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Abstract

We use functional calculus methods to investigate qualitative properties of Cp-
semigroups that are preserved by time-discretization methods. Preservation of pos-
itivity, concavity and other qualitative shape properties which can be described via
positivity are treated in a Banach lattice framework. Preservation of contractivity
(or norm-bound) of the semigroup is investigated in the Banach space setting. The
use of the Hille-Phillips (H-P) functional calculus instead of the Dunford-Taylor
functional calculus allows us to extend fundamental qualitative results concerning
time-discretization methods and simplify their proofs, including results on multi-
step schemes and variable step-sizes. Since the H-P functional calculus is used
throughout the paper, we present an elementary introduction to it based on the
Riemann-Stieltjes integral.

1 Introduction

In this paper we are interested in certain functions of a generator A of a (linear)
strongly continuous semigroup (Cyp-semigroup) on a Banach space X . The class
of functions under consideration originates from the investigation of numerical
methods, in particular time-discretization methods, for differential equations
u'(t) = Au(t). Many of the basic methods used to analyse time-discretization
schemes in a Banach-space setting go back to Lax and Richtmyer [19]. Often,
the Cy- semigroup T'(t) = 4 generated by A is approximated by a product
of operators [l r(7;A), >r_; 7 = t, where the operators r(7;A) are rational
functions of the generator. The use of a functional calculus allows us to obtain
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information about an operator r(A) from a detailed analysis of the function
z — r(2). Probably the best known functional calculus is the Dunford-Taylor
functional calculus (see [10]) which was — mainly for analytic semigroups — ex-
tensively used by various authors to obtain stability and convergence results
for time-discretization schemes (see, for example, [9], [21] and [23]). When
working with general Cy- semigroups, the Hille-Phillips (H-P) functional cal-
culus is a more suitable instrument that leads to stronger results and easier
proofs (see, for example, [4], [7] and [16]). Since the H-P functional calculus
plays a dominant role in this paper, we give in Section 2 an elementary con-
struction of it via Laplace transforms of functions of bounded variation (as
an alternative to the original approach taken by Hille and Phillips in [17] via
Laplace transforms of regular Borel-measures). We would like to emphasize
that the idea of using functions of bounded variation in the H-P calculus is
not new (see for example [15]), but we could not find a reference where this
approach has been worked out in detail. Thus, we give an elementary con-
struction of the H-P calculus using Riemann integration techniques without
any reference to measure theory whatsoever.

In Sections 3 — 5, we use the H-P functional calculus to investigate the preser-
vation of certain qualitative properties of the semigroup under suitable time-
discretization methods. To describe the notion of positivity preservation con-
sidered in Section 3, let X be a Banach lattice and 7T'(-) a positive (i.e.,
T(t)x > 0 for all t > 0 if x > 0), Cp- semigroup on X. For any (not nec-
essarily rational) function r for which ], r(r;A) with >, 7, = t converges
strongly to T'(t) as max7; — 0, we seek conditions on the time-stepping pa-
rameters 7; > 0 and on the function z — r(z) which guarantee that r(7;A),
and hence [[; r(7;A), defines a positive operator. If there are no restrictions
on the time-steps, then the approximation scheme is said to be uncondition-
ally positivity preserving; else we call it conditionally positivity preserving. We
extend results of Bolley and Crouzeix [5] on positivity preservation (i) to posi-
tive, strongly continuous semigroups on Banach lattices (in the unconditional
case), (ii) to positive, uniformly continuous semigroups on Banach lattices (in
the conditional case), and (iii) to variable step-sizes and multi-step schemes.

In Section 4 we introduce the concept of B-shape preservation. This allows us,
among others, to treat convexity preservation of time-discretization methods
for the heat equation in an abstract setting. A Cp-semigroup 7'(-) is said to
preserve B-shape if (i) B is a closed linear operator with D(A) C D(B) C X
with range is in some Banach lattice Y, and (ii) if BT (t)x > 0 (¢t > 0) for
every € D(A) with Bx > 0. In Section 5 we generalize some results in [22] on
contractivity preservation to general bounded Cy-semigroups. As for positivity
preservation, we give a common treatment of conditional and unconditional
norm-bound preservation and present results for variable step-sizes and multi-
step schemes.



We would like to emphasize that we are looking at preservation properties for
time-discretization methods only. It is possible to apply the results to fully
discrete solutions (i.e., approximate solutions after both space- and time-
discretization). In this case we first do a spatial semi-discretization (like fi-
nite element of finite difference methods) which will yield a new semigroup,
the solution operator of the semi-discrete problem. Then we apply a time-
discretization method and our qualitative analysis will tell us whether the
qualitative properties from the semi-discrete solution are inherited by the fully
discrete solution. We do not investigate whether the particular properties are
preserved under the spatial semi-discretization. We remark that there are ex-
amples where certain properties are lost under the spatial semi-discretization
(finite element methods with irregular meshes) but reappear after an appropri-
ate time-discretization (see [12]). In this case our methods are not applicable
to the fully discrete solution. Finally, we remark that the inverse approach,
that is, the investigation of qualitative properties of certain approximations
that are inherited by the semigroup are considered, for example, in [1] and [8].

2 The Hille-Phillips (H-P) Functional Calculus: An Elementary
Construction Without Measures

The H-P functional calculus is a useful tool to study functions of the generator
of a Cy-semigroup on a Banach space X. The class of functions on which this
functional calculus is defined is a Banach algebra of functions r which are
analytic on some left half-plane and have a Laplace-Stieltjes representation
r(z) = [;° e da(t) (Re(z) < w) for a certain Banach algebra of normalized
functions a of bounded variation. To construct this algebra we recall some
facts from the basic theory of the Riemann-Stieltjes integral (for proofs, see
6], [17], and [24]).

