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Abstract

In this paper we analyze the restricted denominator approximation
method, which is a one parameter family of functions approximating
the exponential function. We give a necessary and sufficient condition
for the A-stability of the functions. We provide an estimate for the
stability constant in the maximum-norm when the method applied
to the one-dimensional heat-equation both on finite and on infinite
interval.

1 Introduction

The so called restricted denominator approximations (RDA), a one param-
eter family of rational functions 1, are of the form

rθ(z) :=
1 + (1− 2θ)z

(1− θz)2
, θ ∈ IR.

We say that a rational function r approximates the exponential function of
order p ≥ 1 if

r(z) = exp(z) +O(zp+1), as z → 0.
1This method is different from the well known θ-method with functions rθ(z) =

1+(1−θ)z
1−θz

.
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For θ = 1+ 1
2

√
2 and θ = 1− 1

2

√
2 the function rθ approximates the exponen-

tial function of order p = 2, for all other values of θ the order is p = 1 (see
e.g. [6] and [9]). The RDA method can be used for the time discretization
of initial value problems.

The solution of the one-dimensional heat equation on the whole real line

∂u

∂t
=
∂2u

∂x2
, x ∈ IR, t ≥ 0, u(x, 0) = u0(x), x ∈ IR,

via the RDA method leads to the one step iterative method

Un = rθ(τA)Un−1, n = 1, 2, ..., (1)

where τ is the time discretization step-size. Here

A :=
1
h2

tridiag[1,−2, 1],

where h is the space discretization step-size. The approximations are se-
quences Un = {Unj }

+∞
j=−∞ ∼ {u(jh, nτ)}+∞j=−∞ of numbers and U0 is defined

from u0(x).

Recall that a rational function r is called A-stable if

|r(z)| ≤ 1, for
π

2
≤ arg(z) ≤ 3π

2
.

Later in this paper we show that for θ ∈ [1 − 1
2

√
2, 1 + 1

2

√
2] the corre-

sponding functions rθ are A-stable. Let l∞ be the Banach space of infi-
nite complex sequences z = {zj}+∞j=−∞ endowed with the maximum norm
||z||∞ = sup∞<j<+∞ |zj |. In [7] it is shown that for all arg(z) < π the
resolvent R(z,A) = (zI −A)−1 exists and the inequality

||R(z,A)||∞ ≤ 1

|z| cos arg(z)
2

. (2)

holds2. Hence A : l∞ → l∞ is a sectorial operator. Therefore, since
the functions rθ are A-stable for θ ∈ [1 − 1

2

√
2, 1 + 1

2

√
2], the numeri-

cal methods rθ(τA) are stable (see e.g. [10]), i.e., supn,τ≥0 ||rnθ (τA)||∞ <

2In fact, in [7] the inequality (2) was shown for the matrix tridiag[1,−2, 1], but then it
is also true for the matrix A = 1

h2 tridiag[1,−2, 1]).
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∞. Since the resolvent estimate in (2) is uniform in h the number Cθ :=
supn,τ,h≥0 ||rnθ (τA)||∞ < ∞. We will call the constant Cθ the stability con-
stant of rθ(τA). Note that by the argument in [4], this stability constant Cθ
is an upper bound for the stability constant for the heat equation on a finite
interval along with the Dirichlet or Neumann boundary conditions. In this
paper we will give both an upper and a lower bound for Cθ.

