ON INDIVIDUAL STABILITY OF C_0−SEMIGROUPS

J.M.A.M. VAN NEERVEN

Abstract. Let {T (t)}_{t≥0} be a C_0−semigroup with generator A on a Banach space X. Let x_0 ∈ X be a fixed element. We prove the following individual stability results.

(i) Suppose X is an ordered Banach space with weakly normal closed cone C and assume there exists t_0 ≥ 0 such that T (t)x_0 ∈ C for all t ≥ t_0. If the local resolvent λ → (λ − A)^{−1}x_0 admits a bounded analytic extension to the right half-plane {Re λ > 0}, then for all μ ∈ ϱ(A) and x^∗ ∈ X^∗ we have lim t→∞ ⟨ T (t)(μ − A)^{−1}x_0, x^∗ ⟩ = 0.

(ii) Suppose E is a rearrangement invariant Banach function space over [0, ∞) with order continuous norm. If x^∗_0 ∈ X^∗ is an element such that t → ⟨T (t)x_0 , x^∗_0⟩ defines an element of E, then for all μ ∈ ϱ(A) and β ≥ 1 we have lim t→∞ ⟨ T (t)(μ − A)^{−β} x_0, x^∗_0 ⟩ = 0.

1. Let T = {T (t)}_{t≥0} be a C_0−semigroup of bounded linear operators on a real or complex Banach space X and let A be its generator. A recent result of Weis and Wrobel [9] states that if the resolvent R(λ, A) := (λ − A)^{−1} admits a bounded analytic extension to the right half-plane C_+ := {Re λ > 0}, then ω_1(T) < 0; recall that for n = 0, 1, 2, . . . ,

ω_n(T) := inf { ω ∈ R : ∃M ≥ 0 such that ‖T (t)x‖ ≤ Me^{ωt}‖x‖_{D(A}n_) for all t ≥ 0 and x ∈ D(A^n) } . The following individual version of this result was obtained in [5]: If x_0 ∈ X is an element whose local resolvent λ → R(λ, A)x_0 admits a bounded analytic extension to C_+ , then for all μ ∈ ϱ(A) there exists a constant M ≥ 0 such that ‖T (t)R(μ, A)x_0‖ ≤ M(1 + t), t ≥ 0. (1.1)

By a simple resolvent expansion argument, this implies the Weis-Wrobel theorem. A generalization to the context of Laplace transforms of arbitrary exponentially bounded vector-valued functions was obtained recently by Batty and Blake [1].

The estimate in (1.1) raises the natural question whether linear growth is optimal. This has been the object of some investigations, the main results of which we summarize next.

1991 Mathematics Subject Classification. Primary: 47D06, secondary: 47D03. Key words and phrases. Individual stability, bounded local resolvent, weakly normal cone, positive semigroup, C_0−semigroup, rearrangement invariant, Banach function space, order continuous norm. 1

In [3] it is shown that if X has Fourier type p ∈ (1, 2], then bounded analytic extendability of the local resolvent implies lim_{t→∞} ‖T (t)R(μ, A)x_0‖ = 0. In the same paper an example is given which shows that this result is false for arbitrary Banach spaces. In this example, however, we do have lim_{t→∞}⟨T (t)R(μ, A)x_0, x^∗⟩ = 0, x^∗ ∈ X^∗, thereby leaving open the possibility that bounded analytic extendability of the local resolvent always implies boundedness of T (t)R(μ, A)x_0 or even its weak convergence to 0.

In [2], it is shown that if T is a C_0−semigroup on an ordered normal Banach space X with cone C, and x_0 ∈ C is such that T (t)x_0 ∈ C for all t ≥ 0 and the local resolvent λ → R(λ, A)x_0 has a bounded analytic extension to C_+ , then for all μ ∈ ϱ(A) there exists a constant M ≥ 1 such that ‖T (t)R(μ, A)x_0‖ ≤ M(1 + ln t), t ≥ 0. (1.2)

We shall now give a surprisingly simple proof that in the situation of (1.2) we actually have weak convergence to 0: lim_{t→∞}⟨T (t)R(μ, A)x_0, x^∗⟩ = 0, x^∗ ∈ X^∗. Recall that the abscissa of improper convergence of the Laplace transform of a function f ∈ L^1_{loc}[0, ∞) is defined as the infimum ω(f) of all ω ∈ R such that the integral Lf(λ) := ∫_∞ 0 e^{−λt}f(t) dt converges as an improper integral for all λ ∈ C with Re λ > ω. The Laplace transform Lf is analytic in the open half-plane {Re λ > ω(f)}. The Pringsheim- Landau theorem [8, Theorem II.5b], [6, Theorem 1.3.4], asserts that for positive f, the function Lf cannot be extended analytically to a neighbourhood of the point ω(f). Lemma 1.1. Let 0 ≤ f ∈ L^1_{loc}[0, ∞) be a function whose Laplace transform admits an analytic extension F to C_+ satisfying sup_{λ∈C+} |F (λ)| ≤ M for some constant M ≥ 0. Then f ∈ L^1[0, ∞) and ‖f‖_L1_{[0,∞)} ≤ M.