A function « : [0, R] — C is in NBV|0, R] if it is of bounded variation (o €
BV[0, R]) and normalized; i.e., «(0) = 0, and «a(u) = % for all u €
(0, R). We define NBV,,. := Ng=oNBV[0, R] and BV, := Ngr=oBV[0, R].
The space NBV),. is an algebra with multiplication defined by the Stieltjes
convolution

t

(x0)(t) = [alt—wdbw) = [ Bt —wdalw)  (¢Pus) (1)

where Pyyg:={t € IR: t =t, + 15, to € P, tg € P3}, and where P, (and
similarly Ps) denotes the countable set of points where « is discontinuous.
If P, or P is empty we define P, 5 to be empty. If «, 5 € NBV|0, R] have
discontinuities in P, and Pj respectively, then 7 := a3 exists on [0, R]\ P+ 4.



Moreover, v may be defined in the points of P, 3 so that it becomes normalized
(see [24, Theorems 11.1 and 11.2a]). To see that + is again of bounded variation
(see [24, Theorem 11.2b]), let V,(¢) denote the total variation function of «
on the interval [0,¢] and define [” f(t)|da(t)] = [° f(t)dVa(t). We extend
a,f € NBV|0, R] by defining «, 5 to be zero in (—o0,0) and to be «(R) and
B(R), respectively, in (R, 00). Then v(t) = [°5, a(t —u)dB(u) if t ¢ P,y5. Let
0<a=ty<t; <..<ty=b< Rwitht; ¢ P,3. Then, for all u > 0,

> faltn —w) —at—w| < X [ |da@)l < [ |da(w)] = Va(B).

Hence, SN0  [7(tiv1) — v(t:)] <[22 Va(R)|dB(u)| = Vo(R)Vs(R). Since the
right-hand side is independent of the t; we may let them approach points of
P, .5 and we may let a and b approach zero and R, respectively. The left-hand
side can be brought arbitrary close to V,(R), so that

Vi(R) < Va(R)Vs(R). (2)

Thus, (N BV, +, %) is an algebra. A well-known extension (see [24, Theorem
11.3.]) of the classical Cauchy theorem regarding the multiplication of abso-
lutely convergent series states that if o, 5 € N BV}, with lim; ., a(t) := a(o0)
and lim;_., B(t) := ((c0), then

lim () = a(00)3(c0), (3)

t—o0

where v = a x (3. To see this, observe that



1 ~ ~
To prove (3), it is sufficient to show that limy; . [i> &(t —w)dB(u) = 0. If B(¢)
is constant then the result is trivial. Otherwise let us denote its total variation
on [0, 00) by Vj(oo). For any & > 0 there is a to > 0 such that, for t > %, we

have [(t)] < ¢-25and hence | f§ G(t — u)dB(u)| < il % |dB(u)| < e. This

finishes the proof of (3).

The following statements will play a major role in the proofs of the main
results of this section. For their proofs we refer to [24, Theorems 16.4 and 10a]

Proposition 1 (Helly-Bray Theorem) Let o, € BV]a,b] be of uniform
bounded variation and «,(t) — a(t) for all t € [a,b]. If f € Cla,b], then
limy, oo 2 f(t) don(t) = [P f(t) de(t).

Proposition 2 (Mean Value Theorem) If o € BV|a,b] is non-decreasing
(or non-increasing) and f € C([a,b],IR), then there exists ( € [a,b] such that

J2F@) da(t) = f(O)[a(b) — afa)].

In this paper the Laplace-Stieltjes transform

00 R
/eZt da(t) == P}im e* daft) (4)
0 0

of functions a € BV, plays a major role. It is well-known that the region of
convergence of (4) is an appropriate left half-plane; i.e., if (4) converges for
some zg € C, then it converges for all z € C with Re z < Re zq (see [2, Chapter
1], or [24, Chapter 1I]). We call

abs(a) := sup{Re z : /e“ da(t) converges}
0

the abscissa of convergence of (4). As shown by Widder in [24], if [5° e da(t)
converges for z = v +id with v < 0, then

a(t) =o(e ) as t — oo; (5)

if [;° e** da(t) converges for z = + i with v > 0, then a(co) exists and

a(t) — a(oo) = o(e™ ) as t — oo. (6)
It is well known that the function f : z — [;° e* da(t) is an analytic function
on the open left half plane {z € C : Re z < abs(«)}. Moreover,

if o is monotonic, then abs(«) is a singularity of f (7)



(see [24, Theorem 5b| or [2, Theorem 2.7.1]). We say that the integral (4)
converges absolutely at z = zp = v +id if [77e|da(t)] =[5 e dV,(t
converges. Let o, € NBVj,. and v = « % (. If the integrals f(z) :=
Jo° et da(t) and g(z) := [5° e**dB(t) converge absolutely at zo := w +id, then

o0

fz)g(0) = [ e*'dy(t), and (®)

0

o

[etartol < [ elda) [ eiasc) Q)

0

Now, we are in the position to prove the first main result of this section.

Theorem 3 Let w € IR. Then NBVY := {a € NBVj,. 1 [5° e da(t)| <
+o0} is a Banach algebra with Stieltjes-convolution as multiplication and norm
ol o= fg~ e[ da(t)].

