MUL TISCALED WAVELET TRANSF ORMS, RIDGELET
TRANSF ORMS, AND RADON TRANSF ORMS ON THE
SPACE OF MA TRICES

G. OLAFSSON, E. OURNYCHEVA, AND B. RUBIN

Abstra ct. Let M,m bethe spaceof realn m matrices which
canbeidentied with the Euclidean spaceR™ . Weintroducecon-
tinuouswavelet transforms on M ,.,, with a multiv alued scalingpa-
rameter represerted by a positivede nite symmetric matrix. These
transforms agreewith the polar decomposition on M ., and coin-
cide with classicalonesin the rank-one casem = 1. We prove an
analog of Calderon's reproducing formula for L2-functions and ob-
tain explicit inversionformulas for the Rieszpotentials and Radon
transforms on M ., . We alsointro duce cortin uousridgelet trans-
forms assaiated to matrix planesin M ., . An inversion formula
for thesetransforms follows from that for the Radon transform.

1. Intr oduction

It is known that diversewavelet-like transforms can be generatedby
operators of fractional integration and usedto invert theseoperators.
On the other hand, numerousproblemsin integral geometry for in-
stance, reconstruction of functions from their integrals over planesin
R", reduceto inversion of fractional integrals. The following example
illustrates thesestatemens and explains how wavelet transforms arise
in the context of integral-geometricalproblems; seealso [Ru?2] for the
more detailed exposition.
Considerthe Rieszpotertial

(1.1) (I £)(x) = x yj "fy)dy;  x2R"

1
n( )
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22 (=)
()= ——= Re >0 né 0,2;:::;
" (n)=2)
and replacethe kerneljx yj " by the integral
2 X yj da
(12) x oy T=en w2 e

R
' w(s)s" !ds6 0. Chang-

wherew( ) is good enoughandc,, = |

ing the order of integration, we obtain

2

1

(1.3) (I F)(x) = :(W) (W;f)(x) da;
0

where Z

(1) W= 2 tow XA ay

RI"I

If w obeyssomecancellationconditions, then (1.4) represets the clas-
sical cortinuous wavelet transform with the scaling parametera > 0
[Da], [FIW], [Ho]. If we start with a fractional integral di erent from
| f, say, with the Besselpotertial or whatewer (see[Rul], Section
10.7), we arrive at a wavelet transform, which di ers from (1.4).

Sincethe Fourier transformofl f isjyj (Ff)(y) in acertain sense,
then, formally, (I ) *=1 ,andit isnatural to expectthat the inverse
operator (I ) ! can be represeted in the form (1.3) with  replaced
by , namely

y/

W, f
(1.5) (1) % =d, al—fda;
0
d., beinga normalizing factor. In particular, for = 0,
yA

0
The equality (1.6) is a modi cation of Calderon's reproducing formula
[Cal], [FIW], [Ru3], [Ru7]. If w is normalized and has the form w =
u v, then (1.6) turns into the classicalCalderon idertit y
= f
1.7) f= Y Vayy

a
0

whereu,(X) = a "u(x=a); va(x) = a "v(x=a).
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Of course,this argumert is purely heuristic and formulas (1.5)-(1.7)
require justi cation in the framework of a suitable classof functions f
under certain cancellation conditions for the wavelet function w.

What is the connectionbetweenthis argumert and the Radontrans-
form in integral geometry? Supposethat T is the manifold of all k-
dimensionalplanes in R". For functionsf : R"! Cand' :T! C,
the Radon transform an% its dual are de nedi)y

(1.8) (Y= fx; "= "();

X2 3x
respectively, and obey the Fugledeequality
(1.9) (f)- = cI*;  c= const

see[Fu], [Hel], [Ru4] for details. Combining (1.9) with (1.5), we obtain
an inversion formula for " in the \w avelet form"

2 Wa(fl\)_

(2.10) f = const T

da;

0

R, R, . :
where ; = lim« o .~ in acertain sense.

This formalism can be applied in a wider cortext, when, instead of
the Euclideandistancejx yj betweentwo points, one dealswith the
distancejx j betweenthe point x 2 R" and the k-dimensionalplane

R". Starting with the intertwiging operator

(1.11) (P ) )= FOOjx % "dx

1

n k( )

Rn
which is called the genealized Semyanistyifractional integral (cf. [Se]
for k = n 1), one arrives at the correspnding wavelet-like trans-
form, recenly called the continuous k-plane ridgelet transform; see
[Ca], [Ru5], and referencegherein. Thesetransforms have proved to
be usefulin applications[Ca], [Do], [Mur], and are of independen the-
oretical interest.

A commonfeature of these examplesis that the scaling parameter
a> 0is one-dimensionaho matter what the dimensionof the ambient
spaceR" is. The situation changesdrastically if we replacen by nm,
and regard R"™ asthe spaceof n  m real matricesx = (x;;). Thena
similar procedure, starting with the properly de ned Riesz potertial,
yields a new wavelet-like transform which is applicableto functions of
matrix argumen and dependson the matrix-valued scalingparameter.
This parameteris represeted by a positive de nite symmetric matrix
of sizem m. Apart from extra exibilit y that might be useful in
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applications, sut transformshave a rich theory which relieson diverse
higher rank phenomena.

