UNIQUENESS OF INVARIANT MEASURES FOR THE STOCHASTIC CAUCHY PROBLEM IN BANACH SPACES

J.M.A.M. VAN NEERVEN

Abstract. We study uniqueness for invariant measures of the stochastic abstract Cauchy problem du(t) = Au(t) dt + B dW_H (t), t ≥ 0, u(0) = x, where A is the generator of a C_0−semigroup {S(t)}_{t≥0} on a separable real Banach space, {W_H (t)}_{t≥0} is a cylindrical Wiener process with Cameron-Martin space H, and B ∈ L(H, E) is a bounded linear operator. Under a nondegeneracy assumption, it is shown that an invariant measure, if one exists, is unique if the adjoint orbits t → S^∗(t)x^∗ are bounded for all x^∗ ∈ ⋂ n≥1 D(A^{∗n}).

1. Introduction

In this paper we study uniqueness of invariant measures for the stochastic abstract Cauchy problem du(t) = Au(t) dt + B dW_H (t), t ≥ 0, u(0) = x, (1.1)

where A is the generator of a C_0−semigroup S = {S(t)}_{t≥0} on a separable real Banach space E, {W_H (t)}_{t≥0} is a cylindrical Wiener process with Cameron-Martin space H, and B ∈ L(H, E) is a bounded linear operator. For Hilbert spaces E, a variety of conditions is known that imply uniqueness of the invariant measure if one exists:

• S is strongly stable, i.e. lim_{t→∞} ‖S(t)x‖ = 0 for all x ∈ E; • S is compact;

• S is null controllable with respect to the control pair (B, H). In the last two cases an additional nondegeneracy condition needs to be imposed; cf. Example 2.7 below. We refer to [6], [7], and the references cited there for the proofs and more detailed information.

We will give alternative, purely functional analytic proofs of these results which work for arbitrary separable real Banach spaces E. Among other things we prove uniqueness of the invariant measure under a nondegeneracy assumption and the following rather mild boundedness condition:

• For all x^∗ ∈ ⋂ n≥1 D(A^{∗n}), the orbit t → S^∗(t)x^∗ is bounded.

This result seems to be new also in the Hilbert space framework.

1991 Mathematics Subject Classification. Primary: 60H15, 47D03, 35R15; Secondary: 60J35, 93C25.

This work was started while attending the Memorial Conference for Professor B. Sz.-Nagy, to the memory of whom I would like to dedicate this paper. I thank Vũ Quôc Phóng for an interesting discussion about the topic of this paper. 1

2. The Lyapunov equation AX + XA^∗ = −Q Throughout this paper, E is a separable real Banach space, S = {S(t)}_{t≥0} is a C_0−semigroup of bounded linear operators on E with infinitesimal generator A, and Q ∈ L(E^∗, E) is a positive symmetric operator. Recall that an operator Q ∈ L(E^∗, E) is called positive if ⟨Qx^∗, x^∗⟩ ≥ 0 for all x^∗ ∈ E^∗, and symmetric if ⟨Qx^∗, y^∗⟩ = ⟨Qy^∗, x^∗⟩ for all x^∗, y^∗ ∈ E^∗. In the applications that follow we will take Q = B ∘ B^∗, where B ∈ L(H, E) is the operator from (1.1).

Let H_Q denote the separable real Hilbert space obtained as the completion of the range of Q with respect to the inner product [Qx^∗, Qy^∗]_{HQ} := ⟨Qx^∗, y^∗⟩. The space H_Q is usually called the reproducing kernel Hilbert space associated with Q. It is easily checked that the inclusion mapping from the range of Q into E is continuous with respect to this inner product, and that it extends to a continuous injection from H_Q into E. Denoting this injection by i_Q, we have Q = i_Q ∘ i^∗_Q. Since i^∗_Q is weak^∗-to-weakly continuous, so is Q; this observation will be used repeatedly below. If E is a Hilbert space, then as a subset of E we have H_Q = Q^{12} (E). We refer to [16], [14], and the references cited there for more details.

For each t > 0 we define a positive symmetric operator Q_t ∈ L(E^∗, E) by

Q_tx^∗ := ∫_t 0 S(s)QS^∗(s)x^∗ ds, x^∗ ∈ E^∗. This integral is easily seen to exist as a Bochner integral; cf. [14]. From [9] we recall the following result.

Proposition 2.1. The following assertions are equivalent:

1. There exist an operator Q_∞ ∈ L(E^∗, E) such that ⟨Q_∞x^∗, y^∗⟩ = lim_{t→∞}⟨Q_tx^∗, y^∗⟩, x^∗, y^∗ ∈ E^∗; 2. There exists a positive symmetric solution X ∈ L(E^∗, E) to the operator equation AX + XA^∗ = −Q. In this situation, Q_∞ is a positive symmetric solution of the equation AX + XA^∗ = −Q. Here, we say that an operator X ∈ L(E^∗, E) is a solution of AX + XA^∗ = −Q if for all x^∗ ∈ D(A^∗) we have Xx^∗ ∈ D(A) and AXx^∗ + XA^∗x^∗ = −Qx^∗. For a systematic study of the so-called Lyapunov equation AX + XB = C we refer to [1], [17], and the reference cited there. We will need the following observation; cf. [17], [9]:

Proposition 2.2. If X ∈ L(E^∗, E) is a positive symmetric solution of the equation AX + XA^∗ = −Q, then for all t > 0 we have X − S(t)XS^∗(t) = Q_t.

In what follows, we shall say that Hypothesis (HQ_∞) holds if the equivalent conditions of Proposition 2.1 are satisfied. Whenever we assume (HQ_∞), this will be indicated by the notation ‘(HQ_∞)’ in the statement of the results.

Hypothesis (HQ_∞) trivially holds if S is uniformly exponentially stable, i.e. if there are constants M ≥ 1 and a > 0 such that ‖S(t)‖ ≤ Me^{−at} for all t ≥ 0. In this case Q_∞ is the unique positive symmetric solution of AX + XA^∗ = −Q. Indeed, by Proposition 2.2 for all x^∗, y^∗ ∈ E^∗ we have ⟨Q_∞x^∗, y^∗⟩ = lim_{t→∞}⟨Q_tx^∗, y^∗⟩ = lim_{t→∞}⟨Xx^∗ − S(t)XS^∗(t)x^∗, y^∗⟩ = ⟨Xx^∗, y^∗⟩. The following result shows that conversely, Hypothesis (HQ_∞) implies a stability property of the adjoint semigroup S^∗:

Lemma 2.3 (HQ_∞). For all x^∗ ∈ D(A^∗) we have lim_{t→∞} ‖i^∗_QS^∗(t)x^∗‖_{HQ} = 0. Proof. Let x^∗ ∈ D(A^∗) be fixed. Put y^∗ := (λ − A^∗)x^∗, where λ is a sufficiently large fixed positive real number. Then by the Cauchy-Schwarz inequality,

‖i^∗_QS^∗(t)x^∗‖^2_{HQ} = ‖ ‖ ‖ ∫_∞ 0 e^{−λs}i^∗_QS^∗(t + s)y^∗ ds ‖ ‖ ‖ 2 H_Q ≤ 1 2λ ∫_∞ 0 ‖i^∗_QS^∗(t + s)y^∗‖^2_{HQ} ds. As t → ∞, the right hand side tends to 0.

