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Oriented Ribbon Graphs

Definition

An oriented ribbon graph is a multi-graph (loops and multiple
edges allowed) together with a given embedding into a oriented
surface, such that complement of the graph is a union of 2-cells.

=
=

Figure: Top: Ribbon Graph on a torus. Bottom: Ribbon Graph
projection onto the plane. o
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Combinatorial Definition

@ B ={ (vertex, edge (to which the vertex belongs)) }, the set
of half-edges.

@ Let o4 be the fixed-point-free involution interchanging the
two half-edges of each edge.

@ oo =[] cyclic orders at each vertex.
@ The orbits 0> = o1 0 o5 walk around the 2-cells.

oo = (123)(456) o1 = (34)(15)(26)  op = (142536)
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Examples of oriented ribbon maps

Dy = (00 = (1234)(56)(78), 01 = (15)(26)(37)(48))
Dy = (00 = (1234)(57)(68), o1 = (15)(26)(37)(48)).

The left dessin is genus zero and the right dessin, genus one.
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Genus of a Ribbon Graph

The genus of the ambient oriented surface can be computed
from the permutations, o; as follows:

Definition

The genus g(D) of a dessin D with kK components is determined
by its Euler characteristic: v(D) — e(D) + f(D) = 2k — 2g(D).

Note that, if the group generated by {0, o1, 02} acts transitively
on B the associated surface is connected.
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Construction from a Link Diagram

We now construct a ribbon graph from a link diagram.

@ In the projection plane, create goal-posts at each crossing
@ The solid sides are determined by the A-smoothing
@ The dotted crossbar connects the solid sides.

@ The vertices are the (oriented) circles of the A-smoothing.

@ The cyclic orientation on the half-edges is determined by
the orientation.
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Dessin of Knot(8,21)

The eight-crossing knot 8,1 with its all-A splicing projection
diagram.

o0 = (2,6,12,10,14,16,8,4,15,13)(1,3,5)(7,9,11)
o1 = (1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13,14)(15, 16)
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Figure: All-A splicing dessin for 8.
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Turaev Surface: Non-alternating crossing pair
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Turaev Surface of Knot(8,21)

Figure: Toroidal embedding of the all-A splicing dessin for 8,1
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Turaev Genus & Alternating Knots

Definition

The Turaev genus g(ID) of a knot is the minimum over all knot
projections of the genus of the associated ribbon graph.

Proposition

The Turaev genus of a knot is zero if and only if the knot has an
alternating projection.
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Ribbon Graph Statistics

v(H) = # vertices = # orbits of og
e(H) = # edges = # orbits of o4
f(H) = # faces = # orbits of op
k(H) = # connected components of H 0-Betti 5y (H)
9(H) = 2k(H) — v(H) 2+ e(t) — 1(H) genus of H
n(H) = e(H) — v(H) + k(H) nullity of H = (1 (H).

An isolated vertex will be considered as a dessin with no
edges, one vertex, one face, one component and genus zero.
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Spanning Sub-ribbon Graphs: Quasi-Trees

Definition

Let D be a connected ribbon graph embedded in the surface S.
A spanning quasi-tree of genus j or spanning j-quasi-tree in D
is a spanning sub-dessin H of D with v(H) = v(D) vertices and
e(H) edges such that H is connected, spanning and satisfies:

@ His of genus j.
@ S — H has one component, i.e. f(H) = 1.
© H has e(H) = v(H) — 1 + 2/ edges.

v

Spanning zero-quasi-trees are the spanning trees of the graph.

i
sy
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Figure: Ribbon graph D, quasi-tree Q = (12)(56) and the curve g
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Counting Quasi-Trees & its Euler Characteristic

Counting: Let s(j, D) be the number of spanning j-quasi-trees
of D

Theorem

LetD := ID(A) be the all-A-ribbon graph associated to the
connected diagram, P, of a link K.

9(D) ,
> (=1 s(j. D)

j=0

det(K) =
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Quasi-Trees for Knot(8,21)

Figure: Toroidal embedding of the all-A splicing dessin for 8,1

@ s(0,D) = 9 spanning trees.

@ s(1,D) = 24 one-quasi-trees (4 choices (from the 2
bigons) for a horizontal cycle, 2 for vertical cycle & 3 for the
whisker.

@ Determinant 8,1 is 24 — 9 = 15. A
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Relating Quasi-Trees and Khovanov

Formal Rnot Theory

Let D by a connected link diagram, G the checkerboard graph
such the number of positive edges E.(G) > E_(G), and G the
all-A ribbon graph of D.

Theorem

Quasi-trees of G are in one-one correspondence with spanning
trees of G:
V(G)+ EL(G) — V(G)

2

Qi+~ Ty where V4j=

Q; denotes a quasi-tree of genus j, and T, denotes a spanning
tree with v positive edges.

