APPLICATIONS OF APPROXIMATION SCHEMES TO EVOLUTION EQUATIONS

ADRIAN DUMA AND CONSTANTIN P. NICULESCU

Abstract. We discuss here various properties of the nonlinear A−proper operators as well as a generalized Leray-Schauder Principle. Also, a method of approximating arbitrary continuous operators by A−proper mappings is described. We construct, via apropriate Browder-Petryshyn approximation schemes, approximative solutions for linear evolution equations in Banach spaces.

The purpose of this paper is to describe some approximation structures for nonlinear operators in Banach spaces as well as a number of applications to evolution equations. In sections 1 and 2 we prove results concerning the nonlinear A−proper operators, such as the positive decomposition, the A−properness of the Dirac mass operator, and a method of approximating arbitrary continuous operators by A−proper mappings. We also prove a generalized Leray-Schauder Principle via the A−proper mapping theory.

The third section is devoted to the existence of approximative solutions for linear evolution equations in Banach spaces. That is done via the same approximation schemes as in the case of A−proper operators. Our results complements somehow the classical results on C_0−semigroups and show what happens beyond the standard hypotheses.

Given a separable Banach space E with Schauder basis, we construct (via an approximation scheme), a linear operator A on E such that the diœerential equation du dt = Au; u (0) = u_0

admits a sequence (u_n)_n of C^∞ solutions for each u_0 ∈ E, u_0 ≠ 0, such that (u_n)_n converges uniformly to a C^∞ function u and (_{dun} dt − Au_n ) n converges uniformly to 0, but u is not a solution.

A complementary phenomenon is described in Theorem 3.2 below. For E = C ([0, 1] × [0, 1]) , one shows the existence of a wildly discontinuous linear operator A : E → E, for which the initial value problem du dt = Au + f, t ∈ [0, T ] u (0) = u_0

1991 Mathematics Subject Classification. 35F10, 47H09, 47H11.

Key words and phrases. A−proper mapping, evolution equation, Browder-Petryshyn approximation scheme.

Partially supported by CNCSIS Grant 303/1999. 1

has a generalized solution whatever are f ∈ C^1 ([0, T ] , E) , u_0 ∈ E and T > 0.

1. A−properness via approximation schemes

Let X and Y be two separable Banach spaces and let Γ = ({X_n} , {Y_n} , {P_n} , {Q_n}) be an approximation scheme, where X_n ⊂ X, Y_n ⊂ Y are linear subspaces with dim X_n = dim Y_n < ∞, P_n : X_n → X are the canonical isometries and Q_n : Y → Y_n are continuous operators such that Q_ny → y (y ∈ Y ).

An operator T : X → Y is named A−proper with respect to Γ provided that the operators T_n = Q_nT P_n are continuous and any bounded sequence {x_k; x_k ∈ X_{nk} } such that T_{nk} x_k → f, where f ∈ Y has a subsequence { x_{kj} } so that x_{kj} → x_0 and T x_0 = f.

Definition 1.1. The scheme Γ is called of type (C) if it satisfies the following conditions:

a) X_n ⊊ X_{n+1}; Y_n ⊊ Y_{n+1} for any n;

b) Q_n ∈ L(Y ) are projectors such that R (Q_n) = Y_n; c) m ≤ n implies Q_mQ_n = Q_m.

Theorem 1.1. Suppose that Γ is of type (C). Then there exists a continuous noncompact operator S : X → Y, with bounded R(S), such that for any A−proper operator T : X → Y which is uniformly continuous on bounded subsets, the sumoperator T + S is A− proper, too .