We shall use the notation σ_p(B) for the point spectrum of the complexification B_C of a linear operator B.

Proposition 2.4 (HQ_∞). If Q_∞ is injective, then σ_p(A^∗) ∩ {Re z ≥ 0} = ∅. First note that since by assumption Hypothesis (HQ_∞) holds for S, for all α ≥ 0 it also holds for the rescaled semigroup S_α = {e^{−αt}S(t)}_{t≥0}. Indeed, this follows from∫_∞ 0 e^{−2αt}⟨QS^∗(t)x^∗, S^∗(t)x^∗⟩ dt ≤ ∫_∞ 0 ⟨QS^∗(t)x^∗, S^∗(t)x^∗⟩ dt, x^∗ ∈ E^∗, and polarization. Therefore it is enough to check that σ_p(A^∗) ∩ iR = ∅. Suppose iω ∈ σ_p(A^∗) for some ω ∈ R. Then by the spectral mapping theorem for the point spectrum [11, Theorem A.III.6.3], there exists a non-zero x^∗_C ∈ E^∗_C with S^∗_C (t)x^∗_C = e^{iωt}x^∗_C for all t ≥ 0. Clearly, x^∗_C ∈ D(A^∗_C ). Write x^∗_C = y^∗ + iz^∗ with y^∗, z^∗ ∈ E^∗ and note that y^∗, z^∗ ∈ D(A^∗). By Lemma 2.3, applied to the elements S^∗(t)y^∗, S^∗(t)z^∗ ∈ D(A^∗), ‖(i_Q)^∗_C S^∗_C (t)x^∗_C ‖_{(HQ)C} = lim_{s→∞} ‖(i_Q)^∗_C S^∗_C (t + s)x^∗_C ‖_{(HQ)C} = 0.

It follows that i^∗_QS^∗(t)y^∗ = i^∗_QS^∗(t)z^∗ = 0 for all t ≥ 0. By the identity ∫_∞ 0 ‖i^∗_QS^∗(t)x^∗‖^2_{HQ} dt = ⟨Q_∞x^∗, x^∗⟩, x^∗ ∈ E^∗, this implies ⟨Q_∞y^∗, y^∗⟩ = ⟨Q_∞z^∗, z^∗⟩ = 0. Since Q_∞ is positive and symmetric, it follows that Q_∞y^∗ = Q_∞z^∗ = 0. But at least one of the two elements y^∗ and z^∗ is non-zero, and therefore Q_∞ is not injective.

Theorem 2.5 (HQ_∞). If Q_∞ is injective and S(t) is compact for all t > 0, then S is uniformly exponentially stable.

Proof. Let E^⊙ := { x^∗ ∈ E^∗ : lim_{t↓0} ‖S^∗(t)x^∗ − x^∗‖ = 0 } . This is a closed, S^∗−invariant linear subspace of E^∗. The restriction S^⊙ of S^∗ to E^⊙ is strongly continuous, and for the spectrum of its generator A^⊙ we have σ(A) = σ(A^⊙); cf. [12, Chapter 1].

The operators S^⊙(t) being compact for all t > 0, by [11, Theorem A.II.1.25 and Proposition A.III.2.5] and the Riesz-Schauder theory of compact operators we have σ(A^⊙) = σ_p(A^⊙); cf. [10, Theorem 5.14.2]. Hence,

σ(A) = σ(A^⊙) = σ_p(A^⊙) = σ_p(A^∗) ⊂ {Re z < 0}.

Moreover, S is uniformly continuous for t > 0 by [11, A.II.1.25]. Hence by [11, Theorem A.II.1.20], for all ε > 0 the set {λ ∈ σ(A) : Re λ ≥ −ε} is compact. It follows that the spectral bound s(A) = sup{Re λ : λ ∈ σ(A)} is strictly negative. The spectral mapping theorem for eventually uniformly continuous semigroups [11, Theorem A.III.6.6] now implies the desired result.

Corollary 2.6 (HQ_∞). If Q_∞ is injective and S(t) is compact for all t > 0, then Q_∞ is the unique positive symmetric solution of the equation AX − XA^∗ = −Q.

The following example shows that the injectivity of Q_∞ cannot be omitted:

Example 2.7. Let E = R^2 and define S and Q by S(t)(x, y) = (e^{−t}x, y), t ≥ 0, Q(x, y) = (x, 0). Note that Q is positive and symmetric. Hypothesis (HQ_∞) holds and we have

Q_∞(x, y) = (−^1_2 x, 0).

For c ≥ 0 define positive symmetric operators X_c by X_c(x, y) := (_1 2 x, cy ) . Since A(x, y) = A^∗(x, y) = (−x, 0) we have AX_c(x, y) + X_cA^∗(x, y) = ( −^1_2 x, 0 ) + ( −^1_2 x, 0 ) = −(x, 0) = −Q(x, y), and therefore each X_c is a solution of AX + XA^∗ = −Q.

By [13, Proposition 5.1.15], for bounded semigroups we have σ_p(A) ∩ iR ⊆ σ_p(A^∗) ∩ iR. For later use we need a slightly sharpened version of this result which we state next.

Proposition 2.8. Let Y be a weak^∗-dense linear subspace of E^∗. If t → S^∗(t)x^∗ is bounded for all x^∗ ∈ Y , then σ_p(A) ∩ iR ⊆ σ_p(A^∗) ∩ iR.

Proof. Let iω ∈ σ_p(A)∩iR. By rescaling we may assume that ω = 0. Let x_0 ∈ D(A) be an eigenvector with eigenvalue 0. Here and in the rest of the paper, for the sake of notational simplicity we will suppress subscripts indicating that we are using complexifications. Then S(t)x_0 = x_0 for all t ≥ 0. Since Y is weak^∗-dense in E^∗ and lim_{λ→∞}⟨x_0, λ(λ − A^∗)^{−1}x^∗⟩ = ⟨x_0, x^∗⟩, x^∗ ∈ E^∗, we may choose y^∗_0 ∈ Y and a real λ ∈ ϱ(A), the resolvent set of A, such that for z^∗_0 := λ(λ − A^∗)^{−1}y^∗_0 we have ⟨x_0, z^∗_0 ⟩ = 1. For all 0 ≤ s ≤ t < ∞ and x ∈ E we have |⟨S(t)x − S(s)x, z^∗_0 ⟩| ≤ ∫_t s |⟨λA(λ − A)^{−1}x, S^∗(r)y^∗_0 ⟩| dr ≤ (t − s)‖λA(λ − A)^{−1}x‖ · sup_{r≥0} ‖S^∗(r)y^∗_0 ‖. Since also |⟨S(t)x, z^∗_0 ⟩| ≤ ‖λ(λ − A)^{−1}x‖ · sup_{r≥0} ‖S^∗(r)y^∗_0 ‖, t ≥ 0, it follows that t → ⟨S(t)x, z^∗_0 ⟩ defines an element of BUC[0, ∞), the space of all bounded, uniformly continuous functions on [0, ∞).