Proof. Clearly, NBV¥ is a vector space and || - ||, defines a norm. By (2),
vi=axf € NBVy if o, € NBV*. By (9), [[7]lo < llelw||B]|. Thus,
NBV* is a normed algebra with unit e = x(9,«) (the characteristic function
of the interval (0, 00)). To show that N BV is complete, we prove first that a
Cauchy sequence «,, € N BV converges uniformly on compacts. Let ¢ > 0 and
k := mingejo g (e*’). Then there is N € IN such that [7°e*"|d(a, — uy,)(t)] =
|ty — Qmllw < -k for all n,m > N. Let to € [0, R]. Then [°e“*|d(a,, —
ay,)(t)| < e - k. Therefore, by Proposition 2, there exists ¢ € [0, o] such that
J5° et d(an — aun) ()] = €V, —a,, (to) < € -k . Thus,

Ve —anm (to) < €, for all n,m > N, and ¢, € [0, R] (10)

which implies that |, (to) — an(to)| < € for all n,m > N and ¢, € [0, R], since
@ (0) — @, (0) = 0. Thus, the functions «, converge uniformly on compacts to
a function «. Therefore, v is normalized and from (10) we see that |V, (to) —
Vo (t0)] < Vi, —an, (to) < € for all tg € [0, R]. This implies that the sequence «,
is of uniform bounded variation on every interval [0, R], i.e., there is Mg > 0
such that V,, (R) < Mgforallmn € IN.Let 0 =t5 < t; <ty < .. <ty =Rbea
subdivision of [0, R]. Let € > 0 and let us choose as, so that |a(t) — o, (t)] < 5%
for all ¢ € [0, R]. Then

N

> lat) —alti)] < ; a(ts) — an(ts)] + |an(ti) — an(ti-1)]

=1 =
—HOé(tl‘_l) — Oén(ti_l)’ <e+ Van<R) < e+ Mg.

Therefore, V,(R) < Mpg and thus a« € NBV),. Finally, we prove that



JoC et da(t)] < 400 and that lim, . a,, = a in NBV*¥. Again, let R > 0 be
fixed and 0 =ty < t; < ty < ... <ty = R be a subdivision of [0, R]. Then, by
Proposition 1,

> 1= ) (t:) = (@ — an)(tiz1) =§: 7da /d@n

=nygg021/dam /dan !S,{grgoZ/!d ) ()]
=1 ti—1 =1 ti—1
= WlLl*I}gO Van_am (R)
Therefore, V,_q, (R) < limy, oo Vi, —a,, (R), and by (10), lim, o Vo—q, (R) =
0. Note that this holds uniformly for ¢y € [0, R]. We also have that |V, _a,, (to)—
Van—a(to)| < Vaca,, (R) — 0as m — oo for ty € [0, R] uniformly. Using Propo-
sition 1 for the sequence (Vi _a, ())men we see that [i¥e“!|d(a — ay)(t)] =
lim,,, oo fOR et d(am — an)(t)] < limy, oo || — ai]w. Thus,

o)

o= llo = [ e!ldle = an)(®)] < Jim_flam — anll. (11)
0

If we write @ = (a@—ay, )+, we can immediately conclude that [5° e“*| da(t)] <
+00. Finally, from (11) it follows that lim,, ., o, = ain NBV*. Thus NBVY¥
is complete. %

We are now in the position to define the algebra of functions, isomorphic to
NBV¥ on which the Hille-Phillips functional calculus will be defined.

Corollary 4 Let F, = {fa: fa(z) = [T e da(t) if Rez <w, a € NBV¥}.
Then the operator ® : NBV¥ — F, defined by ®(«) := f, is an algebra
isomorphism. If we set ||fa|| := ||a||n, then F, becomes a Banach algebra,
and for w > k the inclusion F, C F, holds.

Proof. The map & is clearly linear. If we define multiplication in F, as
pointwise multiplication, then (8) shows that & preserves the multiplication
too. Also, it maps the unit of NBV to the unit of F,, which is ez, (z) := 1 for
Rez < w. From Theorem 3 it follows that NBV“ is an algebra and therefore
F., the image of @, is also an algebra homomorphic to NBV“. By definition
® is onto, the injectivity follows from the uniqueness theorem for the Laplace-
Stieltjes transform (Theorem 6.3 in [24]). The completeness of N BV implies
the completeness of F,,. Finally, the inclusion F, C F, for w > k follows
immediately from the definition of F,. O



Recall that a rational function r is called A-stable if |r(z)] < 1 for Rez < 0.
Next, we show that this important class of functions is in Fy and hence in all
F., with w <0 (c.f. [17, page 441]).

Proposition 5 If a rational function r satisfies |r(z)| < M for some M > 0
and for Rez < w, thenr € F,,.

Proof. Clearly, constant functions and the functions z — aiz for belong to

the algebra F,, for Rea > w. Therefore, by developing r into partial fractions,
we see that r € F, %

Let X be a Banach space and assume that A : X D D(A) — X generates
a (linear) strongly continuous semigroup 7'(-) of type (M,w); i.e., there ex-
ists M > 1 and w € IR such that |[|T(¢)||] < Me*! for all t > 0 (for an
introduction to semigroup theory see, for example, [13]). For f € F, with
f(2) == [s° e* da(t), Rez < w let us define

fMﬁx:/TundMﬂ. (12)

In order to justify this definition, we show that the map f — f(A) defined in
(12) is an algebra homomorphism. We denote by B(X) the Banach algebra of
bounded linear operators on X.

Theorem 6 (Hille-Phillips Functional Calculus) If A generates a Cp-
semigroup T(-) of type (M,w), then ¥ : F, — B(X) defined by V(f) := f(A)
15 an algebra homomorphism.