Proof. By the Pringsheim-Landau theorem, ω(f) ≤ 0. Hence by analytic continuation, for all Re λ > 0 we have ∫_∞ 0 e^{−λt}f(t) dt = F (λ). Noting that |F (λ)| ≤ M for all Re λ > 0, upon letting λ ↓ 0 from the Monotone Convergence theorem we obtain ∫_∞ 0 f(t) dt = lim_{λ↓0} ∫_∞ 0 e^{−λt}f(t) dt ≤ M.

We will say that a function g ∈ L^1_{loc}[0, ∞) is asymptotically positive if there exists a function 0 ≤ h ∈ L^1[0, ∞) such that g + h ≥ 0 a.e.

Theorem 1.2. Let T be a C_0−semigroup on a Banach space X. Let x_0 ∈ X and x^∗_0 ∈ X^∗ be such that the following two conditions are satisfied:

(i) t → ⟨T (t)x_0, x^∗_0⟩ is asymptotically positive;

(ii) λ → ⟨R(λ, A)x_0, x^∗_0⟩ admits a bounded analytic extension to C_+ . Then for all μ ∈ C with Re μ > max{ω_0(T), 0} we have lim_{t→∞}⟨T (t)R(μ, A)x_0, x^∗_0⟩ = 0. Proof. Choose 0 ≤ h ∈ L^1[0, ∞) such that f(t) := ⟨T (t)x_0, x^∗_0⟩ + h(t) ≥ 0 for almost all t ≥ 0. Then Lf(λ) = R(λ, A)x_0 + Lh(λ) for Re λ large enough, and Lf admits a bounded analytic extension to C_+ . Hence by Lemma 1.1, f ∈ L^1[0, ∞) and therefore also ⟨T (·)x_0, x^∗_0⟩ ∈ L^1[0, ∞). Now let Re μ > max{ω_0(T), 0}. Then, |⟨T (t)R(μ, A)x_0, x^∗_0⟩| ≤ ∫_∞ 0 e^{−Re μs}|⟨T (t + s)x_0, x^∗_0⟩| ds ≤ ∫_∞ t |⟨T (s)x_0, x^∗_0⟩| ds. Since the right hand side tends to 0 as t → ∞, this proves the theorem.

Recall that if X is an ordered Banach space with weakly normal closed cone C, cf. [7, V.3], then every real x^∗ ∈ X^∗ admits a decomposition x^∗ = x^∗_+ − x^∗_− with ⟨x, x^∗_+⟩ ≥ 0 and ⟨x, x^∗_−⟩ ≥ 0 for all x ∈ C. Examples of such spaces are:

• Banach lattices with the cone of positive elements; • C^∗-algebras with the cone positive selfadjoint elements.

Theorem 1.3. Let T be a C_0−semigroup on an ordered Banach space X with weakly normal closed cone C. Let x_0 ∈ X be such that:

(i) There exists t_0 ≥ 0 such that T (t)x_0 ∈ C for t ≥ t_0; (ii) λ → R(λ, A)x_0 admits a bounded analytic extension to C_+ . Then for all μ ∈ ϱ(A) and x^∗ ∈ X^∗ we have lim_{t→∞}⟨T (t)R(μ, A)x_0, x^∗⟩ = 0. Proof. Let x^∗ ∈ X^∗ be fixed. By decomposing x^∗ if necessary into real and imaginary parts and representing each of these as the difference of two elements that are positive on C, we may assume that ⟨x, x^∗⟩ ≥ 0 for all x ∈ C. In particular, ⟨T (t)x_0, x^∗⟩ ≥ 0 for all t ≥ t_0. It follows that the function ⟨T (·)x_0, x^∗⟩ is asymptotically positive, and therefore by Theorem 1.2, for all μ ∈ C with Re μ > max{ω_0(T), 0} we have lim_{t→∞}⟨T (t)R(μ, A)x_0, x^∗⟩ = 0. For general μ ∈ ϱ(A), choose an arbitrary μ_0 ∈ C with μ_0 > max{ω_0(T), 0} and apply the resolvent identity to conclude that lim_{t→∞}⟨T (t)R(μ, A)x_0, x^∗⟩ = lim_{t→∞}⟨T (t)R(μ_0, A)x_0, x^∗⟩ + (μ_0 − μ) lim_{t→∞}⟨T (t)R(μ_0, A)x_0, R(μ, A^∗)x^∗⟩ = 0.