Let ϕ ∈ (BUC[0, ∞))^∗ be a left invariant mean and define x^∗_0 ∈ X^∗ by ⟨x, x^∗_0⟩ := ϕ(⟨S(·)x, z^∗_0 ⟩), x ∈ X. For all x ∈ X we have ⟨x, S^∗(t)x^∗_0⟩ = ϕ(⟨S(t + ·)x, z^∗_0 ⟩) = ϕ(⟨S(·)x, z^∗_0 ⟩) = ⟨x, x^∗_0⟩. Hence, S^∗(t)x^∗_0 = x^∗_0 for all t ≥ 0, so x^∗_0 ∈ D(A^∗) and A^∗x^∗_0 = 0. Also, ⟨x_0, x^∗_0⟩ = ϕ(⟨S(·)x_0, z^∗_0 ⟩) = ϕ(⟨x_0, z^∗_0 ⟩1) = ϕ(1) = 1, which shows that x^∗_0 ≠ 0. This proves that x^∗_0 is an eigenvector of A^∗ with eigenvalue 0. By combining the above results we have proved:

Theorem 2.9 (HQ_∞). Let Y be a weak^∗-dense linear subspace of E^∗. If Q_∞ is injective and t → S^∗(t)x^∗ is bounded for all x^∗ ∈ Y , then σ_p(A) ∩ iR = ∅.

Recall that if S(t) is compact for all t > 0, then the resolvent operator (λ − A)^{−1} is compact for all λ ∈ ϱ(A). In the following result we prove uniqueness of positive symmetric solutions under a weaker compactness assumption. The price to pay is a mild boundedness condition. Let E := ⋂ n≥1 D ( A^{∗n} )

denote the set of entire vectors for A^∗. As is well-known, E is weak^∗-dense in E. Theorem 2.10. Assume that Q_∞ is injective and that for all x^∗ ∈ E the orbit t → S^∗(t)x^∗ is bounded. Let X and Y be positive symmetric solutions of the equation AX − XA^∗ = −Q. If the operator (λ − A)^{−1}(X − Y ) is compact for some λ ∈ ϱ(A), then X = Y . Proof. Step 1. Fix x^∗ ∈ E. For all y^∗ ∈ E^∗ we have |⟨Q_∞y^∗, S^∗(t)x^∗⟩| = | | | ∫_∞ 0 [i^∗_QS^∗(s)y^∗, i^∗_QS^∗(t + s)x^∗]_{HQ} ds | | | ≤ (∫_∞ 0 ‖i^∗_QS^∗(s)y^∗‖^2_{HQ} ds ) 1_2 (∫_∞ t ‖i^∗_QS^∗(s)x^∗‖^2_{HQ} ds ) 1_2 .

It follows that lim_{t→∞}⟨Q_∞y^∗, S^∗(t)x^∗⟩ = 0, y^∗ ∈ E^∗. Since Q_∞ is injective and positive symmetric, its range is dense in E. The boundedness of t → S^∗(t)x^∗ therefore implies that lim_{t→∞}⟨x, S^∗(t)x^∗⟩ = 0, x ∈ E. Step 2. It follows from Proposition 2.2 that X − Y = S(t)(X − Y )S^∗(t), t ≥ 0. For x^∗ ∈ E define V_x∗ := { (X − Y )S^∗(t)x^∗ : t ≥ 0 } . We will show that V_x∗ is relatively compact in E.

Let y^∗ := (λ − A^∗)x^∗. Then y^∗ ∈ E, so t → S^∗(t)y^∗ is bounded. It follows that the set W_y∗ := { (X^∗ − Y^∗)(λ − A^∗)^{−1}S^∗(t)y^∗ : t ≥ 0 } is relatively compact in E. But X^∗ and Y^∗ map E^∗ into E, and as operators from E^∗ into E we have X^∗ = X and Y^∗ = Y . Hence, (X − Y )S^∗(t)x^∗ = (X^∗ − Y^∗)(λ − A^∗)^{−1}S^∗(t)y^∗, and V_x∗ = W_y∗ is relatively compact in E.

Step 3. For all x^∗ ∈ E and y^∗ ∈ E we have ⟨(X − Y )x^∗, y^∗⟩ = ⟨(X − Y )S^∗(t)x^∗, S^∗(t)y^∗⟩. By step 1, lim_{t→∞} S^∗(t)y^∗ = 0 weak^∗. By the boundedness of t → S^∗(t)y^∗, the weak^∗-convergence is uniform on compact subsets of E. In particular, it is uniform on the relatively compact set V_x∗ . Hence by Step 2, lim_{t→∞}⟨(X − Y )S^∗(t)x^∗, S^∗(t)y^∗⟩ = 0. This shows that ⟨(X − Y )x^∗, y^∗⟩ = 0 for all x^∗ ∈ E and y^∗ ∈ E.

Since E is weak^∗-dense in E^∗, it follows that (X − Y )x^∗ = 0 for all x^∗ ∈ E. But the operator X − Y is weak^∗-to-weakly continuous, being the difference of two positive symmetric operators, and therefore X − Y = 0.

The following example shows that without any compactness assumption, nonuniqueness may occur. At the same time it shows that Hypothesis (HQ_∞) need not imply any strong stability of the orbits of S^∗ itself; compare with Lemma 2.3.

Example 2.11. Let E = L^2[0, ∞) and let S be the left shift semigroup on E: S(t)g(s) := g(s + t), s, t ≥ 0. This is a strongly stable C_0−semigroup on E with generator A given by Af = f^′ for f ∈ D(A) = W^{1,2}[0, ∞). Its adjoint is the right shift semigroup, S^∗(t)f(s) = { 0, 0 ≤ s < t; f(s − t), s ≥ t. This is a semigroup of partial isometries and for f ∈ D(A^∗) = W^{1,2}_0 [0, ∞) we have A^∗f = −f^′.

Let ψ be a nonnegative measurable function on [0, ∞) Let Q ∈ L(E) be the operator of multiplication with ψ. Then Q is positive and selfadjoint, hence positive and symmetric in the sense defined at the beginning of this section. Defining

ψ_t(s) := ∫_t 0 ψ(τ + s) dτ, an easy calculation shows that Q_tf = ∫_t 0 S(τ)QS^∗(τ)f dτ = ψ_tf. Hence (HQ_∞) holds if and only if the function ψ_∞ : [0, ∞) → [0, ∞] defined by

ψ_∞(s) := ∫_∞ 0 ψ(τ + s) dτ belongs to L^∞[0, ∞). Since ψ is nonnegative, ψ_∞ is nonincreasing, and therefore ψ_∞ ∈ L^∞[0, ∞) if and only if ∫_∞ 0 ψ(τ) dτ < ∞, i.e., if and only if ψ ∈ L^1[0, ∞).

Let us from now on assume that ψ ∈ L^1[0, ∞), and let ψ_∞ be defined as above. Then Q_∞f = ψ_∞f. Since ψ_∞ is nonincreasing, Q_∞ is injective if and only if ψ_∞ is strictly positive, which happens if and only if ψ is not compactly supported.

For c ≥ 0 let us define

X_cf := (Q_∞ + c)f = (ψ_∞ + c)f, f ∈ L^2[0, ∞).

