
Final Examination Math 4038 December 2020

I have read, understood, and complied with the instructions in the box below. Legible

Signature and LSU ID #:

• Download and print a copy of this test on 8.5 by 11 inch letter size paper. If no printer is
available, make a hand-written facsimile. Be sure to sign the statement above.

• Show all work in the space provided. Grading is based on the correctness of the work
shown. We can give credit only for what you write! Indicate clearly if you continue a problem
on a second page.

• You may use your text book, Zoom recordings of our class meetings, your class
notes, and your WebAssign Homework! However, no other sources or communication
devices may be used. All work must be your own. If you use a calculator, you must still
write out all operations performed on the calculator. Do not replace precise answers, such as√
2, π, or cos π

7 with decimal approximations. Make all obvious simplifications. Submit
only your own work!

• This is a take-home test on an honor system. You may take as much time as you like, but I must
receive your completed test by email no later than 12 noon on Saturday, December
12. If you have no device that scans your work directly to a single pdf file, then photograph
your pages in the correct order with your phone and save as jpeg, then try this please: put the
jpeg files into your computer, highlight the whole group of pictures, right click PRINT and then
select PRINT TO PDF. That way I can receive a multipage PDF file which is possible to grade
in a way you will be able to read later. Email that file to me rich@math.lsu.edu as soon as
you are ready but no later than Saturday, December 12, at 12 noon. These instructions express
my trust and confidence in your integrity and good character.

Before you send me your pdf file containing all your pages as one single file, please
make sure everything is legible. Use a sufficiently dark writing instrument for your test
and make sharp, clear images, so I can read them. (if you have difficulty getting your
writing to appear in dark, legible letters from a jpeg camera image, I have been told that
there is free software called Microsoft Office Lens that can improve the images.) I simply
cannot grade what I cannot read. Thank you for your consideration in this!

This examination contains six (6) problems worth a total of 200 points.
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1. (30) The equation xy′′ − y′ + y = 0 has at least one solution of the form y =

∞∑
n=0

anx
n+r by the

method of Frobenius.

a. (10) Write and solve the indicial equation to find the two roots for r.

b. (10) Find a recursion formula for an in terms of an−1 for all n ≥ 1.

c. (10) The two values for r differ by an integer. Determine whether or not the smaller root will yield
a solution to the differential equation. Show why or why not.
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2. (40) The equation
xy′′ − y′ + y = 0 (1)

can be transformed into a Bessel equation t2
d2w

dt2
+ t

dw

dt
+ (t2 − ν2)w = 0 by replacing the independent

variable x with t = 2
√
x and the dependent variable y with w =

4

t2
y. Use the following steps to transform

the equation and solve for y in terms of x.

a. (10) Express y′ =
dy

dx
in terms of t and

dy

dt
.

b. (10) Express y′′ =
d2y

dx2
in terms of t,

dy

dt
, and

d2y

dt2
.

c. (10) Rewrite Equation (1) as an equation in y,
dy

dt
, and

d2y

dt2
.

d. (5) Express y,
dy

dt
,
d2y

dt2
in terms of w,

dw

dt
,
d2w

dt2
.

e. (5) Transform the result of part (c) into an equation in w and t. Solve that equation for w in terms
of t and then solve for y in terms of x.
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3. (30) Let f(x) = x on the domain [0, 3].

a. (10) In the Fourier cosine half-range expansion f(x) = a0 +

∞∑
n=1

an cos
nπx

3
find a0 and the general

coefficient an, n ≥ 1.

b. (10) In the Fourier sine half-range expansion f(x) =
∞∑

n=1

bn sin
nπx

3
find the general coefficient

bn, n ≥ 1.

c. (10) The Fourier series in parts (a) and (b) converge to some functions, A(x) and B(x) respectively,
for all x ∈ (−∞,∞), and in particular for all x in [−3, 3]. Sketch the graphs of A(x) and B(x) on
two sets of axes with −3 ≤ x ≤ 3, labeling the graphs A(x) and B(x) respectively.
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4. (30) Use the method of separation of variables to find all solutions of the split form u(x, y) = F (x)G(y)
for the following equations.

a. (15) ux(x, y) + uy(x, y) = (x+ y)u(x, y)

b. (15) uxy(x, y)− u(x, y) = 0.
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5. (30) Consider the differential equation with the given boundary values:

y′′ − 2y′ + (1 + λ)y = 0 with y(0) = 0 = y(2) (2)

a. (10) Solve (2) to determine the positive eigenvalues λ = μ2 > 0 and the corresponding eigenfunctions
yn(x).

b. (10) Multiply Equation (2) by a suitable function to put (2) into its self-adjoint form and identify
the weight function p(x) .

c. (10) Use the weight function and the eigenfunctions found above to express the orthogonality rela-

tions in the form 〈yn, ym〉p =

∫ 2

0

. . . dx = 0 if n 	= m.
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6. (40) Consider Laplace’s equation uxx + uyy = 0 on the square region 0 ≤ x ≤ π, 0 ≤ y ≤ π with
the boundary conditions u(x, 0) = 0 = u(x, π) and u(0, y) = 1 = u(π, y). (Two of these four boundary
conditions are not homogeneous.)

