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Abstract

We provide a new sufficient condition for strong invariance for differential inclusions, under very
general conditions on the dynamics, in terms of a Hamiltonian inequality. In lieu of the usual
Lipschitzness assumption on the multifunction, we assume a feedback realization condition that can
in particular be satisfied for measurable dynamics that are neither upper nor lower semicontinuous.

1 Introduction

Topics in flow invariance theory provide the foundation for considerable current research in control theory
and optimization (cf. [6, 7, 8, 10, 18, 21, 22]). The setting is that a multifunction F : R™ = R™ defining
dynamics and a closed set S C R™ determining state constraints are given, and the theory then contains
sufficient conditions under which some, or all, of the trajectories of F' that start in S remain in S.
More particularly, we say that (F,S) is weakly invariant in R™ provided for each Z € S, there exists a
trajectory t — ¢(t) of F' starting at T that remains in S for all ¢ before its escape time Esc(¢, R™) (precise
definitions are given in section 2 below). Weak invariance of a set is also termed wviability, and sufficient
(and necessary) conditions for weak invariance have been developed under very general conditions on the
dynamics, both in terms of tangential-type inclusions and Hamiltonian inequalities.

A more restrictive invariance property is as follows: We say that (F,S) is strongly invariant in R™
provided for each T € S, each trajectory t — ¢(t) of F starting at T remains in S for all ¢ before its
escape time Esc(¢, R™). In contrast with weak invariance theorems, which merely require the dynamics to
have locally bounded values and closed graph, sufficient conditions for strong invariance usually invoke
a Lipschitz condition on the dynamics (cf. section 3.2 for a survey of results in this direction). For
example, if F is locally Lipschitz and nonempty and compact-convex valued with linear growth, then it
is well known (cf. [7, Chapter 4]) that (F,S) is strongly invariant in R™ if and only if F(x) C T§ () for
all z € S, where Tg denotes the Clarke tangent cone.

However, this cone characterization can fail if F' is non-Lipschitz, as illustrated in the following simple
example: Take n =1, S = {0}, F(0) = [-1,+1], and F(z) = {—sign(z)} for  # 0. Then T§ (0) = {0},
even though (F,S) is strongly invariant in R. This example satisfies our dynamic assumptions (cf.
Example 2.2 below). It is also covered by our main theorem (see section 3).

Starting from strong invariance and its Hamiltonian characterizations, one can develop uniqueness
results and regularity theory for proximal solutions of Hamilton-Jacobi-Bellman equations, stability the-
ory, infinitesimal characterizations of monotonicity, and many other applications (cf. [1, 7, 8, 14, 21]).
On the other hand, it is well appreciated that many important dynamics are non-Lipschitz, and may
even be discontinuous, and therefore are beyond the scope of the usual strong invariance characteri-
zations. Therefore, the development of conditions guaranteeing strong invariance under less restrictive
assumptions is a problem that is of considerable ongoing research interest.
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This motivates the search for sufficient conditions for strong invariance for non-Lipschitz differential
inclusions, which is the focus of this note. Donchev, Rios and Wolenski [10, 11] recently developed
necessary and sufficient conditions for strong invariance for so-called one-sided Lipschitz differential
inclusions. See also [18] for an autonomous normal type characterization of strong invariance for certain
systems with a discontinuous component. These works apply under special conditions on the structure
of the dynamics (cf. section 3 for further details).

In this note, we pursue a very different approach. Rather than restricting the structure of the
dynamics, we provide a sufficient condition for strong invariance under an appropriate feedback realization
hypothesis. This hypothesis is related to Sussmann’s ‘unique limiting’ property that was introduced in
[20] in the context of exit time optimal control problems with continuous dynamics, and to Malisoff’s
“Lipschitz upper envelope” condition from [16, 17]. Roughly speaking, our realization property states
that each trajectory ¢ of the dynamics F is also a unique trajectory of a nonautonomous singleton-valued
dynamics f for which f(¢,x) € cone {F(z)} for all ¢ and all x near ¢(0) (cf. section 2 below for a precise
statement of our hypothesis). This is a less restrictive assumption than those of the known strong
invariance characterizations because it can be satisfied by important classes of differential inclusions
with measurable, but possibly neither upper nor lower semicontinuous, right-hand sides (cf. section 2
for examples).

In section 2, we state our realization hypothesis precisely and provide the necessary background on
differential inclusions and nonsmooth analysis. We also illustrate the applicability of our hypothesis to
a broad class of discontinuous dynamics that are beyond the scope of the well known strong invariance
results. In section 3, we announce our strong invariance result and discuss its relationship to the known
theorems in strong invariant system theory. Section 4 contains the proof of our strong invariance criterion.