This is a positive selfadjoint operator on L^2[0, ∞). For all f ∈ D(A^∗) we have Q_∞f ∈ D(A) (because Q_∞ is a solution of AX + XA^∗ = −Q) and cf ∈ D(A) (because D(A^∗) ⊆ D(A)). Therefore X_cf ∈ D(A) for all f ∈ D(A^∗) and AX_cf + X_cA^∗f = ( (ψ_∞ + c)f )_′ − (ψ_∞ + c)f^′ = ( ψ_∞f )_′ − ψ_∞f^′ = AQ_∞f + Q_∞A^∗f = −Qf. Thus for all c ≥ 0 the operator X_c is a positive selfadjoint solution of AX + XA^∗ = −Q. Theorem 2.10 applies in particular to semigroups with compact resolvent. Compact semigroups always have a compact resolvent, but for such semigroups we can apply Corollary 2.6. On the other hand, eventually compact semigroups need not have a compact resolvent; cf. [11, Remark A.II.1.26]. The following result gives a sufficient condition implying uniqueness for eventually compact semigroups.

Corollary 2.12 (HQ_∞). Assume that Q_∞ is injective and that for all x^∗ ∈ E the orbit t → S^∗(t)x^∗ is bounded. Let X and Y be positive symmetric solutions of the equation AX − XA^∗ = −Q. If S is eventually compact, then X = Y .

Proof. For all t > 0 we have (X − Y ) − S(t)(X − Y )S^∗(t) = 0. Taking t sufficiently large, it follows that X − Y is compact. We may now apply Theorem 2.10.

We conclude this section with an example where (HQ_∞) is satisfied with Q_∞ injective, even though S is unbounded.

Example 2.13. First let S be an arbitrary C_0−semigroup on E. Choose a fixed x_0 ∈ E and let Q := x_0 ⊗ x_0;

cf. [6, Example 11.9]. The operator Q is positive and symmetric, and

Q_tx^∗ = ∫_t 0 ⟨S(s)x_0, x^∗⟩S(s)x_0 ds, t > 0, x^∗ ∈ E^∗. In particular, ⟨Q_tx^∗, x^∗⟩ = ∫_t 0 ⟨S(s)x_0, x^∗⟩^2 ds, and therefore (HQ_∞) holds if and only if ∫_∞ 0 ⟨S(s)x_0, x^∗⟩^2 ds < ∞, x^∗ ∈ E^∗. Let E_0 denote the closed linear span in E of the orbit of x_0. Clearly, Q_∞x^∗ ∈ E_0 for all x^∗ ∈ E^∗. Hence E_0 = E if Q_∞ has dense range. If Q_∞ fails to have dense range, then by the Hahn-Banach theorem there exists a non-zero x^∗ ∈ E^∗ such that ⟨Q_∞x^∗, x^∗⟩ = ∫_∞ 0 ⟨S(s)x_0, x^∗⟩^2 ds = 0. Hence ⟨S(s)x_0, x^∗⟩ = 0 for almost all s ≥ 0, and then by continuity ⟨S(s)x_0, x^∗⟩ = 0 for all s ≥ 0. It follows that x^∗ annihilates E_0, showing that E_0 ≠ E. On the other hand, since Q_∞ is positive and symmetric, Q_∞ is injective if and only if Q_∞ has dense range. Summarizing, Q_∞ is injective if and only the orbit of x_0 spans a dense linear subspace of E.

We will now give an example of an unbounded semigroup S with a square integrable orbit whose span is dense. It is a minor modification of [2, Example 3.4].

Take E = C_0[0, ∞), the space of continuous functions on [0, ∞) vanishing at infinity. Define S(t)f(s) := e^tf(t + s), t, s ≥ 0, f ∈ C_0[0, ∞). Let {f^{(k)} : k = 1, 2, . . . } be a dense subset of the unit ball of

C_{00}[0, ∞) := {g ∈ C_0[0, ∞) : g(0) = 0}

such that each f^{(k)} has support in [0, 2^k], and let

f(t) = exp ( −(2^{n+1} + 2^{k+1})^2 ) f^{(k)}(t − 2^{n+1} − 2^k),

2^{n+1} + 2^k ≤ t < 2^{n+1} + 2^{k+1}; k = 1, . . . , n; n = 1, 2, . . . ,

with f(t) = 0 for all remaining t ≥ 0. The construction of f implies that closed linear span of the translates of f contains each f^{(k)}. It follows that C_{00}[0, ∞) is contained in the closed linear span of the translates of f, and the same is true for the the closed linear span of the orbit of f. Noting that C_{00}[0, ∞) has codimension one in C_0[0, ∞) and that the orbit of f also contains elements that do not vanish at 0, it follows that the closed linear span of the orbit of f is all of C_0[0, ∞).

Finally, from |f(t)| ≤ exp ( −(2^{n+1} + 2^{k+1})^2 ) , 2^{n+1} + 2^k ≤ t < 2^{n+1} + 2^{k+1}, it follows that |f(t)| ≤ e^{−t2} for all t ≥ 0. Therefore, ∫_∞ 0 ‖S(t)f‖^2 dt = ∫_∞ 0 (e^tf(t))^2 dt ≤ ∫_∞ 0 e^{2t−2t2} dt < ∞. 3. Cylindrical invariant measures In what follows, we will assume the reader to be familiar with elements of the theory of cylindrical Gaussian measures. For more information and an explanation of the terminology we are using we refer to [16]. We just recall the following elementary facts.

An operator R ∈ L(E^∗, E^{∗∗}) is called positive if ⟨Rx^∗, x^∗⟩ ≥ 0 for all x^∗ ∈ E^∗ and symmetric if ⟨Rx^∗, y^∗⟩ = ⟨Ry^∗, x^∗⟩ for all x^∗, y^∗ ∈ E^∗. The Fourier transform establishes a one-to-one correspondence between centred cylindrical Gaussian measures μ on E and positive symmetric operators R from L(E^∗, E^{∗∗}) via the formula

^μ(x^∗) := ∫ E exp(i⟨x, x^∗⟩) dμ(x) = exp ( − 1 2 ⟨Rx^∗, x^∗⟩ ) , x^∗ ∈ E^∗. Let m ∈ E. We say that μ is a cylindrical Gaussian measure with mean m if there exists a positive symmetric R ∈ L(E^∗, E^{∗∗}) such that the Fourier transform of μ is given by ^μ(x^∗) = exp ( i⟨m, x^∗⟩ − 1 2 ⟨Rx^∗, x^∗⟩ ) , x^∗ ∈ E^∗. Now let us return to the setting we have been considering so far. For each t > 0, the operator Q_t ∈ L(E^∗, E) is positive and symmetric, and as such it is the covariance of a unique centred cylindical Gaussian measure on E, which we denote by μ_t. Similarly, the operator Q_∞ ∈ L(E^∗, E), if it exists, is the covariance of a unique centred cylindical Gaussian measure μ_∞ on E. The following result describes the relationship between the μ_t and μ_∞: Proposition 3.1. The following assertions are equivalent:

1. There exists a centred cylindrical Gaussian measure μ_∞ on E such that for all bounded continuous cylindrical functions f : E → R we have lim_{t→∞} ∫ E f(x) dμ_t(x) = ∫ E f(x) dμ_∞(x); 2. Hypothesis (HQ_∞) holds.

In this situation, Q_∞ is the covariance of μ_∞.