In the course of the proof of Theorem 1.2 it was shown that from ∫_∞ 0 |⟨T (t)x_0, x^∗⟩| dt < ∞ (1.3) it follows that lim_{t→∞}⟨T (t)R(μ_0, A)x_0, x^∗⟩ = 0. We will give several extensions of this simple observation, where the rôle of L^1[0, ∞) is replaced by certain Banach function spaces over [0, ∞).

Let us first observe, however, that from (1.3) it does not necessarily follow that lim_{t→∞}⟨T (t)x_0, x^∗⟩ = 0. In fact, there exist unbounded C_0−semigroup for which ∫_∞ 0 |⟨T (t)x, x^∗⟩| dt < ∞, x ∈ X, x^∗ ∈ X^∗; see e.g., [6]. By the uniform boundedness theorem, there exist x_0 ∈ X and x^∗_0 ∈ X^∗ such that t → ⟨T (t)x_0, x^∗_0⟩ is even unbounded.

In what follows we need some terminology concerning Banach function spaces. We refer to [4] and [10] for an explanation of the terminology we are using.

A Banach function space E has order continuous norm if every net in E that decreases to 0 is convergent to 0. Every separable Banach function space has order continuous norm. If E is a rearrangement invariant Banach function space over [0, ∞), then E has order continuous norm if and only if the simple functions are dense and lim_{t↓0} ϕ_E (t) = 0,

where the fundamental function of E is defined as

ϕ_E (t) := ‖χ_{Ht} ‖_E, t ≥ 0;

here H_t is any measurable subset of [0, ∞) of measure t and χ_{Ht} is its indicator function.

Lemma 1.4. If E is a rearrangement invariant Banach function space over [0, ∞) with order continuous norm, then the semigroup S of left shifts on E, S(t)f(s) = f(s + t), f ∈ E, s, t ∈ [0, ∞), is a strongly stable and strongly continuous contraction semigroup.

Proof. It is a trivial consequence of the rearrangement invariance that each operator S(t) is a contraction.

In order to prove strong continuity of S we note that from lim_{t↓0} ϕ_E (t) = 0 it follows that lim_{t↓0} ‖S(t)f − f‖_E = 0 for simple functions f. These functions being dense in E, the strong continuity of S follows by a density argument.

It remains to prove strong stability. Let f ∈ E be fixed. By considering positive and negative parts separately, we may assume that f ≥ 0. By rearrangement invariance, ‖S(t)f‖_E = ‖f · χ_{[t,∞)}‖_E. Since f · χ_{[t,∞)} ↓ 0 as t → ∞, the order continuity of the norm implies lim_{t→∞} ‖S(t)f‖_E = lim_{t→∞} ‖f · χ_{[t,∞)}‖_E = 0.

In what follows, T is a C_0−semigroup with generator A on a Banach space X, Y is another Banach space and P ∈ L(X, Y ) is a bounded linear operator. For instance, Y could be the scalar field and P = x^∗_0 an element of X^∗.

Lemma 1.5. Let E be a rearrangement invariant Banach function space over [0, ∞) with order continuous norm. If x_0 ∈ X is an element such that t → ‖P T (t)x_0‖ belongs to E, then for all β > 0 and μ ∈ C with Re μ > max{ω_0(T), 0} the function t → ‖P T (μ − A)^{−β} x_0‖ belongs to E.

Proof. Case 1. First we prove the lemma for β = 1.

Define f(t) := ‖P T (t)R(μ, A)x_0‖. For almost all t ∈ [0, ∞) we have ‖P T (t)R(μ, A)x_0‖ ≤ ∫_∞ 0 e^{−Re μs}‖P T (t + s)x_0‖ ds = ∫_∞ 0 e^{−Re μs}S(s)f(t) ds = R(Re μ, B)f(t), (1.4)

where B denotes the generator of the left shift semigroup S in E. It follows that ‖P T (·)R(μ, A)x_0‖ ∈ E. Case 2. Next let β ∈ (0, 1). With the above notation, ∫_∞ 0 s^{−β}‖R(Re μ + s, B)f‖_E ds ≤ ∫_∞ 0 s^{−β} (Re μ + s, B)^{−1}‖f‖_E ds < ∞. This estimate shows that the integral ∫_∞ 0 s^{−β} R(Re μ+s, B)f ds exists as a Bochner integral in E. Using the identity