2 Assumptions and Preliminaries

2.1 Basic Hypothesis

Our main object of study in this note is an autonomous differential inclusion & € F'(z). In this subsection,
we state our hypothesis on I’ and illustrate its relevance using several applications. Our novel feature is
the requirement that each trajectory of F' be realizable as the unique solution to a nonautonomous local
feedback selection of F'. On the other hand, we will not require the Lipschitz property or other structural
assumptions on F' that are generally invoked in strong invariant system theory (cf. [7, 9, 10, 14, 18]).

To make our realization hypothesis precise, we require the following definitions and notation. By a
trajectory of & € F(z) on an interval [0, T'] starting at a point z, € R™, we mean an absolutely continuous
function ¢ : [0, T] — R™ for which ¢(0) = z, and ¢(t) € F(¢(t)) for (Lebesgue) almost all (a.a.) ¢ € [0,T].
We let Traj,(F,z) denote the set of all trajectories ¢ : [0,T] — R™ for F starting at « on all possible
intervals [0, T, and we set Traj(F,z) := Up>oTrajp(F, z) and Traj(F) := UgernTraj(F, ).

A multifunction G : R™ =% R" is said to have linear growth provided there exist positive constants
c1 and cg such that [|v]| < ¢1 + ¢o||z]| for all v € G(z) and x € R™, where || - || denotes the Euclidean
norm. For any interval I, a function f : I x R® — R” is said to have linear growth (on I) provided
z+— G(z) :={f(t,z) : t € I} has linear growth. For any sets D, M C R™ and n € R, we set M + nD :=
{m+nd:m € M,d € D}, and cone{D} := U{nD : n > 0}. Also, B,(p) := {z € R" : |jz — p|| < 1}
for all p € R™ and B, := B,(0). A function w(-) : [0,00) — [0,00) is called a modulus provided it is
nondecreasing and continuous with w(0) = 0. For each T > 0, we let C[0, T] denote the set of all functions
f:00,T] x R® — R™ that satisfy

(C1) For each x € R™, the map ¢ — f(t,z) is measurable;

(C) For each compact set K C R”™, there exists a modulus wy i (-) such that, for all ¢ € [0,7] and
w1, @y € K || f(t, 1) = f(t,22)l| < wrk([l21 — 22]); and

(C3) f has linear growth on [0,T].



It is noteworthy that wy g (-) in the previous definition is independent of ¢ € [0,T]. For each z € R”,
denote by Cr([0,T],Z) those f € C[0,T] that are also selections of the cone of F' for almost all ¢ € [0, T]
and all z € R™ sufficiently near Z; that is,

Cr([0,T],Z) :={f €C[0,T]: Iy > 0s.t. f(t,x) € cone{F(z)} for a.a. t € [0,T] and all z € vB,,(Z)}.

Notice that while elements f € Cp([0,T],Z) are defined on all of [0,7] x R™, they are only required to
satisfy f(t,z) € cone {F(z)} on part of their domain. We also let Cg[0,T] denote those f € C[0,T] such
that f(t,z) € cone {F(x)} for almost all ¢t € [0,T] and all z € R™. We will assume the following:

(U) For each T € R", T > 0, and ¢ € Traj;(F,Z), there exists f € Cr([0,7T],%) for which ¢ is the
unique solution of the initial value problem (t) = f(¢,y(¢)), y(0) = Z on [0, T].

Notice that hypothesis (U) is weaker than requiring a continuous selection from the dynamics F' that
realizes the trajectory. This is because f is allowed to depend on time as well as the state, and need only
be a local selection. Moreover, f is allowed to depend on the choice of the trajectory ¢, and need not be
continuous. In practice, hypothesis (U) can be checked using open or closed loop controls, and may be
satisfied for non-Lipschitz dynamics. The following examples illustrate these points and also show how
to use cones to check condition (U).

Example 2.1. Assume F' : R” = R" is Lipschitz and nonempty and compact-convex valued. We claim
that F' satisfies condition (U). To see why, let Z € R™, T > 0, and ¢ € Traj(F,Z) be given, and set

(i.e., f(t,z) is the closest point to ¢(t) in F(x), which is well defined by the convexity of F(x)). Then
f € Cp[0, T satisfies the requirement. If on the other hand F': R = R is defined by F'(x) = {1} for » <0,
F(0)={0}U[1,2], and F(z) =[0,2] for z > 0, and if ¢ € Traj(F), then f(t,z) = ¢(t) € cone{F(x)} for
almost all ¢ and all z € R™. Therefore, condition (U) is again satisfied, even though F' is neither upper
nor lower semicontinuous nor convex valued.

Example 2.2. Consider the example from the introduction, namely, n = 1, F(0) = [—1,+1], and
F(z) = {—sign(x)} for  # 0. We claim that (U) is again satisfied. To see why, let T > 0, Z € R, and
¢ € Trajp(F,Z) be given. Note that (F,{0}) is strongly invariant in R. Therefore, either (i) ¢ starts
at some Z # 0 and then moves to 0 at unit speed and then stays at 0 or (ii) ¢ = 0. If Z # 0, then the
requirement is satisfied using
f(t,x) = —sign(z)B(t),

where §(t) = 1 if t € [0,|Z]] and 0 otherwise. In this case, f(t,z) € cone{F(x)} for all ¢t € [0,7] and
x € (|z|/2)B1(z). If instead T = 0, then the requirement is satisfied with f(¢,2) = 0 € cone{F(z)} for
all t € [0,T] and = € R.

