STABILITY OF ASYMPTOTIC PROPERTIES OF HILLE-YOSIDA OPERATORS UNDER PERTURBATIONS

LAHCEN MANIAR

Abstract. We give conditions on the strongly continuous semigroup (T_0(t))_{t≥0}, generated by the part of a Hille-Yosida operator A on X_0 := D(A), and a non-autonomous family of operators (B(t))_{t≥0} such that the evolution family (U(t, s))_{t≥s≥0}, generated by the part of A + B(t) in X_0, inherits some asymptotic properties of (T_0(t))_{t≥0} as boundedness, asymptotic almost periodicity, uniform ergodicity and total uniform ergodicity. The proof of our main result is based on an extension result of Batty-Chill [4], which is proved here. We illustrate our abstract hypotheses and results by an example from population dynamics. Also, an application of the abstract results to non-autonomous retarded differential equations is given.

1. Introduction

The question whether some regularity properties or certain asymptotic behaviour, as the norm continuity, norm compactness, the differentiability, almost periodicity,..., of a C_0-semigroup persist under autonomous perturbations, is treated by many authors (see e.g., [5], [15], [18], [19], [20] and the references therein).

For non-autonomous perturbations of generators, Latushkin et al. [11] showed the persistence of exponential dichotomy under small bounded perturbations. Also, in [23], R. Schnaubelt studied the stability of the same property under Miyadera perturbations. In [6], with V. Casarino and S. Piazzera, we extended the results of [5] to non-autonomous perturbations.

This paper is motivated by some dynamical population equations perturbed at the boundary (see Example 3.5), for which we can not use the perturbations of semigroups to study the well-posedness (see, e.g. [16, 25]) and then we can not use the results of [6], to study their asymptotic behaviour. To this purpose, we generalize, in this paper, the results of [6] to the case of Hille-Yosida operators.

To be more precise, we consider an operator (A, D(A)) on a Banach space X with not necessarily dense domain satisfying the resolvent conditions in the Hille–Yosida theorem. Let (T_0(t))_{t≥0} be the C_0-semigroup generated by its part in X_0 := D(A), such that t −→ T_0(t)x, x ∈ X_0, belongs to some closed translation biinvariant subspace E of the space C_{ub}(IR_+, X_0) (see Section 2 for definitions). Consider also a family (B(t))_{t≥0} of

1991 Mathematics Subject Classification. 34G10, 34K05, 47A55, 47D06.

Key words and phrases. C_0-semigroups, Hille–Yosida operators, Favard class, extrapolation, almost periodicity, convolutions, Dayson-Phillips series, non-autonomous perturbation, retarded differential equations.

I would like to thank Ralph Chill for many helpful discussions. This work is achieved while I am visiting the University of Tübingen, Germany. I wish to express my gratitude to Rainer Nagel and the University of Tübingen for their hospitality. Support of this visit by DAAD is gratefully acknowledged. 1

bounded operators from X_0 to X. Assume that t −→ B(t)x is continuous for all x ∈ X_0. We know, from [21], that there is a strongly continuous evolution family (U(t, s))_{t≥s≥0} on X_0 given by the Dayson-Phillips series U(t, s) = +∞∑ n=0 U_n(t, s), t ≥ s (1.1)

where U_0(t, s) := T_0(t − s) and U_n(t, s) := ∫_t s T_{−1}(t − σ)B(σ)U_{n−1}(σ, s)dσ. The question now is under which conditions does the map t −→ U(t, 0)x belongs to E for all x ∈ X_0?

As the terms of the series (1.1) are given by convolutions between the semigroup (T_{−1}(t))_{t≥0} and X-valued functions, we show first a result concerning the asymptotic behaviour of this convolutions, which will be the key to answer the above question, and then obtain the aim of the paper. An analogous result is obtained by C. Batty and R. Chill [4] in the case of infinitesimal generators.

For autonomous perturbations of Hille-Yosida operators, G. Nickel and A. Rhandi [16] showed the stability of the essential spectrum, also with A. Batkái and A. Rhandi, we have recently [3] studied the permanence of the eventual norm continuity, the compactness and the differentiability. We also cite a work of R.H.Thieme [24], where integrated semigroups are used.