Proof. It is clear that the map ¥ is linear and that ¥(eg,) = I € B(X).
We also have that the range of W is a subset of B(X) since ||f(A)z|] =
| [o° T(t)x da(t)]] < [o° et | da(t)|||z]| = ||allo]x|]. Before we proceed with
the proof let us make some useful observations. If f € F,, then f(z) =
Jo° et da(t) for some v € NBV* with

o0 o0

/wumm:/&wm@<+m. (13)

Since V,(+) is monotonic we see from (7) that abs(V,) > w. Therefore, abs(a) >
abs(V,) > w, and clearly [5°e“! da(t) exists since [;°e“!|da(t)| exists. If
w < 0, it follows from (5) that

lim e’ a(t) = 0. (14)

t—o0



If w > 0, then abs(a) > abs(V,) > w implies that there exists 0 < w <
wy such that the integral [;°e“' da(t) converges. Therefore, by (6), we have
limy o € (a(t) — a(00)) = 0 and hence

lim e**(a(t) — a(o0)) = 0. (15)

t—o0

We show now that ¥ preserves products, that is

(

T(s) da(s)) (7T(t) 7T Jady(u) for all z € X. (16)

Observe first that

(7T<s> da(s)) ( 7T(t)dﬁ(t))x = 77T o do(u — £)dB(t).

If we apply an arbitrary «* € X*, then

<7O7T Yo da(u —t)dB(t) 707 Yda(u—t)dp(t).  (17)

First assume that w < 0. Since &« € N BV}, and u — (T'(u)x, 2*) is continuous
we can integrate by parts and obtain

77 w)z, x*)da(u — t)dp(t)

{(T(uw)z, 2" )a(u = )], —/Oé(u—t)d<T(U)%m*>}dﬁ(t)- (18)

t

The first term in the integral is 0 since «(0) = 0 and
lim, 0o (u—t)(T'(u)x,z*) =0 (by (14)). Therefore, we can continue (18) as
follows.

Z]Oau—t T(u)x,x*)dS(t) Zo/uau—tdﬁ t)d(T (u)z, ")

t
00

— _/’Y(u)d<T(u):C,96*> =

0

(T'(u)x,x*)dy(u /T Yedy(u), z*).



The above calculation is true for all #* € X* and hence (2) is established. If
w > 0, then in (17) we can write

/ / W)z, 7 da(u — d(t) = 77(T(u)z,x*)d(a(u — 1) — a(0))dB(t)

= T Y ati—) -l - [ alu—i ~aloc)d(T(u)e, 5350

0 ¢
The first term in the integral equals to (T'(¢)z, x*)a(co) since a(0) = 0 and
limy, oo ((u — t) — a(00))(T'(u)x, x*) = 0 by (15) Therefore,

JUT®a,a%)a(o) = [ alu—1) — aloo)d(T (), 2*)}ds(1)

[(v(#) = a(o0) B(1))(T(t)z, 27)]

< [(v(#) = v ()T (@), z7)] + [(7(00) — a(00) B) (T (t)x, 27)]

= [(v(#) =7 (0)(T (), z%)| + |(a(o0)B(00) — a(00) B(E)(T'(t)x, 27)]
= [(v(t) = v(00) (T (), )] + [a(00)(B(00) = SONT (), 27)[ — 0

as t — o0o. The last two steps follow from (3) and (15). Note that (3) can be
applied since if w > 0, then « and 3 is automatically of normalized functions
of bounded variation on (0,00) with existing limits at infinity. Now, we are
ready to continue with integration by parts in (19).

[0, 27)a(00)dB(1) ~ [ () ~ alco)Bu)d(T (), 27)

= /(T(t)iv,w*M(OO)dﬁ(t) = [(v(u) = a(o0) B(w)(T (u)z, 2")],=5°

+ [T, 2 () = a(00)B(w) = [(T(w), a")d(w)

10



= ([ T(wady(u),".

The above calculation is true for all * € X* and thus (2) is proved. &

3 Positivity Preserving Schemes

In this section we consider problems concerning positivity preservation under
time-discretization of the semigroup. With the H-P functional calculus tool at
hand, we can easily generalize some known results to arbitrary Banach lattices
and arbitrary semigroups and simplify earlier proofs significantly. Absolutely
monotonic functions will play a central role in the remaining chapters. Recall
that a function f is absolutely monotonic (a. m.) at v € IR if f*)(u) >
0 for all £ € IN. A function f is a.m. on an interval I C IR if f is absolutely
monotonic at each u € I. Later on in this chapter we will need the following
technical proposition. The proof can be found in [24].

Proposition 7 If f is continuous on [0,00), if « € BV and if o* is the
normalized function of o, then [i° f(t)da(t) = [5° f(t)da*(t) provided the
first integral converges.

The following theorem plays a major role when proving positivity preservation
without any restriction on the time-step. For the proof see, for example, [3].

Theorem 8 (Bernstein) A function f is a. m. on (—o0,0] if and only if
f(u) = [57 e da(t) for u <0, where « is a bounded, non-decreasing function.

Corollary 9 Let w € IR. A function f is a. m. on (—oo,w| if and only if
f(u) =[5 e"tdB(t) for u < w, where 3 € NBV* and (3 is non-decreasing.