Example 2.3. Assume F(z) = g(z, A)U(z) where A C R™ is compact, and g : R" x A — R" is
continuous and satisfies

(H) For each compact set K C R™, there exists Lx > 0 such that for all z;,20 € K and a € A,
(9(z1,a) — g(wa,a)) - (21 — 22) < Li||z1 — 22||?. Also,  — g(x, A) has linear growth.

and U : R® = R is bounded, measurable, closed and nonempty valued, and satisfies U(z) N (0, 00) # ()
and U(z) N (—00,0) # O for all z € R™. (The argument we are about to give still applies if instead of
assuming that U(z) N (0,00) # @ and U(x) N (—o0,0) # 0 for all z € R™, we instead assume that either
U:R" = (0,00) or U : R" = (—00,0).) One can easily check (cf. [2]) that condition (H) guarantees
existence of at most one solution ¢ : [0,7] — R™ of & = g(x,«a)p for each initial condition, T > 0,
and bounded measurable functions « : [0,7] — A and § : [0,7] — R. To check condition (U), let
¢ € Traj(F'). Consider the multifunction

G(t) = {(a,b) € A x U((t)) : &(t) = g(6(1), a)b}.



Notice that ¢t — A x U(¢(t)) is closed valued and measurable, and that (¢, (a,b)) — g(¢(t),a)b is
measurable. Applying the Filippov selection lemma (cf. [21, p. 72]) to G, we find a measurable pair
(v, B) for which a(t) € A, B(t) € U(¢(t)), and ¢(t) = g(¢(t), a(t))B(t) for almost all t. We now show
that condition (U) holds with the choice

f(t,2) = g(z, a(t))B(1).

In general, we will not have 3(t) € U(z) for all ¢t and . In fact, it could be that U(¢(t)) NU(x) = 0 for
some ¢ and z, so we may not have f(t,z) € F(z) for a.a. ¢t and . On the other hand, one can easily
check that 5(t) € cone{U(z)} for all ¢ and z, so f(t,x) € g(z, A)cone{U(x)} = cone{F(z)} for a.a. t
and all x, and this gives the desired result.

Example 2.4. Let R C R" be compact and F(z) = {\(z) + U(z)d(x)} R, where (i) §, A : R" — R are
continuous functions such that |[A(x)| > 2|6(z)| for all z, (ii) g(x, A) := A(x) + Ad(x) satisfies condition
(H) above with n =1 and A = [-1,+1], and (iii) U : R” — [—1, +1] is measurable. To check condition
(U), let ¢ € Traj(F). Applying the Filippov lemma as in the previous example, we find measurable
functions u and 7 such that ¢(t) = [A(¢(t)) + u(t)d(H(t))]r(t) for almost all ¢, with u(t) = U(¢(t)).
Notice that
A@) +U(y)d(x) € (min{A(x)/2,3\(x)/2}, max{\(z)/2,3\(x)/2})

for all z and y, by our stated conditions. This implies that A(z) + U(y)d(x) € cone {\(z) + U(z)d(x)}

for all z,y € R™, so we can satisfy condition (U) using f(t,z) := [AMz) + w(t)d(z)]r(t). In this case
fecCp[0,T].

2.2 Preliminaries in Nonsmooth Analysis

The principal nonsmooth objects used in this note are the proximal subgradient and normal cone, and
here we review these concepts; see [7] for a complete treatment. Let S C R™ be closed and s € S. A
vector ¢ € R™ is called a prozimal normal vector of S at s provided there exists o = o({, s) > 0 so that

(¢, —s) < al|ls’ —s||* foralls’€s. (1)

The set of all proximal normals of S at s is denoted by N¥ (s) and is a convex cone. One can show (cf.
[7, p. 25]) that for each 6 > 0 and s € S, ¢ € NL'(s) if and only if there exists ¢ = (¢, s) > 0 so that

(¢,8' —s) < al|ls’ —s||* forall s’ € SNIBL(s). (2)

Recall that the distance function ds(-) : R™ — R is given by dg(z) := min{|jz — s : s € S}.

For the related functional concept, assume f : R™ — (—o00,00] is lower semicontinuous and let
x € domain(f) := {a’ : f(2') < oo}. Then ¢ € R" is called a prozimal subgradient for f at x provided
there exist o > 0 and 7 > 0 so that

f@) > fx)+ (¢,2" —z) —o||2’ —z||* for all 2’ € nB,(z). (3)

The set of all proximal subgradients for f at z is denoted by dp f(x). This set could be empty at some
points, even for C! functions (e.g., dp f(0) = 0 if f(x) = —|=|>/?).