In the presen paper, we focus on the L? theory of the new wavelet
transforms mertioned above, and give someapplications. The paper
is organizedasfollows. Section2 cortains necessaryprerequisites.We
X our notation and recall basic facts related to Riesz potentials and
Radon transforms on the spaceof rectangular matrices. In Section
3, we introduce cortinuous wavelet transforms for functions of ma-
trix argumert and prove the correspnding reproducing formula of the
Calderon type. In Section 4, we shov how wavelet transforms can
be usedfor inversion of Rieszpotertials on matrix spaces.Unlike the
rank-onecasem = 1, for which numerousinversionformulas are known
[Rul], [SKM], the correspnding higher rank problem is very di cult;
see[OR2], [Ru6] for the discussion.Wavelet transforms prove to be a
corveniert tool to resole this problem in the L?-case. In Section 5,
we apply our wavelet transformsto inversion of the Radon transform
asseiated to the so-calledmatrix k-planes. These Radon transforms
were studied in detail in [Pe], [OR1], and [OR2], where it was shovn
that the inversion problem for them has the samedi culties as for
the Rieszpotertials on the spaceof rectangular matrices. In Section
5, we introduce cortinuous ridgelet transforms of functions of matrix
argumen, generalizingthosein [Ca] and [Ru5], and prove a reproduc-
ing formula for thesetransforms. This result is a consequencef the
inversionformula for the Radon transform.

Acknowledgements. The work on the paper was started when B.
Rubin wasvisiting Departmert of Mathematics at the Louisiana State
University in April 2004. He is deeply grateful to his colleague,Prof.
Gestur Olafssonfor the hospitality.

2. Preliminaries

In this section,we x our notation and recall somebasicfacts, that will
be usedthroughout the paper. The main referencesare [Mu], [OR2],
[T].

2.1. Notation and some auxiliary facts. Let M, bethe spaceof
real matrices x = (X;; ) having n rows and m columré‘. W@ idertify
Mnm With the real EuclideanspaceR™ and setdx = ~_; jmzl dxi;
for the Lebesguemeasureon M,.,. In the following, x° denotesthe
transpose of x, |, is the identity m m matrix, O stands for zero
ertries. Given a squarematrix a, we denote by tr(a) the trace of a,
and by jaj the absolutevalue of the determinart of a, respectively. We
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hope the readerwill not confusejaj with the similar notation for the
absolutevalue of a number becausehe meaningof a will be cleareadth
time from the context. For x 2 Mpm, N m, we set

(2.1) iXjm = det(x%)*¥? = jx%j*:

If m = 1, this is the usual Euclideannorm in R". If m > 1, then jXjm
is the volume of the parallelepiped spannedby the column-vectors of
the matrix x, cf. [G, p. 251].

Let P, be the cone of positive de nite @/mmetric matrices r =
(ij )m m with the elemetary volumedr = =, , drij, and let P, be
the closureof P,,, that is the set of all positive semi-de nite m m
matrices. We write r > 0if r 2 P,, andr 0if r 2 P,, respectively.
Givens; and s, irhﬁm, wewrite s; > s, fors; s, 2 P,. Ifa2 Py,
andb2 Py, then abf (s)ds denotesthe integral over the compactset

(a;b)=fs:s a2Pn;b s2Pyo:

The group G = GL(m; R) of real non-singularm m matrices g acts
transitivelyon P, by theruler ! grg® The correspnding G-invariant
measureis

(2.2) dr=jrj ddr; jrj = det(r); d=(m+ 1)=2

[T, p. 18].
A function wg on P, is called symmetric if

(2.3) Wo(s¥2rst™2) = wy(r2sri=); 8r;s2 Pp:

For example, any function of the form wp(r) = wy(tr(r)) is sym-
metric. Instead of the trace, one can take any function of the form

if A and B are nonsingularsquarematricesthen AB and BA have the
sameeigervalues;see,e.g.,[Mu, pp. 584,585].

We use a standard notation O(n) for the group of real orthogonal
n n matrices;SO(n) = f 2 O(n) : det( ) = 1g. The correspnding
invariant measureson O(n) and SO(n) are normalizedto be of total
massl. The LebesguespacelLP = LP(M,m) and the Sthwartz space
S= SMnn) areidenti ed with respective spaceson R"™. We denote
by C.(Mn.m) the spaceof compactly supported cortinuousfunctions on
M n:m -

The Fourier transforrriof afunction f 2 LY(M.m) is de ned by

(2.4) (FE)y) = expltr(iy %) f (x)dx; Y2 Mum :
M nim
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This is the usualFourier transform on R" sothat the relevant Parseal
formula reads

(2.5) (Ff;F )= @)™ ("),
where 7
(f;) = fO)" (x) dx:
M nm

We write ¢, ¢, Cp;::: for di erent constaris the meaningof which is
clear from the context.

Lemma 2.1. [(see,e.q.,[Mu, pp. 57{59])]

@) If x = ayb wherey 2 Mpm; @2 GL(n;R), and b2 GL(m; R),
then dx = ja"jg"dy:

(i) If r = gscf, wheres2 P, andq2 GL(m;R), thendr = jgjm*'ds:
i)y f r=s1s2Py, thenr 2P, anddr=jsj ™ ds:

The Siegelgammazfunction asseiated to the conePy, is de ned by

(2.6) m( )= exp( tr(r)jrj r;  d=(m+ 1)=2
I:)I’TI
[Si], [Gi], [Mu], [FK], [T]. This integral corvergesabsolutely if and

only if Re > d 1, and can be written as a product of ordinary
-functions:

_ 1
@7 W)= "R D 5o
Forn m,letVym =fv2 My, vV = I,g bethe Stiefel manifold
of orthonormal m-framesin R". We x the invariant measuredv on
Vim [Mu, p. 70] normalized by
Z om nm=2
2.8 : dv= ——
(2.:8) mm VS T n=2)
Vn;m
and denoted v = n;}n dv. A polar decommsition on M ., is de ned
accordingto the following lemma; see,e.g.,[Mu, pp. 66, 591],[Ma].

Lemma 2.2. LetX 2 Mum; N m. If rank(x) = m, then
x=vr?,  v2 Vi, r=x%2Ppy;
anddx = 2 Mjrj™ M L=2(grdy.