a. (10) Separating variables with a constant −λ write an ordinary differential equation in y with
boundary conditions.

b. (10) Solve the Sturm-Liouville problem in part (a) to find all the eigenvalues λn and eigenfunctions
Gn(y).

c. (10) For each eigenvalue λn, show that the corresponding factor Fn(x) = an cosh x + bn sinh x,
filling in the two blanks.

d. (10) Write u(x, y) =

∞∑
n=1

(an cosh x + bn sinh x)Gn(y) filling in for the blanks and the function

Gn(y). Set x = 0 to find an and then set x = π to find bn.
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Solutions

1.

a. r = 0 or r = 2, since a0 	= 0 in the method of Frobenius.

b. an = − an−1

(n+ r)(n+ r − 2)
if n ≥ 1, and provided of course that we do not divide by zero.

c. If r = 0 the recursion relation forces a1 = −a2(2 + 0)(2 + 0 − 2) = 0. Then the recursion relation
and the necessity that a1 = 0 forces a0 = 0, and it is impossible for a0 in the method of Frobenius.
Thus only the larger root works. A common error was to forget that the recursion relation can be
written in terms of division only if the division is not by zero! The logical contradiction if r = 0
in this problem hinges on the fact that the Frobenius method makes sense only if we require that
a0 	= 0. If one allowed a0 = 0 then the indicial equation would fail to place any restriction whatever
on the value of r. It is important also to remember that the recursion relation in this problem is
only for n ≥ 1, not for n = 0.

2.

a. y′ =
dy

dx
=

2

t

dy

dt
.

b. y′′ =
4

t2
d2y

dt2
− 4

t3
dy

dt
.

c. Equation (1) becomes td
2y

dt2 − 3dy
dt + ty = 0.

d. y =
t2

4
w,

dy

dt
=

t2

4

dw

dt
+

t

2
w,

d2y

dt2
=

t2

4

d2w

dt2
+ t

dw

dt
+

w

2
.

e. t2
d2w

dt2
+ t

dw

dt
+ (t2 − 4)w = 0. Thus w = c1J2(t) + c2Y2(t) and y = x[c1J2(2

√
x) + c2Y2(2

√
x)].

3.

a. a0 =
3

2
, which is the average value of f on the interval, and an =

6((−1)n − 1)

n2π2
, n ≥ 1.

b. bn =
6(−1)n+1

nπ
, n ≥ 1.

c. The graph of A(x) will be the graph of |x| and the graph of B(x) will be the graph of x on [−3, 3].
These are the graphs of the even- and odd- periodic extensions of f(x) with period 6.

4. Just multiply both sides of the differential equations by an integrating factor.

a. u(x, y) = ce
x2

2 +λxe
y2

2 −λy for all c, λ ∈ R

b. u(x, y) = ceλx+
y
λ for all c, λ ∈ R with λ 	= 0. If λ = 0 then u(x, y) ≡ 0.
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5.

a. λn = μ2
n =

n2π2

4
and the corresponding eigenfunctions yn(x) = ex sin

nπx

2
, n = 1, 2, 3, . . ..

b. Multiplying Equation (2) by e−2x yields
(
y′e−2x

)′
+
(
e−2x + λe−2x

)
y = 0 and the weight function

p(x) = e−2x, the function that is multiplied by λ .

c. 〈yn, ym〉p =

∫ 2

0

ex sin
nπx

2
· ex sin mπx

2
· e−2x dx = 0 if n 	= m.

6. Note that the boundary conditions for x = 0 and x = π are not homogeneous. These will be satisfied
using the infinite series at the end.

a. G′′(y)− λG(y) = 0 with boundary conditions G(0) = 0 = G(π).

b. λn = −n2, n ≥ 1, and Gn(y) = sinny.

c. F ′′
n (x)− n2Fn(x) = 0, so that Fn(x) = an coshnx+ bn sinhnx.

d. Setting x = 0 we find

∞∑
n=1

an sinny = 1, so that an =
2(1− (−1)n)

nπ
and setting x = π we find

bn =
2(1− (−1)n)(1− coshnπ)

nπ sinhnπ
.

Class Statistics

% Grade Test#1 Test#2 Final Exam Final Grade
90-100 (A) 15 10 15 14
80-89 (B) 7 10 6 10
70-79 (C) 2 4 3 1
60-69 (D) 2 2 2 1
0-59 (F) 0 0 0 0
Test Avg 91.7% 86.1% 89.96% 89.96%
HW Avg 84.43% 85.13% 85.13% 85.13%

The Correlation Coefficient is the cosine of the angle between two data vectors in E26–one dimension
for each student enrolled in a 26-dimensional Euclidean space. Thus this coefficient is between 1 and -1,
with coefficients above 0.6 being considered strongly positive. The correlation coefficient shown indicates
that the test grades in the course have a strongly positive correlation with performance on the homework.
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