We next state the version of the Clarke-Ledyaev Mean Value Inequality needed for our strong invari-
ance results. Let [z,Y] denote the closed convex hull of x € R” and Y C R™.

Theorem 1. Assume © € R", Y C R" is compact and convezr, and ¥ : R" — (co,+00] is lower
semicontinuous. Then for any 6 < minyey ¥(y) — U(x) and A > 0, there exist z € [z, Y] + A\B,, and
¢ €0p¥U(2) so that 6 < (C,y —x) forally €Y.

For the proof, see [7, p. 117]; an infinite dimensional version also holds (see [5]), but is not needed here.



2.3 Background in Differential Inclusions

In this subsection, we review invariant systems theory and a standard result on compactness of trajectories
for discontinuous dynamics. The following definition of escape times was introduced in [22]:

Definition 2.5. Let G € R™ be open, x¢ € G, and z(+) be a trajectory of a differential inclusion & € F(x)
with 2(0) = zo defined on a half-open interval [0,7"), where 0 < T' < co. Then T is called an escape
time of x(-) from G provided at least one of the following conditions hold:

(E1) T =00 and z(t) € G for all t > 0;
(Es) z(t) € G for allt € [0,T) and ||z(t)|| — cc as ¢t T T; or
(E3) T < o0, z(t) € G forallte€0,T), and dge(z(t)) - 0ast T T.

We next define strong and weak invariance. Assume G C R"™ is open and z¢o € G. The set of all
trajectories of F originating from x¢ that remain in G over a maximal interval is denoted by Yz g)(zo).
Therefore, T g)(2o) consists of those absolutely continuous functions x(-) defined on a half-open interval
[0,T) for which 2(0) = x¢ and &(t) € F(x(t)) is satisfied for almost all ¢ € [0, T], where T' = Esc (x(-); G).

Definition 2.6. Assume F C R" is closed, and G C R™ is open with ENG # 0. Let F': R™ = R"™.

(a) (F,E) is called weakly invariant in G provided that for every zo € E NG, there exists a trajectory
z(-) € T(rg)(wo) that satisfies x(t) € E for all t € [0, Esc (z(-); G)).

(b) (F, E) is called strongly invariant in G provided for every x¢ € E, every trajectory x(-) € T g)(zo)
satisfies z(t) € F for all ¢ € [0, Esc (z(-); G)).

For Hamiltonian characterizations of strong invariance for locally Lipschitz dynamics, see [7]. See also
[10] for a characterization of strong invariance for systems satisfying appropriate one-sided Lipschitzness
and dissipativity conditions, and [11] for general one-sided Lipschitz dynamics (with a modified Hamil-
tonian). Our main contribution will be a new sufficient condition for strong invariance for dynamics
satisfying the realizability condition (U), including cases where F' is neither lower nor upper semicontin-
uous and not tractable by the known strong invariance results. Our condition is a Hamiltonian inequality
involving a lower semicontinuous verification function. However, necessity is not true generally, and it is
not clear what or if a modification of the inequality can be made to ensure a complete characterization.

The following is a variant of the well known “compactness of trajectories” lemma. This result says
more than just that a bounded set of solutions is relatively compact. Rather, a stronger conclusion holds
in that approximate trajectories have subsequences that converge to a trajectory. The proof is a special
case of the compactness of trajectories proof in [7].

Lemma 2.7. Let z € R", T > 0, f € C[0,T] be also continuous in ¢, and {y; : [0,7] — R"} be a
sequence of uniformly bounded absolutely continuous functions satisfying y;(0) = z for all . Assume

yi(t) € f(ﬂ;(t), yi(t) +1ri(t)) + 6:(t) B, for a.a. t € [0,T) (4)

for all i, where {§;(-)} is a sequence of nonnegative measurable functions that converges to 0 in L? as
i — 00, {ri(-)} is a sequence of measurable functions converging uniformly to 0 as i — oo, and {7;(:)}
is a sequence of measurable functions converging uniformly to ¢ on [0,T] as i — co. Then there exists a

trajectory y of § = f(t,y), y(0) = Z such that a subsequence of y; converges to y uniformly on [0, 7.

We will apply Lemma 2.7 to continuous mollifications of our feedback maps f € C[0,T]. More
precisely, set
1
nn =4 COP (7). t<t
0, [t| > 1
where the constant C' > 0 is chosen so that [ 7(s)ds = 1. For each ¢ > 0 and ¢t € R, set



Notice for future use that
/ Ne(t)dt =1 Ve > 0. (5)
R

Define the following convolutions of f € C[0,T] in the t-variable:

it = [ s - s)ds <= [ - s,xm(s)ds) (©)

with the convention that f(s,x) =0 for s ¢ [0,T]. Then f. € C[0,T] and is continuous for all € > 0. (In
fact, f. is a C°° function of ¢ for each z € R™, but we will not need this fact. See [12, 13] for the well
known theory of convolutions and mollifiers.) We will apply Lemma 2.7 to a sequence f = fe@py with
(i) > 0 converging to zero. In this case, we will use ideas from the standard proof that

fz—:(i)('ax) - f(,l‘) in L1[07T] Vz € R"
to build trajectories of f € C[0,T] that respect the state constraint.