These abstract results are applied to the following non-autonomous retarded differential equation (RDE) { x^′(t) = Bx(t) + L(t)x_t, t ≥ 0, x_0 = φ ∈ C([−r, 0], E_0 := D(B)),

where (B, D(B)) is a Hille-Yosida operator on a Banach space E, (L(t))_{t≥0} is a family of bounded linear operators from C([−r, 0], E_0) to E. We prove that the asymptotic behaviour of the solution of (RDE) can be provided by the one of the semigroup (S_0(t))_{t≥0}, generated by the part of B in E_0. The same study is done in [6] in L^p-spaces for B a generator. The well-posedness of the equation (RDE) is studied in [21], when B generates a C_0-semigroup.

2. Preliminaries

In this section we check the extrapolation spaces for Hille-Yosida operators and give some needed definitions and results. Let X be a Banach space and A a linear operator with domain D(A) ⊂ X. We say that A is a Hille-Yosida operator on X if there exists ω ∈ IR_+ such that (ω, +∞) ⊂ ρ (A), the resolvent set of A, and M := sup{‖(λ − ω)^n R (λ, A)^n‖ : λ > ω, n ≥ 0} < ∞. (2.1)

From the Hille-Yosida Theorem (cf. [10], Theorem. 12.2.4), we know that the part A_0 of A in X_0 := D(A) given by

D(A_0) := {x ∈ D(A) : Ax ∈ X_0} , A_0x := Ax for x ∈ D(A_0),

generates a C_0-semigroup (T_0(t))_{t≥0}. Moreover, ρ(A) ⊂ ρ(A_0) and for each λ ∈ ρ(A), R (λ, A_0) is the restriction of R (λ, A) in X_0. We define on X_0 the norm

‖x‖_{−1} := ‖R(λ, A_0)x‖ for a fixed λ ∈ ρ(A) (different λ ∈ ρ(A) yield equivalent norms). The completion X_{−1} of X_0 with respect to ‖ · ‖_{−1} is called the extrapolation space of X_0. The extrapolated semigroup (T_{−1}(t))_{t≥0} is the unique continuous extension of (T_0(t))_{t≥0} to X_{−1}. It is strongly continuous and its generator A_{−1} ∈ L(X_0, X_{−1}) is the unique continuous extension of A_0. Moreover, X is continuously embedded in X_{−1} and R(λ, A_{−1}) is an extension of R(λ, A) for λ ∈ ρ(A_{−1}) = ρ(A). Finally, A_0 and A are the parts of A_{−1} in X_0 and X, respectively.

It follows from [14], Proposition 3.3 that we have ∫_t 0 T_{−1}(t − τ)f(τ) dτ ∈ X_0 and ‖ ‖ ‖ ‖ ∫_t 0 T_{−1}(t − τ)f(τ) dτ ‖ ‖ ‖ ‖ ≤ M^1 ∫_t 0 e^{ω(t−τ )}‖f(τ)‖ dτ (2.2)

for f ∈ L^1_{loc}(IR_+, X).

Abstract extrapolation spaces have been introduced by Da Prato-Grisvard [7] and R. Nagel [13] and used for various purposes (cf. [3], [9], [12], [14],...).

For a function f : IR_+ → X, H(f) is the set of all translates {f(· + t) : t ∈ IR_+}. Let C_b(IR_+, X) be the Banach space of all bounded continuous functions from IR_+ to X, endowed with the uniform norm.

A function f ∈ C_b(IR_+, X) is called asymptotically almost periodic (abbreviated as a.a.p.) if H(f) is relatively compact in C_b(IR_+, X).

A strongly continuous semigroup is called strongly asymptotically almost periodic if the function t −→ T (t)x is a.a.p. for every x ∈ X.

Let C_{ub}(IR_+, X) denote the Banach space of all bounded uniformly continuous functions from IR_+ to X. A closed subspace E of C_{ub}(IR_+, X) is said to be translation biinvariant if

E = {f ∈ C_{ub}(IR_+, X) : f(· + t) ∈ E } for all t ≥ 0.

A closed subspace E of C_{ub}(IR_+, X) is said to be operator invariant if M ∘ f ∈ E for every f ∈ E and M ∈ L(X), where M ∘ f is defined by (M ∘ f)(t) = M(f(t)), t ≥ 0 and homogeneous if it is translation biinvariant and operator invariant.