Proof. It is clear that if f(u) = [;° e“d3(t) with 3 non-decreasing, then f
is a. m. on (—oo,w]. Conversely, let f be a. m. on (—oo,w|. Then g(-) :=
f(-+w) is a. m. on (—o0,0]. Therefore, by Theorem 8, g(u) = [5° " da(t),
where « is bounded and non-decreasing (and thus of bounded variation). By
Proposition 7, we can replace a with a* € NBV?. Thus, f(u) = g(u —
w) = [ e tda*(t) = [0 et dB(t), where B(t) = [i e™* da*(s). Since a* €
NBV? it follows that 3 € NBV,. and [5° e |dB(t)| = [5°|da*(t)| < +oo.
Thus, g € NBVY and, since o* is nondecreasing, (3 is also nondecreasing. <

The following theorem is due to Bolley and Crouzeix [5] for generators of
positive contraction semigroups on Ls(IR) and rational functions r. We gen-

11



eralize this to arbitrary Banach lattices, arbitrary generators of positive Cjy-
semigroups and get rid of the requirement that r is rational.

Theorem 10 Let X be a Banach lattice. If A generates a positive Cy-semigroup
T(-) of type (M,w) and r is a. m. on (—oo,Tw| for 7 >0, then r(TA) > 0.

Proof. By Corollary 9 we have that r € F,, and r(u) = [5° e"*df(t), (u €
(—o0, Tw]) with 3 constructed in the previous proof. Since T'(t) > 0 for all ¢ >
0 and f is nondecreasing using the H-P functional calculus we have r(7A4)x =
Lo T(rt)zdB(t) > 0 for all 2 > 0, z € X. &

Remark 11 The conditions of Theorem 10 are also necessary in the sense
that if r is not a. m. on (—oo,Tw|, then we can always find a Banach lattice
X and positive semigroup on X generated by A such that r(TA) fails to be a
positive operator for some T > 0 (see [5]). On the other hand if we fix the space
X and the operator A the assumptions of the theorem might not be necessary.
(For example, take r(z) := (22)2, X :=1R, A:=1).

2—z

Corollary 12 (Variable step-size) Let X be a Banach lattice. Assume that
A generates a positive Cy-semigroup T(-) of type (M,w). Let 7;, i =1,...,n be
positive numbers. If r is a. m. on (—oo, yw|, i = 1,...,n, then [T, (1 A) > 0.

Proof. The statement follows from Theorem 10 and the fact that product of
positive operators is positive. &

Next, recall that a general k-step scheme is of the form
k
Uy = Zri(TA)un_i, where n > k,r; € Frp,t=1,....n. (20)
i=1

Corollary 13 (Multi-step schemes) Let X be a Banach lattice. Assume
that A generates a positive Cy-semigroup T(+) of type (M, w). If r;, i =1,.. k,
are a. m. on (—oo, Tw| for some T >0 and u; > 0 (i=0,....,k — 1), then u, >0
(n>k).

Proof. The statement follows from Theorem 10 and the fact that sum of
positive operators is positive. O

Unfortunately, Theorem 10 and its corollaries have a serious practical defi-
ciency. In most cases we would like to use a function r that approximates
the exponential z — e* at z = 0. Recall that a function r approrimates the
exponential to order ¢ > 1 if r(z) = exp(z) + O(2%*1) as z — 0. This, together
with absolute monotonicity on (—oo,0] leads to an order-barrier which was

12



first observed by Bolley and Crouzeix [5]. We present a short proof for the
convenience of the reader.

Theorem 14 If r is a. m. on (—00,0] and approximates the exponential to
order ¢ > 1, then r(z) = e* for Rez <0.

Proof. Using Bernstein’s Theorem and the fact that r approximates the ex-
ponential function to order ¢ > 1 it follows that 1 = r(0) = »/(0) = »"(0) =
J da(t) = [t da(t) = [;°t*da(t), with « bounded and nondecreasing.
Hence, [;°(t — 1)2da(t) = 0. Since the integrand is continuous on [0, 00),
strictly positive except for an arbitrary neighborhood of ¢ = 1 and « is non-
decreasing, we conclude that the only possible point of increase of «v is t = 1.
Since 1 = [5° da(t) we see that o can be chosen to be @ = X[1,00), Where
X[1,00) denotes the characteristic function of the interval [1,00). Therefore,
r(z) = [ e da(t) = e, Rez <0. &

If A€ B(X), then we can extend Theorem 10 to functions that are no longer
absolutely monotonic on a half line but at a point or in an interval. The idea
to preserve positivity under some restrictions on the time-step (conditional
positivity) for rational functions can be found in [5] for the finite dimensional
situation X = IR" and A an M-matrix. There, the requirement on the function
was absolute monotonicity on an interval. We can generalize this to arbitrary
Banach-lattices and arbitrary positive semigroups generated by bounded linear
operators. We will require that r € F,, (r does not have to be a rational
function), and that r is a. m. at a suitable point depending on A and the time-
step 7. We begin with the characterization of positive semigroups T'(t) = e*4
with bounded generators A; see [20, C-II, Theorem 1.11].

Lemma 15 Let A € B(X), X Banach lattice. Then T(t) > 0 if and only if
A+||A|I > 0.

Lemma 15 is not optimal in the sense that if A € B(X) generates a positive
semigroup, then there is often a constant ¢ > 0 with ¢ < ||A]| such that
A+ cl > 0. With this in mind we prove a theorem on conditional positivity.

Theorem 16 Let X be a Banach lattice, let A € B(X) generate the positive
semigroup T(-) of type (M,w) and let ¢ > max{0, —w}, such that A+ cl > 0.
Ifr e F,, and r is a. m. at —7c for some 7 > 0, then r(tA) > 0.