Proof. 1. ⇒ 2.: Let Q_∞ ∈ L(E^∗, E^{∗∗}) denote the covariance operator of μ_∞. By considering the real- and imaginary parts of the function x → exp(i⟨x, x^∗⟩) separately, it follows from 1. that

lim_{t→∞} exp ( − 1 2 ⟨Q_tx^∗, x^∗⟩ ) = lim_{t→∞} ∫ E exp(i⟨x, x^∗⟩) dμ_t(x) = ∫ E exp(i⟨x, x^∗⟩) dμ_∞(x) = exp ( − 1 2 ⟨Q_∞x^∗, x^∗⟩ ) . Hence, lim_{t→∞}⟨Q_tx^∗, x^∗⟩ = ⟨Q_∞x^∗, x^∗⟩, x^∗ ∈ E^∗.

By polarization, it follows that lim_{t→∞}⟨Q_tx^∗, y^∗⟩ = ⟨Q_∞x^∗, y^∗⟩, x^∗, y^∗ ∈ E^∗. By [4, Proposition 2.2], this implies that Q_∞ actually takes values in E.

2. ⇒ 1.: Let μ_∞ be the unique centred cylindrical Gaussian measure on E whose covariance operator is Q_∞.

Fix x^∗ ∈ E^∗. Since lim_{t→∞}⟨Q_tx^∗, x^∗⟩ = ⟨Q_∞x^∗, x^∗⟩, for the Fourier transforms of μ_t and μ_∞ we have lim_{t→∞} ^μ_t(x^∗) = ^μ_∞(x^∗).

By Levi’s theorem [15, Corollary 2.8], this implies 1.

If f : E → R is a bounded continuous cylindrical function, then the function P (t)f : E → R defined by P (t)f(x) := ∫ E f(S(t)x + y) dμ_t(y) is a bounded continuous cylindrical function as well. Hence it makes sense to call a cylindrical measure ν on E P (t)−invariant if for all bounded continuous cylindrical f : E → R we have ∫ E P (t)f(x) dν(x) = ∫ E f(x) dν(x). (3.1)

We say that ν is P−invariant, or briefly invariant, if ν is P (t)−invariant for all t > 0. We have the following simple observation:

Proposition 3.2 (HQ_∞). The centred cylindrical Gaussian measure μ_∞, whose covariance operator is Q_∞, is invariant.

Proof. The algebraic identity Q_∞ = Q_t + S(t)Q_∞S^∗(t) implies μ_∞ = μ_t ∗ S(t)μ_∞; here S(t)μ_∞ denotes the image cylindrical measure of μ_∞ under the operator S(t).

Now let f : E → R be a bounded continuous cylindrical function. Then, ∫ E P (t)f(x) dμ_∞(x) = ∫ E ∫ E f(S(t)x + y) dμ_t(y) dμ_∞(x) = ∫ E ∫ E f(ξ + y) dμ_t(y) d(S(t)μ_∞)(ξ) = ∫ E f(η) d(μ_t ∗ S(t)μ_∞)(η) = ∫ E f(η) dμ(η).

In the converse direction we have the following result:

Theorem 3.3. Let ν be a cylindrical Gaussian measure on E with covariance operator Q_ν ∈ L(E^∗, E) and mean m ∈ E. If ν is invariant, then Q_ν is a solution of the equation AX − XA^∗ = −Q and its mean satisfies S(t)m = m for all t ≥ 0.

Proof. Applying (3.1) to the real- and imaginary parts of the functions exp(i⟨x, x^∗⟩), it follows that the Fourier transform of ν satisfies

^ν(x^∗) = ^ν(S^∗(t)x^∗) exp ( − 1 2 ⟨Q_tx^∗, x^∗⟩ ) , t > 0, x^∗ ∈ E^∗; cf. [6, p. 307]. Because of ^ν(x^∗) = exp(i⟨m, x^∗⟩) −^1_2 ⟨Q_ν x^∗, x^∗⟩), for t ≥ 0 this implies ⟨m, x^∗⟩ = ⟨m, S^∗(t)x^∗⟩, x^∗ ∈ E^∗, and ⟨Q_ν x^∗, x^∗⟩ = ⟨Q_ν S^∗(t)x^∗, S^∗(t)x^∗⟩ + ⟨Q_tx^∗, x^∗⟩, x^∗ ∈ E^∗. The first of these identities implies that S(t)m = m for all t ≥ 0. By polarization, the second gives ⟨Q_ν x^∗, y^∗⟩ = ⟨Q_ν S^∗(t)x^∗, S^∗(t)y^∗⟩ + ⟨Q_tx^∗, y^∗⟩, x^∗, y^∗ ∈ E^∗. Now take x^∗, y^∗ ∈ D(A^∗), differentiate both sides with respect to t and evaluate at t = 0. It follows that ⟨Q_ν x^∗, A^∗y^∗⟩ + ⟨Q_ν A^∗x^∗, y^∗⟩ = −⟨Qx^∗, y^∗⟩. This shows that Q_ν x^∗ ∈ D(A) for all x^∗ ∈ D(A^∗) and that Q_ν is a solution of AX + XA^∗ = −Q. From Theorem 2.9 and the fact that that the subspace E of entire vectors for A^∗ is weak^∗-dense in E^∗ we infer:

Corollary 3.4 (HQ_∞). Assume that Q_∞ is injective and t → S^∗(t)x^∗ is bounded for all x^∗ ∈ E. If ν is an invariant cylindrical Gaussian measure with covariance Q_ν ∈ L(E^∗, E) and mean m ∈ E, then m = 0, i.e. ν is centred.

We say that a cylindrical Gaussian measure γ is S−invariant if S(t)γ = γ for all t ≥ 0; here S(t)γ denotes the image cylindrical measure of γ under the linear transformation S(t). We now have the following representation theorem extending [6, Theorem 11.7], [7, Proposition 7.2.3].

Proposition 3.5. Let ν be an invariant cylindrical Gaussian measure on E with covariance operator Q_ν ∈ L(E^∗, E) and mean m. Then (HQ_∞) holds and there exists a unique cylindrical Gaussian measure γ such that ν = μ_∞ ∗ γ, where μ_∞ is the cylindrical Gaussian measure on E whose covariance operator is Q_∞. Moreover, γ is S−invariant and has mean m.

Proof. Let R := Q_ν − Q_∞. By Theorem 3.3, the positive symmetric operator Q_ν solves the equation AX − XA^∗ = −Q. Hence, ⟨Q_ν x^∗, x^∗⟩ ≥ ⟨Q_ν x^∗, x^∗⟩ − ⟨Q_ν S^∗(t)x^∗, S^∗(t)x^∗⟩ = ⟨Q_tx^∗, x^∗⟩. It follows that ⟨Rx^∗, x^∗⟩ = lim_{t→∞} ( ⟨Q_ν x^∗, x^∗⟩ − ⟨Q_tx^∗, x^∗⟩ ) ≥ 0, x^∗ ∈ E^∗. Since R is also symmetric, there exists a unique cylindrical Gaussian measure γ whose covariance operator is R and whose mean is m. From ^ (μ_∞ ∗ γ)(x^∗) = exp(−^1_2 ⟨Q_∞x^∗, x^∗⟩) exp(i⟨m, x^∗⟩ −^1_2 ⟨Rx^∗, x^∗⟩) = exp(i⟨m, x^∗⟩ −^1_2 ⟨Q_ν x^∗, x^∗⟩) = ^ν(x^∗), x^∗ ∈ E^∗, it follows that ν = μ_∞ ∗ γ. For all t ≥ 0 we have

S^∗(t)RS(t) = S^∗(t)(Q_ν − Q_∞)S(t) = Q_ν − Q_∞ = R,

because both Q_ν and Q_∞ solve AX + XA^∗ = −Q. Since S^∗(t)RS(t) is the covariance of S(t)γ, and S(t)m = m is the mean of S(t)γ, this proves the S−invariance of γ.