From [4], the following classes of X-valued functions are closed and homogeneous subspaces of C_{ub}(IR_+, X):

• the space C_0(IR_+, X) of all continuous functions vanishing at infinity, • the class of all asymptotically almost periodic functions from IR_+ to X, • the class of all weakly asymptotically almost periodic functions in the sense of Eberlein,

• the class of uniformly ergodic functions from IR_+ to X, • the class of totally (uniformly) ergodic functions from IR_+ to X. For the sake of completeness we recall the definitions:

A continuous bounded function f : IR_+ −→ X is called weakly asymptotically almost periodic in the sense of Eberlein if H(f) is weakly relatively compact in C_b(IR_+, X).

A function f ∈ C_{ub}(IR_+, X) is said to be uniformly ergodic if the limit

lim_{α→0+} iα ∫_∞ 0 e^{−αs}f(· + s) ds exists and defines an element of C_{ub}(IR_+, X).

A function f ∈ C_{ub}(IR_+, X) is said to be totally (uniformly) ergodic if the function e^{iθ·}f(·) is uniformly ergodic for all θ ∈ IR. Since f is uniformly bounded, this is also equivalent to the existence in C_{ub}(IR_+, X) of the Cesáro limit, see [2]

lim t→+∞ 1 t ∫_t 0 e^{iθs}f(· + s) ds.

3. Main abstract results and example

Let (A, D(A)) be a Hille-Yosida operator on a Banach space X, (T_0(t))_{t≥0} the C_0- semigroup generated by its part on X_0 := D(A). Consider a family of linear and bounded operators (B(t))_{t≥0} such that B(·) ∈ C([0, +∞), L_S(X_0, X)), the set of all strongly continuous functions from [0, +∞) into L(X_0, X).

We known from (see [17] and [21], Thm. 2.3) that the family of operators ( (A + B(t))_{/X0} ) t≥0 generates a strongly continuous evolution family (U(t, s))_{t≥s≥0} on X_0 given by the Dyson-Phillips series

U(t, s) = ∞∑ n=0 U_n(t, s) for all t ≥ s ≥ 0,

(3.1)

where U_0(t, s) := T_0(t − s) and U_n(t, s) := ∫_t s T_{−1}(σ − s)B(σ)U_{n−1}(t, σ)dσ. Moreover, this series converges uniformly on {(t, s) : 0 ≤ s ≤ t ≤ T }, for each T > 0.

If we assume now that there exists a constant 0 ≤ q < 1 such that ∫_∞ 0 ||B(s + σ)T_0(σ)x||dσ ≤ q ||x|| (3.2)

for all s ≥ 0 and x ∈ X_0, we can show the uniform convergence of the above series on the set {(t, s) : t ≥ s ≥ 0}. To do this, we need the following lemma.

Lemma 3.1. Assume that (3.2) is satisfied and ‖T_0(t)‖ ≤ 1 for all t ≥ 0. Then, for all x ∈ X_0 and s ≥ 0, the following estimates hold ∫_{+∞} s ‖B(σ)U_n(σ, s)x‖dσ ≤ q^{n+1}‖x‖ for all n ∈ IN (3.3) and ‖U_n(t, s)x‖ ≤ q^n‖x‖ for all t ≥ s and n ∈ IN. (3.4)

Proof. For n = 0, the estimate (3.3) is only the condition (3.2). Suppose now that the estimate holds for n − 1. Let x ∈ X_0 and t ≥ s, and denote by R_λ(B) := λR(λ, B), for λ ∈ ρ(B), for any closed linear operator B. From the definition of U_n(t, s) and by using

Fubini’s Theorem, we have ∫_t s ||B(σ)R_λ(A_0)U_n(σ, s)x||dσ = ∫_t s ||B(σ)R_λ(A_0) ∫_σ s T_{−1}(σ − τ)B(τ)U_{n−1}(τ, s)xdτ||dσ

≤ ∫_t s ∫_σ s ||B(σ)R_λ(A_{−1})T_{−1}(σ − τ)B(τ)U_{n−1}(τ − s)x||dτdσ

= ∫_t s ∫_{σ−τ} 0 ||B(σ + τ)T_0(σ)R_λ(A)B(τ)U_{n−1}(τ, s)x||dσdτ

≤ q ∫_t s ||R_λ(A)B(τ)U_{n−1}(τ, s)x||dτ ≤ q ∫_t s ||B(τ)U_{n−1}(τ, s)x||dτ. Hence, By the hypothesis of recurrence and if we let λ go to ∞, we get the estimate. Since ‖T_0(t)‖ ≤ 1, we have from the inequality (2.2) and the first estimate that, for each x ∈ X_0 and n ∈ IN

‖U_n(t, s)x‖ := ‖ ∫_t s T_{−1}(t − σ)B(σ)U_{n−1}(σ, s)xdσ‖ ≤ ∫_t s ‖B(σ)U_{n−1}(σ, s)x‖dσ ≤ q^n‖x‖ for all t ≥ s. □ The following proposition is an immediate consequence of the above lemma.