Proof. Since r € F;,, there exists « € NBV"™ such that r(z) = [;° e*tda(t)
for Re z < 7w. Then,

o0

r(rA) = / T(rt) da(t) = / T (r)e T dat)

13



provided we can interchange summation and integration. To see this, first note
that since A 4 ¢l > 0 we have that

55 {rdteDy wt<2w ~ert = T(rt),
n=N+1 n:
Thus,
= (tr(A+c))” . wr
| > CEEEDY || < e < e (21)

n=N-+1

for every N > 0. We are going to show that

H/i r(A+el)" o do(t) — Z/ (tT(A:! CI>>n6_CTtda(t)H

|

-1/

is arbitrary small if N is large enough. Let € > 0. Since r € F,, there is
to > 0 such that

i Wém d&(t)H (22)

n=N-+1

/ Me*™| da(t)] < % (23)
Since SN ”An% —mt — T(7t) as N — oo uniformly on [0, o], choose
N>0 such that

< (tr(A+e) .
IS =" < smrmm (24)
n! 2 [p° | da(t)]

n=N+1

for all ¢ € [0, ¢o]. Then, by (21),(23) and (24) we have

T (tr(A+eD))r 7 £
HO/ e dat)| §0/2f50’da(t)||da(t)\

n=N-+1
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—i—/Me“”t\da(t)] < %—i— % =¢

to

which shows that the norm in (22) tends to 0 as N — oc. &

Corollary 17 (Variable step-size) Let X be a Banach lattice, let A € B(X)
generate the positive semigroup T(-) of type (M,w) and let ¢ > 0, (¢ > —w),
such that A+ cl > 0. Let 7;, i = 1,...,n be positive numbers. If r € F,,, and
ris a. m. at —ic , i =1,...,n, then [T, (1 A) > 0.

For the corollary on multi-step schemes recall its definition from (20).

Corollary 18 (Multi-step schemes) Let X be a Banach lattice, let A €
B(X) generate the positive semigroup T(-) of type (M,w) and let ¢ > 0, (¢ >
—w), such that A+ cl > 0. If r; € Fr,, r; are a. m. at —7c and u; > 0
(i=0,...,k-1), then u, >0 (n > k).

We end this chapter with a remark on the converse of Theorem 16.

Remark 19 The converse of Theorem 16 is also true in the same sense as in
Remark 11. Also, for a particular Banach lattice and bounded operator gen-
erating a positive semigroup the time-step might sometimes be chosen from a
larger set than the set determined by the absolute monotonicity of the function.

4 Shape Preserving Schemes

In this section we introduce a class of qualitative properties which can be
described via positivity and illustrate the usefulness of these concepts in the
context of the heat equation.

Definition 20 Let X,Y be Banach lattices, A the generator of a Cy-semigroup
T(-) on X, and let B : X D D(B) — Y be a closed linear operator with
D(A) C D(B). The semigroup T(-) preserves shape associated with the op-
erator B (preserves B-shape) if for any x € D(A) with Bx > 0 we have
BT (t)x >0 fort > 0.

If D(A); is dense in X, where the subscript + denotes the positive cone of
D(A) and X, respectively, and if B = I in Definition 20, then the semigroup

preserves positivity; if X = LP[a,b] and (Bf)(x) := azj; @) then the semigroup

preserves convexity and if (Bf)(x) = X(ca) 82(;”), a < c¢ <d<b, then the
semigroup preserves monotonicity on (¢, d).

15



Proposition 21 If in addition to the assumptions on B in Definition 20 we
also have that D(A) = D(B) and B is invertible, then T(-) generated by A
preserves B-shape if and only if the semigroup S(t) := BT(-)B~! generated
by BAB™! with domain D(BAB™) ={y €Y : AB~'y € D(B)} is positive.
Moreover, if T(-) is of type (M, w), then S(-) is of type (M,w).

Proof. To see that S() is a Cy-semigroup on Y, let y € Y and x := B~ly.
Since * € D(B) = D(A) it follows that * = (A\I — A)~'z for some z €
X, X > 0, and S(t)y = BT(t)(Aol — A)™'2 = B(AoI — A)~'T(t)z. Since
B(M\I — A)~! and (AgI — A)B~! are bounded, S(-) is a Cyp-semigroup and
1Syl < [1BOWT — A [T - | (doT — AYB | [lyll. Thus, S() is of
type (M,w) for some M > 1. Let C' be the generator of S(-). For y € Y we
have S(t)y = B(AI —A)"'T(t)(Agl —A)B~'y. Thus, D(C) ={y € Y : (Aol —
A)BlyeD(A)}={yeY: AB'ye D(A) =D(B)} and C = BAB™!. For
the equivalence assume first that 7'(-) preserves B-shape. If y € Y then z :=
B~ 'y € D(A) = D(B) and Bx > 0. Thus S(t)y = BT (t)B~'y = BT (t)x > 0.
Conversely, if S(+) is positive and x € D(A) with Bz > 0, then thereisay € Y
with = B~'y and Bz =y > 0. Thus BT (t)x = BT(t)B 'y = S(t)y > 0. $

Corollary 22 Let X andY be Banach lattices, A € B(X) and B € B(X,Y).

Assume that B is invertible. Then, the following statements are equivalent.
(i) The semigroup T(-) generated by A is preserves B-shape.

(ii) The semigroup BT (-)B~! is positive.

(iii) BAB=' + ||BAB~'||I > 0.

Proof. The statement follows from Proposition 21 and Lemma 15. &

We remark that if in addition to the assumptions of Corollary 22 we have that
X =Y and AB = BA, then T(-) is B-shape preserving if and only if 7'()
is positive. In the following we discuss conditions which guarantee that r(7A)
preserves B-shape, that is, Br(tA)x > 0 for x € D(A) with Bz > 0. The first
theorem is on unconditional B-shape preservation.

