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1. (25) Use integration by parts to find

∫
x2 lnx dx.
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2. (25) Use a trigonometric substitution to find

∫ √
x2 − 9

x
dx.
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3. (25) Consider the parametric equations y = tet, x = e−t, which define a curve C.

a. (10) Find
dy

dx
as a function of t.

b. (5) Find the value of t and the coordinates (x, y) at which the tangent to the curve C is horizontal.

c. (5) Find
d2y

dx2
as a function of t.

d. (5) Find the interval for t for which the curve C is concave up.
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4. (25)

a. (10) Sketch one loop of the polar graph r = cos 2θ containing the point for which θ = 0, and find
the range of values of θ corresponding to that loop.

b. (10) Find the area of the loop found in part (a) above.

c. (5) For the loop identified in part (a), find the two values of θ for which the tangent line will be
horizontal. Express θ as either sin−1 or cos−1 of two numbers. Do not replace the exact values by
decimal approximations.



Final Examination Math 1553 April 2021

5. (25) Test each of the following infinite series for absolute convergence, conditional convergence, or
divergence.

a. (10)

∞∑
n=2

1

n(lnn)2

b. (10)

∞∑
n=2

n

(lnn)2

c. (5)
∞∑

n=2

(−1)n+1

lnn
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6. (25) Let f(x) =
1

4− 2x
, x �= 2.

a. (10) Use the geometric series formula to express f(x) as f(x) =

∞∑
n=0

anx
n, the sum of a Maclaurin

series. That is, find all the coefficients an.

b. Find the radius R of convergence and the interval I of convergence, taking care to say how you test
the endpoints.

c. (5) Now use Taylor’s coefficient formula (for an) to find f (100)(0) from the series already found in
part (a).
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7. (25) Consider the three points P (1, 2, 3), Q(6, 5, 4), and R(5, 4, 6).

a. (10) Find the vectors
−−→
PQ,

−→
PR, and

−→
N =

−−→
PQ×−→

PR.

b. (10) Find an equation of the form ax+ by+ cz+ d = 0 for the plane containing the points P,Q and
R, using the information from part (a).

c. (5) Find parametric equations for the straight line through the point P in the direction of the vector−→
N .
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8. (25) Consider the space curve C described by the position vector �r(t) = 〈4 cos t, 4 sin t, 3t〉 at time t.
Let s denote arc length.

a. (12) Find
d�r(t)

dt
,
ds

dt
and the unit tangent �T (t) in the direction of increasing t.

b. (8) Find the curvature κ =

∣∣∣∣∣
d�T

ds

∣∣∣∣∣ and the unit normal �n(t) to the curve C.

c. (5) Find the arc length L covered along the curve C from the point (4, 0, 0) to the point (4, 0, 6π).
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Solutions

1.

∫
x2 lnx dx =

x3

3
lnx− x3

9
+ C.

2.

∫ √
x2 − 9

x
dx =

√
x2 − 9− 3 sec−1

(x
3

)
+ C.

3.

a.
dy

dx
= −(1 + t)e2t

b. t = −1 and the coordinates (x, y) =
(
e,− 1

e

)

c.
d2y

dx2
= (2t+ 3)e3t

d. The curve C is concave up for t > − 3
2 . Equivalently: x < e

3
2 .

4.

a. −π

4
< θ <

π

4

b. A =
1

2

∫ π
4

−π
4

cos2 2θ dθ =
π

8
.

c. θ = ± sin−1

(
1√
6

)

5.

a.

∞∑
n=2

1

n(lnn)2
converges (absolutely) by the integral test.

b.
∞∑

n=2

n

(lnn)2
diverges by the nth term test.

c.

∞∑
n=2

(−1)n+1

lnn
converges by the alternating series test, but only conditionally by comparison of the

absolute series with the harmonic series, which diverges.

6.

a. f(x) =
∞∑

n=0

1

2n+2
xn, so that an =

1

2n+2
.

b. (10) R = 2, I = (−2, 2), and divergence at each endpoint follows from the nth term test.

c. Since an =
f (n)(0)

n!
=

1

2n+2
, f (100)(0) =

100!

2102
.

7.

a.
−−→
PQ = 〈5, 3, 1〉, −→

PR = 〈4, 2, 3〉, and
−→
N =

−−→
PQ×−→

PR = 〈7,−11,−2〉.
b. 7x− 11y − 2z + 21 = 0
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c.

x = 7t+ 1

y = 2− 11t

z = 3− 2t

8.

a.
d�r(t)

dt
= 〈−4 sin t, 4 cos t, 3〉, ds

dt
= 5 and the unit tangent �T (t) = 1

5 〈−4 sin t, 4 cos t, 3〉

b. κ =

∣∣∣∣∣
d�T

ds

∣∣∣∣∣ =
4

25
and the unit normal �n(t) = 〈− cos t,− sin t, 0〉

c. L = 10π

Class Statistics

Grade Test#1 Test#2 Test#3 Final Exam Final Grade
90-100 (A) 15 14 9 10 11
80-89 (B) 4 5 6 7 9
70-79 (C) 3 3 3 11 4
60-69 (D) 0 1 3 2 0
0-59 (F) 0 0 3 0 0
Test Avg 89.5% 88.91% 81.67% 84.55% 87.7%
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