Proof. Let δ ∈ (0, 1). We may construct the sequences {x_i} ⊂ X and {z_i} ⊂ Y such that ‖x_i‖ = ‖z_i‖ = 1, x_i ∈ X_i ; z_i ∈ Y_i and d(x_i, X_j ) ≥ δ, d(z_i, Y_j ) ≥ δ (for j < i). We deøne y_i ∈ Y by y_i = z_i − Q_{i−1}z_i. Then

sup ‖y_i‖ ≤ 1 + sup ‖Q_i‖ < +∞ y_i ∈ Y_i , d(y_i, Y_j ) ≥ δ (j < i) and Q_my_k = { y_k, if m ≥ k 0, if m < k . Choose now μ ∈ (0, δ/2) and the sequence {ε_n} ⊂ (0, μ] such that ε_n → 0. We deøne the functions {φ_i} ⊂ C(X, R) by

φ_i(x) = max ( 0, 1 − ε^{−1}_i ‖x − x_i‖ ) (x ∈ X). Clearly, i ≠ j ⇒ supp φ_i ∩ supp φ_j = ∅ and 0 ≤ φ_i(x) ≤ 1 for all i ∈ N^⋆ , and all x ∈ X.

We introduce the operator S : X → Y, deøned by S(x) = ∞∑ i = 1

φ_i(x) y_{i+1}.

Then sup_{x∈X} ‖S(x)‖ ≤ sup_n ‖y_n‖ < +∞. We claim that S is continuous. Indeed, let u_0 ∈ X . We have the following two alternatives:

a) ‖u_0 − x_i‖ > ε_i for any i ∈ N^⋆ . We claim that there exists λ > 0 such that u ∈ B (u_0, λ) implies ‖u − x_i‖ > ε_i (i ∈ N^⋆ ). Indeed, if this is not true, then we can ønd n ∈ N^⋆ and u_1 ∈ B (u_0, α) such that ‖u_1 − x_n‖ ≤ ε_n , where α ∈ (0, δ/2 − μ). Let us choose now a β > 0 with β < min {α, ‖u_0 − x_n‖ − ε_n}. Then there exist u_2 ∈ B (u_0, β) and m ∈ N^⋆ such that ‖u_2 − x_m‖ ≤ ε_m.

We obtain ‖u_0 − x_n‖ ≤ α + ε_n, ‖u_0 − x_m‖ ≤ β + ε_m, hence ‖x_m − x_n‖ ≤ α + β + ε_m + ε_n ≤ 2μ + 2α < δ and thus m = n. Then we have ‖u_0 − x_n‖ ≤ β + ε_n < ‖u_0 − x_n‖ , a contradiction. Consequently, there exists λ > 0 such that φ_i(u) = 0 (∀) i ∈ N^⋆ , u ∈ B(u_0, λ) so that S | |_{B(u0,λ)} = 0 and S is continuous at u_0.

b) There exists a (unique) j ∈ N^⋆ such that ‖u_0 − x_j ‖ ≤ ε_j . Let γ ∈ (0, δ − 2μ) . Then S (u) = φ_j (u) y_{j+1} for u ∈ B (u_0, γ) so that S is continuous at u_0.

Now, let T : X → Y be an A−proper operator which is uniformly continuous on bounded subsets. We claim that the operator T +S is A−proper too. Let {n_k} ⊂ N^⋆ be such that n_k → ∞ and let {w_{nk} ; w_{nk} ∈ X_{nk} } be a bounded sequence such that T_{nk} w_{nk} + S_{nk} w_{nk} → f, for some f ∈ Y .

Notice that φ_m|X_{nk} = 0 (m > n_k) so that S(x) = n_k∑

i = 1

φ_i(x) y_{i+1} on X_{nk} which yields

S_{nk} (x) = k−1∑ i = 1

φ_i(x) y_{i+1},

because Q_{nk} y_{nk +1} = 0 .

Then for each k ∈ N^⋆ we may choose an i_k ∈ N^⋆ , 1 ≤ i_k ≤ n_k − 1, such that

S_{nk} (w_{nk} ) = φ_{ik} (w_{nk} ) y_{ik +1}.

The following two cases are possible:

1) There exist {k_l} ⊂ N^⋆ , k_l −→_l ∞ and m ∈ N^⋆ such that i_{kl} < m (l ≥ 1). Then we obtain S_{nk(l)} ( w_{nk(l)} ) ∈ B̄ (0, sup ‖y_i‖) ∩ sp { y_j ; j = 2, m } . Now, T being A−proper, it follows that { w_{nk(l)} } l has no convergent subsequence and, since T + S is continuous, it will be A−proper too.