Remark 2.8. Note for later use that if 7;(¢) = ¢ in Lemma 2.7, then the conclusions of the lemma
remain true even if the ¢-continuity hypothesis on f € C[0,T] is omitted. This follows from the proof of
the compactness of trajectories lemma in [7].

3 Strong Invariance Theorem

3.1 Statement of Theorem and Remarks

Let Hp : R™ x R™ — [—00,4+00] denote the (upper) Hamiltonian for our dynamics F; i.e.,

Hp(z,p) :== sup (v,p).
vEF (z)

For any subset D C R", we write Hp(z, D) < 0 to mean that Hgr(z,d) <0 for all d € D. By definition,
this inequality holds vacuously if D = 0, e.g., if D is the empty set of proximal subdifferentials of a
function at some point.

Theorem 2. Let F': R™ = R” satisfy (U), let ¥ : R™ — (—o0,400) be lower semicontinuous, and set
S={reR":U(x) <0}. If there exists an open set U C R™ containing S for which Hp(x,0p¥(x)) <0
for all x € U, then (F,S) is strongly invariant in R™.

We defer the proof of this theorem to section 4. Theorem 2 differs from the usual strong invariance
statements in the manner in which the set S is described, but it allows for some interplay between
constraint and data assumptions. Note that we require the Hamiltonian inequality in a neighborhood U
of §, for the result is not true in general if the Hamiltonian condition is placed only on S, even if ¥
and F are smooth. For example, take n = 1, ¥(z) = 22, and F(z) = {1}. In this case, S = {0} and
Hp(0,0p%(0)) =0, but (F,S) is not strongly invariant. On the other hand, Example 2.2 is covered by
Theorem 2, once we choose the verification function ¥(z) = z2. In this case, the Hamiltonian condition
reads Hp(z,¥'(z)) = —2zsign(z) = —2]z| < 0 for all © € R, so our sufficient condition for strong
invariance is satisfied.

Theorem 2 contains the usual sufficient condition for strong invariance for an arbitrary closed set
S C R™ by letting ¥ be the characteristic function Ig of F; that is, Ig(z) = 0 if z € S and is 1 otherwise.
Then 9p¥(z) = {0} for all x € boundary (S), and dp¥(z) = NZ'(z) for all # € boundary (S). This
implies the following special case of Theorem 2:

Corollary 3.1. Let F : R* = R" satisfy (U) and S C R" be closed. If Hp(z, N¥(x)) < 0 for all
x € boundary (S), then (F,S) is strongly invariant in R™.



The converse of Corollary 3.1 does not hold, as illustrated by the simple example given in the intro-
duction. This means that the converse of Theorem 2 does not hold.

Remark 3.2. Theorem 2 remains true (by the same proof) if its Hamiltonian inequality is replaced by:
(f(t,z),p) <O0forall T >0,z €R"™, f€Cpr([0,T],Z),t €[0,T], z €U, and p € Ip¥(x).

3.2 Relationship to Known Strong Invariance Results

Theorem 2 improves on the known strong invariance results because it does not require the usual Lipschitz
or other structural assumptions on the dynamics. The papers [4, 6, 14, 15] provide strong invariance
results for locally Lipschitz dynamics (see also [7, Chapter 4]). In [4], Clarke showed that strong invariance
of (F,S) in R™ is equivalent to

F(x) CTS(x) Vxe S (7)

where T§ is the Clarke tangent cone (cf. [7]). Recall that v € T§ () if and only if for all sequences z; € S
converging to x and all sequences t; > 0 decreasing to 0, there exists a sequence v; € R™ converging to
v such that z; + t;v; € S for all 4. In particular, if S = {0}, then T§(0) = {0}. Later, Krastanov [15]
gave an infinitesimal characterization of normal-type, by showing strong invariance is equivalent to the
following: Hp(z, N (z)) <0 for all z € S. See [3, 6] for Hilbert space versions, and [14, 21] for other
strong invariance results for Lipschitz dynamics and nonautonomous versions.