We say that a numerical scheme r(τA) is unconditionally contractive in the
maximum norm if for all τ > 0

||r(τA)||∞ ≤ 1, (3)

or, equivalently, the corresponding sequence Un = r(τA)Un−1 satisfies

||Un||∞ ≤ max
0≤j≤n−1

{||U j ||∞}, for n ≥ 0. (4)

If (3) holds for only τ ∈ (0, τ̂ ] then we say that the the scheme is condition-
ally conractive in the maximum norm. We note, that the contractivity in
the maximum norm is a natural requirement since the solution of the heat
equation also satisfies the continuous form of (4). In [9] it is shown that if r is
of order p > 1 then the scheme r(τA) cannot be unconditionally contractive
in the maximum norm. It is shown in [6] that the RDA method can be con-
tractive in the maximum norm only for θ ∈ [0, 1], moreover, ||rθ(τA)||∞ ≤ 1
for

τ ∈ [0, h2(2− 6θ)−1], if θ ∈ [0, 1
3) (5)

τ ∈ [0,∞), if θ ∈ [13 , 1] (6)

The RDA method has both advantages and disadvantages. Since rθ(∞) = 0,
there are error estimates also for nonsmooth initial data, contrary to the
famous second order Crank-Nicolson (CN) scheme (see e.g. [10]). If we con-
sider the also second order scheme r1− 1

2

√
2(τA) then from (6) we see that it

is contractive in the maximum norm if τ ≤ 4.12h2 while the CN method is
contractive in the maximum norm only if τ ≤ 1.5h2 (see e.g. [6]). Also, as
we will show in Section 4, if we consider the heat equation on a bounded
interval the RDA method is also contractive for τ large enough, which is
again not true for the CN method. On the other hand the use of the RDA
method requires the solution of two linear systems at each time step which
is a big computational disadvantage.
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The paper is organized as follows. In Section 2, we show that the functions
rθ are A-stable if and only if the parameter θ lies in the interval [1− 1

2

√
2, 1+

1
2

√
2]. In Section 3, we give a lower bound, in Section 4 we provide an upper

bound for the stability constant in the maximum-norm of the RDA method
when it is applied to the one-dimensional heat-equation on the whole real
line. Also in Section 4, we give an estimate for ||rθ(τA)n||∞ when the RDA
method is applied to the one-dimensional heat-equation on a finite interval.
We show that in this case ||rθ(τA)n||∞ < 1 if τ is large enough for all θ ∈ IR.

2 A-stability of the restricted denominator approx-
imations

In this section we derive a necessary and sufficient condition for the values
of θ for the A-stability of the RDA method.

Theorem 2.1 The function rθ is A-stable if and only if

θ ∈ [1− 1
2

√
2, 1 +

1
2

√
2]. (7)

Proof. First, we show the sufficiency. Let z = |z|eiψ. Then for all complex
number z and for all ψ ∈ [π2 ,

3π
2 ] the following inequality has to be satisfied:

|rθ(z)|2 =
1 + (1− 2θ)2|z|2 + 2(1− 2θ)|z| cosψ

(1 + θ2|z|2 − 2θ|z| cosψ)2
≤ 1,

which yields the condition

1− |z|θ
4|z|3 − 4θ3 cosψ|z|2 + (4θ2 cos2 ψ − 2θ2 + 4θ − 1)|z| − 2 cosψ

(1 + θ2|z|2 − 2θ|z| cosψ)2
≤ 1,

(8)
Clearly, (8) holds if and only if the numerator in nonnegative, which is cer-
tainly true if (7) holds.

Now, we show that (7) is also a necessary condition. Let us substitute
cosψ = 0 in (8). Then

|rθ(z)|2 = 1− |z|θ
4|z|3 + (−2θ2 + 4θ − 1)|z|

(1 + θ2|z|2)2
≤ 1,

for all z = ir, r ∈ IR, which is true if and only if

−2θ2 + 4θ − 1 ≥ 0, (9)

which is equivalent to (7).
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3 Lower bound of the stability constant

In this section we give a lower bound for Cθ when θ ranges within the
A-stability bounds (7). First, note that Cθ ≥ 1. To see this, first ob-
serve that τAe = 0 for e = (..., 1, 1, 1, ...)>. Therefore 0 is an eigenvalue
of τA with eigenvector e. Since τA is a bounded operator and rθ is a ra-
tional function, the spectral mapping theorem holds [1]. Thus, rθ(0) = 1
is an eigenvalue of rθ(τA) with an eigenvector e, i.e., rθ(τA)e = e. Hence,
Cθ ≥ ||rθ(τA)e||∞ = 1. This, together with (5), implies that if θ ∈ [13 , 1]
then Cθ = 1.