2) i_k → ∞ (k → ∞). Now, if there exists a sequence {k_j } ⊂ N^⋆ such that k_j → +∞ (j → +∞) and φ_{ik(j)} ( w_{nk(j)} ) > 0 (j ≥ 1) then we obtain ‖ ‖w_{nk(j)} − x_{ik(j)} ‖ ‖ < ε_{ik(j)} → 0 (j → ∞). We also have S_{nk(j)} ( w_{nk(j)} ) = φ_{ik(j)} ( w_{nk(j)} ) y_{ik(j) +1}, hence S_{ik(j)} ( w_{nk(j)} ) = φ_{ik(j)} ( w_{nk(j)} ) Q_{ik(j)} y_{ik(j) +1} = 0 (∗) Now, since T is uniformly continuous on bounded subsets, we have ‖ T w_{nk(j)} − T x_{ik(j)} ‖ → 0. (∗∗) We also have Q_{ik(j)} [ T_{nk(j)} w_{nk(j)} + S_{nk(j)} w_{nk(j)} ] → f and, from (⋆), T_{ik(j)} w_{nk(j)} → f and, from (⋆⋆), T_{ik(j)} x_{ik(j)} → f, which is impossible, because T is A−proper and {x_n} has no convergent subsequence.

Then there exists k_0 ∈ N^⋆ such that k ≥ k_0 implies φ_{ik} (w_{nk} ) = 0, consequently, S_{nk} (w_{nk} ) = 0, so that T_{nk} (w_{nk} ) → f. Thus, {w_{nk} } has convergent subsequences and, since T + S is continuous, it will be A−proper, too.

Finally, let us remark that Sx_i = y_{i+1} (i ∈ N^⋆ ), whence S (¯ B(0, 1) ) is not relatively compact. ■

Theorem 1.2. Let E be a separable Banach space such that E^⋆ is endowed with a sequence of finite-dimensional subspaces {X_n}_{n≥1} , with the following properties:

a) for every n there is a projection Π_n ∈ L (E^⋆) with R (Π_n) = X_n; b) Π_nx → x ∀x ∈ E^⋆; c) there exists an (algebraic-topological) isomorphism into U : E^⋆ → C (S_E⋆ )^⋆, where S_E⋆ denotes the closed unit ball of E^⋆, endowed with the weak-star topology.

Then the operator S_E⋆ → C (S_E⋆ )^⋆ , x → δ_x (the Dirac mass) is A−proper from S_E⋆ ⊂ E^⋆ to C (S_E⋆ )^⋆ .

Proof. For every n ∈ N^⋆ we choose μ_n ∈ U (X_n) with ‖ μ_n‖ = n. Let us deøne the ønite dimensional subspace Y_n ⊂ C (S_E⋆ )^⋆ by Y_n = U (X_n). Then clearly dim Y_n = dim X_n < +∞. We also introduce the sequence of continuous operators Q_n : C (S_E⋆ )^⋆ → Y_n, given by Q_nν = U Π_n j^⋆ ν + dist ( ν, { ε_x; x ∈ S_E⋆ } ) μ_n, where j : E → C (S_E⋆ ) is the canonical isometrical embedding.

We claim that the operator T : S_E⋆ ⊂ E^⋆ → C (S_E⋆ )^⋆ ; T x = ε_x, is A−proper with respect to the approximation scheme Γ = ({X_n} , {P_n} , {Y_n} , {Q_n}) , where P_n : X_n → E^⋆ are the canonical isometries.

Clearly, if x ∈ S_E⋆ ∩ X_n, then we have Q_nT x = Ux, hence the operator Q_nT |_{SE⋆ ∩Xn} is continuous.