Finally, if γ^′ is a cylindrical Gaussian measure for which ν = μ_∞ ∗ γ^′, then by taking Fourier transforms we see that its covariance operator R^′ is equal to Q_ν − Q_∞ = R and that it has a mean equal to m. It follows that γ^′ = γ.

We conclude with the following converse of Proposition 3.5; the proof is similar and is left to the reader.

Proposition 3.6 (HQ_∞). If γ is an S−invariant cylindrical Gaussian measure with covariance operator R ∈ L(E^∗, E) and mean m ∈ E, then μ_∞ ∗ γ is invariant and has mean m.

4. Uniqueness of invariant measures

As before let A be the generator of a C_0−semigroup S on a separable real Banach space E. Let H be a separable real Hilbert space and let B ∈ L(H, E) be bounded. In this section we will apply our results to obtain uniqueness results for invariant measures of the stochastic abstract Cauchy problem (1.1), du(t) = Au(t) dt + B dW_H (t), t ≥ 0, u(0) = x, where {W_H (t)}_{t≥0} is a cylindrical Wiener process with Cameron-Martin space H. For a precise meaning of these concepts we refer to [4].

The operator Q := B ∘ B^∗ ∈ L(E^∗, E) is positive and symmetric. As a subset of E, the reproducing kernel Hilbert space H_Q associated with Q can be identified with range B; the inner product in H_Q is given by [Bg, Bh]_{HQ} = [g, h]_H , g, h ∈ H. We define the operators Q_t ∈ L(E^∗, E) as before:

Q_tx^∗ := ∫_t 0 S(s)QS^∗(s)x^∗ ds, x^∗ ∈ E^∗. We have the following existence and uniqueness result [4]:

Proposition 4.1. The problem (1.1) has a weak solution {u(t, x)}_{t≥0} if and only if for all t > 0 the operator Q_t is the covariance operator of a centred Gaussian Borel measure μ_t on E. In this case the solution is unique and μ_t is the distribution of the random variable u(t, 0). Moreover, {u(t, x)}_{t≥0} is a Markov process and the semigroup P is its transition semigroup: P (t)f(x) = E (f(u(t, x))), t ≥ 0, x ∈ E, for all bounded Borel functions f : E → R. If (HQ_∞) holds and Q_∞ is the covariance operator of a centred Gaussian Borel measure μ_∞ on E, then μ_∞ is an invariant measure.

In what follows we will consider the following Hypotheses:

• (Hμ_t): For all t > 0, the operator Q_t is the covariance of a centred Gaussian Borel measure μ_t on E.

• (Hμ_∞): Hypothesis (HQ_∞) holds, and the operator Q_∞ is the covariance of a centred Gaussian Borel measure μ_∞ on E.

Trivially, (Hμ_∞) implies (HQ_∞), and by standard tightness arguments (Hμ_∞) implies (Hμ_t). Conversely, if (Hμ_t) and (HQ_∞) hold, it easily follows from Levi’s continuity theorem that the centred cylindrical Gaussian measure μ_∞ whose covariance operator is Q_∞ extends uniquely to a Gaussian Borel measure on E if and only if the family of measures {μ_t : t ≥ 1} is tight. In this situation, lim_{t→∞} μ_t = μ_∞ weakly.

The measure μ_∞, if it exists, is invariant.

Theorem 4.2 (Hμ_∞). If S is strongly stable, then μ_∞ is the unique invariant Gaussian Borel measure on E.

Proof. First we recall [3] that Gaussian measures have a mean and that their covariance operator is compact.

Let ν be in invariant Gaussian measure. By Theorem 3.3 and the strong stability of S, ν is centred. Denote by Q_ν the covariance operator of ν. From Q_ν − S(t)Q_ν S^∗(t) = Q_t, t > 0, and the compactness of Q_ν we obtain ⟨Q_ν x^∗, y^∗⟩ = lim_{t→∞}⟨S(t)Q_ν S^∗(t)x^∗ + Q_tx^∗, y^∗⟩ = lim_{t→∞}⟨Q_tx^∗, y^∗⟩ = ⟨Q_∞x^∗, y^∗⟩; we used here that the strong stability of S is uniform on compacts.

We call μ_∞ nondegenerate if μ_∞(O) ≠ 0 for every open subset O ⊆ E. As is well known [3], this happens if and only if the covariance operator Q_∞ of μ_∞ is injective.

The next result is an immediate consequence of Corollary 2.6, Theorem 3.3 and Corollary 3.4.

Theorem 4.3 (Hμ_∞). If μ_∞ is nondegenerate and S is compact, then S is uniformly exponentially stable and μ_∞ is the unique invariant Gaussian Borel measure on E.

Example 2.7 shows that the injectivity of Q_∞ cannot be omitted. From Theorem 2.10, Corollary 3.4 and the fact that covariance operators of Gaussian measures are compact, we obtain the following uniqueness result:

Theorem 4.4 (Hμ_∞). If μ_∞ is non-degenerate and t → S^∗(t)x^∗ is bounded for all entire vectors x^∗ ∈ E, then μ_∞ is the unique invariant Gaussian Borel measure on E.

This result is applicable in the following situation:

Corollary 4.5 (Hμ_∞). If D(A^n) ⊆ range B for some n ≥ 1, then μ_∞ is the unique invariant Gaussian Borel measure on E.

Proof. By the strong continuity of S and density of D(A^n) in E, range B = H_Q is dense in E. It follows that Q is injective, and this easily implies that Q_∞ is injective; cf. [8]. Hence, μ_∞ is nondegenerate.

Fix λ ∈ ϱ(A) and define T ∈ L(E, H_Q) by T x := (λ − A)^{−n}x ∈ D(A^n) ⊆ range B = H_Q.

Fix x^∗ ∈ E and put y^∗ := (λ − A^∗)^nx^∗. Noting that y^∗ ∈ D(A^∗), it follows from Lemma 2.3 that lim_{t→∞}⟨S^∗(t)x^∗, x⟩ = lim_{t→∞}⟨S^∗(t)y^∗, (λ − A)^{−n}x⟩ = lim_{t→∞}[i^∗_QS^∗(t)y^∗, T x]_{HQ} = 0 for all x ∈ E. Hence by the uniform boundedness theorem, the orbit t → S^∗(t)x^∗ is bounded. Now apply Theorem 4.4.