The following statemert is new and suggestie. It cortains a ma-
trix generalizationof the relevant formula by Smith and Solmon|[SS,
Lemma2.2] correspnding to the casem = 1.
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Lemma 2.3.ZLet1 k n m. Then

Z Z
(2.9) f(x)dx = —0m d f( 2)jzj dz
n k;m
Mn;m Vi k M, kom
R
Proof. Let | = M f(é)dX, d= (m+ 1)=2. By Lemma?2.2,
| = 2m dv f(vrl=2)jrjn:2 dgr
Vn;nz PmZ
= 2”;;“ d  f( vr*™jrj™? ddr;  8vp 2 Vim:
so(n)  Pm

Choosevy = oug, where

0 0
0= | 2 Vn;n ks Up = | 2V k:m-
n k m
By setting = , we obtain
y g 0 s U
| = Z”r'nm d  f(ugr™@jrj™ %r (! )
Vg ko Pz i
= Z“;nm d d f( uer®®;jrj™2 ddr
Van Z Oo(n k) Z Pm Z
— nim 1=2\:;,.:n=2 d
= d du f( ur)jrj"™ %r
’in;n k % k;m F’m
= nm d f( 2)jzj¥ dz
n k;m
Vn;n k Mn k:m

2.2. Riesz potentials. We recall basic facts from [OR2] and [Ru6]
related to Riesz potertials of functions of matrix argumen. These
potertials arisein di erent aspects of analysis[Ge], [Kh], [St1]. They
have a number of speci ¢ higher rank featuresand coincidefor m = 1
with classicalintegrals of Marcel Riesz [Rul], [SKM], [St2]. In the
following, we assumem 2. The Rieszpotertial of order 2 C of a
functionf 2 S(Mp.;m) is de ned asaznalytic cortinuation of the integral

@10) (D= — T Vivi "

n;m
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wherejyjm = det(y%)*?,

2m nm=2 m( :2).
m((n )=2) ’

cf. (1.1). This integral corvergesabsolutelyif andonlyif Re > m 1

and extendsto all 2 C asa meromorphicfunction whoseonly poles

areat the points =n m+ 1n m+ 2:::. The order of these
polesis the sameasin ((n )=2).

(211) m( )= 6n m+1n m+2:::;

Theorem 2.4. If f and are Schwartzfunctions on M.y, then for
allcomplex 6n m+1n m+2:::,

(2.12) (I f;5)=@) "Gyim FEY); (F XY);
the expressionon each side being understad in the senseof analytic
continuation.

This statemert is a consequencef the relevant functional equation
for the correspnding zeta distributions, see[Ru6], [FK].

If =Kk, k=012:::;m landkén m+1n m+2::;
then | f is a convolution with a positive measuresupported by the
manifold of all matricesx of rank k. Combining this fact with the
caseRe > m 1, weintroducethe Wallach-like set
where

Wi,=101;2:::;kog; Ko= min(m 1,n m),
W,=f :Re >m 1;, 6n m+1L1n m+2::.Qg
An analog of (2.13) is de ned in [FK, p. 137]for distributions of
di erent type. For 2 W ., onecan Wriée

(2.14) (I Hx==0¢ )X = fx yd (y);
M nim

[OR2, Theorem 3.14], [Ru6, Theorem 5.1], where the measure is
de ned by

8 , Z
¥Vim " (y)dy ifRe >m 1
nm ()
Mn;m
215) ( :)=_ 7 7
%ck dy 36 d if =k
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Here, k = 1;2;:::;n m, is a compactly supported cortinuous
function, and

- n k n
(2.16) G = 2 km km=2 5 Tmo
Owing to (2.12),for = 0, isthe usualdelta function, and we set

1%f = f. Note that the setsof in both lines of (2.15) may overlap.
In this casewe have two di erent represemations of ( ; ).

One canuse(2.14) asa de nition of | f, 2 W, for arbitrary
locally integrable function provided the integral f convergesabso-
lutely.

Theorem 2.5 ([Ru6], Section5.3). Let f 2 LP(Mnm), 1 p <
n=(Re +m 1)
() fRe >m - 1, then
(2.17) exp( tr(x%)) (I £)(x)dx  cijfip:
Mn;m
@ If =k,k=12:::;n m,then
J(AF)0]

(2.18) T xoqg=2 X Calitlp:
Mn;m
provided
> k+ max m 1;n+LOl ; }+l0:13
p P P

This statemen showsthat for 2 W ., andf 2 LP, the de nition
(2.14) is meaningful, i.e., (I f)(x) is nite for almostall X 2 Mpm
providedl p< n=Re + m 1). The last equality agreeswith the
classicalonel p< n=Re for m = 1 [St2] which is sharp. We do
not know whether the restriction p< n=(Re + m 1) is necessaryf
m> 1.

2.3. Radon transforms on the space of matrices. The main ref-
erencesfor this subsectionare [OR1], [OR2], [Pe]. We x positive
integersk;n, andm, 0< k < n, and let V,,, « bethe Stiefel manifold
of orthonormal (n k)-framesin R". For 2 V.., v andt2 M, km,
the linear manifold

(2.19) = (;t)=fx2Mpm: & =1tg
will be called a matrix k-planein M,..,. We denoteby T the set of all

sud planes.Each 2 T is an ordinary km-dimensionalplanein R"™,
but the set T has measurezeroin the manifold of all sud planes.
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Note that (;t) = ( % t) forall 2 O(n k). We identify
functions' () onT with functions' ( ;t) onVy,n « My «m Satisfying
(% t)y="(;t)forall 2 O(n k), andsupply T with the measure
d sothat 7 7

(2.20) "()d = (1) d dt:
T Van k Mn «m

The matrix k-plane Radontransformf (x) ! f’\( ) assigngto a func-
tion f (x) on M, a collection of integrals of f over all matrix planes
2 T. Namely, 7

()= f (x):
X2
Precisemeaningof this integral is the following:
Z
|
(2.21) () f(;t)= fg |
I\/lk;m
whereg 2 SO(n) is a rotation satisfying
0
n k
The correspnding dual Radon transform* ( ) ! ' (x) assignsto a

function ' () onT its mear%value over all matrix planes through x:

"(x) = (); X2 Mpm:
3x
This meansthat

(2.23) F(x) = (5 %)d
Von &k

The correspnding duality relation reads
[® ¥ g y > 7

(2.24) f(x)" (x)dx = d " ;t)f'\( ;t)dt:

M n;m Vin M n km

Theorem 2.6 (JOR2)).

