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Let 1 be a probabilit y measure on R with "nite moments of all orders. Suppose
1 is not supported by a nite set of points. Then there exists a unique sequence
fPn (x)gﬁ=0 of orthogonal polynomials such that Py (x) is a polynomial of degreen
with leading coexcient 1 and the equality (X ®n)Pn(X) = Pn+1 (X) + ! nPn; 1(X)
holds. The numbers f®y; ! ngﬁ —o are called the Jacobi-Szegd parameters of 1.
The family fPn(x); ®; ! ngi_, determines the interacting Fock spaceof 1. In
this paper we use the concept of generating function to give seweral methods for
computing the orthogonal polynomials Py, (x) and the Jacobi-Szegd\parameters ®y
and ! . We also describe how to identify the orthogonal polynomials in terms of
di®erential or di®erence operators.

1. Accardi{Bo zejko unitary isomorphism

Let ' be a probability measureon R with "nite momerts of all orders.
Assumethat ! is not supported by a nite setof points and that the linear
span of the monomialsfx"; n , Og is densein the complex Hilb ert space
L2(*). Then we can apply the Gram-Schmidt orthogonalization procedure
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to the monomials f1;x; x?;:::;x";:::g, in this order, to get orthogonal
polynomials f Po(x); P1(X);:::;Pn(X);:::9. Here P,(x) is a polynomial of

degreen with leading coexcient 1. It is well-known (see, e.g., the books
by Chihara® and by Sze@®) that these orthogonal polynomials satisfy the
recursion formula

(Xi ®)Pn(X) = Pnsr (X) + 1 nPnj 2(x); n, O 1)

where®, 2 R; !, > 0 and by corvertion ! o = 1; P; 1 = 0. The numbers
®, and ! , are called the Jacobi-Szegfparametersof * .
De ne a sequenced , ngl., asseiated with the measure! by

.n=1lolp0e¢ ; n, O (2)

B

R
It can be easily chedked that |, = Py (x)j?d* (x). Assume that the
sequencesatis es the condition that inf, o , 2" > 0. Dene a complex

Hilb ert spacej . by

n - ® o}
i1 = (CiCiiiiciii) G2C L njaj?<1
n=0
with norm k ¢k given by
H % fi1=2
k(coicr;iiistn;ii)k= . niCnj?

n=0
Let ©, = (0;:::;0;1;0;:::) with 1in the (n + 1)st componert. De ne
the creation, annihilation, and neutral operators a*; ai , and a° acting on
i 1, respectively, by

a*©n = Opyy; @ ©, =! n©n; 1; aO©n = ®©,;, n, O

5

where ©, ; = 0 by corvertion and ®,'s and ! ,'s are the Jacobi-SzegA
parametersof 1. It can be easily shown that the operators a* and ai are
adjoint to ead other.

The Hilb ert spacej . together with the operatorsfa*; a ; a’gis called
the interacting Fock space assaiated with the measure!. It has been
shown by Accardi and Bozejko® that there exists a unitary isomorphism
U:j:! L?) satisfying the conditions:

(1) UG = 1,

(2) Ua* U°P, = Pna1,

(3) Uai U°P, = | ,Py; 1,

(4) Ua" +a +a%)u® =X,
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where the polynomials P, (x)'s are given in Equation (1) and X is the
multiplication operator by x.

Note that the Hilbert spaceis determined only by the numbers! ,'s,
while the numbers ®,'s and the polynomials P,(x)'s are related to the
unitary operator U. It is natural to ask the following question:

Question:  Given a probability measure! on R, how to compute
the assaiated orthogonal polynomials and the Jacobi-SzegAparameters
fPn; ®y; 1 ng?

In Section 2 we will explain the generating function method to derive
the orthogonal polynomials. In Section 3 we will describe two ways for the
computation of the Jacobi-Szegfparameters. In Section 4 we will discuss
the computation of the orthogonal polynomials by di®ererial and di®erence
operators. In Section5 we will list someimportant classicalexamplesfrom
the viewpoint of generating functions.