For reasons of completeness we state the following σ−additive analogue of Proposition 3.5 and its converse:

Proposition 4.6. Let ν be an invariant Gaussian Borel measure on E. Then (Hμ_∞) holds and there exists a unique Gaussian Borel measure γ such that ν = μ_∞ ∗ γ. Moreover, γ is S−invariant and has the same mean as ν. Conversely, if (Hμ_∞) holds and γ is an S−invariant Gaussian Borel measure, then μ_∞ ∗ γ is invariant. Proof. Let γ be the unique invariant cylindrical Gaussian measure from Proposition 3.5, and let R be its covariance operator. Let Q_ν be the covariance operator of ν. From 0 ≤ ⟨Rx^∗, x^∗⟩ = ⟨(Q_ν − Q_∞)x^∗, x^∗⟩ ≤ ⟨Q_ν x^∗, x^∗⟩, x^∗ ∈ E^∗ and the fact that Q_ν is the covariance of a Gaussian Borel measure, it follows that R is the covariance of a Gaussian Borel measure; cf. [16, Proposition VI.3.4]. This measure is the unique extension of γ to a Gaussian Borel measure on E. The converse follows immediately from Proposition 3.5.

5. Null contollability Let A be the generator of a C_0−semigroup S on a separable real Banach space E, let H be a separable real Hilbert space and let B ∈ L(H, E) be a bounded linear operator. We consider the inhomogeneous Cauchy problem u^′(t) = Au(t) + Bf(t), 0 ≤ t ≤ T, u(0) = x, (5.1)

where x ∈ E and f ∈ L^2([0, T ]; H). The unique mild solution of this problem is given by u(t, x; f) := S(t)x + ∫_t 0 S(t − s)Bf(s) ds, 0 ≤ t ≤ T. We say that S is null controllable with respect to the control pair (B, H) if for all x ∈ E and T > 0 there exists a function f ∈ L^2([0, T ]; H) such that u(T, x; f) = 0. As before we let Q = B ∘ B^∗. For 0 < t ≤ ∞ let H_t denote the reproducing kernel Hilbert space associated with the positive symmetric operator Q_t; thus, H_t is Hilbert space completion of the range of Q_t with respect to the inner product

[Q_tx^∗, Q_ty^∗]_{Ht} := ⟨Q_tx^∗, y^∗⟩. The inclusion mapping from H_t into E will be denoted by i_t. Whenever it is convenient, we will identify H_t with its image i_t(H_t) in E. We have the following characterization of null controllability in terms of the spaces H_t:

Proposition 5.1. S is null controllable with respect to the control pair (B, H) if and only if S(t)E ⊆ H_t, t > 0. This is an immediate consequence of the following simple lemma; cf. [20], [6, Appendix B]. For the convenience of the reader we include the proof. Lemma 5.2. For all t > 0 we have H_t = {∫_t 0 S(t − s)Bf(s) ds : f ∈ L^2([0, t]; H) } . Proof. Define A_t : L^2([0, t]; H) → E by

A_tf := ∫_t 0 S(t − s)Bf(s) ds, f ∈ L^2([0, t]; H). It is trivially checked that A^∗_t x^∗ = B^∗S(t − ·)x^∗, x^∗ ∈ E^∗. Hence, A_t(A^∗_t x^∗) = ∫_t 0 S(t − s)QS^∗(t − s)x^∗ ds = Q_tx^∗ = i_t(i^∗_t x^∗) from which it follows that A_t(A^∗_t x^∗) ∈ i_t(H_t) for all x^∗ ∈ E^∗. We have ‖A_t(A^∗_t x^∗)‖^2_{Ht} = ‖i^∗_t x^∗‖^2_{Ht} = ⟨Q_tx^∗, x^∗⟩ = ‖B^∗S(t − ·)x^∗‖^2_L2_{([0,t];H)} = ‖A^∗_t x^∗‖^2_L2_{([0,t];H)}.

Hence A_t maps range A^∗_t isometrically into H_t, and since the range of i^∗_t is dense in H_t, this mapping is onto. Finally, for f ⊥ range A^∗_t it is clear that A_tf = 0.

We refer to [5], [6], and [20] for a further discussion of the concept of null controllability.

Next we show that for differentiable semigroups S, the assumption of Corollary 4.5 implies null controllability.

Proposition 5.3. If D(A^n) ⊆ range B for some n ≥ 1 and S is a differentiable semigroup, then S is null controllable with respect to the control pair (B, H). Proof. We will prove that D(A^n) ⊆ range B implies D(A^{n+1}) ⊆ H_t for all t > 0; this does not require any regularity of the semigroup. If S is differentiable, it follows that S(t)E ⊆ D(A^{n+1}) ⊆ H_t for all t > 0.

Fix t > 0. First note that for all ω ∈ R, and h ∈ H we have ∫_t 0 e^{−ωs}S(s)Bh ds = ∫_t 0 S(t − s)Bf_{ω,h}(s) ds, where s → f_{ω,h}(s) := e^{−ω(t−s)} ⊗ h ∈ L^2([0, t]; H). Hence by Lemma 5.2, ∫_t 0 e^{−ωs}S(s)Bh ds ∈ H_t.

Choose ω ∈ ϱ(A) ∩ R so large that ‖e^{−ωt}S(t)|_{D(A}n_)‖_{L(D(A}n_{))} < 1. Then the restriction to D(A^n) of I − e^{−ωt}S(t) is invertible in D(A^n), and for x ∈ D(A^n) we have (ω − A)^{−1}x = (I − e^{−ωt}S(t))(ω − A)^{−1}(I|_{D(A}n_) − e^{−ωt}S(t)|_{D(A}n_))^{−1}x = − ∫_t 0 e^{−ωs}S(s)(I|_{D(A}n_) − e^{−ωt}S(t)|_{D(A}n_))^{−1}x ds ∈ H_t, noting that

(I|_{D(A}n_) − e^{−ωt}S(t)|_{D(A}n_))^{−1}x = ∞∑ n=0 e^{−nωt}S(nt)x ∈ D(A^n) ⊆ range B, the sum being absolutely convergent in D(A^n).

In particular, if in this situation (Hμ_∞) holds, then μ_∞ is the unique invariant Gaussian Borel measure on E by Corollary 4.5. More generally we have:

Theorem 5.4 (Hμ_∞). If S is null controllable with respect to the control pair (B, H), then S is uniformly exponentially stable and μ_∞ is the unique invariant Gaussian Borel measure on E.

Proof. Let t > 0 be fixed. Denoting by T (t) the operator S(t), regarded as a map from E into H_t, we have S(t) = i_t ∘ T (t). Since the triple (i_t, H_t, E) is an abstract Wiener space, the inclusion operator i_t is compact [3]. Therefore S(t) is compact as well.

It remains to check that μ_∞ is nondegenerate. But from S(t)E ⊆ H_t ⊆ H_∞ (the second inclusion follows from [6, Appendix B]) and the strong continuity of S it follows that H_∞ is dense in E, and therefore Q_∞ is injective. This implies that μ_∞ is nondegenerate.

For Hilbert spaces E, uniqueness of the invariant measure in the null controllable case is well-known; cf. [19], [6, Theorem 11.3]. Note that more generally, by a similar argument the uniqueness of μ_∞ follows if we only assume that S(t)E ⊆ H_∞ for all t > 0.