Now, let {x_m; x_m ∈ S_E⋆ ∩ X_m} be a sequence such that ‖ Q_mT x_m − Q_mμ ‖ → 0 for some μ ∈ C (S_E⋆ )^⋆. Then we obtain ‖ Ux_m − UΠ_mj^⋆ μ + dist ( μ , {ε_x; x ∈ S_E⋆ } ) μ_m‖ → 0;

dist (μ , {ε_x; x ∈ S_E⋆ }) · m ≤ ‖U‖ ( 1 + sup_m ‖Π_m‖ · ‖μ ‖ ) , therefore there is an x ∈ S_E⋆ such that μ = δ_x. It follows that ‖Ux_m − UΠ_mx‖ → 0, thus x_m → x and clearly T x = μ, which completes the proof. ■

2. The generalized Leray-Schauder Principle Let X be a Banach space and let D be an open bounded subset of X with 0 ∈ D.

We say that Γ ⊂ D is a pseudo-boundary of D if there exist a Banach space Y , a open bounded subset D_⋆ ⊂ Y and a continuous A−proper operator A : D_⋆ → D with Deg (A, D_⋆, 0) ≠ {0} such that Γ = A (∂ D_⋆).

Theorem 2.1. Let K : D → X be a compact operator. Suppose that there exists a pseudo-boundary Γ of D such that Kx ≠ λ x (λ > 1; x ∈ Γ) . Then K has at least one fixed point.

Proof. Let us consider the A−proper homotopy H : [0, 1] × D_⋆ → X, given by H (t, z) = Az − tKAz. Then H(t, z) = 0 with t ∈ (0, 1) and z ∈ ∂ D_⋆ implies Kx = λ x with λ = t^{−1} and x = Az ∈ Γ, a contradiction. Clearly, 0 /∈ H ({0} × ∂ D_⋆). If H(1, z) = 0 with z ∈ ∂ D_⋆, we obtain that Az is a øxed point of K. Finally, if 0 /∈ H ([0, 1] × ∂ D_⋆) then Deg (A − KA, D_⋆, 0) = Deg (H (1, ·) , D_⋆, 0) = Deg (H (0, ·) , D_⋆, 0) = Deg (A, D_⋆, 0) ≠ {0} , which assures the existence of a z ∈ D_⋆ such that (A − KA)(z) = 0. Consequently, Az ∈ D is a øxed point of K and the theorem is proved. ■

In what follows, X will be a Banach space and Δ ⊂ X will be an open bounded subset satisfying the following property:

(P ) There is a ønite-dimensional subspace V ⊂ X, a point p ∈ Δ_V = Δ ∩ V and a sequence of linear subspaces X_n ⊂ V such that:

a) the sequence Δ_n = Δ ∩ X_n converges to {p} in the hyperspace 2^{ΔV} of Δ_V (e.g., see [11]);

b) Δ_m ∩ Δ_n = ∅ (m ≠ n) ; c) p /∈ Δ_n (n ∈ N^⋆ ) .

We have the following approximation result:

Theorem 2.2. For each continuous operator T : Δ ⊂ X → ℓ_2 there exists a sequence of operators { T_n ; T_n : Δ → ℓ_2 } that are A−proper with respect to various approximation schemes for the pair (X, ℓ_2) such that sup { ‖T_nx − T x‖ ; x ∈ Δ } −→ n →∞ 0. Proof. Let Q := T ( Δ_V ) . SinceT is continuous and Δ_V is compact, so it is Q. Let us take ε > 0. We denote by {e_n}_{n≥1} the standard orthonormal basis of ℓ_2 and by {Π_n}_{n≥1} the associated sequence of ortho-projectors. Then there exists k ∈ N^⋆ such that sup_{x∈Q} ‖Π_kx − x‖ < ε 2 . Now we deøne the operator T̃ : Δ → ℓ_2, given by the formula T̃ x = T x, if x ∈ Δ \ ( ⋃ n≥1 Δ_n )

Π_kT x +^ε_2 e_{k+m}, if x ∈ Δ_m (m ∈ N^⋆ ) .