2. Pre-generating and generating functions

Let * be a probability measureon R satisfying the conditions mentioned
in Section 1. In a seriesof papers*34 we have introduced the generating
function method to derive the assaiated orthogonal polynomials f P, (x)g
and the Jacobi-Szegfparametersf®,; ! g.

A pre-geneating function is a function ' (t; x) which admits a power
seriesexpansionin t as follows:

%
X)) = G (Ot
n=0

where g, (x) is a polynomial of degreen and lim sup,,; Kgn ki:;zl) <1.
A geneating function for * is a pre-generatingfunction of the form

y »
A(t; x) = an P (X)t"; 3
n=0

where P, (x)'s are the orthogonal polynomials assa@iated with * asgivenin
Equation (1). Note that a generating function for * is not unique because
we can always replacet in Equation (3) with ct for a nonzero constart
c 6 1to get a di®erert function A(t; x). However, it is possibleto have
two essetially di®erent generating functions for the same measure. For
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example, the following functions

1

Atx)= —
(%) 1i 2tx + t2
A !]_:2
2

At x) = i P ¢
Qi 2tx+t2) 1 tx+ 1j 2tx + t2

are generating functions for the measured! (x) = %p 1i x2dx;jxj- 1.
Suppose' (t; x) is a pre-generatingfunction. Considerits multiplicativ e
renormalization de ned by

C(x)

E:" (49
Theorem 2.1. The multiplicative renormalization A(t; x) is a geneating
function for * if and only if E: [A(t; QA(t; 9] is a function of ts.

A(t; x) =

If we can ched that E.: [A(t; 9A(t; §] is a function of ts, then by the
above theorem A(t; x) is a generating function. We can expand A(t; x) as
a power seriesin t to get

. X
At x) = Qn(x)t";
n=0
where Q,, (x) is a polynomial of degreen. Let a, be the leading coexcient
of Qn(x) and let P, (x) = Qn(X)=a,. Then the polynomials f P,(x)g are
the orthogonal polynomials satisfying Equation (1) for the measure! .
In the papers:34 we have applied the generating function method to

pre-generating functions of the form

C(63) = h xS

whereh(x) = € or h(x) = (1 x)¢ and “t) is a function to be derived so
that the condition in Theorem 2.1 is satis ed.

Case 1: h(x) = ¢

measure polynomials
Gaussian Hermite
Poisson Charlier
gamma Laguerre
negative binomial Meixner
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Case 2: h(x) = (L x)°©

measure polynomials

uniform Legendre

arcsine Chebyshev of 1st kind
semi-circle Chebyshev of 2nd kind
beta-type Gegerbauer

The above polynomials are derived from the power series expansion
of the resulting generating functions. Consequetly they are expressedin
terms of sums of monomials. In Section 4 we will use di®erertial and
di®erenceoperators to identify these polynomials.

Recerly all measuresof exponertial type have been derived in the
paper®. In particular, the probability law of the L§vy stochastic area is
in this class.

3. Computation of orthogonal polynomials and
Jacobi-Szeg/ parameters

SupposeA(t; x) is a generating function for 1 . The object is to compute the
orthogonal polynomials f P, (x)g and the Jacobi-Szegdparametersf ®,; ! ,g
from A(t; x). Recallthat ., = !o! 1¢¢¢! ,; n, 0, asde ned by Equation
(2). The following theorem has beenproved in our paper®.

~ P
Theorem 3.1. Let A(t; x) = i:o an P (X)t" be a geneating function for
1. Then we have

SOV
o~ X
imA t= = apx"; 4)
th 0 t
n=0
£”‘ 2K:t 2 2
E: A(t;9° = as, nt"; (5)
n=0
£ A ZU X- ? 2 2 2 'l'
E: XA(t; 9° = ag, n@t™" + 2anay; 1, nt" (6)
n=0

wher a; 1 = 0 by convention.

Thus once we have found a generating function for 1, then we can
compute fP,; ®,;! g asfollows:

At x) 3! fan;Pag 3! f,ng 2! f®;!ag
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Namely, st expandA(t; x) asa power seriesin t to geta, and P, (x), which
is expressedas a sum of monomials. If we are not interestedin nding Py,
then we do not have to expand A(t; x) asa power seriesin t. We can simply
use Equation (4) to 'nd a,. Then we use Equation (5) to nd , ,, which
canbeusedin turn to 'nd !, since! , = 1=, n; 15N, 119 = 1. Finally
we can use Equation (6) to derive ®,.

