
Test #2 Math 4038 November 2023

Print Your Name Here:

• Show all work: Answers without work are not sufficient. We can give credit only for
what you write! Indicate clearly if you continue on the back side, and write your name at the
top of the scratch sheet if you will turn it in for grading.

• Books, notes (electronic or paper), cell phones, smart phones, and internet-
connected devices are prohibited! A scientific calculator is allowed—but it is not needed.
If you use a calculator, you must write out the operations performed on the calculator to show
that you know how to solve the problem. Please do not replace precise answers with decimal
approximations.

• There are three (3) problems: maximum total score = 100.

1. (30) If f(x) =

{
π if − π ≤ x ≤ 0

π − x if 0 < x ≤ π
then f(x) = a0 +

∑∞
n=1(an cosnx + bn sinnx) for all x in

[−π, π].

a. (5) Find the value of a0.

b. (15) Find the value of an for all n = 1, 2, 3, . . ..

c. (10) Express bn in terms of definite integral(s) for all n = 1, 2, 3, . . . but do not evaluate.
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2. (35) Let f(x) = x on [0, 1]. There is a Fourier cosine half-range expansion f(x) =

∞∑
n=0

an cosnπx.

a. (5) Find a0.

b. (10) For n ≥ 1, express an in terms of a definite integral, but do not evaluate this integral yet.

c. (10) Evaluate the integral to find an for all n ≥ 1.

d. (10)
∑∞

n=0 an cosnπx converges for all real numbers x. Either sketch the graph of the sum of this
Fourier series on the interval [-1,1], or simply give the familiar name to this sum on [-1,1].
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3. (35) Consider the Sturm-Liouville problem

y′′ + λy = 0, y(0) = 0 = y′(1) (1)

Note that the right boundary condition is on the derivative y′.

a. (25) Find all the positive eigenvalues λn = ν2n > 0 and the corresponding eigenfunctions yn. Specify
the range of values for n so that the eigenfunctions yn are all distinct.

b. (5) The differential equation in (1) is already in the self-adjoint form (ry′)′ + (q+ λp)y = 0. In (1),
what are the functions r(x), q(x) and p(x)?

c. (5) If m �= n write out the weighted inner product 〈ym, yn〉p = 0 as a definite integral, showing
the correct upper and lower limits of integration and the correct integrand, but do not evaluate the
integral.
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Solutions

1.

a. a0 = 1
2π

∫ π

−π
f(x) dx = 3

4π. This is immediate from the graph which is clearly the upper boundary

of a square region of side π plus an isosceles right triangular region with legs π. This gives us 3
2 of

a square, totaling 3
2π

2 area. No calculus is needed for this. Then we divide by the length of the
interval to get the average height of f = 3

4π.

b. an = 1−(−1)n

πn2 for all n = 1, 2, 3, . . ..

c. bn = 1
π

∫ π

−π
π sinnx dx − 1

π

∫ π

0
x sinnx dx

(
= (not required) (−1)n

n

)
for all n = 1, 2, 3, . . .. Remark:

A missing comma crashed a Mars Rover into Mars. Just think what a missing or unclosed bracket
would do. It will serve you well to write accurately.

2.

a. a0 = 1
2 , since the constant term in every Fourier series is the average value of f(x) on the given

interval.

b. If n ≥ 1, an =
2

1

∫ 1

0

x cosnπx dx.

c. an =
2

π2n2
((−1)n − 1) for all n ≥ 1.

d. A pure Fourier cosine series converges to an even function, which must be |x| on [-1,1]. (Remark:
This graph of |x| on [-1,1] is repeated with period 2 on the whole real line, making a saw-tooth
pattern.)

3.

a. λn = (n+ 1
2 )

2π2, n = 0, 1, 2, 3, . . ., and the corresponding eigenfunctions yn = sin(n+ 1
2 )πx.

b. (5) r(x) = 1, q(x) = 0 and p(x) = 1.

c. (5) If m �= n,

∫ 1

0

sin

(
n+

1

2

)
πx sin

(
m+

1

2

)
πx dx = 0

4



Test #2 Math 4038 November 2023

Class Statistics

% Grade Test#1 Test#2 Test#3 Final Exam Final Grade
90-100 (A) 6 14
80-89 (B) 3 6
70-79 (C) 12 3
60-69 (D) 3 1
0-59 (F) 3 0
Test Avg 77.1% 89.6% % % %

Cumulative HW Avg 96.94% 94.87% % % %
HW/Test Correl – 0.91

The Correlation Coefficient is the cosine of the angle between two data vectors in R28–one dimension
for each student enrolled. Thus this coefficient is between 1 and -1, with coefficients above 0.6 being
considered strongly positive. The correlation coefficient shown indicates that the test grades in the
course have a very strongly positive correlation with performance on the homework.

5



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket true
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU (Accommodates Digital Workflow at Maple-Vail as per their website \(http://www.maple-vail.com/prepress/DistillingInstructions.html\).)
  >>
>> setdistillerparams
<<
  /HWResolution [2540 2540]
  /PageSize [612.000 792.000]
>> setpagedevice