Donchev [9] extended these characterizations beyond the autonomous Lipschitz case to “almost con-
tinuous, one-sided Lipschitz” multifunctions. Rios and Wolenski [18] proved an autonomous normal-type
characterization that allows for a discontinuous component. Donchev, Rios, and Wolenski [10] proved a
necessary and sufficient condition for strong invariance for a discontinuous nonautonomous differential
inclusion F': R™ x Z = R™ whose right-hand side is the sum of an almost upper semicontinuous dynamic
D(t,z) with nonempty compact convex values that is dissipative in x, and an almost lower semicontinu-
ous multifunction G(t, z) that is one-sided Lipschitz in x. In terms of the nonautonomous Hamiltonians
defined for any dynamics R by

HR(t7xaC) ‘= sup <U7C>7
vER(t,x)

the main result of [10] says: If S C R™ is closed, then (D + G, .S) is strongly invariant in R™ if and only
if there exists a subset I C 7 of full measure in Z such that

Hg(t,z, N§(2)) — Hp(t,z,—NL(z)) < 0 V(t,z) €I xS.

This result applies to cases where the Clarke tangency condition (7) is not satisfied, and covers the
example in the introduction. They have gone further in [11] to provide a characterization of the general
one-sided Lipschitz case, in which the Hamiltonian is replaced by a limiting condition.

On the other hand, Theorem 2 does not make any structural assumptions on the dynamics. Moreover,
our feedback realizability hypothesis (U) can be satisfied for dynamics that are not tractable by the well
known strong invariance results. For instance, see the examples in section 2.

4 Proof of Strong Invariance Theorem
This section is devoted to the proof of Theorem 2.
Fix T > 0 and Z € S. We first develop some properties that hold for all f € Cr([0,T],Z). Fixing

f € Cr([0,T],Z) and € > 0, and fixing v > 0 such that f(t,z) € cone{F(z)} for all x € vB,(Z) and
almost all ¢ € [0,T7], set

Gslt, b = w{fg<t,y>:||y—:c||s,1€} c " ®)



for each t € [0,T], z € R™ and k € N, where f. is the regularization of f defined by (6) and o denotes
the closed convex hull. This is well defined because f € C[0,T]. By reducing v > 0 as necessary, we can
assume that vB,(z) C U. We also set

gfc[t,aﬁ, k] =1+ max{|p|l : p € G‘}[t,x,k‘]}

for all t € [0,T], z € R", and k € N. Note that
1
gilt,z, k] < gglt,z, k] :=1+c1+ o <|:v||+k> Vie [0, T,z e R", keN 9)

where ¢; and ¢ are the constants from the linear growth requirement on f, so the sets jS [t,x, k] are
compact. The following estimate is based on Theorem 1 from section 2:

Claim 4.1. If x € 3B,(z),t >0, k € N, and h > 0 are such that

1 2y
h<——  and hgtlt,z, KB, C “LB,(z), 1
0<h< Segs Tt h] and x + hygy[t, z, k| B 3 B, (Z) (10)
then N
V(x4 hv) < ¥(x)+ p (11)

holds for some v € G%[t, z, k].

Proof. Suppose the contrary. Fix z € 3B,(Z), t > 0, k € N, and h > 0 satisfying (10) but such that

h
U(x + hv) > U(x) + T Vv € G%[t, z, k]. (12)
It follows that L
0:= 2% < min U(y) — ¥(z), (13)

where Y = z + hG$[t, x, k]. This is because VU is lower semicontinuous. Let A € (0, 2=) be such that
x4 hgglt,z, k]Bn + ABy C B, (T). (14)

Next we apply Theorem 1 with the choices Y = x + hG%[t,x, k] and § defined by (13). It follows that
there exist z € [z, Y]+ AB,, and ¢ € 9p¥(z) for which

i —z)= mi . 1
é <Iyrg§1<<7y z) veGl"gﬁtr}m<C,hv> (15)

Note that z € yB,(Z) CU, by (14). Since z € [z,Y] + A\B,, (10) combined with the choice of A\ gives
1
|z — || < hgslt,z, k] + X < T
Therefore fc(t,z) € G%[t,z, k], by the definition (8) of G%[t,x,k]. Since f(s,z) € cone{F(z)} for a.a.

s € [0,7] (by our choice of v > 0), our Hamiltonian hypothesis gives ((, f(s,2)) < 0 for almost all
s € [0,T]. Therefore, (15) gives

0 < 6 < h(flte) = h /R ne(t — $)(C, f(s, 2))ds < 0. (16)

The contradiction (16) concludes the proof of Claim 4.1. O



Now set
D:= %Bn@) cu. (17)

Let wys ik be a modulus of continuity for « — f(t,2) on K := D+ B, for all t € [0,T]. Such a modulus
exists by condition (C3). Then wy k is also a modulus of continuity of K 3 x +— f.(¢,z) for all t € [0,T]
and € > 0. The following estimate follows from Carathéodory’s Lemma (cf. [19, p. 55]):

Claim 4.2. Let (¢,z,k) € [0,T] x D x N and v € G}[t,x, k]. Then [jv — fo(t,2)|| < wsk(1/k) + 1/k.
Proof. Using the Carathéodory Lemma and the definition of G% [t,x, k], we can write
v=A+ Zajfs(t, zj),
j=0

where

n
aj €[0,1] Vi, D a; =1, |a;—all <1/kVj, [|A]<1/k.
§=0
In particular, z; € K for all j. This gives

o=l < oSt + [ Selhiba) ~Le}| < fron (),
as desired. O

Next define
(D) :=14c1 4+ ca + casup{||v| : v € D}.