Then it is clear that sup x∈Δ ‖ ‖ ‖T̃ x − T x ‖ ‖ ‖ < ε. Let us observe that, if x ∈ Δ_m and y ∈ Δ_n (m ≠ n), then ‖ ‖T̃ x − T̃ y ‖ ‖ ≥ ε √ 2 . Let us choose now f ∈ ℓ_2\{0} and a sequence of subspaces {Y_n}_{n≥1} , Y_n ⊂ ℓ_2, such that

dim Y_n = dim X_n

and f ∈ Y_n (n ∈ N^⋆ ). We then deøne a sequence of continuous nonlinear operators

{Q_n ; Q_n : ℓ_2 → Y_n}_{n≥1} where Q_nx = dist ( x, T̃ ( Δ_n )) · ‖x − T p‖ · f. We claim that the operator T̃ is A−proper with respect to the approximation scheme Γ = ({X_n} , {P_n} , {Y_n} , {Q_n}) , where P_n : X_n → X are the canonical isometries. Indeed, let us observe that, if x ∈ Δ_n , then Q_nT̃ x = 0. On the other hand, let { x_m ; x ∈ Δ_m } be a sequence such that ‖ ‖Q_mT̃ x_m − Q_my ‖ ‖ → 0,

for some y ∈ ℓ_2. It follows that necessarily y = T p ( = T̃ p ) . Moreover, the property (P) implies that x_m → p. The proof is complete. ■ Remark. The above argument can be easily modiøed in order to conclude that all the operators T_n are A−proper with respect to the same approximation scheme.

In what follows, BCA denotes the class of all bounded continuous A−proper operators with respect to a given approximation scheme.

Proposition 2.3. Let X and Y be two Banach spaces, Y being ordered by the cone Y^+, such that int Y^+ ≠ ∅. Let D ⊂ X be a open bounded non-empty subset. Then for each operator A ∈ BCA ( D, Y ) there exist two operators A_± ∈ BCA ( D, Y^+ ) such that

A = A_+ − A_− and A^{−1}_± ({0}) = A^{−1} ({0}) .

Proof. Since int Y^+ ≠ ∅, there exist y_0 ∈ Y and r > 0 such that

B (y_0, r) ⊂ Y^+.

Let r^⋆ = min { r,^1_2 ‖y_0‖ } . Since clearly y_0 ≠ 0, it follows that r^⋆ > 0. Then we deøne the operators A_± by A_±x = 1 2 ( ±Ax + ‖Ax‖ r^⋆ y_0 ) ( x ∈ D ) . It is easy to see that A_± ∈ BCA ( D, Y ) , because λA + K ∈ BCA ( D, Y ) for each λ ∈ R \ {0} and K ∈ K ( D, Y ) (= the space of all compact maps). Moreover, A_±x ≥ 0 ( x ∈ D ) , because B (y_0, r^⋆) ⊂ Y^+. Clearly, A = A_+ − A_−. Because 1 2 ( ‖y_0‖ r^⋆ − 1 ) ‖Ax‖ ≤ ‖A_±x‖ ≤ 1 2 ( ‖y_0‖ r^⋆ + 1 ) ‖Ax‖ ( x ∈ D ) , we conclude that A^{−1} ({0}) = A^{−1}_± ({0}). The proof is done. ■

3. Approximative solutions for evolution equations Our ørst goal is to show that for every separable Banach space E with Schauder basis there exists a linear operator A : E → E with the following two properties:

A1) The problem

(P ) : du dt = Au (t ≥ 0) has a solution u of class C^∞ for each choice of the initial datum u (0) = u_0 in E; A2) For each u_0 ∈ E, u_0 ≠ 0, there exist u and {u_n} ⊂ C^∞ (R^+ , E) such that sup_{t≥0} ‖ u_n (t) − u (t)‖ → 0, u (0) = u_0 ;

sup_{t≥0} ‖ ‖ ‖ du_n dt (t) − A (u_n (t)) ‖ ‖ ‖ → 0 ; du dt (t) ≠ A (u (t)) (t ≥ 0) .

