APPROXIMATION AND ASYMPTOTIC BEHAVIOUR OF EVOLUTION FAMILIES

CHARLES J. K. BATTY AND RALPH CHILL

Abstract. Let (A(t))_{t≥0} and (B(t))_{t≥0} be two families of closed operators satisfying the Acquistapace-Terreni conditions or the Kato-Tanabe conditions, or assumptions of maximal regularity, and let (U(t, s))_{t>s≥0} and (V (t, s))_{t>s≥0} be the associated evolution families. We obtain some estimates for ‖U(t, s) − V (t, s)‖ in terms of ‖ ‖A(τ )−1 − B(τ )−1 ‖ ‖ for s ≤ τ ≤ t. We deduce some results showing that if ‖ ‖A(τ )−1 − B(τ )−1 ‖ ‖ → 0 sufficiently quickly as τ → ∞ then U and V have similar asymptotic behaviour.

1. Introduction

We consider long-time asymptotic properties of solutions of nonautonomous Cauchy problems of the form d dt u(t) = A(t)u(t) (t ≥ s ≥ 0), u(s) = x, (1.1)

on a Banach space X. Once one has obtained appropriate results for the homogeneous problem (1.1), it is straightforward to deduce results for the corresponding inhomogeneous problems. The properties which have been most thoroughly studied are (exponential) stability and exponential dichotomy; see the monographs [11], [13], [15], [28], [33] and [39].

If two families of operators (A(t))_{t≥0} and (B(t))_{t≥0} approach each other in a suitable sense as t → ∞, then one may expect that the solutions of (1.1) have long-time asymptotic properties which are similar to those of the solutions of the corresponding problem for (B(t)). The first results of this type were obtained by Tanabe [38] (see [33, Section 5.8] or [39, Section 5.6]) in some cases when B(t) = B is autonomous and D(A(t)) = D(B) for all t ≥ 0. Recently, Schnaubelt [36] has extended Tanabe’s results. He assumed that the family of operators A(t) satisfy the Acquistapace-Terreni conditions, and that they converge in a certain sense, as t → ∞, to an operator B which generates a holomorphic C_0-semigroup satisfying exponential dichotomy. Then the evolution family associated with (1.1) also has exponential dichotomy.

In this paper we extend Schnaubelt’s ideas in several directions. We improve his result by assuming a more natural and weaker notion of convergence of A(t) to B (see

Date: 9 January 2001.

1991 Mathematics Subject Classification. Primary 34D05; Secondary 47D06, 34G10, 47B38. Key words and phrases. nonautonomous, Cauchy problem, evolution family, semigroup, approximation, Yosida, asymptotic behaviour, dichotomy, stability, maximal regularity.

The work described in this paper was started during a visit to Oxford by the second author supported by a grant from the London Mathematical Society. The authors are very grateful for this support. 1

Theorem 6.2 and Remark 3.5). We establish the same results with the Acquistapace- Terreni conditions replaced by the Kato-Tanabe conditions or by assumptions of L^pmaximal regularity (Theorem 6.3). In Section 7, we consider other types of asymptotic behaviour instead of exponential dichotomy.

The basic technique is to estimate the difference between the evolution family U(t, s) asociated with (1.1) and the semigroup e^{(t−s)B} generated by B, or, more generally, the evolution family associated with a nonautonomous family of operators B(t). The estimation need only be carried out for t − s fixed or bounded, but for types of exponential behaviour other than dichotomy the estimates have to be iterated and then it is important that they should be as precise as possible.

We give three methods for obtaining the basic estimates, in Sections 3, 4 and 5, respectively. The first is an extension of the approach used in [36]; it applies to the Kato-Tanabe conditions and also to many cases of the Acquistapace-Terreni conditions including those where B is autonomous. The second method covers all cases of the Acquistapace-Terreni conditions, but it gives less precise estimates; it involves passing to the Yosida approximations A_n(t) of A(t) and extracting from the techniques of the original paper of Acquistapace and Terreni [2] specific estimates for the difference between the corresponding evolution families (see Proposition 4.4 and compare the corresponding estimate for the Kato-Tanabe conditions in [3, Section 3]). The third method uses maximal regularity to obtain the estimates.

The final section of the paper contains some comparative discussion of the various results and some examples from parabolic partial differential equations.

2. Acquistapace-Terreni and Kato-Tanabe conditions

Let J = [0, T ] for some T > 0 or J = R_+ , and let (A(t))_{t∈J} be a family of closed linear operators on a complex Banach space X. We write R(λ, A(t)) for (λ − A(t))^{−1} when λ belongs to the resolvent set ϱ(A(t)) of A(t).

We say that the family satisfies the Acquistapace-Terreni conditions if there exist θ ∈ (π/2, π), ω ∈ R, K, L ≥ 0 and μ, ν ∈ (0, 1] with μ + ν ≥ 1, such that (SC) ϱ(A(t) − ω) ⊇ Σ_θ ∪ {0} and ‖R(λ + ω, A(t))‖ ≤ K 1 + |λ| for all t ∈ J and λ ∈ Σ_θ := {z ∈ C \ {0} : | arg z| < θ}; and (AT) ‖(ω − A(t))R(λ + ω, A(t)) (R(ω, A(t)) − R(ω, A(s)))‖ ≤ L|t − s|^μ |λ|^ν for all s, t ∈

J and λ ∈ Σ_θ.