6. Stabilizability

We call the problem (5.1) stabilizable if there exists a bounded linear operator K : E → H such that the operator A_K := A + B ∘ K generates a uniformly exponentially stable semigroup.

If E is a Hilbert space, null controllability of S implies stabilizability of (5.1), and stabilizability of (5.1) implies uniform exponential stability of S; see [5] and [18]. In particular, if (5.1) is stabilizable and (Hμ_∞) holds, then μ_∞ is the unique invariant Gaussian Borel measure on E.

The proofs of the results just cited are Hilbert space theoretic and do not extend to Banach spaces. Nevertheless, as an application of Theorem 4.4 we can prove directly:

Theorem 6.1 (Hμ_∞). If μ_∞ is nondegenerate and the problem (5.1) is stabilizable, then μ_∞ is the unique invariant Gaussian Borel measure on E.

We will prove that for all x^∗ ∈ D(A^∗) the orbit t → S^∗(t)x^∗ is bounded. By Theorem 4.4, this will give the result.

Let S_K denote the semigroup generated by A_K and choose constants M ≥ 0 and ω > 0 such that ‖S_K (t)‖ ≤ Me^{ωt} for all t ≥ 0. Then by dualizing the variation of constants formula,

S^∗_K (t)x^∗ = S^∗(t)x^∗ + ∫_t 0 S^∗_K (t − s)K^∗B^∗S^∗(s)x^∗ ds. Now let x^∗ ∈ D(A^∗). Then by Lemma 2.3, lim_{t→∞} ‖B^∗S^∗(t)x^∗‖_H = lim_{t→∞} ‖i^∗_QS^∗(t)x^∗‖_{HQ} = 0.

If ε > 0 is given, then we may choose t_0 ≥ 0 so large that ‖B^∗S^∗(t)x^∗‖_H ≤ ε for all t ≥ t_0. Then for t ≥ t_0 we have ‖ ‖ ‖ ∫_t 0 S^∗_K (t − s)K^∗B^∗S^∗(s)x^∗ ds ‖ ‖ ‖ ≤ ∫_{t0} 0 ‖S^∗_K (t − s)K^∗B^∗S^∗(s)x^∗‖ ds + ∫_t t_0 ‖S^∗_K (t − s)K^∗B^∗S^∗(s)x^∗‖ ds ≤ ( sup_{t≥0} ‖B^∗S^∗(t)x^∗‖_H ) ∫_{t0} 0 ‖S^∗_K (t − s)K^∗‖ ds + ε ∫_t t_0 ‖S^∗_K (t − s)K^∗‖ ds ≤ ( sup_{t≥0} ‖B^∗S^∗(t)x^∗‖_H ) · M‖K‖ ω ( e^{−ω(t−t0)} − e^{−ωt} ) + ε M‖K‖ ω . Since ε > 0 was arbitrary and S_K is uniformly exponentially stable, it follows that for all x^∗ ∈ D(A^∗), lim_{t→∞} ‖S^∗(t)x^∗‖ = lim_{t→∞} ‖ ‖ ‖S^∗K (t)x^∗ − ∫_t 0 S^∗_K (t − s)K^∗B^∗S^∗(s)x^∗ ds ‖ ‖ ‖ = 0.

References

[1] W. Arendt, F. Räbiger and A. Sourour, Spectral properties of the operator equation AX + XB = Y , Quart. J. Math. Oxford 45 (1994), 133–149.

[2] C.J.K. Batty, J.M.A.M. van Neerven, and F. Räbiger, Tauberian theorems and stability of solutions of the Cauchy problem, Trans. Amer. Math. Soc. 350 (1998), 2087–2103.

[3] V.I. Bogachev, GAUSSIAN MEASURES, Math. Surveys and Monographs, Vol. 62, Amer.

Math. Soc., Providence, R.I. , 1998.

[4] Z. Brzeźniak and J.M.A.M. van Neerven, Stochastic convolution in separable Banach spaces and the stochastic linear Cauchy problem, submitted for publication.

[5] R.F. Curtain and A.J. Pritchard, INFINITE-DIMENSIONAL LINEAR SYSTEMS THE- ORY, Lecture Notes in Control and Information Sciences, Vol 8, Springer-Verlag, Berlin-New York, 1978.

[6] G. Da Prato and J. Zabczyk, STOCHASTIC EQUATIONS IN INFINITE DIMENSIONS, Encyclopedia of Mathematics and its Applications, Cambridge University Press, Cambridge, 1992.

[7] G. Da Prato and J. Zabczyk, ERGODICITY FOR INFINITE-DIMENSIONAL SYSTEMS, London Math. Soc. Lect. Note Series, Vol. 229, Cambridge University Press, Cambridge, 1996.

[8] B. Goldys, F. Gozzi, and J.M.A.M. van Neerven, On closability of directional gradients, submitted for publication.

[9] B. Goldys and J.M.A.M. van Neerven, Analyticity of Ornstein-Uhlenbeck semigroups, in preparation.

[10] E. Hille and R.S. Phillips, FUNCTIONAL ANALYSIS AND SEMI-GROUPS, Amer. Math.

Soc. Colloq. Publ., Vol. 31 (revised edition), Providence, R.I., 1957.

[11] R. Nagel (Ed), ONE-PARAMETER SEMIGROUPS OF POSITIVE OPERATORS, Springer Lect. Notes Math. 1184, Springer Verlag, 1986.

[12] J.M.A.M. van Neerven, THE ADJOINT OF A SEMIGROUP OF LINEAR OPERATORS, Springer Lect. Notes Math. 1529, Springer Verlag, 1992.

[13] J.M.A.M. van Neerven, THE ASYMPTOTIC BEHAVIOUR OF SEMIGROUPS OF LIN- EAR OPERATORS, Operator Theory: Adv. and Appl., Vol. 88, Birkhäuser Verlag, Basel- Boston-Berlin, 1996.

[14] J.M.A.M. van Neerven, Nonsymmetric Ornstein-Uhlenbeck semigroups in Banach spaces, J.

Funct. Anal. 155 (1998), 495–535.

[15] K.R. Stromberg, PROBABILITY FOR ANALYSTS, Chapman and Hall, 1994. [16] N.N. Vakhania, V.I. Tarieladze, and S.A. Chobanyan, PROBABILITY DISTRIBUTIONS IN BANACH SPACES, D. Reidel Publishing Company, Dordrecht-Boston-Lancaster-Tokyo, 1987.

[17] Vũ Quôc Phóng, The operator equation AX − XB = C with unbounded operators A and B related to abstract Cauchy problems, Math. Z. 208 (1991), 567–588.

[18] J. Zabczyk, Remarks on the algebraic Ricatti equation in Hilbert spaces, J. Appl. Math.

Optimiz. 2 (1976), 251–258.

[19] J. Zabczyk, Linear stochastic systems in Hilbert spaces; spectral properties and limit behaviour, Banach Center Publications, Vol. 41 (1985), 591–609.

[20] J. Zabczyk, MATHEMATICAL CONTROL THEORY: AN INTRODUCTION, Systems & Control: Foundations & Applications, Birkhäuser, Boston, 1992.

Department of Applied Mathematical Analysis, Technical University of Delft, P.O. Box 5031, 2600 GA Delft, The Netherlands

E-mail address: J.vanNeerven@its.tudelft.nl