In order to prove this result we shall need the following construction: Let {e_n} be a Schauder basis for E, let E_0 = span {e_n} and let {e_n} ∪ {b_x ; x ∈ E_0} be a Hamel basis for E. We deøne the linear operator A : E → E by Ae_n = 0 (n ∈ N^⋆ ) ; Ab_x = x (x ∈ E_0). It is easy to see that A^2 = 0.

Proof of A1). For each u_0 ∈ E the function u (t) = u_0 + t Au_0 (t ≥ 0) is a C^∞−solution of (P ), with u (0) = u_0.

Proof of A2). Let us consider the sequence of linear continuous projections P_nx = n∑ k=1 e^⋆_k (x) e_k (x ∈ E; n ∈ N^⋆ )

where {e^⋆_n} ⊂ E^⋆ is the associated sequence of coeŒcient functionals to {e_n}.

Let us choose a sequence of integers {k_n} ⊂ N^⋆ , k_n → ∞, such that ‖ P_{kn} b_{−Pn u0} − b_{−Pn u0} ‖ < n^{−1} (n ∈ N^⋆ ) and consider the functions u_n (t) = e^{−t} [b_{−Pn u0} − P_{kn} (b_{−Pn u0} − u_0)] (t ≥ 0) and u (t) = e^{−t}u_0 (t ≥ 0) .

Then, letting c_n = ‖ b_{−Pn u0} − P_{kn} b_{−Pn u0} + P_{kn} u_0 − u_0‖ → 0, we have

sup_{t≥0} ‖ u_n (t) − u (t)‖ ≤ e^{−t}c_n; du_n dt (t) = −u_n (t) ;

A (u_n (t)) = −e^{−t}P_nu_0;

‖ ‖ ‖ ‖ du_n dt (t) − A (u_n (t)) ‖ ‖ ‖ ‖ = = e^{−t} ‖ −b_{−Pn u0} + P_{kn} (b_{−Pn u0} − u_0) + P_nu_0‖ ≤ ‖−b_{−Pn u0} + P_{kn} b_{−Pn u0} ‖ + ‖P_nu_0 − P_{kn} u_0‖ → 0 for each t ≥ 0.

Finally, let us suppose that du dt (t_0) = A (u (t_0))

for some t_0 ∈ R^+ . Then −e^{−t0} u_0 = e^{−t0} Au −u_0 = Au_0 −Au_0 = 0 u_0 = 0

a contradiction. ■

In the remainder of this section, we put I = [0, 1] , E = C ( I^2 ) , and keep øxed a number T > 0. It is known that E ≈ C (I) ⊗_εC (I) (the completion of the injective tensor product, see [8]).

We shall need the following classical result:

Theorem 3.1. (A. A. Miliutin [11]; see also [9]). Let Q be an uncountable compact metric space. Then C(Q) is linearly isomorphic to C(I).

Let us consider the initial value problem u (t) = Au (t) + f (t) , t ∈ [0, T ]

u (0) = u_0,

where A : D (A) = E → E is a linear operator and f : [0, T ] → E, u_0 ∈ E are given .

Theorem 3.2. There exists a discontinuous linear operator A : D (A) = E → E, with dense kernel, such that for each f ∈ C^1 ([0, T ] , E) and each u_0 ∈ E there exist u , u_1, u_2, ... ∈ C^1 ([0, T ] , E) such that A ∘ u_k ∈ C ([0, T ] , E) and

u_k → u uniformly, du_k dt − Au_k → f uniformly and u_k (0) → u_0 in E.

Proof. Using Miliutin’s Theorem, we obtain an isomorphism U : C (I) → E. Let {b_n} be a normalized Schauder base of C(I). Then there is an uncountable subset Γ of C(I) such that B = {b_n} ∪ Γ is a Hamel base of C(I). Let {c_n} ⊂ Γ be such that c_m ≠ c_n (m ≠ n). We put e (t) = 1 (t ∈ I). Then we consider the linear operator T : C (I) → C (I), deøned by

T c_k = ke (k ≥ 1);

T b = 0 (b ∈ B \ {c_k}) . We also consider the following linear operators: S : C (I) ⊗ C (I) → C (I) ⊗ C (I) , S = T ⊗ id_{C(I)}

B : C (I) ⊗ C (I) → C (I) , B ( ∑ i f_i ⊗ g_i ) (t) = ∑ i f_i (t) g_i (t)

and A : E → E, A = UBSP, where P : E → C (I) ⊗_ε C (I) is an algebraic projection.