Since (ω − A(t))R(1 + ω, A(t)) is invertible with inverse R(ω, A(t)) + I, the norm of which is bounded by K + 1, it follows from (AT) that ‖R(ω, A(t)) − R(ω, A(s))‖ ≤ C|t − s|^μ (2.1)

for all s, t ∈ J, where C = L(K + 1). The identity R(λ + ω, A(t)) − R(λ + ω, A(s)) = (ω − A(t))R(λ + ω, A(t)) (R(ω, A(t)) − R(ω, A(s))) (ω − A(s))R(λ + ω, A(s)) and (AT) imply that ‖R(λ + ω, A(t)) − R(λ + ω, A(s))‖ ≤ C|t − s|^μ |λ|^ν (2.2)

for all s, t ∈ J and λ ∈ Σ_θ.

It follows from the sectorial condition (SC) that A(t) generates a holomorphic semigroup ( e^{τ A(t)} ) τ >0 given by

e^{τ A(t)} = 1 2πi ∫ Γ e^{(λ+ω)τ} R(λ + ω, A(t)) dλ = e^{ωτ} 2πiτ ∫ Γ e^λR(λ/τ + ω, A(t)) dλ, (2.3)

where Γ is the upward-directed path consisting of the rays arg λ = e^{±iθ′} for any θ^′ ∈ (π/2, θ), or any deformation of such a path. The following properties are standard (see [29, Section 2.1]):

(S1) e^{τ1A(t)}e^{τ2A(t)} = e^{(τ1+τ2)A(t)} (τ_1, τ_2 > 0); (S2) ‖ e^{τ A(t)} ‖ ≤ Ce^{ωτ} (τ > 0); (S3) the map τ → e^{τ A(t)} belongs to C^∞((0, ∞), L(X)) and for each k ∈ N and τ > 0, e^{τ A(t)} maps X into D(A(t)^k) and ( d dτ )_k ( e^{τ A(t)} ) = A(t)^ke^{τ A(t)} = e^{ωτ} 2πiτ^{k+1} ∫ Γ (λ + ωτ)^ke^λR(λ/τ + ω, A(t)) dλ. (2.4)

In particular, for τ ∈ (0, T ] (where T > 0 is arbitrary in the case when J = R_+ ), ‖ ‖A(t)^ke^{τ A(t)} ‖ ‖ ≤ C_k τ^k , ‖ ‖e_{−ωτ} R(ω, A(t))e_{τ A(t)} − R(ω, A(t)) ‖ ‖ = ‖ ‖ ‖ ∫_τ 0 e^{−ωτ} e^{rA(t)} dr ‖ ‖ ‖ ≤ Cτ. (2.5)

Moreover, it follows easily from (AT), (2.4), (2.3) and (2.2) that ‖ ‖ ‖(ω − A(t))e^{τ A(t)} (R(ω, A(t)) − R(ω, A(s))) ‖ ‖ ‖ ≤ C|t − s|^μτ^{ν−1}, (2.6) ‖ ‖e_{τ A(t)} − e_{τ A(s)} ‖ ‖ ≤ C|t − s|_μτ_{ν−1} (2.7)

for all τ ∈ (0, T ] and s, t ∈ J. Here and throughout the paper, C and C_k are constants which may vary from line to line and which may depend on T and on the parameters θ, ω, K, L, μ and ν of the Acquistapace-Terreni conditions (and on other parameters such as k) but which are otherwise independent of the particular family (A(t)) and are independent of time variables such as s, t and τ.

Let Δ = {(t, s) ∈ J^2 : t > s} and Δ_T = {(t, s) ∈ Δ : t ≤ s + T } (where T > 0 is arbitrary when J = R_+ ; note that Δ_T = Δ when J = [0, T ]). If J = [0, T ], and a fortiori if J = R_+ , it is shown in [2], [1] (see also [6], [41], [42]) that the family (A(t))_{t∈J} “generates” an evolution family (U(t, s))_{(t,s)∈Δ} of bounded linear operators on X satisfying: (EF1) U(t, s) = U(t, r)U(r, s) whenever 0 ≤ s < r < t ∈ J; (EF2) U is strongly continuous on Δ;

(EF3) lim_{t↓s} U(t, s)x = x if and only if x ∈ D(A(s));

(EF4) U(·, s) ∈ C^1((s, ∞) ∩ J, L(X)), U(t, s) maps X into D(A(t)) and^∂_{∂t} U(t, s) = A(t)U(t, s) whenever (t, s) ∈ Δ; (EF5) ‖U(t, s)‖ ≤ C and ‖A(t)U(t, s)‖ ≤ C/(t − s) whenever (t, s) ∈ Δ_T ; (EF6) ‖ U(t, s) − e^{(t−s)A(s)} ‖ ≤ C(t−s)^δ whenever (t, s) ∈ Δ_T , where δ = μ+ν−1 > 0.