Now, we compute the exact value ||rθ(τA)||∞ for θ ∈ (0, 1
3) and θ > 1.

Clearly, ||rθ(τA)||∞ is a lower bound for Cθ for all τ > 0 and h > 0. Let µ :=
τ
h2 . In [6] it is shown that if the function f(z) := rθ(µ(z−1 − 2 + z)) has the
Laurent expansion f(z) =

∑∞
n=−∞ γnz

n, then ||rθ(τA)||∞ =
∑∞
n=−∞ |γn|.

There it is also shown that the Laurent coefficients for the RDA method are
of the form

γk = γ−k =
ωk(1− ω)
θ(1 + ω)3

[ω(µ−1 + 6θ − 2) + (1− θ)(1− ω2)k], k ≥ 0, (10)

where

ω =
2 + 1

θµ −
√

(2 + 1
θµ)2 − 4

2
.

Theorem 3.1 If θ ∈ (0, 1
3), then

||rθ(τA)||∞ =
ω(ω − 1)
θ(1 + ω)3

(µ−1 + 6θ − 2) +

2(aω
2ωN − 1
ω − 1

+ bω
2NωN+1 − 2(N + 1)ωN + 1

(ω − 1)2
) (11)

if µ > (2− 6θ)−1, where

a =
ω − 1

θ(1 + ω)3
(ω(µ−1 + 6θ − 2)), b =

ω − 1
θ(1 + ω)3

(1− θ)(1− ω2) (12)

and

N = [
ω(µ−1 + 6θ − 2)
(θ − 1)(1− ω2)

]. (13)

If 0 < µ ≤ (2− 6θ)−1, then ||rθ(τA)||∞ = 1.
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Proof. By (6) we only have to prove (11). Let µ > (2 − 6θ)−1 be fixed.
Then, for k ≤ N , where N is defined in (13), from (10) we have

|γk| = |γ−k| =
ωk(1− ω)
θ(1 + ω)3

[−ω(µ−1 + 6θ − 2)− (1− θ)(1− ω2)k] (14)

= aωk + bωkk,

where a and b are defined in (12). If k > N then

|γk| = |γ−k| = −aωk − bωkk.

Therefore, we have

||rθ(τA)||∞ = |γ0|+ 2
∞∑
k=1

|γk| = |γ0|+ 2{
N∑
k=1

(aωk + bωkk)

+
∞∑

k=N+1

(−aωk − bωkk)} = |γ0|+ 2{2(
N∑
k=1

(aωk + bωkk)

+
∞∑
k=1

(aωk + bωkk)}.

Finally, since

N∑
k=1

(aωk + bωkk) = aω
ωN − 1
ω − 1

+ bω
NωN+1 − (N + 1)ωN + 1

(ω − 1)2
)

and ∞∑
k=1

(aωk + bωkk) = aω
1

1− ω
+ bω

1
(1− ω)2

using (14) for k = 0 we get (11).

Similarly for θ > 1, one can prove the following theorem.

Theorem 3.2 If θ > 1, then for all τ, h > 0 we have

||rθ(τA)||∞ =
ω(1− ω)
θ(1 + ω)3

(µ−1 + 6θ − 2) +

2(aω
2ωN − 1
ω − 1

+ bω
2NωN+1 − 2(N + 1)ωN + 1

(ω − 1)2
),
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where

a =
1− ω

θ(1 + ω)3
(ω(µ−1 + 6θ − 2)), b =

1− ω

θ(1 + ω)3
(1− θ)(1− ω2)

and

N = [
ω(µ−1 + 6θ − 2)
(θ − 1)(1− ω2)

].