Now let u_0 ∈ E and f ∈ C^1 ([0, T ] , E). Since the linear subspace F = span {b_n}⊗_ε C (I) is dense in E (see [8], p. 280), there is a sequence {q_n} ⊂ F such that q_n → u_0. Let us remark that F ⊂ Ker S.

We deøne {u_k} ⊂ C^1 ([0, T ] , E) by u_k (t) = q_k − k^{−1}c_k ⊗ U^{−1} (f (t)) .

Then, deøning u (t) = u_0 (t ∈ [0, T ]), we have u_k → u uniformly, because ‖ k^{−1}c_k ⊗ U^{−1} (f (t)) ‖ ≤ k^{−1} ‖ U^{−1} ‖ ‖f‖_∞ → 0. We also have du_k dt = −k^{−1}c_k ⊗ U^{−1} (f (t)) ,

so that^{duk}_{dt} → 0 uniformly. On the other hand,

A (u_k (t)) = UBSP (u_k (t)) = UBS (u_k (t)) = −k^{−1}UBS ( c_k ⊗ U^{−1} (f (t)) ) = −UB ( e ⊗ U^{−1} (f (t)) ) = −UU^{−1} (f (t)) = −f (t) .

Finally, let us remark that A has a dense kernel (since F ⊂ Ker A), and A ≠ 0, because A (c_1 ⊗ c_1) = UBSP (c_1 ⊗ c_1) = UB (e ⊗ c_1) = Uc_1 ≠ 0).

Hence A is discontinuous and the proof of our theorem is done. ■

References

[1] H.AMANNandS.A.WEISS,Ontheuniquenessof thetopological degree,Math.Z.130(1973), 39-54.

[2] F.E. BROWDER, Existence of periodic solutions for nonlinear equations of evolution, Proc.N.A.S., 53 (1965) , 5, 1100-1103 .

[3] F.E. BROWDER, Fixed point theory and nonlinear problems, Bull. Amer. Math. Soc. (New Series), vol. 9, No.1, July 1983, 1-39.

[4] F.E. BROWDER and W.V.PETRYSHYN, Noncompact operators in Banach spaces, Bull.

Amer. Math. Soc. 74 (1968), 641-646.

[5] F.E. BROWDERandW.V.PETRYSHYN, Approximationmethods andthe generalizedtopological degree for nonlinear mappings in Banach spaces, J. Funct.Anal. 3 (1969), 217-245.

[6] G. DA PRATO and E. SINESTRARI, On the Phillips and Tanabe Regularity Theorems, Semesterbericht Funktionalanalysis Tbingen, Band 8, Sommersemester 1985, 117-124.

[7] K. DEIMLING, Nonlinear Functional Analysis, Springer Verlag, Berlin-Heidelberg-New York, 1985.

[8] G.KTHE,Topological VectorSpacesII, Springer-Verlag, NewYork-Heidelberg-Berlin,1979. [9] H.E. LACEY, The isometric theory of classical Banach spaces, Springer-Verlag, Berlin- Heidelberg-NewYork, 1974.

[10] N.G. LLOYD, Degree Theory, Cambridge University Press, 1978.

[11] A. A. Miliutin, Isomorphisms of the spaces of contiunous functions over compact sets of cardinality of the continuum, Teor. Funkci�i Funkcional. Anal. i Priloen, 2 (1966), 150-156.

[12] J. van MILL, Infinite dimensional topology, North-Holland, Amsterdam-New York-Oxford, 1989.

[13] I. SINGER, Bases in Banach Spaces II, Springer-Verlag, Berlin-Heidelberg- NewYork,1981.

Department of Mathematics, University of Craiova, Str. A.I. Cuza 13, Craiova 1100, Romania

E-mail address: tempus@oltenia.ro