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Abstract

In this paper we analyze the restricted denominator approximation
method, which is a one parameter family of functions approximating
the exponential function. We give a necessary and sufficient condition
for the A-stability of the functions. We provide an estimate for the
stability constant in the maximum-norm when the method applied
to the one-dimensional heat-equation both on finite and on infinite
interval.

1 Introduction

The so called restricted denominator approximations (RDA), a one param-
eter family of rational functions !, are of the form

1+ (1—20)z
=———-— 60€clR.
o) 1-02)2
We say that a rational function r approximates the exponential function of
order p > 1 if
r(z) = exp(z) + O(zP), as z — 0.

!This method is different from the well known f-method with functions re(z) =
1+(1-6)z
1-6z



For 0 = 1+ %\/5 and 0 =1— %\/5 the function rg approximates the exponen-
tial function of order p = 2, for all other values of 6 the order is p = 1 (see
e.g. [6] and [9]). The RDA method can be used for the time discretization
of initial value problems.

The solution of the one-dimensional heat equation on the whole real line

ou_ o
ot 0x?’

via the RDA method leads to the one step iterative method

xeR, t >0, u(z,0)=uy(x), z€R,

U =ro(rAU™ L, n=1,2,..., (1)

where 7 is the time discretization step-size. Here
...
A= ﬁtrldlag[l, -2,1],

where h is the space discretization step-size. The approximations are se-
quences U™ = {U}' ;Z’ioo ~ {u(jh,nr) ;’;’ioo of numbers and U? is defined
from up(z).

Recall that a rational function r is called A-stable if

Ir(z)| <1, for g < arg(z) < 3%
Later in this paper we show that for 0 € [1 — %ﬂ, 1+ %\/ﬂ the corre-
sponding functions rg are A-stable. Let [, be the Banach space of infi-
nite complex sequences z = {Zj};—goo endowed with the maximum norm
2]l = SUPso<jctoo |2l In [7] it is shown that for all arg(z) < 7 the
resolvent R(z, A) = (21 — A)~! exists and the inequality

1

arg(s) " (2)

1R (2, A)lloo <
|z| cos

2

holds®. Hence A : loo — ls is a sectorial operator. Therefore, since
the functions ry are A-stable for § € [1 — %\/5,1 + %ﬁ], the numeri-
cal methods r¢(7A) are stable (see e.g. [10]), i.e., sup, .>¢ |[rg(74)|[ec <

?In fact, in [7] the inequality (2) was shown for the matrix tridiag[1, —2, 1], but then it
is also true for the matrix A = ;5tridiag[l, —2, 1]).



00. Since the resolvent estimate in (2) is uniform in h the number Cy :=
SUpy, 7 p>0 |74 (TA)||oc < 00. We will call the constant Cy the stability con-
stant of r9(TA). Note that by the argument in [4], this stability constant Cj
is an upper bound for the stability constant for the heat equation on a finite
interval along with the Dirichlet or Neumann boundary conditions. In this
paper we will give both an upper and a lower bound for Cpy.

We say that a numerical scheme r(7A) is unconditionally contractive in the
mazimum norm if for all 7> 0

Ir(rA)|lo0 < 1, (3)
or, equivalently, the corresponding sequence U™ = r(7A)U" ! satisfies

n < J > ().
10" oo <, max {107][sc}, for n >0 @)

If (3) holds for only 7 € (0, 7] then we say that the the scheme is condition-
ally conractive in the mazrimum norm. We note, that the contractivity in
the maximum norm is a natural requirement since the solution of the heat
equation also satisfies the continuous form of (4). In [9] it is shown that if r is
of order p > 1 then the scheme r(7A) cannot be unconditionally contractive
in the maximum norm. It is shown in [6] that the RDA method can be con-
tractive in the maximum norm only for 6 € [0, 1], moreover, ||rg(TA)||loo < 1
for

T€[0,h*(2-60)""], if6<0,3) (5)
7 € [0, 00), if 0 € [3,1] (6)

The RDA method has both advantages and disadvantages. Since rg(co) = 0,
there are error estimates also for nonsmooth initial data, contrary to the
famous second order Crank-Nicolson (CN) scheme (see e.g. [10]). If we con-
sider the also second order scheme 7, 1 /3(TA) then from (6) we see that it

is contractive in the maximum norm if 7 < 4.12h? while the CN method is
contractive in the maximum norm only if 7 < 1.5h2 (see e.g. [6]). Also, as
we will show in Section 4, if we consider the heat equation on a bounded
interval the RDA method is also contractive for 7 large enough, which is
again not true for the CN method. On the other hand the use of the RDA
method requires the solution of two linear systems at each time step which
is a big computational disadvantage.