Theorem 23 Assume that the Cy semigroup T(-) of type (M,w) generated
by A preserves B-shape. If v is a. m. on (—oo,Tw] for 7 > 0, then r(TA)
preserves B-shape.

Proof. By Corollary 9, r € F,, and r(u) = [3° e*dS(t) (u € (—o0, Tw]) where
8 € NBV,, is nondecreasing. If z € D(A) then z = (\I — A)~'z for some
Ao > 0 and z € X. Since BR(A\gI — A)~! is bounded, the map t — BT (t)x =
B(\I — A)~'T(t)z is continuous for 2 € D(A) and ||BT(t)z|| < Me*|z].
Therefore, by the H-P functional calculus Br(tA)z = B [;° T (rt)zd((t) =
Jo BT (tt)zdp(t) > 0 for all € D(A) with Bx > 0. &
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Theorem 24 Let XY be Banach lattices. Assume that the semigroup T\(-)
of type (M,w) generated by A € B(X) preserves B-shape, B € B(X,Y) is
invertible and BAB™! +cI > 0 for some ¢ > max{0, —w}. If r € F,, is a. m.
at —7c for some T > 0, then r(TA) preserves B-shape.

Proof. By Corollary 22, T'(-) preserves B-shape if and only if the semigroup
S(-) generated by BAB~ is positive. By Proposition 21, S(-) is of type (M, w).
Thus, by Theorem 16, 7(tBAB™')y > 0 for y > 0. Using the H-P functional
calculus we see that r(rBAB™') = Br(rA)B~!. Hence, if x € D(A) with
Bz :=y >0, then Br(tA)x = Br(rA)B~ 'y > 0. &

We remark that we can obtain results for variable step-sizes and multi-step
schemes with obvious modification of the corollaries in Section 3. Next, we
show two simple applications of Theorems 23 and 24. Let us consider the heat
equation

du(s,t) 0 0
— . >
5 85D(S>85u(s’t) for t >0, se(0,1)

u(t,0)=u(t,1) =0 and u(0,s) = uy(s) for t > 0,s € [0, 1]

and the corresponding abstract Cauchy problem with X := L?[0,1], (Af)(s) :=
(D(s)f'(s)) with D(A) := H?[0,1] N H}[0,1] and z := uy. We would like to
investigate concavity preservation; i.e., if the initial function is concave, do
the solution and a suitable approximation preserve this property? The initial
function is concave if % < 0, or, equivalently, if ” < 0. Therefore, we can
look at B-shape preservation with Bf := —f"” D(B) := D(A) and Y := X.
By Proposition 21 it is enough to show that BAB~! generates a positive semi-
group S(-). Assume that D is sufficiently smooth and inf,c(g1) D(s) > 0. Then
A generates an analytic C- semigroup on X (see [23, page 112]). From Propo-
sition 21 it follows that S(-) is also Cy. Thus, if BAB™! is dispersive, then S(-)
is a positive contraction on X; see [20, C-II, Theorem 1.2]. A straightforward
computation shows that (B=1f)(s) = — [Srf(r)dr —s [} f(r)dr+s [y rf(r)dr
and that (BAB™'f)(s) = D"(s)(— [} f(r)dr + [y rf(r)dr) + 3D"(s)f(s) +
2D'(s) f'(s) + D(s)f"(s). Also observe that D(BAB™!) = D(A). Let D(s) =
as® + bs + ¢ with D(s) > 0 on [0,1] and a < 0. We show that in this case
BAB™! is dispersive, that is, (BAB~'f, ¢) < 0 for every f € D(BAB™)
and for some ¢ € ANT(f) :={¢p € X5 : ||o]| <1, (f,¢) = ||fT]|}, where
f* denotes the positive part of f. If f* # 0, then dN(f) consists of one
element of the form ¢(s) = cof(s) if f(s) > 0 and ¢(s) = 0 if f(s) <0
with ¢y > 0 suitably chosen. If f* = 0, then we can choose ¢y=0. For
f € D(BAB™!) the set M := {s € (0,1) : f(s) > 0} is open and therefore
M = Upen(an, b,). Then, (BAB™'f,¢) = co X nen ;:(BABilf)(s)f(s)ds =
Co Yonen S [6af(s)+ (4as+2b) f'(s)+ (as®+bs+c) f(s)] f(s)ds. Integration by
parts yields (BAB™'f,¢) = co Xpen [ [Baf?(s) — (as? +bs +¢)(f'(s))?] < 0.
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Thus, BAB~! is dispersive, and hence T'(-) preserves B-shape. Therefore, if r is
a. m. on (—oo, 0], then r(7A) preserves B-shape too without any restriction on
the time step. We remark that convexity preservation can be considered in IR?
(and in IR") as well. There we have to define B : X D D(B) — XR**R* .y
with Py, (Bf)(s1,82) := (D?f(s1,82)7,y), where z,y € IR?, D?f(s1,s2) de-
notes the second derivative matrix of f, (-,:) denotes the standard scalar
product in IR? and P, , denotes the canonical projection P, , : X R*xR? _, x ,