In our paper® we have used this method to compute fP,;®,;! ,g for
those measuredlisted in Section 2. Howewer, the computation is somewhat
complicated due to the following dizculties:

Ditculties:  There are seweral dixculties in applying Theorem 3.1.

(1) It might be dixcult to nd the sgriesexpansionof A(t; x) in t.

(2) The computation of E. A(t; §2 in Equation (5) might be very
complicated. £ a

(3) The computation of E. xA(t; 2 in Equation (6) is even more
involved.

(4) The orthogonal polynomials are expressedas sums of monomials.
How to "nd the closeforms for them?

Resolution: Here are someideasto overcomethe above ditculties:

(@) Find a computation method without having to usethe power series
expansionof A(t; x) in t.

(b) Find a systemof linear equationsfor the Jacobi-Szeg/parameters.

(c) Determine P,(x) by a di®erertial or di®erenceoperator.

(d) Find a di®ererial equation satis ed by P,(x). This equation is
determined by the measure? .

(e) Determine f®,;! g from the eigervaluesof a di®erertial operator.

We have made someprogressregarding to Items (a), (b), and (c). The
key idea is to use the seriesexpansionsof A(t; 0) and @A(t; X)jx=o0 in t.
Then we can avoid the dixcult y (1).

So, suppose’ (t; x) is a pre-generating function and assumethat its
multiplicativ e renormalization A(t; x) = ' (t;x)=E."' (t; 9 is a generating
function for 1. De ne three functions A(x); B(t), and C(t) with their
respective power seriesexpansionshby
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A(X) = i Agt-x’—X n. 7
(X) = t!mo ,? = . anX ( )
. ps
B(t) = A(0)=  bnt"; (8)
n=0
— @”’ . - _X n.
C(t) = @A(t, X) o C . cht": 9)

The next theorem is from our paper®.

Theorem 3.2. SupmseA(t; x) = ' (t;x)=E: "' (t; § is a geneating function
for 1. Letap; b; ¢y be the numbers de ned in Equations (7){(9). Assume
that b,Cy; 1 6 by, 1Ch. Then the Jacobi-Szegyd parametersf®, ;! ,g are the
unique solution of the systemof the linear equations:

anj 1 an+1

8
§E®1+bnil!n__bn+l_
an

10
Cni1, :iCn+1+E_ (10)
anil.n an+1 an’

2 Cy
'g®n+

Thus we can compute the Jacobi-Szegfparameters as follows:
At x) %! fA(1);B(t);C(t)g %! fanibhicag %! f@;!ag

Now, considerthe special casewhen the pre-generatingfunction ' (t; x)
is of the form

"t x) = hil/(t)x¢; (112)

Wherel/g) = P ﬁ:l 4 t" is an analytic function nearx = Owith ¥3 6 0 and
h(x) = i:o hn,x" is an analytic function nearx = 0O with hp = 1; h, 6 0
for all n, 1 and there existst; > 0 suc that “tx) is analytic in x on the
support of * for all jtj < t1, and lim sup,;; |jhnjkx”kLz(l) "< 1. n
this casethe function A(x) in Equation (7) is given by

3
X
h %t)— 1
im —— L ¢= hCAX) _ 1 asx):

| i
tt 0 Exh 1/(t)¢ ho
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Therefore, a, = h,%4 and so Equation (10) becomes

8
El/abn®n+/§hw R hq+1;
hn. hn+l (12)
§ Yacq ®, + /gcn 1l = Ch+1 n Yaby, .
" hy o 1 hrey P

In particular, when ! is symmetric, we have ®, = O for all n. Then
Equation (12) yields the valuesof ! 's as follows:

8 b2m+2 h2m

! + = i —J
5 2m+1 | l/inm hom +2 (13)
Com+1 h2mi 1 me h2mi 1 .