The paper is organized as follows. In Section 2, we show that the functions
rg are A-stable if and only if the parameter € lies in the interval [1— %\/Z 1+
%ﬂ] In Section 3, we give a lower bound, in Section 4 we provide an upper
bound for the stability constant in the maximum-norm of the RDA method
when it is applied to the one-dimensional heat-equation on the whole real
line. Also in Section 4, we give an estimate for ||rg(7A)"||oc when the RDA
method is applied to the one-dimensional heat-equation on a finite interval.
We show that in this case ||r9(7A)"||oc < 1 if 7 is large enough for all § € IR.

2 A-stability of the restricted denominator approx-
imations

In this section we derive a necessary and sufficient condition for the values
of 0 for the A-stability of the RDA method.

Theorem 2.1 The function rg is A-stable if and only if
1 1
0 c [1—5\@,1+§\f2]. (7)

Proof. First, we show the sufficiency. Let z = |z|e?¥. Then for all complex
number z and for all ¢ € [7, 37“] the following inequality has to be satisfied:
o 1+(1- 20)2]2|? 4+ 2(1 — 20)|z| cos ¥ 1

(1 + 62|2]2 — 20|z| cos))? -

0(2)]

which yields the condition
0422 — 463 cos | z|® + (462 cos? o — 202 + 40 — 1)|z| — 2cos -1
(1 + 62|2]2 — 20|z| cos ¢)? -
(8)

Clearly, (8) holds if and only if the numerator in nonnegative, which is cer-
tainly true if (7) holds.

1—|z]

Now, we show that (7) is also a necessary condition. Let us substitute
cosy =0 in (8). Then

04|23 + (=26 + 40 — 1) 2|

2
=1- <1
ro(2)] || (1+ 62[z[2)2 =
for all z = ir, r € IR, which is true if and only if
—26% 440 —1 >0, (9)

which is equivalent to (7). m



3 Lower bound of the stability constant

In this section we give a lower bound for Cy when 6 ranges within the
A-stability bounds (7). First, note that Cy > 1. To see this, first ob-
serve that 7Ae = 0 for e = (...,1,1,1,...)". Therefore 0 is an eigenvalue
of TA with eigenvector e. Since TA is a bounded operator and ry is a ra-
tional function, the spectral mapping theorem holds [1]. Thus, ry(0) = 1
is an eigenvalue of ry(7A) with an eigenvector e, i.e., r9(7A)e = e. Hence,
Cp > ||ro(TA)e||oc = 1. This, together with (5), implies that if 6 € [3,1]
then Cy = 1.

Now, we compute the exact value ||rg(7A)||o for 6 € (0,%) and 6 > 1.
Clearly, ||79(TA)||co is a lower bound for Cy for all 7 > 0 and h > 0. Let p :=
#z. In [6] it is shown that if the function f(2) :=rg(u(z~1 —2+ 2)) has the
Laurent expansion f(z) = > 02 Yn2", then [|rg(TA)||lcc = >ome— oo |nl-
There it is also shown that the Laurent coefficients for the RDA method are

of the form

w1 - w) 1 2
= = - — — — >
Ve = Y—k 00+ ) [wp ™ +60—-2)+(1—60)(1—w k], k>0, (10)
where
- 2+ g, — /(245 -4
w= .
2
Theorem 3.1 If 6 € (0, %), then
ww-1), 4
A)llso —_— -2
Irotrd)lle = el +60-2)+
20N —1 2NwNHL —2(N + D™ +1
Q(QWﬁ 4+ bw (w — 1)2 ) (11)
if 1> (2 —60)~1, where
w—1 -1 w—1 9
= — -2 = —F=(1-0)(1—- 12
0= T 002, b= -0 - (12

and
w(p™ +60 —2)
BTk (13)

If 0 < i < (2—60)1, then ||rg(TA)]|oo = 1.