(i) The Radontransformf( ;t), f 2 LP(Mpn.m), is nite for almostall
()2 Van k My km if andonly if

n+m 1
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(i) If ' ( ;t) is alocally integrablefunction on thesetVy., k Mn «m,
1 k n m,thenthe dual Radontransform' (x) is nite for almost
all X2 Mpm .

The following statemert is a matrix generalizationof the so-called
projection-slicetheorem. It links together the Fourier transform (2.4)
and the Radon transform (2.21). In the casem = 1, this theoremcan
be found in [Na, p. 11] (for k = n 1) and [Ke, p. 283] (for any
0< k< n).

m.

Theorem 2.7 ([Sh1],[ShZ, [OR2)]). Letf 2 LY(Mym); 1 k n m.
If y2 Mpm, and is an (n  k)-dimensional planein R" containing
L(y), then for any orthonormal frame 2 V,, « spnning , there
existsb2 M, .m Sothaty = b In this case

(2.26) (Ff)( b= F“[f'\( ;)](b); 2Von ki b2 My km;
whee F standsfor the Fourier transformon M, ., in the ()-variable.

Corollary 2.8 (JOR2]). The Radon transform f ! f*is injective on
the Scwartz spaceS(M,.,) if andonlyif1  k n m.

3. Continuous wavelet transf orms

3.1. Some heuristics. Following the philosopty which was descrited
in Introduction for the rank-one case,we will introduce cortinuous
wavelet transforms on M., asseiated to the Riesz potential (2.10).
The heuristicargumern preseited below shovsthat these\higher rank™
wavelet transforms are essetially multiscaled, with the scalingparam-
eter represeted by a positive de nite matrix, rather then a positive
number asin the rank-onecase.

We recall the notation (2.2) for the invariant measured r on P, and
start with the following simple obsenation.

Lemma 3.1. Let wp be a symmetric function on P, satisfying

g jWo(r)j Wo(r)
0 _ 0
(31) W dr<1 and ¢ = W

Pm Pm

Then for s2 Py,

dr 6 O

Wo(a ™sa 1%2)
jajn =2

(3.2) jsit M2=c¢!?

Pm

da:
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Proof. Usingthe symmetry (2.3) and changingvariablea= !, da=
d , we rewrite (3.2) as

Z 1o
J'Sj( n)=2 _ C 1 WO(S:L_2 81_2)
jjc m=
Pm
It remainsto sets'™? s =r,
According to (3.2), for Re > m 1, the Rieszpotential (2.10) is
represeted as

Z
1
(I )= — B jat MPda f(x  y)we(a PyYya F)dy
n;m . Mn_m
c1 2 z"
(3.3) = B jgTdda  f(x  yaP)w(yl)dy:
n,m
Pm I\/ln;m

The inner integralsin theseexpressiongesentle the wavelet transform
(1.4) and inspire the following.

De nition  3.2. Let w(y) = wo(YY), ¥ 2 M,m, be a radial function
satisfying certain cancellation conditions (which depend on the con-
text). Let wu(y) = jaj n:Zw(yazlzz), a2 P,. Wecall

(3.4) (Waf )(x) f(x ya™)w(y)dy

M nim

(f wa)(x); X2 Mnpm;

the continuous wavelettransform of f generatedby the wavelet func-
tion w and the P,,-valued scaling parametera.

Note that the symmetry condition for wy indicated in Lemma 3.1
plays an auxiliary role. It wasimposedonly for technical reasonsand
not included in De nition 3.2. In the following, this condition will
appear on the Fourier transform side for F w.

If the function wg in De nition 3.2 is symmetric, then one can write
(3.3) as

Z
(3.5) (I £)(X) = cam( ;W) (Waf )(X)jaj = 2d &;
Pm
Re >m 1 6n m+1ln m+2:::;
Com (W) const This formula is expected to be true for other
valuesof (e.g.,for = 0) if w obeyscertain cancellationconditions.

Of course,if Re m 1, then the integral on the right-hand side
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of (3.5) divergesin general,and must be interpreted in a suitable way
dependingon a classof functions f and a choice of the wavelet w.
One canreplacethe function w in (3.4) by a nite radial Borel mea-

sure onMpn, Sothat
Z Z

( x)d (x) = (x)d (x)
M n:m M nim

forall 2 SO(n)and 2 C,(Mnm). If obeyssomecancellation(for
instance,(F )(y) 0 on matricesy of rank < m) we call
Z

36) (W:.f)x) (f (X = f(x ya™)d (y)
Mn;m
the wavelet transform of f generatedby the wavelet measure .

3.2. Calder on's repro ducing onrm ula. Denoteformally

(3.7) D) = (W af)(x)da;
|:)I’TI

where, as above, d a = jaj %da, d = (m + 1)=2. The following state-
mert justies (3.5) for = 0 and generalizesthe classicalCalderon
reproducing formula (cf. Theorem1 in [Ru3]) to functions of matrix
argumert.