Proposition 3.2. Under the hypotheses of Lemma 3.1, the following holds (i) for all x ∈ X_0, the series defined by (3.1) converges uniformly on the set {(t, s) : t ≥ s ≥ 0}. (ii) The evolution family (U(t, s))_{t≥s≥0} is uniformly bounded and ||U(t, s)|| ≤ 1 1 − q for all t ≥ s.

To study the asymptotic behaviour of the evolution family (U(t, s))_{t≥s≥0}, we need a result concerning the asymptotic behaviour of the convolution between T_{−1} and a function g ∈ L^1(IR, X), which is defined as

(T_{−1} ∗ g)(t) = ∫_{+∞} 0 T_{−1}(s)g(t − s)ds = ∫_t −∞ T_{−1}(t − s)g(s)ds , t ≥ 0 . Now we can state the needed result. For an analogous result, in the case of generators, see Batty-Chill [4].

Lemma 3.3. Let A be a Hille-Yosida operator on X such that the semigroup (T_0(t))_{t≥0} is bounded. Let E be a closed biinvariant subspace of C_{ub}(IR_+, X_0), such that the function

IR_+ ∋ t −→ T_0(t)x belongs to E, for every x ∈ X_0. Then, (T_{−1} ∗ g)_{/IR+} ∈ E for all g ∈ L^1(IR, X).

Proof. Following the technique used for the proof of Proposition 3.3 in [14] (see also [1]), we can show that (T_{−1} ∗ g)(t) ∈ X_0 for all g ∈ L^1(IR, X), and ‖(T_{−1} ∗ g)(t)‖ ≤ M_1‖g‖_L1 . Furthermore, by this estimate we can prove that for all g ∈ L^1(IR, X), (T_{−1} ∗ g)_{/IR+} ∈ C_{ub}(IR_+, X_0) and then the map g −→ (T_{−1} ∗ g)_{/IR+} is bounded from L^1(IR, X) into C_{ub}(IR_+, X_0). For a simple function g := 1_{(a,b)} ⨂ x, with a ≤ b ∈ IR and x ∈ X, we have that

(T_{−1} ∗ g)(t) = ∫_b a T_{−1}(t − s)x ds = T_0(t − b) ∫_{b−a} 0 T_{−1}(s)x ds

for all t ≥ b. Hence, since E is biinvariant and t −→ T_0(t)x belongs to E for every x ∈ X_0, we can conclude that (T_{−1} ∗ g)(·) ∈ E.

Consequently, by linearity and density we get the result. □ Using Proposition 3.2, the estimate (3.3) and Lemma 3.3, we can now show the aim of this paper.

Theorem 3.4. Let (A, D(A)) be a Hille-Yosida operator on X such that ‖T_0(t)‖ ≤ 1, t ≥ 0 and the condition (3.2) holds. If E is a homogeneous subspace of C_{ub}(IR_+, X_0) and t −→ T_0(t)x belongs to E for all x ∈ X_0, then the function t −→ U(t, 0)x belongs to E for all x ∈ X_0.

Proof. For each x ∈ X_0, one has U(t, 0)x = +∞∑ n=0 U_n(t, 0)x, t ≥ 0 and from Proposition 3.2, this series converges uniformly on IR_+. Hence, it is sufficient to show that, for each n ∈ IN, t −→ U_n(t, 0)x is in E. By hypothesis this holds for n = 0. Assume that this is true for n − 1. For n, we have

U_n(t, 0)x := ∫_t 0 T_{−1}(t − σ)B(σ)U_{n−1}(σ, 0)xdσ = (T_{−1} ∗ g)(t),

where g is the function defined on IR by

g(t) := { B(t)U_{n−1}(t, 0)x, t ≥ 0 0, t < 0. In view of Lemma 3.3, it suffices to show that this function g belongs to L^1(IR, X). The claim now follows from the estimate (3.3). □