N=|




Proof. By (6) we only have to prove (11). Let u > (2 — 660)~! be fixed.
Then, for k¥ < N, where N is defined in (13), from (10) we have

Wh(1 —w) 1
=|yeul = ——F—w(p T +60—2) — (1-6)(1 —w?)k] (14
il = el = ol 69— 2) = (1= )1~ W] (14
= aw® 4+ bFk,
where a and b are defined in (12). If £ > N then
k| = |7-k| = —aw® — bw"E.

Therefore, we have

o) N
Iro(TA)|oo = 70l + 2> |7k ol + 23" (aw” + bok)

k=1 k=1
o) N
+ > (—aw® — b*E)} = || 4+ 2{2( Z aw® + bwk)
k=N+1 k=1
+ Z(awk + bk}
k=1
Finally, since
N N N+1 N
-1 N —(N+1 1
z:(awl’C + bwfk) = aw™ + b ( +2 Jo? + )
= w—1 (w—=1)
and
> 1
Z(awk + k) = aw +bw——5
= 1 —w (1—-w)

using (14) for k = 0 we get (11). m

Similarly for @ > 1, one can prove the following theorem.
Theorem 3.2 If0 > 1, then for all 7,h > 0 we have

w(l—w)

Do = ————L(n ' +60—2
Iro(rA)| L -2
20N —1 INWNHL (N + 1N + 1
2(aww7 o (N + D™ + ),
w—1 (w—1)2



where

1_
0=~ (w460 —2), b=

l-w
01 +w) 1= 01—

0(1+w)

and
w(p=t 460 —2)

-1

Note, that in Theorem 3.1 and in Theorem 3.2 the value of N depends on
the value of pu. Therefore, if we want to compute the norm ||rg(7A)||so, first
we have to choose a value for 7 and h. For 8 =1 — %\@ we found that for
l|7o(7A)||cc = 1,066 at u = 15. As we mentioned in the beginning of this
section this is a lower bound of the stability constant C 15

N=|

4 Upper bound of the stability constant

In this section, using the resolvent estimate (2), first we give an upper bound
for ||ry(TA)||s uniform in n. The basis for our calculation is the Dunford-
Scwartz representation
1
ro(rA)" = rg(c0)" + — / r2(2)R(z, 7 A)dz, (15)
r

21

where I' = Ve uIre U 7yp, With Ve = {z;]z] = %, — ¢ <arg(z) <y}, I'? =
{25 < |z| < pg, arg(z) = ¢, arg(z) = —} and v,, = {2;|2| = ps, — ¢ <
arg(z) < v}. Here 0 < e < %, 5 <9 < are arbitrary and pg is a number
with |rg(pg)| < 1. Note that since r9(c0) = 0 the first term turns into 0 in the
sum in (15). The idea of using the Dunford-Schwartz representation of the
approximating operators in order to estimate the stability constant of the
Crank-Nicolson scheme can be found in [4]. However, for the RDA method
the estimates are considerably more complicated, and, since 79(c0) = 0, the
path of integration is also different.

Lemma 4.1 For |z| = £ > 1 the inequality

() < g exp((E ) (16)

holds for alln > 1.



Proof. We can rewrite ry as follows

1 022 — 02
- 1 =TT,
ro(2) 1—02( e 1—-0z )
Then for |2| < # we have
1 0z|* + 0|z|
< 1 _).
()| < gy (LIl

Now, using the elementary inequalities 1 < 1+ |z| < exp |z| we obtain

ro(2)] < 1— 5T P 2| (1 + am)
thus 2
rn ()] < (1= 02]) " exp(n]=]) (1 + 9’1“_*9|Z|y,
Therefore, taking |z| = % we have
£ g2 +ne
rg (2)] < (1— 95)_" exp(e)(1 + em)n

Since the sequence (1 —6£)~" is monotonically decreasing and clearly (1 +
%)x < e for all z > 0, we obtain

1 €2 +ne
v < .
Irg (2)] < T 0% exp(e) exp(6 n—Hg)
Finally,
€2 4+ ne g2 Oc g2 €
0 = <40
n — e (n—95+6+6n—05)_ (1—95+6+81—95)’

which gives (16). m

Corollary 4.1 For all n > 1 we have

1
211

2 1 e(1+0)
n < -
/76 ro(2)R(z,7A)dz|| < " exp( e

n

[ v+7

) In tan(

).