(μ − A)^{−β} x_0 = sin πβ π ∫_∞ 0 s^{−β} R(μ + s, A)x_0 ds and (1.4), for almost all t we have ‖P T (t)(μ − A)^{−β} x_0‖ ≤ sin πβ π ∫_∞ 0 s^{−β} ‖P T (t)R(μ + s, A)x_0‖ ds ≤ sin πβ π ∫_∞ 0 s^{−β} R(Re μ + s)f(t) ds. Hence, ‖P T (·)(μ − A)^{−β} x_0‖ ≤ sin πβ π ∫_∞ 0 s^{−β} R(Re μ + s, B)f ds almost everywhere, and therefore ‖P T (·)(μ − A)^{−β} x_0‖ ∈ E.

Case 3. If β > 1 we write β = m + γ with m ∈ N and γ ∈ [0, 1) and apply the Cases 1 and 2.

Let E be a Banach function space over [0, ∞). The associate space of E, notation E^′, consists of all measurable functions f on [0, ∞) such that

‖f‖_E′ := sup {∫_∞ 0 |f(t)g(t)| dt : g ∈ E, ‖g‖_E ≤ 1 }

is finite.

We say that E is monotone complete if for all nonnegative measurable functions f and all sequences 0 ≤ f_1 ≤ f_2 ≤ . . . ↑ f in E with sup_n ‖x_n‖_E < ∞ it follows that f ∈ E. It is well known [10, Theorem 15.71.3] that E is monotone complete if and only if E = E^{′′} with equivalent norms.

Lemma 1.5 remains true if the order continuity of the norm is replaced by monotone completeness. Instead of a domination argument we now integrate against functions from the associate space E^′; estimates similar to the ones we did above then show that ‖P T (·)(μ − A)^{−β}x_0‖ defines an element of E^{′′}, and hence of E. We will not need this result and leave the details to the reader.

Theorem 1.6. Let E be a rearrangement invariant Banach function space over [0, ∞) with order continuous norm. If x_0 ∈ X is a fixed element for which the function t → ‖P T (t)x_0‖ belongs to E, then for all β ≥ 1 and μ ∈ C with Re μ > max{ω_0(T), 0} we have lim_{t→∞} ‖P T (t)(μ − A)^{−β} x_0‖ = 0. Proof. Fix μ ∈ C with Re μ > max{ω_0(T), 0}. In view of Lemma 1.5 it is enough to prove the theorem for β = 1.

It is an easy consequence of the rearrangement invariance of E^′ that the function s → e^{−Re μs} defines an element of E^′; cf. [6, Lemma 4.6.1]. Therefore, ‖P T (t)R(μ, A)x_0‖ ≤ ∫_∞ 0 e^{−Re μs}‖P T (t + s)x_0‖ ds ≤ ‖ ‖e^{−Re μ(·)} ‖ ‖_{E′} ‖ ‖ ‖P T (t + ·)x_0‖ ‖ ‖_E . The right hand side tends to 0 as t → ∞ by Lemma 1.4.

If E is rearrangement invariant, then E^′ is rearrangement invariant as well, and we have ϕ_E (t)ϕ_E′ (t) = t, t ≥ 0. (1.5)

We shall use this identity to give an improvement of Theorem 1.6 under a growth assumption on ϕ_E (t).

Theorem 1.7. Let E be a rearrangement invariant Banach function space over [0, ∞) with order continuous norm, and assume that there exists an α ∈ [0, 1) such that

lim inf_{t↓0} ϕ_E (t) t^α > 0. If x_0 ∈ X is a fixed element for which the function t → ‖P T (t)x_0‖ belongs to E, then for all β > α and all μ ∈ C with Re μ > max{ω_0(T), 0} we have lim_{t→∞} ‖P T (t)(μ − A)^{−β} x_0‖ = 0. Proof. For β ≥ 1 this has already been proved, so we shall assume that α < β < 1.