Example 3.5. We end this section by an application of Proposition 3.2 to an example of population equations. Moreover, by this example we illustrate our main hypothesis (3.2). Let the semigroup (T_0(t))_{t≥0} defined on the Banach space L^1(0, ∞) by

(T_0(t)f) (a) := { f(a − t), a − t ≥ 0, 0, otherwise. It is clear that (T_0(t))_{t≥0} is a contraction semigroup on L^1(0, ∞) . Consider also the operator L from L^1(0, ∞) to IR Lf := ∫_∞ 0 β(a)f(a)da, with β ∈ L^∞(0, ∞) ∩ L^1(0, ∞) such that ‖β‖_L1 < 1. Let now the following C_0-semigroup on {0} × L^1(0, ∞)

T_0(t) := ( 0 0 0 T_0(t) ) , t ≥ 0 and the unbounded perturbation operator

B := ( 0 L 0 0 )

from {0} × L^1(0, ∞) into the space IR × L^1(0, ∞).

By the above definitions and the Fubini’s theorem, we have for all f ∈ L^1(0, ∞) ∫_∞ 0 ‖BT_0(t) (_0 f ) ‖dt = ∫_∞ 0 ‖LT_0(t)f‖_L1 dt = ∫_∞ 0 ∫_∞ 0 |β(a + t)||f(a)|da dt ≤ ||β||_L1 ||f||_L1 . Hence, we obtain ∫_∞ 0 ‖BT_0(t) (_0 f ) ‖dt ≤ |β|_L1 ‖ (_0 f ) ‖. Consequently the condition (3.2) is satisfied for this example with q := ||β||_L1 < 1. Now all hypotheses of Proposition 3.2 are satisfied. Hence, the perturbed semigroup on {0} × L^1(0, ∞), which can be identified with the solution semigroup (S_0(t))_{t≥0}, on L^1(0, ∞), of the following dynamical population equation u_t(t, a) = − ∂ ∂a u(t, a), t, a ≥ 0, u(t, 0) = ∫_∞ 0 β(a)u(t, a)da, t ≥ 0, is also bounded and one has ‖S_0(t)‖ ≤ 1 1 − ||β||_L1 for all t ≥ 0.

For the well-posedness of this equation and especially for the above matrix operators, we refer to [16], [22] and [25]. Note that we can consider more general models and also non-autonomous births β(t, ·), t ≥ 0.

4. Application to non-autonomous retarded differential equations Let (B, D(B)) be a Hille-Yosida operator on a Banach space E and the strongly continuous semigroup (S_0(t))_{t≥0}, generated by its part in E_0 := D(B) such that ‖S_0(t)‖ ≤ 1 for all t ≥ 0.

Consider the following non-autonomous retarded differential equation (RDE) { x^′(t) = Bx(t) + L(t)x_t, t ≥ s, x_s = φ ∈ C([−r, 0], E_0), where (L(t))_{t≥0} is a family of bounded linear operators from C([−r, 0], E_0) to E.

It is known (see [9], [12], [21] and [24]) that the study of the well-posedness of (RDE) is equivalent to the one of the following abstract non-autonomous Cauchy problem on the product Banach space X := E × C([−r, 0], E_0) { U^′(t) = AU(t) + B(t)U(t), t ≥ s, U(s) = (_{0φ} ) , (4.1)

where A is the operator defined on X by

A := ( 0 Aδ_0 − δ^′ 0^d_{dτ} )

with domain D(A) := {0} × { ϕ ∈ C^1([−r, 0], E_0) : ϕ(0) ∈ D(A) } , and for each t ≥ 0

B(t) := ( 0 L(t) 0 0 ) . We know, from [21] (see also [12]), that A is a Hille-Yosida operator on X. Its part on X_0 := D(A) = {0}×C([−r, 0], E_0) generates then the contraction C_0-semigroup (T_0(t))_{t≥0}

T_0(t) := ( 0 0 0 T_0(t) ) , where (T_0(t))_{t≥0} is the C_0-semigroup given by

(T_0(t)φ) (θ) := { φ(t + θ), t + θ ≤ 0, S_0(t + θ)φ(0), t + θ > 0.