Proof. Using the resolvent estimate (2) and Lemma 4.1 we have

1 (¥ .
/ @@muﬁmwu</y@fam%d%¢<
ve ™ Jo n 2

n

1
211

2 1 e(1+96)

— exp( pam
ml—0e P 1— 6e

) In tan(

). |

Proposition 4.1 For alln > 1 we have

Y+7

y\lA )Rz, TA)E] < > Intan(PET). (17)

21 »

Proof. Since ryp(co) = 0, therefore there is a number pg, such that rg(pg) <
1. Then using again the resolvent estimate (2) we get (17). m

A lower bound for py can be derived from (8). Since for 6 € [1-1v/2,1+5v/2]
the family r¢ is A-stable, it is enough to consider the case when cos v € [0, 1].
Therefore pg can be obtained from the inequality

94pg — 463 cos wpg + (462 cos® 1 — 26% + 40 — 1) py — 2 cos1p > 0,

for all cosy € [0,1]. Again, using (7), we arrive at the following sufficient
condition

0103 — 46%p3 —2 > 0.
Then a lower bound for py can be easily computed. (For example, for

H=1-— %\/i we have Protyva = 14.8837.)

Let us decompose the path I'2? = T'2 UTY?, where £ < L < py is arbitrary.

Lemma 4.2 If z € T'% then

|7 (2)] < exp(-

OB e, (18)

2
where ¢(0, L) = (1+92L27C2008L¢cosw)2

Proof. First, note that by (9) the inequality —26% + 460 — 1 > 0 holds.
Also, if z € Tk, then cosarg(z) < 0. Therefore, from (8) it follows, that for

2eTkL

n

3 (2)] < 1= [2]e(0, L),



where ¢(6, L) = (1+92L;%C;5£bcos¢)2' Hence, if 2z € Fig, then

()] < exp(- L o). m

Proposition 4.2 For alln > 1 we have

= / JR( A ]| <

27

c 2m+1 s—1 rc(0,L)ens
U(_ln((e;)) v o+ Z ) (“5%)

T COS &
where v = 0.57721... denotes the Fuler constant and m € IN is arbitrary.

), (19)

s!

Proof. Using (18) we may write

57 -, ARG A <

n

c(6,L)Ln
1 rL c(0, L 1 1 1
f/ exp(— 0, )tn) s dt = —— ’ exp(—s)— ds <
mJe 2 tcos ¥ meos 5 JLLe s
1 00 1
exp(—s)— ds.
T cos w elblie (=) $

Finally, recalling the formula (see e.g. [5])

00 1 o0 -1 k—1 .k
/ exp(—s); ds:—lnc—’y—l—z(;;,
¢ k=1 :

we obtain (19). m

Proposition 4.3 For alln > 1 we have,

lnL

7TCOS§

— <
g7 oy BRG]

Proof. The resolvent estimate (2) and the A-stability of ry yields

1 Po 1 In 22
”7/1106 P(2)R(z, T A)dz|| < w/ Sds= —L_.m

2me meos s JL S T COS &

10



The upper bound for ||ry(7A)||s can be obtained using Proposition 4.1,
Proposition 4.2, Proposition 4.3 and Corollary 4.1 by choosing different val-
ues for the arbitrary numbers ¢, ¢ and L. We choose m = 3 in (19). For
0=1-— %\/5, using a discrete grid for the possible values of €, ¢ and L with
MATLAB 5.3 an upper bound equals 4.0512 for ¢ = 0.2610, ¢ = 1.7279 and
L = 3.3780.

Now, we consider the heat equation on a finite interval with the homogeneous
Dirichlet boundary condition
ou 0%u

a = @ xE[O,l],tZO,

u(z,0) = wo(x), z€[0,1], w(0,t) =u(l,t) =0, t >0.

After the discretization the matrix in (1) is here of the form

1
Ag = ﬁtridiag[l, —2,1] € R**%,

where h = SJ%l As we indicated in the Introduction, the estimate for the
stability constant is also valid in this case. The next theorem will show that
contrary to the infinite interval case, for 7 large enough |[rf(7A4s)||lc < 1

for all 8 € IR.