Note, that in Theorem 3.1 and in Theorem 3.2 the value of N depends on
the value of µ. Therefore, if we want to compute the norm ||rθ(τA)||∞, first
we have to choose a value for τ and h. For θ = 1− 1

2

√
2 we found that for

||rθ(τA)||∞ = 1, 066 at µ = 15. As we mentioned in the beginning of this
section this is a lower bound of the stability constant C1− 1

2

√
2.

4 Upper bound of the stability constant

In this section, using the resolvent estimate (2), first we give an upper bound
for ||rnθ (τA)||∞ uniform in n. The basis for our calculation is the Dunford-
Scwartz representation

rθ(τA)n = rθ(∞)n +
1

2πi

∫
Γ
rnθ (z)R(z, τA)dz, (15)

where Γ = γ ε
n
∪ Γρθ

ε
n
∪ γρθ

with γ ε
n

= {z; |z| = ε
n , −ψ ≤ arg(z) ≤ ψ}, Γρθ

ε
n

=
{z; εn ≤ |z| ≤ ρθ, arg(z) = ψ, arg(z) = −ψ} and γρθ

= {z; |z| = ρθ, − ψ ≤
arg(z) ≤ ψ}. Here 0 < ε < 1

θ ,
π
2 < ψ < π are arbitrary and ρθ is a number

with |rθ(ρθ)| ≤ 1. Note that since rθ(∞) = 0 the first term turns into 0 in the
sum in (15). The idea of using the Dunford-Schwartz representation of the
approximating operators in order to estimate the stability constant of the
Crank-Nicolson scheme can be found in [4]. However, for the RDA method
the estimates are considerably more complicated, and, since rθ(∞) = 0, the
path of integration is also different.

Lemma 4.1 For |z| = ε
n >

1
θ the inequality

|rnθ (z)| ≤ 1
1− θε

exp(
ε(1 + θ)
1− θε

) (16)

holds for all n ≥ 1.
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Proof. We can rewrite rθ as follows

rθ(z) =
1

1− θz
(1 + z +

θz2 − θz

1− θz
).

Then for |z| < 1
θ we have

|rθ(z)| ≤
1

1− θ|z|
(1 + |z|+ θ|z|2 + θ|z|

1− θ|z|
).

Now, using the elementary inequalities 1 ≤ 1 + |z| ≤ exp |z| we obtain

|rθ(z)| ≤
1

1− θ|z|
exp |z|(1 + θ

|z|2 + |z|
1− θ|z|

)

thus

|rnθ (z)| ≤ (1− θ|z|)−n exp(n|z|)(1 + θ
|z|2 + |z|
1− θ|z|

)n.

Therefore, taking |z| = ε
n we have

|rnθ (z)| ≤ (1− θ
ε

n
)−n exp(ε)(1 + θ

ε2 + nε

n2 − θnε
)n.

Since the sequence (1− θ εn)−n is monotonically decreasing and clearly (1 +
1
x)x ≤ e for all x > 0, we obtain

|rnθ (z)| ≤ 1
1− θε

exp(ε) exp(θ
ε2 + nε

n− θε
).

Finally,

θ
ε2 + nε

n− θε
= θ(

ε2

n− θε
+ ε+ ε

θε

n− θε
) ≤ θ(

ε2

1− θε
+ ε+ ε

θε

1− θε
),

which gives (16).

Corollary 4.1 For all n ≥ 1 we have

|| 1
2πi

∫
γ ε

n

rnθ (z)R(z, τA)dz|| ≤ 2
π

1
1− θε

exp(
ε(1 + θ)
1− θε

) ln tan(
ψ + π

4
).
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Proof. Using the resolvent estimate (2) and Lemma 4.1 we have

|| 1
2πi

∫
γ ε

n

rnθ (z)R(z, τA)dz|| ≤ 1
π

∫ ψ

0
|rnθ (

ε

n
eiφ)| sec φ

2
dφ ≤

2
π

1
1− θε

exp(
ε(1 + θ)
1− θε

) ln tan(
ψ + π

4
).