A Jordan trail of a connected link diagram is particular choice @
smoothing at each crossing resulting in a simple closed curve
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Relationship with the Tait Graph

We now define a correspondence between states of D and
ribbon graphs which has the property that V(H) = V(G) and
not V(G(s)) = |s|.

Spanning subgraphs H C G are in one-one correspondence
with states s of D, such that s(H)(e) = B iff e € H. Thus,
F(H) = |s| and V(H) = V(G).
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Proof: Relationship with the Tait Graph

Proof:  For any state s of D, let D5 denote the following link
diagram:

D. — A—smoothing at e if 5(e) = A
° " | D—crossingat e if s(e)=B

Let Ga(Ds) and Gg(Ds) denote the all-A and all-B ribbon
graphs of Dg, respectively. For any state s of D, define

H(s) = Ga(Ds). If we identify s with s, then s = 5(H(s)) and
H = H(5(H)).

The ribbon graphs H(s) = G(Ds) and Gg(Ds) are dual in the
sense of [2]. By the duality, F(H(s)) = V(Gp(Ds)) = |s|. Also,
V(H(s)) = V(Ga(Ds)) = V(G).
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Proof: Quasi-Tree Correspondence to Spanning Trees

Proof of Theorem 3.1:  In the table below, let 7, t, 7, t denote
a positive edge in T, a positive edge in G — T, a negative edge
in T, and a negative edge in G — T, respectively. The Jordan
trail of T is then given by the smoothings of D shown in the
second row. By Lemma 3.2, each Jordan trail corresponds to a
spanning subgraph of G with one face, which is a quasi-tree.
Let Q be the quasi-tree that corresponds to T. If Q € Q and
g € (G —Q), then s(Q), given in Lemma 3.2, determines the
correspondence:

Q >~
QW ~
O W
Q > ~
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Proof: Numerical Claim

To prove the numerical claim, for any T in G, v(T) = #7 and

E(Q) = #t + #7.
1 V(Q+EQ) 1 V(G) + #+ 47
- 2 - 2
C 2(#1)+1-V(G)+#t+#7  V(G)+EL(G) - V(G)
V= 2 - 2

since #7 + #7 = E(T) = V(G) —1and #7 + #t=E.(G). W
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The spanning tree T of the Tait graph G has a bigrading
(u(T),v(T)). The v-grading, which is the number of positive
edges in T, is determined by the genus of the corresponding
quasi-tree Q. The u-grading, which was defined using activities
in the sense of Tutte, also has a quasi-tree analogue in terms of
the ordered chord diagram for Q.

If D has n ordered crossings, let G be given by permutations
(00,01,02) of the set {1,...,2n}, such that the i-th crossing
corresponds to half-edges {2/ — 1,2/} and

oy = [ (2i — 1,2i),

An ordered chord diagram is a circle marked with {1,...,2n} in
some order, and with chords joining all pairs {2/ — 1, 2i}.
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Associated Chord Diagram

Proposition

Every quasi-tree Q corresponds to the ordered chord diagram
Cq with consecutive markings in the positive direction given by
the permutation:

N Joo )] i¢Q
”(')_{og‘(i) icQ




Grading the Quasi-tree Complex for Khovanov he

Activity

Definition

Fix a total order on the chords of Cg. A chord is live if it does
not intersect lower-ordered chords, and otherwise it is dead.
For any quasi-tree Q, an edge e is live or dead when the
corresponding chord of C is live or dead.
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Khovanov Homology: Retract

Definition
For any quasi-tree Q of D, we define

u(Q) = #{live not in Q} — #{live in Q} and Vv(Q)= —g(Q)

Define C(D) = &,,vC/ (D), where
Cy(D) = Z{Q c D| u(Q) = u, v(Q) = V)

For a knot diagram D, there exists a quasi-tree complex
C(D) = {CY(D),d} withd : CY — CUY—] that is a deformation
retract of the reduced Khovanov complex.
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Khovanov Homology: Grading

In particular, the reduced Khovanov homology H"/(D; Z) is

given by o
H"(D;7) = H/(C(D); Z)

with the indices related as follows:
u=j—i—w(D)+1 and v=j/2—-i+(V(D)--cs(D))/2

where w(D) is the writhe, ¢ (D) is the number of positive
crossings of D, and V(D) is the number of components in the
all-A state of D, which is the number of vertices of D.
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Example: Four crossing Trefoil

Diagram D, the Tait graph G, and the all-A dessin D:

oo = (15724863)
o1 = (12)(34)(56)(78)
o» = (14)(2835)(67)
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Figure: The 4-crossing trefoil, the all-A dessin D, and the Tait graph G
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Thickness

[Manturov] Let g(D) denote the genus of the all-A dessin of D.
The thickness of the reduced Khovanov homology of D is less
than or equal to g(D) + 1.

Note: Dessin-genus one links are a richer class than 1-almost
alternating links.
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