PLy({Zoc,ﬁ}) = Zzy-

In the next example we consider the heat equation after a centered spatial
finite difference discretization with D = 1 for simplicity. Let y;(t), (i =
0,1,...,N) denote the approximation of w(t,ih), where h := % and N is
the dimension of the space discretization, let y(t) := (yo(t),...,yn(t))" and
let X := (RM*|| - ||so). Then, the semidiscrete solution satisfies the equa-
tion /' (t) = Apy(t) for t > 0, y(0) = y°, where A, : X — X is defined as
(Any(t))i = 3 (Wira(t) — 20s(t) + 9ima (), (0 = 1, . N = 1); (Apy(t))o =
(Apy(t))ny = 0, and (3°); = ug(ih), (i = 0,1,...,N). It is easy to see that A
generates a semigroup of type (1,w) with w < 0. Let us consider B-shape
preservation with B := A;, and Y := X. This means convexity preservation in
IRN*! (see for example [11]). The semigroup generated by A;, preserves Aj-
shape by Corollary 22. For B := A}, the conditions of Theorem 24 are satisfied
with ¢ > % Therefore, if r € Fy is a.m. at 7¢ for some 7 > 0, then r(7A4)
preserves Aj-shape.

5 Norm-bound Preserving Schemes

Next we prove two theorems on norm-bound preserving schemes. The first one
is on unconditional norm-bound preservation which is slightly more general
then a corresponding statement in [22, Theorem 2.4.] where quasi-contraction
semigroups and constant step-sizes were considered. Moreover, using the H-
P functional calculus instead of the Dunford-Taylor functional calculus, our
proof becomes significantly simpler. We note that the idea of using Bernstein’s
theorem for unconditional contractivity in the case X = IR" also appears is
[14, Theorem 11.15, page 189]. The following two results are stated for one-
step schemes and variable step-size; however, similar results hold for multi-step
schemes with obvious modifications in the statements and proofs.

Theorem 25 Let A generate a Cy-semigroup T'(-) of type (M,w) on a Banach

space X. Let T; > 01 =1, ...,n be positive numbers. If r is a. m. on (—oo, T;w|,
i=1,..n, then ||TTiL, r(nA)|| < M IIX, r(rw).
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Proof. By Corollary 9, r € F,,,, and r(u) = [5°e"dS(t), (u € (—o0, Tw]),
where 8 € NBV,,, is nondecreasing. Then, r(r;A)z = [;° T (rt)xdB(t) =
oo T(t)xdB(L) = [5° T(t)xdB;(t). We see from the proof of Theorem 6 that
[T, r(rA)z = [ZT(t)zdB™(t), where 37 := By % By % ... % B,. Since f is
nondecreasing the same holds for §; and ™. Therefore, || I, r(1;A)z|| <
IS T ()x||dp™(t) < M TTY, r(riw)||z|| for all z € X. &

Theorem 25 has the following important corollary (c.f. [22, Theorem 1.2]).

Corollary 26 Assume that T(-) is of type (M,0). If r approzimates the ex-
ponential function and is a. m. on (—00,0], then || Tl r(1; A)|| < M for all
7 >0 (ZZI,,TL)

Proof. Note that since r approximates the exponential function it follows
that 7(0) = 1. Then, the statement follows immediately from Theorem 25. {

In [22], Spijker considered A € B(X) which satisfy a ”circle condition” of the
form ||A + cI|| < w + ¢ for some fixed w € IR,c > 0. Let us denote this
class by B(X,c,w). Clearly, if A € B(X), then A € B(X,c,||A]]). If A €
B(X,c,w), then T(t) = e is of type (1,w) since ||T(t)|| = |[e?T(t)e || =
[T (t)||e= < e@Felte=et = e¥, The assumptions on the time-step in Theo-
rem 27 will depend on ¢ and w. In [22] a similar theorem is stated for rational
functions [22, Theorem 3.3.] and, as in the case of conditional positivity, abso-
lute monotonicity was required in an interval. Here, as in the previous chapter,
we can consider non-rational functions and weaken the monotonicity assump-
tions.

Theorem 27 Let X be a Banach space and A € B(X,c,w). Let 7, i =
1,...,n, be positive numbers. If r € F.., a. m. at —7;c, © = 1,...,n, then

Ty P A)| < Ty ()

Proof. Since r € F,,, as in the proof of Theorem 25 we have [T, r(1;A)x =
Jo°T(t)x da™(t). Using the fact that A € B(X) and that r is absolutely
monotonic at —7;¢ (i = 1,...,n) we obtain

[ ﬁT(Tz’A)H = H/T(t) da™ (t)|| = H/eCtT(t)e*d da™ (1)

- “702 A+c] 7Ctd@n* H _ H A+c] /tk 7CtdOzn*()

0

> (A+cl> d* °°z e
T@[/ e do™ (B)]l:=—
’ 0




A I’“d’“ L A+cl|lF T
<Z” o] " vt Z__C_ZII ol /tk_ctdm)

— (.4)—|-C T —c n* T (.4)—|-C e~ ¢ n*
=2 — [tetda /Z A e o

0

/ (wtc)—ct dan*(t) — HT(TM),
0

i=1

provided that we can interchange sums and integrals. Since A € B(X, c,w), we

can replace the estimate in (21) by
s Ht(AJrid e < M ety #@)6 et _ ot Now
the proof can be completed as the proof of Theorem 16. &

Corollary 28 Let A € B(X,¢,0). If r € Fy approximates the exponential
function and is a. m. at —7;c, 7, >0 for i =1,...,n, then || [}, r(r;A)|] < 1.

Proof. Since r approximates the exponential function we have that r(0) = 1.
Now the statement follows from Theorem 27. &

We remark that the converse of Theorem 25 and Theorem 27 is also true in
the same sense as for positivity preserving schemes in Remark 11 and Remark
19 (see also [18]).
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