.2 will be given in Corollary 4.4.

The remainder of this section is devoted to the proofs of the three parts of Theorem 4.2. To underline
the various necessary steps, we have subdivided them into different lemmas and corollaries. Before
entering the details of the proofs, we remark that, since the solution w(z,t) is smooth and K-invariant
in the z-variable, it suffices to examine its restriction to B X [0, R — €]. This will be common to all three
methods which we are going to describe.

Recall that for all u € Ax(U)" we have

(4.9) Ly gy = =+ 2p, 1)y, .

By Lemma 4.1, for fixed ¢ > 0 the solution u(-,t) to (4.5) is supported inside D;y.. This allows us
to interchange integration and differentiation with respect the variable x € U/K. Hence, taking the
spherical Fourier transform of (4.5) for fixed ¢, we obtain:

—llu+ ol ap, t) = Gu(p,t),
(4.10) u(p,0) =0,

(1, 0) = flp).

Lemma 4.3. Let U/K be a Riemannian symmetric space with all even multiplicities. Let R > 0 be small
according to Definition 3.5, and let 0 < ¢ < R. Let u(x,t) be a smooth solution of Cauchy’s problem
(4.5) with Cauchy datum f € C>*(U/K)X. Then

(4.11) (A= p,t) = F(A = p)

Consequently, for all (b,t) € B x [0, R — €] we have

sin((\, A\)t)
AA)

(4.12) s(b)u(b,t) = D ( Fr— p)ySnlid Nt) d)\> .
ib* <)‘= )‘>

Proof. Suppose that ¢ € (0,R —¢). Then ¢t + ¢ < R is small, and the local Paley-Wiener Theorem
3.8 ensures that p +— U(u,t) extends uniquely to A — u(A,t) € PWyo(b*,U). Likewise, Uy (p,t) and
—{(—p, b — p)u(p, t) admit unique holomorphic extensions in PWy.(b*,U), respectively to (A, t) and
—(A—p, A= p)i(A, t). Finally, @(u,0), Gy (1, 0) and f(1) extend uniquely to PW,(b*, U). By uniqueness,
we conclude that the equations in (4.10) hold for the holomorphic extensions. Setting w(\,t) := w(A—p, 1),
we are therefore reduced to the Cauchy problem

th(A, t) = —<)\, A>CU(>\, t)
w(A0)=0

wi(X0) = F(A=p).
from which (4.11) follows.
By Lemma 4.1, u(-,t) € C2_(U/K)¥X. Since t + ¢ is small according to Definition 3.5, formula (4.12)
is then a consequence of (3.11) and (4.11). O
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Definev:bx (—R+¢,R—¢) — C by
~ sin((A, A)t)
(4.13) v(X,t) = » FA= p)w
Then v(X,t) is the solution of the Cauchy problem for the wave equation on b = R™:
Lyv(X,t) = v (X, 1)
(4.14) v(X,0) =0
v(X,0) = g(X),

M) dn.

where g € C>°(b)" is the inverse Euclidean Fourier transform of f()\ - p).
Since exp : Bgp — Dp is a diffeomorphism and since the operator D preserves supports, we have proven
the following corollary, yielding the first proof of the local strong Huygens principle of Theorem 4.2.

Corollary 4.4. Suppose U/K is a symmetric space of the compact type with even multiplicities. Let R
be small according to Definition 3.5, and let 0 < € < R. Then the strong Huygens’ principle holds for
(4.5) on U/K x [0, R — €] provided it holds for (4.14) on b x [0, R — £]. Hence the local strong Huygens’
principle holds if diim(U/K) is odd (i.e. if rank(U/K) = dimb s odd).

To prove the local exponential Huygens’ principle, we apply the procedure of [4] to the integral appear-
ing at the right-hand side of (4.12). Our computations are nonetheless easier than those in that article.
Since we only consider the even multiplicity situation, we can employ our differential operator D. This
allows us to work in a Euclidean setting by replacing the spherical functions appearing in the integral
formulas studied in [4] with exponential functions.

Let S denote the unit sphere in b*, and, as before, let n = dim b = rank(U/K'). With respect to polar
coordinates (w,p) € S x [0, +00) in ib*, we have d\ = p"~dwdp.

Setting

(4.15) U (p, X):=p" ! / f(pw —p)eP X du |
S

we obtain for b=exp X € B

S(b)u(b,t) = D < Fo-p w ) dA)

o ([N ).