Proposition 4.1 For all n ≥ 1 we have

|| 1
2πi

∫
γρθ

rnθ (z)R(z, τA)dz|| ≤ 2
π

ln tan(
ψ + π

4
). (17)

Proof. Since rθ(∞) = 0, therefore there is a number ρθ, such that rθ(ρθ) ≤
1. Then using again the resolvent estimate (2) we get (17).

A lower bound for ρθ can be derived from (8). Since for θ ∈ [1− 1
2

√
2, 1+ 1

2

√
2]

the family rθ is A-stable, it is enough to consider the case when cosψ ∈ [0, 1].
Therefore ρθ can be obtained from the inequality

θ4ρ3
θ − 4θ3 cosψρ2

θ + (4θ2 cos2 ψ − 2θ2 + 4θ − 1)ρθ − 2 cosψ ≥ 0,

for all cosψ ∈ [0, 1]. Again, using (7), we arrive at the following sufficient
condition

θ4ρ3
θ − 4θ3ρ2

θ − 2 ≥ 0.

Then a lower bound for ρθ can be easily computed. (For example, for
θ = 1− 1

2

√
2 we have ρ1− 1

2

√
2 = 14.8837.)

Let us decompose the path Γρθ
ε
n

= ΓLε
n
∪ Γρθ

L , where ε
n < L ≤ ρθ is arbitrary.

Lemma 4.2 If z ∈ ΓLε
n

then

|rnθ (z)| ≤ exp(−c(θ, L)
2

|z|n), (18)

where c(θ, L) = −2 cosψ
(1+θ2L2−2θL cosψ)2

Proof. First, note that by (9) the inequality −2θ2 + 4θ − 1 ≥ 0 holds.
Also, if z ∈ ΓLε

n
, then cos arg(z) ≤ 0. Therefore, from (8) it follows, that for

z ∈ ΓLε
n

|r2θ(z)| ≤ 1− |z|c(θ, L),
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where c(θ, L) = −2 cosψ
(1+θ2L2−2θL cosψ)2

. Hence, if z ∈ ΓLε
n
, then

|rnθ (z)| ≤ exp(−c(θ, L)
2

|z|n).

Proposition 4.2 For all n ≥ 1 we have

|| 1
2πi

∫
ΓL

ε
n

rnθ (z)R(z, τA)dz|| ≤

1
π cos ψ2

(− ln(
c(θ, L)ε

2
)− γ +

2m+1∑
s=1

(−1)s−1

s

( c(θ,L)ε
2 )s

s!
), (19)

where γ = 0.57721... denotes the Euler constant and m ∈ IN is arbitrary.

Proof. Using (18) we may write

|| 1
2πi

∫
ΓL

ε
n

rnθ (z)R(z, τA)dz|| ≤

1
π

∫ L

ε
n

exp(−c(θ, L)
2

tn)
1

t cos ψ2
dt =

1
π cos ψ2

∫ c(θ,L)Ln
2

c(θ,L)ε
2

exp(−s)1
s

ds ≤

1
π cos ψ2

∫ ∞

c(θ,L)ε
2

exp(−s)1
s

ds.

Finally, recalling the formula (see e.g. [5])∫ ∞

c
exp(−s)1

s
ds = − ln c− γ +

∞∑
k=1

(−1)k−1

k

ck

k!
,

we obtain (19).

Proposition 4.3 For all n ≥ 1 we have,

|| 1
2πi

∫
Γ

ρθ
L

rnθ (z)R(z, τA)dz|| ≤
ln ρθ

L

π cos ψ2
.

Proof. The resolvent estimate (2) and the A-stability of rθ yields

|| 1
2πi

∫
Γ

ρθ
L

rnθ (z)R(z, τA)dz|| ≤ 1
π cos ψ2

∫ ρθ

L

1
s

ds =
ln ρθ

L

π cos ψ2
.
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The upper bound for ||rnθ (τA)||∞ can be obtained using Proposition 4.1,
Proposition 4.2, Proposition 4.3 and Corollary 4.1 by choosing different val-
ues for the arbitrary numbers ε, ψ and L. We choose m = 3 in (19). For
θ = 1− 1

2

√
2, using a discrete grid for the possible values of ε, ψ and L with

MATLAB 5.3 an upper bound equals 4.0512 for ε = 0.2610, ψ = 1.7279 and
L = 3.3780.