It follows from the estimate (9) that

G%lt,z, k] Co(D)B, Vte€[0,T], z€ D, keN. (18)
Next set
. ) o~ ~
= — = N. 1
T mm{T’Sé(D)}’ and hyg %0 (D) Vk € (19)
Choose N > 2 such that 5
D+md(D)By © FBu(®) Vk>N (20)
By the choices of v and §(D),
1
< T D N. 21
0 < hy < Sheg sl Vte[0,T], x€ D, k € (21)

Set c(k) = Ceiling(T'/hy), i.e., c(k) is the smallest integer > T'/hy,. For each k > N, we then define a
partition

w(k): 0=top <t1p<...< teye =T
by setting ¢; 5 = t;—1, + hi for i =1,2,...,¢(k) — 1. Since

T —hy, <[c(k) = 1]h, <T
for all k, it follows that t.x)r — ter)y—1,6 < hi for all k. We also define sequences

Toks Tlks T2k, -+ Te(k)k € R” (22)



for k > N as follows. We set o = Z and z15 = T + (t1.6 — t0,k)Vok, Where v = v, € G‘}[O,x,k‘]
satisfies the requirement from Claim 4.1 for the pair (to &, zo.x) = (0,Z). By (18), we get

o1k =2l < md(D) = (23)

so x1 € D. If c(k) > 2, then we set xa ) = 1 + (2,5 — t1,5)V1,k, Where v1 ) € G‘j}[tl,k,xl,k,k] satisfies
the requirement from Claim 4.1 for the pair (1 x, z1%). Reapplying (18) gives

~y

— < hid(D) = —
22,k — 21kl < hid(D) i

so (23) gives

ez — 2l < o

' 2k
Therefore x5, € D. We now repeat this process using z» ; € D instead of z; ;. Proceeding inductively
gives sequences
Vik € jS [ti,k, T ks k]
and sequences (22) that satisfy
Tiv1e = Tik + (it1,6 — bik)Vik

fori=0,1,...,¢(k) — 1. In this case,

c(k)y T v . v
< | = L <
s <hk T 1) o= T6(D) + - <

by the choices of T and k > 2. Therefore,

)

b2

ckhy _ v
2

for all ¢ and k. It follows that the sequences {z; ;} lie in D.
For each k > N, we then choose x.(;) to be the polygonal arc satisfying z,)(0) = Z and

(k) () = fe(Th (), Zn iy () + 75(8)) + 21 (TR (1)) (24)

for all ¢ € [0,7] \ w(k), where 74(t) is the partition point t;; € m(k) immediately preceding t for each
t e [0,T],
2 (tik) = vig — fe(tip, Tae) (tin)) Vi, k (25)

the v, € G [ti ks Ta(k) (tik), k] satisfy the conclusions from Claim 4.1, and
Tk(t) = Tr(k) (Tk(t)) — l‘.,r(k)(t) (26)

for all t € [0, T] and k. Then ;) is the polygonal arc connecting the points z;  for i =0,1,2,...,c(k).
In particular, z; x = (k) (tik)-
Since z; ; € D for all i and &, we conclude from Claim 4.2 that

sup{|o(m ()] ¢ € [0,T)} < wpac(1/E) + 17k — 0
as k — 4o00. Since ||@)(t)|| = [[vi ]| < (D) for all t € (¢;x,ti41,1) and all i and &, and since
|Th(t) —t| < hp — 0 as k — 400 Vt € [0,T] (27)
we get

sup{||lrx(t)]| : t € [0,T]} — 0 as k — +o0.
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Since (24) has the form (4) from our compactness of trajectories lemma and f. is continuous, we can
find a subsequence of {z(x)(-)} that converges uniformly to a trajectory y. of

.&I

y = fs(ta y)7 y(O) =
By possibly passing to a subsequence without relabelling, we can assume that

Ty — Ye uniformly on [0, T7]. (28)

Moreover, since xiy15 = ik + (Gig1,e —tig)vix € D foralli =0,1,...,¢(k) —1 and k > N, conditions
(20) and (21) along with Claim 4.1 give

U(z1y) < U(7)+ A

U(zay) < Wlapg)+

U(zerye) < V(Tem)y—1,k) + 5

Summing these inequalities and recalling that hjy <~ gives

U(r;p) < ‘I’(j)%—%

IN

U(z) + (%+1) s

U(z) + (T +7)

IN

for all 4 and k& . Hence,

W (i (7 (1)) < V(&) + 1 (T +7) (29)
for all ¢ € [0,T]. It follows from (27) and (28) that
Tr(k) (Tk(t)) — yg(t) Vit € [O,T] as k — +oo. (30)

Since ¥ is lower semicontinuous, it follows from (29)-(30) that W(y.(t)) < W(z) for all ¢ € [0, T).