Lemma 4.5. Suppose n := dimb is odd. Then the following properties hold.

(4.16)

(a) The function V. (p, X) is holomorphic on C x bc. It is even in p € C and W-invariant in X € b.
Moreover, for every N € N there is a constant K > 0 such that

(4.17) |.(p, X)| < K|~ (1 + [p]) =N el pl+IXD)

forallp e C and X € b.

(b) Suppose furthermore that n # 1. Let D be the differential operator of Theorem 2.11. Then the
function p~*DW_(p, X) is holomorphic on C X bc. It is odd in p € C and W -invariant in X € b.
Moreover, for every N € N and every compact Q C b there is a constant Kn g > 0 such that

DY (p, X)

p

forallpe C and X € Q.

(4.18)

‘ < Kn.olp|"2(1 + [p|)~ N el tmpl+IXID)
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Proof. As the integrand in (4.15) is holomorphic in (p, X) € C x bc and continuous in w € S, it follows
from Morera’s theorem that W, is holomorphic in C x be. The fact that W, is even in p and W-invariant
in X is a consequence of the O(b*)-invariance of dw, the W-invariance of A — f(A— p), and the fact that
n is odd.
Recall the notation (3.4) for the real and imaginary parts in bg. If (p,w) € C x S, then
[Re(pw = p)[| = [[Re(pw)|| = [Tmp|[|w]| = [Tm p|
and
Re(pw(X)) = —Imp Imw(X) < [Imp|[| X
Since f € PW.(b*), we therefore obtain for all p € C, w € S and X € b:
‘J?(pw — p)epW(X)‘ < On(1 + ||pw — p||) N esllRepw=p)ll gRe(pew (X))

< COn(1+ |p|)~NeslmplelmplI X1
from which the estimate (4.17) immediately follows. Formula (4.15) shows then that p~!W_(p, X) remains
holomorphic provided n > 1. It is odd in p € C and W-invariant in X € b. The same property holds

therefore also for p~!DW.(p, X) because D is W-invariant and has holomorphic coefficients. Suppose
n > 3. Differentiation under integral sign gives

L P 2/f DeP*X) dw .

Notice that DeP(X) = f(X,w,p)ep“’(X) where f(X,w,p) is holomorphic in X € b, polynomial in w € S
and polynomial in p € C. For every compact subset @) of b there is a constant C'x so that

|f(X,W,p)| < CK(l + |p|)s

where s = deg D is the polynomial degree of f in the variable p. This, with the same argument used for
(4.17), proves the estimate (4.18). O

We now use Lemma 4.5 to prove exponential estimates for the solution u(z,t). Since U (p, X)/p is
odd, we obtain from (4.16) that for all b=exp X € B, ¢t € [0, R — €] and vy > 0 we have

s(b)yu(b,t) = % D </°o LX) ipt dp>
(19 L[ 2 ey,

( D\IJ p+177X) ipt dp> ef'yt.
p+ iy

In the above computations, the differentiation under integral sign and the shift in the path of integration
are justified by the estimates of Lemma 4.5.

Lemma 4.6. Under the assumptions of Theorem 4.2, the local exponential Huygens’ principle of Theorem
4.2(b) holds when dimU/K > 1.

Proof. Equation (4.19) together with estimate (4.18) give for all b =exp X € B and « € [0, 00)

|5(b)u(b,t)| < % (/Oo ‘—D%(pj,”’X) ‘|eipt|dp> et
—c0 p+iy

<O [ @lph Y dp)ee K-

— 00
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Since || X|| = d(z,z¢) when z € K exp(X)K, we conclude that for all (b,t) € B x [0, R — €] and all
t € 0, 00), we have

[6(b)u(b, t)| < Cem 117 d@mI =),
where C' is a positive constant. The inequality then extends by K-invariance to U/K. O

As in [4], the exponential estimates need to be be worked out directly when rank(U/K) = 1. In this
case the definition of W, (p, X) simplifies since S = {+i}. We shall identify b with C by A = (a, A) /(o @).

~

As A — f(A— p) is even, it follows that

U.(p, X) = f(ip — p)e™X + f(—ip— p)e~#X
= 2f(ip — p) cos(pX) .
In the rank one case we can write the operator D in the form D = D’(d/dX), where the D’ is an odd
differential operator with holomorphic coefficients. (See Corollary 4.16 of [16].) Hence
DY.(p,X) _ D'(d/dX)V.(p, X)
p p

~

_ 2f(ip — p)D’(d/dX) cos(pX)
p
= —2f(ip — p)D'sin(pX) .
Formula (4.16) then yields, for b=exp X € B and t € [0, R — €],
o(b)u(b,t) =D (/ Lelp, X) sin(pt) dp)

0 p

_ %D (/ WD X) i dp)
(4.20) bV e P
_1 / DY, X) it g
2i) o p

= z/ Flip — p)D’ sin(pX) et dp.