For t ≥ 0 we have

P T (t)(μ − A)^{−β} x_0 = P T (t) ( sin πβ π ∫_∞ 0 s^{−β}R(μ + s, A)x_0 ds )

= sin πβ π ∫_∞ 0 s^{−β} ∫_∞ 0 e^{−(μ+s)r}P T (t + r)x_0 dr ds. By [6, Lemma 4.6.1], ‖ ‖ ‖ ∫_∞ 0 e^{−(μ+s)r}P T (t + r)x_0 dr ‖ ‖ ‖ ≤ c ϕ^{E′} ( (Re μ + s)^{−1} ) ‖ ‖P T (t + ·)x_0‖ ‖ ‖_E , where c := (1 − e^{−1})^{−1}. Using (1.5) and the assumption on α, for s large enough we have ϕ_E′ ( (Re μ + s)^{−1} ) = 1 (Re μ + s) ϕ_E ((Re μ + s)^{−1}) ≤ K(Re μ + s)^{α−1} for some finite constant K ≥ 0. In view of 0 ≤ α < β < 1, this implies

C_μ := ∫_∞ 0 s^{−β}(Re μ + s)^{α−1} ds < ∞. Combining this estimate with the above one, this yields ‖P T (t)(μ−A)^{−β} x_0‖ ≤ c sin πβ π ∫_∞ 0 s^{−β}ϕ_E′ ( (Re μ + s)^{−1} ) ds · ‖ ‖P T (t + ·)x_0‖ ‖ E ≤ c C_μK sin πβ π ‖ ‖ ‖P T (t + ·)x_0‖ ‖ ‖_E , By Lemma 1.4, the right hand side tends to 0 as t → ∞.

For all p ∈ [1, ∞), the space E = L^p[0, ∞) is a rearragement Banach function space with order continuous norm. Moreover, ϕ_E (t) = t^{1p} for all t ≥ 0. From Theorem 1.7 we obtain:

Corollary 1.8. Let P ∈ L(X, Y ) be a bounded linear operator. If x_0 ∈ E is a fixed element such that ∫_∞ 0 ‖P T (t)x_0‖^p dt < ∞ for some p ∈ (1, ∞), then for all β ∈ (^1_p , 1] and all μ ∈ C with Re μ > max{ω_0(T), 0} we have lim_{t→∞} ‖P T (t)(μ − A)^{−β} x_0‖ = 0. For p ∈ (1, 2], a global version of this result was obtained in [3] as a consequence of the Hausdorff-Young inequality for the Fourier transform and an approximation argument.

Remark 1.9. If E is a rearrangement invariant Banach function space over [0, ∞) with the property that lim_{t→∞} ϕ_E (t) = ∞, and if ⟨T (·)x, x^∗⟩ ∈ E for all x ∈ X and x^∗ ∈ X^∗, then the resolvent R(λ, A) admits a bounded analytic extension to C_+ [6, Theorem 4.6.2]; this provides a link between Theorems 1.6 and 1.7 on the one hand and Theorem 1.2 on the other. The proof of this result, however, is global in nature, and in contrast to the more direct method adopted here, it does not lead to individual stability results.

References

[1] C.J.K. Batty and M. Blake, Convergence of Laplace integrals, preprint. [2] C.J.K. Batty, R. Chill and J.M.A.M. van Neerven, Asymptotic behaviour of C_0−semigroups with bounded local resolvents, to appear in: Math. Nachr.

[3] S.-Z. Huang and J.M.A.M. van Neerven, B−convexity, the analytic Radon-Nikodym property, and individual stability of C_0−semigroups, J. Math. Anal. Appl. 231 (1999), 1–20.

[4] S.G. Krein, Yu. I. Petunin, and E.M. Semenov, INTERPOLATION OF LINEAR OPERA- TORS, Translations of Mathematical Monographs, Vol. 54, Amer. Math. Soc., Providence, R.I., 1982.

[5] J.M.A.M. van Neerven, Individual stability of C_0−semigroups and uniform boundedness of the local resolvent, Semigroup Forum 53 (1996), 155–161.

[6] J.M.A.M. van Neerven, THE ASYMPTOTIC BEHAVIOUR OF SEMIGROUPS OF LIN- EAR OPERATORS, Operator Theory: Adv. and Appl., Vol. 88, Birkhäuser Verlag, Basel- Boston-Berlin, 1996.

[7] H.H. Schaefer, TOPOLOGICAL VECTOR SPACES, 3rd print, Springer-Verlag, Berlin- Heidelberg-New York, 1971.

[8] D.V. Widder, THE LAPLACE TRANSFORM, 8th print, Princeton University Press, Princeton, 1972.

[9] L. Weis and V. Wrobel, Asymptotic behavior of C_0−semigroups in Banach spaces, Proc.

Amer. Math. Soc. 124 (1996), 3663–3671.

[10] A.C. Zaanen, Integration, North Holland, Amsterdam, 1967.

Department of Applied Mathematical Analysis, Technical University of Delft, P.O. Box 5031, 2600 GA Delft, The Netherlands

E-mail address: J.vanNeerven@its.tudelft.nl