Now we consider a sequence {€(i)} of positive numbers converging to zero. Let y; := Ye (i) [0, T] — R”
be the trajectories obtained by the preceding argument for ¢ = () for all ¢ € N. Note that y;(t) € D for
all i and ¢, because each of the polygonal arcs x () constructed above joins points in D and D is closed
and convex. Moreover,

yi(t) = f(tvyi(t)) + [fs(z) (tvyi<t)) - f(tu yz(t))] (31)

for all i and almost all ¢ € [0,7]. Since [|[Zxk) (2)]] < 6(D) for all k and a.a. t € [0, T) for all the polygonal
arcs T (x) defined above, we get

i (t) — ys(s)|| < (D)t —s) for 0<s<t<T for all i. (32)

Since the y; are uniformly bounded and equicontinuous, we can assume (possibly by passing to a subse-
quence without relabelling) that there is a continuous function y : [0,7] — D such that

y; — y uniformly on [0, T] (33)

We next show that y is a trajectory of f. To this end, we prove the following claim:

Claim 4.3. f.(;(t,yi(t)) — f(t,y;(t)) — 0 in L?[0,T] as i — oo.
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Proof. Since y; — y uniformly on [0, T] and f is locally bounded and locally uniformly continuous in the
x variable, it suffices to show that

§z(t) = fs(i)(tvy(t)) - f(t,y(t)) —0 in Ll[(),T] (34)

as i — 0o. We do this by adapting a standard mollification argument (see for example [13, Chapter 8])

as follows. We first extend y to all of R by defining y(t) = y(0) for all t < 0 and y(t) = y(7T) for all
t > T. Recall that we also defined f(s,x) =0 for all s ¢ [0,T]. It follows from (32) and (33) that

p(i) := 2wy, p (sup {|y(t — e(i)2) —y (@] : 2| <1, €R}) — 0 (35)

as i — 00. Moreover, for 0 <t < T, we can change variables to get
6] < /R 1f (= s,9y() = f{ty()n-)(s)ds (by (5))

= /_1|\f(t—€(i)z7y(t))—f(t,y(t))lln(Z)dZ

IN

/_1 1f(t = e(@)z,y(t —e(i)2)) — f(ty(0))[[n(2)dz + u(i)

- / 165 (t) — g(8) In(=)d + (i)

-1

where
glt) = f(t,y(t), g= (1) := g(t — e(i)2).

Notice that g € L'[0,T], and that _
g — glls < 2llgllx Vi.

Applying Minkowski’s inequality for L'[0,T] therefore gives

1
il < / 16°D* — gllun(=)dz + Tu(i).
1

Moreover, _
1" — gl — 0

as i — oo for each z € [—1,+1], by continuity of translation in the L' norm (see [13, Proposition 8.5]).
The desired convergence (34) therefore follows from (35) and the dominated convergence theorem. O

It therefore follows from Remark 2.8 that a subsequence of {y;} converges to a trajectory of f
uniformly on [0,7]. This must be the aforementioned function y, as desired. Again using the lower
semicontinuity of ¥, we therefore get

P(y(t)) < liminf W(y.(;) (1)) < ¥(T)

11— 00

for all t € [O,T].
The strong invariance asserted in the theorem is now immediate. Indeed, let z, € S, T' > 0, and
¢ € Trajp(F, z,) be given. We next show that

t = sup{t>0:9(p(s)) <W¥(x,) for0<s<t} =T, (36)

which would imply that ¢ remains in S on [0,7]. To this end, note that if this supremum were some
time ¢ € [0,7), then the lower semicontinuity of ¥ would give

(e(t)) < U(wo). (37)
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In particular, 7 := ¢(f) € S. Let f € Cp([0,T], Z) satisfy the requirement (U) for F and the trajectory
0,7 =t 3t—y(t) =t +1),

and let v > 0 be such that f(¢,z) € cone{F(z)} for almost all ¢t € [0,7 —¢] and all z € vB,,(Z). By
reducing v > 0 as necessary, we can assume that v, (z) C U.
By uniqueness of solutions of the initial value problem

g =fty), y0) =)

n [0,7 — t], the first part of the proof applied to f and the initial value T = ¢(t) € S would give
€ (0,7 —t) such that

H~zO

V(oI +1) - W(6() < 0 Ve, (38)
Here we use the fact that the trajectory on [0, T] constructed above for f starting at T can be extended
o [0,T — #], by the linear growth assumption (C3), and therefore coincides with y by our uniqueness
assumption in (U). Since ¢ remains in S on [0, {], summing (37)-(38) would then contradict the definition
of the supremum ¢. This establishes (36) and proves the theorem.
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