| .
Y2Com; 1thoam+1  YaCom; 1hom

Z 1 o =

4. Orthogonal polynomials in terms of di®erential or
di®erence operators

SupposeA(t; x) is a generating function for * . Then we can expand A(t; x)
as a power seriesin t

At x) = X an Pn OO
n=0
whereP,, (x)'s arethe orthogonal polynomials assaiated with 1. As pointed
out in Section 3, these polynomials are expressedas sums of monomials.
Sinceit might be ditcult to compute the power seriesexpansionof A(t; x),
it is desirable to determine or identify these polynomials in some other
ways, namely, we raise the following

Question: How to determine or identify the orthogonal polynomials
f Pn(x)g without using the power seriesexpansionof A(t; x) in t?

For absolutely continuous mealgureswe have the next two theoremsfrom
our paper4 Recall that A(x) = -, a,x" from Equation (7) and that
.n = 1ol ceal

Theorem 4.1. Let! bea measure on (a;b) with a smaoth density function
u(x) and assumethat A(t; x) is a geneating function for *. Supmse g, (x)
is a smaoth function satisfying the conditions:

o]
n 211
(@) —H(X) Dy %(X)H(X) 2L°().
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£ o
(b) DX gh(X)u(x) = Oatx=a;bforall 0- k< n.

Then the orthogonal polynomial P, (x) assaiated with * is given by

£ o
P, (x) = D? X) (X
with someconstant k,, if and only if
Z, £

. o
DYA(t; X) gn(x)dt(x) = dpt"

a
with someconstant d,,. In this case,d, and k,, are related by

dn = (i 1)n,nankn:

For the special casewhen ' (t; x) is of the form in Equation (11), the
generating function is given by
F(tx) .
Ea' (59
In this case,we can make use of the function B(t) de ned in Equation (8)
and take ¢, (X) = pn (X)=(X) in Theorem 4.1to get the next theorem.

A(t; x) =

Theorem 4.2. Let! bea measure on (a;b) with a smaoth density function

H(x) and assumethat ¢
il/ t
A(t; x) = 42_,%

E: h #t)¢
is a geneating function for 1. Supmse W, (x) is a smaoth function with
support in [a;b] satisfying the conditions:
1 £ ) 2
@ —— D} h(x) 2L5().
u(xg 5
(b) D¥ w(x) =0atx=a;bforall 0- k< n.

Then the orthogonal polynomial P, (x) assaiated with * is given by

£ o]
Pn(x) = DY th(x)

1
Kn H(X)
with someconstant k,, if and only if

Z

3

b i ¢ d t o
h(m 'y dx= 1 —

with someconstant d,,. In this case,d, and k, are given by

|
dh = N hy: kn = (5 1"

s N
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For discrete measureson the set Ng = f0;1;2;:::;n;:::g we have the
analogousresults in the following two theoremsfrom our paper*. De ne the
right- and left-hand di®erenceoperators ¢ y. and ¢ 4; acting on functions
de ned on Ng by

Cx+f(x) = Fx+1)i f(x);
¢ FO)=F(X)i f(xi 1)
wheref (i 1) = 0 by corvertion. Wehave ¢ £, f(xj n)= ¢§, f(x).

Theorem 4.3. Let! be a measure on Ng and let p(x) = * (fxg); X 2 No.
Assume that A(t; x) is a geneating function for 1. Supmse g,(x) is a
function on Ny satisfying the conditions:
1 n £ a 2
@ ——< ¢y hOJUXx) 2L°().
M(x) . o
() ¢X, g(X)u(x) =0atx=0;1 forall0- k< n.

Then the orthogonal polynomial P, (x) ass@iated with * is given by

P -1 ¢ £ °
n(X) - kn |J.(X) Xi On(x)p-(x)
with some constant k,, if and only if
X

£ - ol
¢ 2 AL X) Gh (X)H(X) = dnt"
x=0

with someconstant d,. In this case,d, and k, are related by

dn = (i 1)n,nankn:

The next theorem is analogousto Theorem 4.2. It is a special caseof
Theorem 4.3 for the multiplicativ e renormalization of the pre-generating
function ' (t; x) = e4Vx,

Theorem 4.4. Let! be a measure on Np and let p(x) = * (fxg); X 2 No.