(4.2)

It is clear that (B(t))_{t≥0} is a family of bounded operators from X_0 to X. Hence, by [21, Theorem 2.3], the family of operators ( (A + B(t))_{/X0} ) t≥0 generates a strongly continuous evolution family (U(t, s))_{t≥s≥0} on the space {0} × C([−r, 0], E_0). We have, for each t ≥ 0 (A + B(t))_{/X0} = ( 0 0 0^d_{dτ} )

with domain D((A + B(t))_{/X0} ) = {0} × { ϕ ∈ C^1([−r, 0], E_0) : ϕ(0) ∈ D(A); φ^′(0) = Aφ(0) + L(t)φ } .

Therefore the family (A(t), D(A(t)))_{t≥0} of operators defined by

A(t) := d dτ , D(A(t)) := { ϕ ∈ C^1([−r, 0], E_0) : ϕ(0) ∈ D(A); φ^′(0) = Aφ(0) + L(t)φ } generates a strongly continuous evolution family (U(t, s))_{t≥s} on the space C([−r, 0], E_0). We have also for all t ≥ s, that U(t, s) (_{0φ} ) = (_0 U(t,s)φ ) = (_0 T_0(t−s)φ ) + ∫_t s T_{−1}(t − σ) (_{L(σ)U(σ,s)φ} 0 ) dσ. We can also show as in [21] that the solution of (RDE) is the function given by x(t, s, φ) := { φ(t − s), s − r ≤ t ≤ s (U(t, s)φ) (0), t ≥ s. (4.3)

From the definition, the semigroup (T_0(t))_{t≥0} has the same asymptotic behaviour as (T_0(t))_{t≥0}, and since this last semigroup is essentially given by (S_0(t))_{t≥0}, we can hope that they have the same asymptotic behaviour. In the following lemma, we give some common asymptotic behaviours.

Lemma 4.1. Let φ ∈ C([−r, 0], E_0). Assume that the map IR_+ ∋ t −→ S_0(t)φ(0) is (1) continuous and vanishing at infinity, or (2) Asymptotically almost periodic, or (3) ergodic, or (4) (totally) uniformly ergodic.

Then, the function IR_+ ∋ t −→ T_0(t)φ has the same property.

Remark 4.2. The proof of Lemma 4.1 is similar to the one given in [5] with small differences due to the fact that in [5], the authors considered the equation (RDE) in L^p-spaces.

We can now state the main result of this section.

Theorem 4.3. Assume that there is a constant 0 ≤ q < 1 such that ∫_∞ 0 ||L(s + t)T_0(t)φ||dt ≤ q||φ|| for all φ ∈ C([−r, 0], E_0) and s ≥ 0. (4.4)

Assume moreover that the function IR_+ ∋ t −→ S_0(t)φ(0) belongs to one of the classes (1)-(4) of Lemma 4.1 for all φ ∈ C([−r, 0], E_0). Then, for all φ ∈ C([−r, 0], E_0), the solution of (RDE) IR_+ ∋ t −→ x(t, 0, φ) belongs to the same class as the map IR_+ ∋ t −→ S_0(t)φ(0). Proof. From Lemma 4.1, the function t −→ T_0(t)

(_{0φ} ) is in the same class as t −→ S_0(t)φ(0). Also, by the definition of the family (B(t))_{t≥0}, the assumption (4.4) is exactly the condition (3.2) of the previous section for (T_0(t))_{t≥0} and (B(t))_{t≥0}. Hence, since the semigroup (T_0(t))_{t≥0} is of contractions, by Theorem 3.4, the map t −→ U(t, 0)

(_{0φ} ) = (_0 U(t,0)φ ) is in the same class as t −→ T_0(t)

(_{0φ} ) . Then t −→ U(t, 0)φ is in the same class as t −→ S_0(t)φ(0). Consequently, by (4.3) and since the classes (1)-(4) are operatorinvariant, we get the result. □ In the above theorem, we have considered particular asymptotic behaviours. Now, if one can give sufficient conditions on the map t −→ S_0(t)φ(0) such that the function t −→ T_0(t)φ is in some homogeneous subspace E of BUC(IR_+, C([−r, 0], E_0)), then by Theorem 3.4 we obtain this general theorem.

Theorem 4.4. If t −→ T_0(t)φ belongs to E for all φ ∈ C([−r, 0], E_0), and the condition (4.4) is satisfied then, for all φ ∈ C([−r, 0], E_0), the function IR_+ ∋ t −→ x_t(0, φ) is also in E, where x(t, 0, φ) is the solution of (RDE).

References

[1] Amir, B., Maniar, L.: Existence and asymptotic behavior of solutions of semilinear Cauchy problems with non dense domain via extrapolation spaces. Submitted.