Theorem 4.1 For allm > 1 and 0 € IR we have

175 (T As)l oo <
( 1 20-1  1-6 1

1+29%(1—cossi—l)) ( 0 [+ o |1—|—2<9h%(1—cosi)

Proof. The eigenvalues of the matrix A, are

2 T
A = 2 Lbeos ) k=1, (21)
(see e.g. [8]). Notice, that
20—-11 1 1-60,1 1
Ag) = —R(—,As) + ——(+—)2R*(—, A,).

Also, observe that the matrix A, generates a contraction semigroup in the
maximum norm. This follows from the facts that A; = tridiag[1,0, 1] — 27

11



and that the matrices tridiag[1,0, 1] and —2/ commute, hence

1 . 1
[l exp(tAs)||oo = || exp(tﬁtrldlag[l,o, 1])exp(tﬁ(—2I))Hoo <
1
Then from the Hille-Yoshida theorem (see e.g. [2]) it follows that

Lo 1 1
exp(tﬁ]\trldlag[l, 0,1]||00) exp(—Qtﬁ) = exp(Qtﬁ) exp(—2t

1 1
1 20 — 1 1-0 s
n ot n ot n
|75 (T As)l[oe < ( 1 )\(1)) (I 9 [+ 0 |L_)\(1)) '
or

or — s s

(22)

Finally, using (21) with £ = 1, (22) implies (20). m

Note that (20) shows that |[r§(TAs)||e < 1 for all 7,h > 0 if 6 € [5,1].
Also, observe that the estimate is not optimal since we already know that
Irg (TAs)||oo < 1if 0 € [3,1]. As we have already mentioned, for  large
enough |7y (7As)||ce < 1 for all § € IR. This behavior is different from the
infinite interval case and basically follows from the facts that ry(cc) = 0
and that the spectrum of Ay lies strictly on the left axis. This remarkable
property allows a much wider choice for the discretization parameters if we

want to preserve the conractivity in the maximum norm.

5 Concluding remarks

The method we used allows the analysis of more general cases. The esti-
mations derived for the complex functions ry(z) in Section 4 can be used
to obtain stability constants for rg(7A) with more general matrices A if the
appropriate resolvent estimate is known. Also, the method to obtain the
norm estimate in the finite interval case can be generalized to a wider class
of matrices, since the computation of the first eigenvalue and the bound of
the matrix semigroup in the maximum norm are the essential steps. Finally,
we remark that the knowledge of the stability constant can be used to obtain
second order unconditionally contractive finite difference methods (see [3]).

Acknowledgement

The author wish to thank Prof. Istvan Faragd for suggestions and helpful
remarks.

12



References

1]

2]

N. Dunford, J.T. Schwartz, Linear operators: Part 1. General theory,
Interscience Publ. New York, 1958.

K.J. Engel, R. Nagel, One-parameter semigroups for linear evolution
equations, Springer-Verlag New York Inc., 2000.

I. Farago, M. Kovacs, On the maximum norm contractivity of second
order damped single step methods, Reports of the Department of Math-
ematical Information Technology, Series B. Scientific Computing, No. B
5/2002.

I. Farago, C. Palencia, Sharpening the estimate of the stability con-
stant in the maximum-norm of the Crank-Nicolson scheme for the one-
dimensional heat equation, to appear in Appl. Numer. Math.

F.W.J. Olver, Asymptotics and Special Functions, Academic Press, New
York, 1979.

J.F.B.M. Kraaijevanger, Maximum norm contractivity of the discretiza-
tion schemes for the heat equation, Appl. Numer. Math. 9 (1992), 475-
492.

C. Palencia, The sharp resolvent estimate for the one-dimensional dis-
crete Laplacian, in preparation.

P. Rézsa, Linear Algebra and its Applications (in Hungarian), Miszaki
Konyvkiadd, Budapest, 1976.

M.N. Spijker, Contractivity in the numerical solution of initial value
problems, Numer. Math. 42 (1983), 271-290.

[10] V. Thomée, Galerkin finite element methods for parabolic problems,

Springer Berlin 1997.

13