Assumethat the multiplicative renormalization
H 1 T
A+ — Y{t)x —
A(t;x) = B(t)e B(t) = E—lﬁmu
P

is a geneating function for *, Here “t) = ﬁzl Y%t" is analytic with
2 6 0. Supmse Wy (X) is a prokability mass function on No for each n
satisfying the conditions:
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1 £ o
@ ——=C% () 2L%().
M)
() ¢X, m(x) =0atx=0;1 forall0- k<n.

Then the orthogonal polynomial P, (x) assaiated with * is given by

_ 1 n £ a
Pn(x) = m‘tx; Hn (X)

with someconstant k,, if and only if

Y dnt"
N () = —

<=0 B(t) €4V 1

with someconstant d,. In this case,d, and k, are given by

dn = 1/2; Kn = (i 1)nn_!:

s N

5. Classical examples

In our paper® we have used our method to derive generating functions
A(t; x) and fP,(x); ®; ! g for those measureslisted in Section 2. But
somecomputations, for examplein identifying the polynomials P, (x), are
rather complicated. In the paper* the computations are simpli ed by using
Equations (12) and (13) and Theorems4.2 and 4.4. Recallthat ! o = 1.

Example 5.1. (Gaussianmeasure) p(x) = pﬁei x*=2%. y 2 R:

A(t; X) = glxi %thz;

— (. 3/2\N X?=2%F n£1x2=23/420 ; Al -
Pn(x) = (j ¥)"€* Dy e (Hermite polynomial);
® =0, n, O

'n=%n;, n, L

Example 5.2. (Gamma distribution) p(x) = ﬁx@’i lei X; x > 0: Here
®> 0.

t

At x) = (L+ t) Cem;

Po(x) = (j 1)"xI ®1 gDl x"* @ le x5 (Laguerre polynomial):
®h=2n+® n, O

'n=nn+®j 1); n, L

B
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Example 5.3. (Beta-type distribution)

W00 = P =D ) < L
2

where the parameter ™ > j 1=2; ~ 6 0.
1

A= ey (14)
. — B c i i
Pn(x) = (i 1)”% i XZ)i +1 ZZDQ @i X2)n+ 122

(Gegerbauer polynomial);

® =0, n, O
| = n(n_i 1+2)_; T
4n+ )(nj 1+ )
We have two special cases.When ™~ = 1=2, the measure! is the uniform
measure on [j 1;1] and P, (x) is the Legendre polynomial. When ~— = 1,

the measure! is the semi-circle distribution on [j 1;1] and P, (x) is the
Chebyshev polynomial of the secondkind, which can be veri ed to equal
£ o]

1 sin (n+ 1)cod 1x
Ph(X) = — £ o—;
()= 5 sin cos 1x

, O

Note that we have to exclude™ = 0 in this example since the function in
Equation (14)) is not a generatingfunction when™ = 0. The next example
takescare of this case.

Example 5.4. (Arcsine distribution) u(x) = %/Apﬁ xj< L

. 42
A(t; x) = 8(1i12|tﬁ;
<1 if n=0;
Pn(x) = : T T cosEn cos lxu; ifn, 1
(Chebyshev polynomial of the rst kind);
® =0, n, O
( 1=2; ifn=1,
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Example 5.5. (Poissonmeasure) u(x) = ei - =X—, X2 Np; , >0

Alt;x) = e ' (1+ 1)

h  xen |
i(x+1
D
— . n ojx. n B

=G D, T Ri(x+ DE g, xXin+D

Pa(x) = (i )", %i(x + 1)¢ 3,

(Charlier polynomial);
®=n+, n, 0

Example 5.6. (Negative binomial measure)

wo
o =p LG Y x 2 No;

wherer > 0and0< p< 1.

Alt;x)= 1+ t)xi1+ (1 p)t¢i Xi r;

Lo LD e, e
Pn(x) = (i 1) me(ll p)' "¢ m(ll p)
(Meixner polynomial);

:(2ip)n;r(1ip); n. o
p - nn+ri DA p).
! > . on,
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