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1. (20) Use the integral test to determine convergence or divergence of the following series.

a. (10)

∞∑
n=2

1

n lnn

b. (10)

∞∑
n=2

1

n(lnn)2



Test #3 Math 1553 March 31, 2021

2. (20) Use either a comparison test or a limit comparison test to determine the convergence or
divergence of each series.

a. (10)

∞∑
n=1

n2 + 7n

5n3 − 4

b. (10)

∞∑
n=2

1

n3 − n2
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3. (30) Define f(x) =

∞∑
n=1

nxn.

a. (10) Use the ratio test to find the radius R of convergence for the power series that defines f(x).

b. (10) Find the interval I of convergence for the power series for f(x). Remember to show how you
test the endpoints.

c. (5) Use the power series for f(x) to express

∫ 1
2

0

f(x) dx as the sum of an infinite series of constants.

d. (5) Use the power series for f(x) to find lim
x→0

f(x)− x− 2x2

x3
.
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4. (30) Consider the Taylor series expansion of f(x) = lnx with base point a = 3:

lnx = a0 +
∞∑

n=1

an(x− 3)n

a. (20) Use the Taylor coefficient formula to find the constant term a0 and a formula for an with n ≥ 1.
Then write out the full Taylor series for lnx in powers of x− 3 using the coefficients that you have
found. (You are not asked to prove convergence to lnx.)

b. (5) Use the result of part (a) and the ratio test to find the radius R of convergence for this Taylor
series.

c. (5) Find the interval I of convergence for this Taylor series. Remember to show how you test the
left endpoint and the right endpoint for convergence or divergence.
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Solutions

1. Caution: ∞ is not a real number. ∞ does not participate in the arithmetic of the real numbers. For
example, it is meaningless to write “ 1

∞” or “∞−1.” If you learn to write your work correctly with limits,
your future understanding will be enhanced.

a.

∞∑
n=2

1

n lnn
diverges because

1

x lnx
is a decreasing positive function on [2,∞) and

∫ ∞

2

1

x lnx
dx = lim

b→∞

∫ b

ln 2

1

u
du = lim

b→∞
[ln b− ln(ln 2)] = ∞.

b.

∞∑
n=2

1

n(lnn)2
converges because

1

x(lnx)2
is a decreasing positive function on [2,∞) and

∫ ∞

2

1

x(lnx)2
dx = lim

b→∞

∫ b

ln 2

1

u2
du =

1

ln 2
< ∞.

2. Caution: Note that n denotes a whole number but the integral test uses a continuous variable x ∈ R,
an arbitrary real number.

a. This series diverges by the comparison test since
n2 + 7n

5n3 − 4
>

n2

5n3 − 4
>

n2

5n3
=

1

5n
and

1

5

∞∑
n=1

1

n
is

a constant multiple of the divergent harmonic series.

b. This series converges by limit comparison with
∞∑

n=2

1

n3
which is a convergent p-series since p > 1

and because
1

n3−n2

1
n3

=
n3

n3 − n2
→ 1 as n → ∞ and 0 < 1 < ∞.

3.

a. The ratio test yields the limit |x| so R = 1.

b. By the nth term test applied to the endpoints, I = (−1, 1).

c.

∫ 1
2

0

f(x) dx =

∞∑
n=1

n

(n+ 1)2n+1

d. lim
x→0

f(x)− x− 2x2

x3
= lim

x→0

∞∑
n=3

nxn−3 = 3. Remark: Although it is not required to notice this,

f(x) =
x

(1− x)2
.

4.

a. a0 = ln 3 and an =
(−1)n+1

n3n
with n ≥ 1. Thus lnx = ln 3 +

∞∑
n=1

(−1)n+1(x− 3)n

n3n
.

b. The ratio test yields the limit
|x− 3|

3
< 1 for convergence. Thus R = 3.

c. I = (0, 6] where divergence at x = 0 comes from divergence of the harmonic series, and convergence
at x = 6 comes from the Alternating Series Test.
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Class Statistics

Grade Test#1 Test#2 Test#3 Test#4 Final Exam Final Grade
90-100 (A) 15 14 9
80-89 (B) 4 5 6
70-79 (C) 3 3 3
60-69 (D) 0 1 3
0-59 (F) 0 0 3
Test Avg 89.5% 88.91% 81.67%
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