Theorem 3.3. Let be aradial nite Borel measure on M., sothat
for all y 2 M, of rank m, we have(F )(y) = uo(yY), wheee u(r) is
a symmetric function on P,,. Supmsethat the integral

z

m
(3.8) c = lim 2 wdz
g 0 mm 1Z)m
fy2M nm A<y %<B g

(A;B 2 Py) is nite. Thenfor f 2 L2(Mpm),

Zm
(L?)
(3.9) cfE)=1(:1)) lm (W, f)xda
oo
Proof. For0< "< < 1, let
Zm

(3.10) Lo (GR) = (Wi af)(x)d a

gl m
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and assumerst that f 2 L'\ L2 Then, by the generalizedMink owski
inequality, 1. ( ;f)2 L'\ L2, and we have

Znm
(3.11) FII (50Iy) = FIW, afl(y)d a:

il m

By taking into accouzrl that F[W o f](y) = (Ff)(y)(F 2)(y); and

(F a)(y) = exp(tr (ia*?y%))d (x) = (F )(ya'?);
M nm
we obtain
(3.12) - (I = ks (WFF)(Y);
where
Zm Zm

ke ()= (F )ya™®)da= ua?yya?)da:
“I'm “I'm
Supposethat rank(y) = m (the set of all sud y has a full measure
iN Mpm). Sinceug is symmetric, then ug(a™ral™?) = ug(r*2art?),
r = y%, and the changeof variable s = r*2ar*??, yields

Zm Zr
ke (y) = Up(r'™ar?)da= up(s)ds  (useLemma2.2)
"I m r
Z
m
= 2 (F. .)(Z) dz r=y%:
nm JZJPn

fz2Mm :"r<z%<r g

Sincek-. (y) is boundeduniformly in "; , andy, then by the Lebesgue
theorem on dominated convergence,

(3.13)  Kl» (:f) cfke= (2 ) "™2K(k- c)Ffk,! O

as" ! 0, ! 1. This provesthe statemert for f 2 L1\ L2. A
standard procedureallows us to extend the result to all f 2 L2. We
recall this argument for corvenienceof the reader. For any f 2 L?, we
have
Zm
Kl.. (;f)ks kKW. fkoda o©. kfkk k= c.. kfk;

" m

wherejj jj standsfor the total variation of j j, ¢. = const,c.. =
¢ jj jj. Givenasmall > 0,wechooseg 2 L\ L? sothat kf gk, <
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. Sincek- is uniformly bounded,then (3.12) (with f replacedby Q)
implies the uniform estimate
Kl.. ( ;9k: ckgk, ckg fky+ ckfky;
and, therefore,
Kl.. (;f)ks klv. (;f gko+ kil (;0)ka
c.. + ckf gky+ ckfk;
(c.. + )+ ckfky:
Assuming ! 0, we obtain kI~ ( ;f)ky ckf ky. This gives
kiw (5f) cfke  Kiw (;f Qke+ Kl (59) € gk
+ ckg fk;
(ctc) + ki~ (;9 cgks
Owing to (3.13) (with f replacedby g),
kl.. (;f) cfk,! (c+c) as "! O ! 1:
Since is arbitrarily small, we are done.

4. Inversion of Riesz potentials

Werecall that the wavelet transform of a function f onM ., is de ned
by Z
(Waf )(x) = f(x ya?)wy)dy= (f wa)(x)
M nm
where
(4.1)  wa(x) = ja "Pw(xa ?); X2 Mpm; a2 Ppy:

Owing to (2.12), it is natural to expect, that the inverseof the Riesz
potertial (2.14) can be obtained if we formally replace by in

(3.5); cf. (1.5). This gives .

(4.2) f(X)=cm( ;W)
Pm

Below we give this formula precisemeaning.

wd a:
1a-

Theorem 4.1. Let 2 W, andf 2 L2\ LP for somep satisfying

1 < —
P Re +m 1
Supmsethat w 2 S(M . ) is a radial function suchthat

(@) (Fw)(y) = uo(y%), wher ug(r) is a symmetric function on P,
vanishingidentically in a neightorhood of the boundary @ p,;
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(b) The integral
2m z (Fw)(2)

4.3 d = — dz
(4-3) W) nm 1Z)
nm Z
T EW() 4,
B!l nm jzjrr}’\+
fz2M m :2%<B g
(B 2 Pp) is nite. Then
Z Znm
B Wl f (L al f
(4.4) do( )f = R da= lvl!rrg R da

Pm “I'm

Proof. We obsene that the integrand in (4.3) has no singularity at
jzj = 0 thanks to the assumption (a) above. Moreover, for Re >
m 1, this integral is nite automatically, because

(Fw)(Y)
ViR
seeformula (A.6) in [OR2].
To prove the theorem, we set

¢ jlm+yy ™ dy<1; ¢ o(w);

Zm 1
(4.5) (T.. " )Xx) = %d a; O<"< <1

I'm

(if Re >m 1onecanassume = 1 ), and shaw that
(4.6) T.l f=F . Ff]

2m z (Fw)(2)

fz2M nm - (YOY)<Z 0z< (yo)/)g

As we have shawn this, by the Lebesguedominated corvergencethe-
orem, owing to (4.3) and the uniform boundednesf .. , we obtain
the desiredresult:

KT 1 f dy( )fko= (2) ™2k( ..  dy( )Ffka! O

as"! 0, I 1:
We obsene that forany f 2 LP andw 2 L1,

(4.8) T.1 f=1g¢; g=T. f:

dz:

@7 .=
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The validity of interchange of integrals follows by Theorem 2.5, ac-
cording to which, the integral Il I [ifj jwaj](x) is nite for almost all
X becausgfj jw,j 2 LP.