Since f € PW_.(b*), for all N € N there are positive constants C'y and C'; so that
|F(ip— p) sin(pX)| < Cw (1 + [lip — p||)~NesIReli=lll Reline (X))

< ij(l + |p|)—Ne€\ImP|e\Im:D|HXH

-~

for all p € C and X € b. As in Lemma 4.5(b) we conclude that f(ip — p)D’sin(pX) is a holomorphic
function of (p, X) € C x b, and for every N € N and every compact ¢ C b there is a constant Ky g > 0
such that

(4.21) ’f(ip —p)D’ sin(pX)’ < Kno(1 + |p|)~NeltmplE+IXID

for all p € C and X € Q. This allows us to shift the contour of integration in (4.20) and get for all p € C
and b=expX € B:

(4.22) S(b)u(b,t) = (/Oo flip —~ + p)D' sin((p + i7)X) e dp) et

The same argument used in Lemma 4.6, together with (4.21) and (4.22), yields the following lemma.
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Lemma 4.7. Keep the assumptions of Theorem 4.2. Then the local exponential Huygens’ principle of
Theorem 4.2(a) holds when dimU/K = 1.

The local exponential Huygens’ principle provides a second proof of the local strong Huygens’ principle.

Corollary 4.8. Keep the assumptions of Theorem 4.2. If dim(U/K) is odd, then the local strong Huygens’
principle of Theorem 4.2(b) holds for the modified wave equation on U/K.

Proof. The finite propagation speed ensures that
Supp(u) N (U/K x [0, R —€]) = Supp(u) N (Dr x [0, R —¢€]) € C;,

where C. denotes the positive e-cone (4.3). As v — oo, we obtain from (4.6) that 6(z)u(z,t) = 0 for all
x with t — d(z,29) —e > 0. Thus Supp(u) N(U/K x [0, R —¢]) is contained in the e-shell S. of (4.4). O

We now turn to the proof of the explicit formulas for the smooth solution of the Cauchy problem (4.2)
for the modified wave equation on U/K. These formulas are a consequence of (4.12) and of the explicit
formulas known for the solution to the Cauchy problem (4.14) for the Euclidean wave equation.

For r > 0 we denote by S, (X) := {X € b| || X|| = r} the Euclidean sphere in b = R"™ of center X and
radius r. Again, we let ,_1(r) denote the surface area of S, (x), and write simply ,,_1 for Q,_1(1).
Recall the definition (4.8) of the mean value (M" f)(X) of a function f:b — C on S,(X).

Lemma 4.9. Suppose dimb = n is at least 2.
If n is odd, then the solution to (4.14) is given by

(n—3)/2
(4.25) w00 = pga (am)  CTOrNe0).
If n is even, then the solution to (4.14) is given by
t (n—2)/2
(4.24) o(X, 1) = ﬁ /0 r(E — 12) (a%) (Fm=2(M7 £)(X)) dr
Proof. See e.g. [13], p. 481. O

Corollary 4.10. Let U/K be a symmetric space of the compact type with even multiplicities. Suppose
dimU/K > 2. Let D be the differential operator of Theorem 2.11, and keep the notation of Lemma 4.9. If
n =rank(U/K) = dim b is odd, then the smooth solution u(b,t) to (4.14) is given, for allb=exp X € B
and t € [0, R — €], by the formula

Q,/2 9 (n—=3)/2 . .
et = mgtie— P (5a)  COrH).

If n is even, then the solution to (4.14) is given for allb=exp X € B andt € [0, R —¢] by the formula

1/2 (n—2)/2 n—2 r
(4.25) SO)ulb, ) = -5 D / W) (r"=2(M" £)(X)) dr .
Proof. This is immediate from (4.12), (4.13), and Lemma 4.9. O

Corollary 4.10 proves, in particular, Theorem 4.2(c). It also yields a third proof of the local strong
Huygens’ principle. Indeed, (4.7) shows that u(b,t) is determined by the values of the Cauchy datum f
in a thin shell around S;(X), where b = exp X.
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