Now, we consider the heat equation on a finite interval with the homogeneous
Dirichlet boundary condition

∂u

∂t
=

∂2u

∂x2
x ∈ [0, 1], t ≥ 0,

u(x, 0) = u0(x), x ∈ [0, 1], u(0, t) = u(1, t) = 0, t ≥ 0.

After the discretization the matrix in (1) is here of the form

As :=
1
h2

tridiag[1,−2, 1] ∈ IRs×s,

where h = 1
s+1 . As we indicated in the Introduction, the estimate for the

stability constant is also valid in this case. The next theorem will show that
contrary to the infinite interval case, for τ large enough ||rnθ (τAs)||∞ < 1
for all θ ∈ IR.

Theorem 4.1 For all n ≥ 1 and θ ∈ IR we have

||rnθ (τAs)||∞ ≤

(
1

1 + 2θ τ
h2 (1− cos π

s+1)
)n(|2θ − 1

θ
|+ |1− θ

θ
| 1
1 + 2θ τ

h2 (1− cos π
s+1)

)n. (20)

Proof. The eigenvalues of the matrix As are

λ(k)
s =

2
h2

(−1 + cos
kπ

s+ 1
), k = 1, ..., s, (21)

(see e.g. [8]). Notice, that

rθ(τAs) =
2θ − 1
θ

1
θτ
R(

1
θτ
,As) +

1− θ

θ
(

1
θτ

)2R2(
1
θτ
,As).

Also, observe that the matrix As generates a contraction semigroup in the
maximum norm. This follows from the facts that As = tridiag[1, 0, 1] − 2I
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and that the matrices tridiag[1, 0, 1] and −2I commute, hence

|| exp(tAs)||∞ = || exp(t
1
h2

tridiag[1, 0, 1]) exp(t
1
h2

(−2I))||∞ ≤

exp(t
1
h2
||tridiag[1, 0, 1]||∞) exp(−2t

1
h2

) = exp(2t
1
h2

) exp(−2t
1
h2

) = 1.

Then from the Hille-Yoshida theorem (see e.g. [2]) it follows that

||rnθ (τAs)||∞ ≤ (
1
θτ

1
θτ − λ

(1)
s

)n(|2θ − 1
θ

|+ |1− θ

θ
|

1
θτ

1
θτ − λ

(1)
s

)n. (22)

Finally, using (21) with k = 1, (22) implies (20).

Note that (20) shows that ||rnθ (τAs)||∞ < 1 for all τ, h > 0 if θ ∈ [12 , 1].
Also, observe that the estimate is not optimal since we already know that
||rnθ (τAs)||∞ ≤ 1 if θ ∈ [13 , 1]. As we have already mentioned, for τ large
enough ||rnθ (τAs)||∞ < 1 for all θ ∈ IR. This behavior is different from the
infinite interval case and basically follows from the facts that rθ(∞) = 0
and that the spectrum of As lies strictly on the left axis. This remarkable
property allows a much wider choice for the discretization parameters if we
want to preserve the conractivity in the maximum norm.

5 Concluding remarks

The method we used allows the analysis of more general cases. The esti-
mations derived for the complex functions rθ(z) in Section 4 can be used
to obtain stability constants for rθ(τA) with more general matrices A if the
appropriate resolvent estimate is known. Also, the method to obtain the
norm estimate in the finite interval case can be generalized to a wider class
of matrices, since the computation of the first eigenvalue and the bound of
the matrix semigroup in the maximum norm are the essential steps. Finally,
we remark that the knowledge of the stability constant can be used to obtain
second order unconditionally contractive finite difference methods (see [3]).
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