We rst prove (4.6) for f belonging to the Sdwartz spaceS =
S(Mnm). By (3.4),

F(Waf)(y) = F(f wa)(y) = (FF)(Y)(Fwa)(y);

where ~
(Fwa)(y) = jaj "2 exp(tr( iy X))w(xa *7)dx
V4 M nim
= exp(tr (ia*?y%2))w(z)dz = (F w)(ya'™):
M nm
Hence,

2 Ewyat?) |

(Fo)(y) = h (N(FE)(Y):  hy (y) = 8- 2

gl m

By taking into accoun that (Fw)(y) = ug(y%) whereug(r) is symmet-
ric, we obtain

Zm
Uo(a'y%Yya'™)

h.. = —
. (Y) R da
" ,
_ 2niy%it? (Fw(@)
nm JZJrn]:
fz2M nm 1" (y)<z %2< (y%)g
(seethe argumern in the proof of Theorem 3.3). This gives
(4.10) (FA)(Y) = i¥im - (V(FF)(Y):

Sincew 2 S and ug is supported away from the boundary @, it
follows that (F g)(y) h- (y)(Fw)(y) 2 S, and therefore,g 2 S
Hence,by (4.8), (2.12), and (4.10), for any compactly supported C*
function , we have

(T 1 f; ) (g )
2) "(FI g F )
2 ) "GYim (FO)¥); (F )Y)

2) " MEHY); (F Y):
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Thus, by the Parseal equality,
(4.12) (T. 1 f; )=(F '[ . Ff] )

(note that .. (y)(Ff)(y)2 L?in view of the boundednesof .. (y)).
SinceF ' . Ff]2L?andT. | f =1 gisalocally integrablefunc-
tion (see(2.17) and (2.18)), then (4.11) implies the pointwise equality
(4.6)forany f 2 S

To completethe proof, it remainsto extend (4.6) to all f 2 L2\ LP.
Following Theorem 2.5, we intro dZucethe weighted space

X =1 1K kyx = I (X)) (x)dx < 1g
Mn;m

where! (x) = exp( tr(x%))ifRe >m 1,and! (x) = jl,+x%j =2
if =k; k=12:::;n m;see(2.18). It may happenedthat these
domainsof overlap, but this is not important. By Helder'sinequality,
" Jix  cjj" ji2- Sinceby Theorem 2.5,

KT.. | fkx =kl gkx ckgk,= ckT.. fk, © kfkp;

and
kF [ .. Fflkx ckF [ . Fflk co kf Ko;
operators
T.l (P X;  F'.F:L?1 X
are bounded. This remark allows us to extend (4.6) to all f 2 L2\
LP by taking into accour that there is a sequenceff;g S sut
that the quartities kf  fjk, and kf  fjk, tendto Oasj ! 1

simultaneously Sud a sequencecan be explicitly constructed using
the standard \averaging-truncating” procedure.

5. Continuous ridgelet transf orms and inversion of the
Radon transf orm

5.1. Intert wining operators. Given a su ciently good function w

on My, k.m, considerthe intertwining operator
Z

(5.1) (WE)(;t) = Foowt %) dx
M n:m

which transforms a function f on M, into a function Wf on the
\cylinder" Vhn « Mp km- The correspndingdual operator is de ned
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by
Z Z
(5.2) (W' )(x) = d “Ciw( % tdt;
Vi k Mn m
sothat
Z Z
(5.3) f (W " )(x)dx = d C((WE)( s t)dt
M nm Van Mn km

(at least, formally). We shall seethat P,,-scaledversionsof W and W
can be regardedas matrix modi cations of cortinuousk-planeridgelet
transforms (see[Ca], [Ru5], and referencegherein), and usedfor ex-
plicit and appraximate inversion of the Radon transform (2.21). We
start with somepreparations.

Lemma 5.1. Givena function' ( ;t) on Von « My kem, let
Z

(5.4) (Wo' )( ;1) = "(iw(t z)dz
Ivln k;m

be a convolution in the t-variable. Then

(5.5) (WE)( 5t) = (Wo)( ;t);

(5.6) (W " )(x) = (Wo' )-(x)

provided that either side of the correspnding equality is nite for f, ',
and w replaed by jf j, j' j, and jwj, respectively.

Proof. The equality (5.6) follows immediately from (5.2). To prove
(5.5), we choosea rotation g 2 SO(n) satisfying

0
g o= 0-— I« 2Vn;n k-

The changeof variablex = gy in (5.1) gives
Z

(WF)( ;t) = f(gy)w(t Jy)dy:
M

By setting

! 2Mk;m; zZ2 My k;m s
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sothat Jy = z, owing to (2.21), we obtain
Z Z

w(t 2z)dz f g d!
Mn k;m Mk;m

Z
(2wt 2) dz= (Wo)( ;t):

(WH)( ;1)

Mn k;m

Lemma 5.2. Letf (x) and w(z) be integrable functions on M., and

Mn km, resgctively. Then (W f)(x) is a locally integrablefunction on
M n.m Which belongsto S{M,.m») and satis es
Z

Z
(5.7) (W f)(x) (x)dx= f)W M(X)dx; 2 SMpm):
M nn M nm
Proof. We have
Z Z
lhs & d ()W )( ;tdt
Vn;k k MnZk;m
(5.8) 9 d (W )( 5t
Vn:i k Mn m
CED (%) (Wo™)- (x) dx
M
(2:9) r.n.s:

These calculations are well justied and all statemeris of the lemma
becomeclear, owing to the following estimate of the expression(5.8):

Z z Z
(5.9) d ifCi2idz J°Ciw(t z)jdt
Van & My «m 7 MZ k:m
k"ky kwky d if' ( ;2)j dz
Van kMo m
(2:24)

k"ky kwkKkf K:
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In the sequelijt is conveniert to usedi erent notations for the Fourier
transformonMpm andMp .m. Forthe rst onewe write F asbefore,
and the secondwill be denotedby F.