[2] Arendt, W., Batty, C. J. K.: Asymptotically almost periodic solutions of inhomogeneous Cauchy problems on the half-line. Bull. London Math. Soc. Vol 31 (1999), 291-304.

[3] Bátkai, A., Maniar, L., Rhandi, A.: Regularity properties of perturbed Hille–Yosida operators and retarded differential equations. Submitted.

[4] Batty, C. J. K., Chill, R.: Bounded convolutions and solutions of inhomogeneous Cauchy problems.

Forum Math. Vol. 11 (1999), 253-277.

[5] Casarino, V., Piazzera, S.: On the stability of asymptotic properties of perturbed C_0-semigroups.

To appear in Forum Math..

[6] Casarino, V., Maniar, L., Piazzera, S.: The asymptotic behaviour of perturbed evolution families.

Submitted.

[7] Da Prato, G., Grisvard, E.: On extrapolation spaces. Rend. Accad. Naz. Lincei. 72 (1982), 330-332. [8] Engel, K. J., Nagel, R.: One Parameter Semigroups for Linear Evolution Equations. Springer-Verlag, GTM 194, 1999.

[9] Gühring, G., Räbiger, F.: Asymptotic properties of mild solutions of nonautonomous evolution equations with applications to retarded differential equations. Preprint.

[10] Hille, E., Phillips, R. S.: Functional Analysis and Semigroups. Amer. Math. Soc. Providence 1975. [11] Latushkin, Y., Randolph, T.: Dichotomy of Differential equations on Banach spaces and an algebra of weithed translation operators. Int. Equat. Oper. Theory 23 (1995), 472-500.

[12] Maniar, L., Rhandi, A.: Inhomogeneous retarded differential equation in infinite dimensional Banach space via extrapolation spaces. Rend. Circ. Mat. Palermo, Vol. 47 (1998).

[13] Nagel, R.: Sobolev spaces and semigroups, Semesterberichte functional-analysis, Band 4(1983), 1-20. [14] Nagel, R., Sinestrari, E.: Inhomogeneous Volterra integrodifferential equations for Hille-Yosida operators. Functional Analysis (ed. by K.D. Bierstedt, A. Pietsch, W.M. Ruess, D. Vogt), Lecture Notes Pure Appl. Math. 150, Marcel Dekker (1994), pp. 51-70.

[15] Nagel, R., Piazzera, S.: On the regularity properties of perturbed semigroups. Rend. Circ. Mat.

Palermo Vol. 56 (1998).

[16] Nickel, G., Rhandi, A.: On the essential spectral radius of semigroups generated by perturbations of Hille-Yosida operators, Differential Integral Equations. In press.

[17] Van Neerven, J.: The adjoint of a Semigroup of Linear Operators. Lecture Notes in Mathematics 1529, Springer-Verlag 1992.

[18] Pazy, A.: On the differentiability and compactness of semi-groups of linear operators. Math. Mech.

17 (1968), 1131–1142.

[19] Phillips, R. S.: Perturbation theory for semigroups of linear operators. Trans. Amer. Math. Soc. Vol.

74 (1953), 199-221.

[20] Renardy, M.: On the stability of differentiability of semigroups. Semigroup Forum Vol. 51 (1995), 343-346.

[21] Rhandi, A.: Extrapolation methods to solve non-autonomous retarded differential equations. Studia Math. 126 (1998), 219-233.

[22] Rhandi, A.: Positivity and stability of a population equation with diffusion in L^1. Positivity 2 (1998), 101-113.

[23] Schnaubelt, R.: Sufficient conditions for exponential stability and dichotomy exponential of evolution equations. To appear in Forum Math..

[24] Thieme, H. R.: Semiflows generated by Lipschitz perturbations of non-densely defined linear operators. Differential Integral Equations 3 (1990), 1035-1066.

[25] Thieme, H. R.: Positive perturbation of operator semigroups: growth bounds, essential compactness, and asynchronous exponential growth. Disc. Cont. Dyn. Systems 4, no 4, (1998), 735–764.

L. Maniar University Cadi Ayyad, Faculty of Sciences Semlalia, Department of Mathematics Marrakesh 40000, B.P. 2390, Morocco. E-mail address:

maniar@ucam.ac.ma lama@michelangelo.mathematik.uni-tuebingen.de