Lemma 5.3. f w2 LM, km) anzd 2 S(Mpm), then
(5.10) (W ")(x) = (2 )& ™mm d

Vn;n k

Z
exp( tr(ix° 2))(Fw)(2)(F )( z)dz
Mn km

Proof. Sincew 2 LM, «m) ang 2 S(Mn.m), the convolution

(Wo )( 51) = "t 2w(2)dz
Mn k;m

hasthe Fourier transform (in the t-variable) belongingto L*(M, «:m).
Hence(see,e.qg.,[SW, p. 11]) %ne can write

Wo N5ty = @)% "™ exp( tr(it2)[F(Wo ")( ; ))(2)dz
ank;m
= )" exp( tr(it2)(FW)(2)IF"( ;)l(2)dz
Mn k;m

By the projection-slicetheorerg (see(2.26)),

Wo ()= @)% ™™ exp( tr(it%2)(Fw)(2)(F )( 2)dz
Ivln k;m
This provesthe statemert.
5.2. Contin uous ridgelet transforms. Let w(z) be a su ciently
good function on My m, 1 k n m. We considerthe Pp,-

scaledversion of w de ned by wx(z) = jaj* MW?w(za ), a 2 P,
and introducethe following gual pair of intertwining operators

(5.11)  (Waf)( ;1)

f()wa(t %) dx;
My 2
d Ciwa( X% t)dt

Vn;n k Mn k:m

(5.12)  (W,' )(X)
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If w(z) oscillatesin a certain sensewe call (5.11) the continuous
ridgelet transform of f , and (5.12) the dual continuous ridgelet trans-
form of ' .

Operators (5.11) and (5.12) generalizeusual k-plane ridgelet trans-
forms [Ca], [Ru5] to the higher rank casem > 1. The function x !
w( % t) is constant on eah matrix plane = fx2 M, 1 % = tg
and represets a \plane wave".

The following de nition will be usefulin the sequel.

De nition  5.4. A function w(z) on M, y.m is called an admissible
waveletfunction if it obeysthe following conditions:

(i) w(2) isradial, i.e.,w(z) Wo(z%), and belongsto LM, km).

(i) The Fourier transform of w hasthe form (Fw)(y) = uo(y%), where
Ug satis es the symmetry condition (2.3).

(i) The integral

Z
m(k+1) km
(5.13) G, a0 7 (FwW) 4
n;m J Jnm

n k;m

Z
) 2m(k+1) km E
- im (Fw()

e
o nm J Jm
f 2M, «m:A< 0<Bg

(A;B 2 Pp) is nite.

5.3. Inversion of the Radon transform.

5.3.1. Discussion of the problem. There exist di erent approadesto
inversionof the Radon transform (2.21); see[OR2]. The consideration
below shedsnew light on this problem and provides essetial progress.
To explain our strategy, we useintertwining fractional integrals P f

andpP ' ofthe Senyanistyi type, which link togetherthe Radontrans-
form f(x) ! f( ;t), the dual Radon transform ' ( ;t) ! ' (x), and
Rieszpotentials. Namely, we de ne

(5.14) Pf=rf, p'=(");

2 C; 6n k m+1n k m+2::::

Here,1 k n m and ™ denotesthe Rieszpotential on M «:m
acting in the t-variable. Operators (5.14) wereintroducedin [ORZ2]. If
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Re > m 1,they arerepreseted agabsolutelycorvergen integrals
(5.15) (P f)( ;t) = 1 fx)] % tj, % "dx
n k;m( )
Mpm 2
d ") %tk dt

Vn;n k Mn k:m

_
n k;m( )

(5.16) (P ")(X)

where , m( ) is the normalizing constart in the de nition of the
Rieszpotential on My «.m; cf. (1.11), (2.11).
The following statemer determinesour way of thinking.

Theorem 5.5 ([OR2], Section5.3). Let1 k n m, 2 W.,.
Supmsethat

n
p . _
f 2 LP(Mnm); 1 P e a1
Then
(517) (P ﬂ(x) = Cn;k;m(l +Kkf )(X);
(5.18) Cokom = okm  km=2 E - n k
' ;k;m m 5 m 5
In particular, for =0,
(5.19) ()00 = Cpe (146 )(X)

(the genenlized Fuglede formula).

Formula (5.17) pavestwo ways to the inversionof the Radon trans-
form. Following the rst one,we use(5.17) asit is and invert the Riesz
potertial I **f by choosing aswe wish. For instance, one can set

= 0 and apply (5.19). This program can be realized using results of

the previous section. The secondway is to set (formally) = Kk in
(5.17). This gives
(5.20) Cuimf (X) = (P ¥)(x) = (I *F)-(x);

and we have to nd \good" represetation for the inverseof the Riesz
potential I appliedto f( ;t) in the t-variable. In the rst casewe just
apply the left inverseoperator to | *X. In the secondone, we do not
know in advancewhetherf'( ; ) liesin the rangeof the Rieszpotential
. To circumvert this dicult y, we make use of cortinuous ridgelet
transforms.

Below we considerboth approades.



24 G. OLAFSSON, E. OURNYCHEV A, AND B. RUBIN

5.3.2. The rst methal. We utilize the generalizedFuglede formula
(5.19) and invert the Rieszpotertial accordingto Theorem4.1. This
givesthe following result for the Radon transform.

Theorem 5.6. Letl k n m,
5.21 f2L2\ LP; 1 p< ———
(5.21) P< o 1

Supmsethat W, is the continuous wavelettransform (3.4) genented
by the waveletw satisfying conditions of Theorem 4.1. Then the Radon
transformf (x) ! f( ;t) can be inverted by the formula

Z Im
WA (L2 =0 W,
(5.22) dw(k) f = Cokim jaj%d a= Chk;m |'|,l”(‘) jajzzz da
m A "|m
where 7
2km km=2 (n=2) 2m (Fw)(y)
m = X dy (k) = — dy:
Gikm = 0 K)=2) k)= = T

5.3.3. The second methal. By (4.4) and (5.20), it is natural to expect,
that the Radon transform can be inverted as

Z Z Z
_ () wa)(%) T (W)
f(x) = d a2 da= a2 da
Vn;n k Pm Pm
(up to a constart multiple) where W, is the dual ridgelet transform
(5.12). Below we justify this formula.

Theorem 5.7. Letf 2 L'(Muym)\ L2(Mym), 1k n m. Ifw
is an admissiblewaveletfunction (see De nition 5.4), then the Radon
transformf (x) ! f( ;t) can be inverted by the formula

CTow ) Tow

(5.23) cwf = a2 da= ‘I‘llrr% a2 d a;

Pm 1o,
whee ¢, is de ned by (5.13}, and
(5.24) (W, )(x) = d fCit)wa( & t)dt:

Vn;n k Mn k:m

Proof. Considerthe truncated integral

Zm
(5.25) [.. f = .WafAda; 0<"< <1:
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Owing to (5.9), for any test function 2 S, the expression(l-. f; )is
nite whenf, w, and are replacedby |f |, jwj and | j, respectively.
Hence,we can changethe order of integration, and (5.7) yields

(5.26) (I £ )= (f; ls )

where L. hasthe samemeaningasin (5.25) but with w replacedby
its complexconjugatew. Let us shaw that

(5.27) (s )(¥)=F mF ](x);
wherem.. (y) = m.. (YY),
m(k+ m Z
(528 m. ()= 2o " (GL)I@

nm J Jnm
f2Mpy m:"r< %<r g

r 2 Pn. Supposethat the Fourier transform of w has the form

(Fw)( ) = ug( ) whereu, obeysthe symmetry condition (2.3). By

(5.10) (with w replacedb%/ Wa), %ve have

(L )x)= @)k mMm 4 exp( tr(ix° 2))k.. (2)(F )( 2)dz;
Voin K Mn k;m

where

Zn y 4 P
_ (Fw)(za™®) . _ — u(a@“ra?) _ 0.
I "I'm
Owing to the symmetry (2.3), we have ug(at™?ra?) = ug(rt?ar'?)
(without loss of generality, one can assumerank(z) = m). Then by
changing variable r**2ar*? = s and making use of Lemma 2.2, we
obtain

TN = 2ve= T
k. (2) = jade a=\r k=2 ds
“I'm "r
Z
_ irj=2 (Fw() 4 .
n k;m J Jrr%

f2Mpy m:'r< %<r g

Replacing by and using the equality (Fw)( ) = (Fw)( ), we
have

o @)= @) e,

n k;m
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Hence
Z Z

(l. )(X)=c d exp( tr(ix° z))jzj"m m-. (z2%)(F )( z)dz
Vin k My m
wherec= (2 ) "™ m=n km: By Lemma2.3,
Z
(ke )X)=(2) ™ exp( tr(ixYy)) m-. (YY) (F )(y) dy;
M nim
and (5.27) follows.

The rest of the proof is standard. Sincef 2 L2 and m-. is uniformly
bounded,then by the Parsewal equality,

(5.29) (. f; )= (F 'm Ff; ), 8 2 SMum):

By Lemmab5.2,1.. f is alocally integrablefunction. SinceF m. Ff
is locally integrabletoo, then (5.29) implies a pointwiseequality |- f =
F Im. Ff, andwe have

Kl f cufk, = kF m. Ff cufko

2 ) ™2km.. c,)Ffky! O

as"! 0O, ! 1.

5.4. Repro ducing form ula for the ridgelet transform. Giventwo
functions u(z) and v(z) on M .m, We set

W) = A " Puza B va(2) = ja* M Rv(za D) a2 Py

and considerthe correspnding ridgelet transforms
Z

fx)ua(t %) dx;
Moy 2
d "(iva( % 2)dz;

Vn;n k Mn k:m

(6.30)  (Uaf)( ;1)

(5.31) (Va" )(X)

cf. (5.11), (5.12).

Theorem 5.8. Let u and v be integrable radial functions on M, y.m,
1 k n m, suchthat their convolution u v is admissible(see
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De nition 5.4). Let

m(k+1) km
(5325, = > (FuOFEW()
n;m J Jrr}w
Mn k;m
Z
m(k+1) km
= lim 2 (FWOEVO) g,

Ef!!l 0 n;m J ]nm

f 2M, wm:A<z %2<B g
(A;B 2 Py). Thenfor f 2 LY (Mum)\ L2(Mnm),

z
V, Uyf (L*)
——-da=

jajk= oo
Pm 1o,

Proof. Let us show that V, U,f coincideswith the dual ridgelet trans-
form Waf’\ (see(5.242)) generzatedby the filnction w=u V. Wehave

"V, Uaf

(5.33) e

Cuvf = da

(W, )(x) = d f\( ;2)dz Ua(va( &z t)dt
Vn:i k M nZk;m M nZk:m
= d f\( ;2)dz us( 2)va( & )d
Vn:? k M nZk;m M n k;m Z
= d va( % )d us(  2)f( ;2)dz
Vn;k k ank;m MZ k;m
(5:5)
= d va( % )d f (X) ua( %) dx
Vin k- M im M nim
= (Va U )(%):
Now the result follows by Theorem5.7.
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