Of these conditions, (EF1) and (EF2) form the abstract definition of an evolution family on an arbitrary interval in R. When lim_{t↓s} U(t, s)x = x for all s ∈ J and x ∈ X, we put U(s, s) = I and we say that U is a (strongly continuous) evolution family for t ≥ s. For the general theory of evolution families, we refer to [11]. The properties (EF4)–(EF6) are not part of the definition of an evolution family, but they are consequences of the Acquistapace-Terreni conditions showing that U is associated with the Cauchy problem (1.1).

Instead of the Acquistapace-Terreni conditions, we may consider the conditions introduced by Kato and Tanabe [26] (see also [39, Section 5.3]) which also imply the generation of an evolution family.

We say that (A(t))_{t∈J} satisfies the Kato-Tanabe conditions if there exist θ ∈ (π/2, π), ω ∈ R, K, L ≥ 0 and α, ν ∈ (0, 1] such that (SC) holds and

(KT) The map t → R(ω, A(t)) belongs to C^1(J, L(X)) and its derivative satisfies ‖ ‖ ‖ d dt R(ω, A(t)) − d ds R(ω, A(s)) ‖ ‖ ‖ ≤ L|t − s|^α for all s, t ∈ J and ‖ ‖ ‖ d dt (R(λ + ω, A(t))) ‖ ‖ ‖ ≤ L 1 + |λ|^ν for all t ∈ J and λ ∈ Σ_θ.

Note that differentiability of R(ω, A(·)) implies differentiability of R(λ, A(·)).

When the Kato-Tanabe conditions hold, we put μ = 1. Then (2.1), (2.2) and (2.7) all hold. Moreover, it is shown in [26], [39, Section 5.3] that (A(t))_{t∈J} generates an evolution family (U(t, s))_{(t,s)∈Δ} satisfying (EF1)–(EF6). (When we assume the Kato- Tanabe conditions, our constants C may depend on θ, ω, K, L, α and ν, and also on T .)

Now suppose that B = (B(t))_{t∈J} is a family of closed linear operators on the Banach space X, satisfying the Acquistapace-Terreni conditions or the Kato-Tanabe conditions. Let V := (V (t, s))_{(t,s)∈Δ} be the evolution family generated by B. We shall need to consider the following property:

(D) For each t ∈ J, V (t, ·) ∈ C^1([0, t), L(X)) and, for 0 ≤ s < t,^∂_{∂s} V (t, s) is an extension of −V (t, s)B(s).

It is shown in [3, Theorem 1.6] that if B satisfies the Kato-Tanabe conditions, then (D) holds and ‖_∂ ∂s V (t, s) ‖ ≤ C/(t − s) ((t, s) ∈ Δ_T ). (2.8)

When B satisfies the Acquistapace-Terreni conditions, there is a duality technique which has been employed in [3, Section 6] to establish (D) in many cases. Consider the following condition which is dual to (AT):

(AT)^′ There exist L^′ ≥ 0 and μ^′, ν^′ ∈ (0, 1] with μ^′ + ν^′ > 1 such that ‖(R(ω, B(t)) − R(ω, B(s))) B(t)R(λ + ω, B(t))‖ ≤ L^′|t − s|^{μ′} |λ|^{ν′} for all s, t ∈ J and λ ∈ Σ_θ.

Assuming that each B(t) is densely defined and that (AT)^′ holds (in addition to (SC) and (AT)), it is shown in [3, Theorem 6.4] that (D) and (2.8) both hold. (Here and in the subsequent results which depend on (AT)^′, C may depend on the constants L^′, μ^′ and ν^′ as well as the constants appearing in (SC) and (AT)).

Remark 2.1. In the literature the Acquistapace-Terreni and Kato-Tanabe conditions are usually given in the case when ω = 0. However, all the assertions above follow in the more general case, by rescaling. In fact, if (A(t)) satisfies either set of conditions, then the family (A(t)−ω) satisfies the same conditions with ω replaced by 0. If (A(t)−ω) generates an evolution family (U_ω(t, s)) then (A(t)) generates an evolution family given by U(t, s) = e^{ω(t−s)}U_ω(t, s). The properties described above and in Sections 3, 4 and 5 are invariant under this rescaling, if one multiplies the constants C by e^{|ω|T} .

3. Estimates involving (D)

In this and the following two sections, the time interval J will be compact, i.e., J = [0, T ] for some fixed positive T . We consider two families of operators (A(t))_{t∈[0,T ]} and (B(t))_{t∈[0,T ]} on the same space X. We assume throughout this and the next section that each family satisfies the Acquistapace-Terreni conditions or the Kato- Tanabe conditions with constants θ_A, ω_A, K_A, L_A, μ_A, ν_A and θ_B, ω_B , K_B , L_B, μ_B , ν_B , respectively. We shall write θ = min(θ_A, θ_B ), ω = max(ω_A, ω_B ), K = max(K_A, K_B ), L = max(L_A, L_B ), μ = min(μ_A, μ_B ), δ = min(μ_A+ν_A−1, μ_B +ν_B −1) and γ = δ/(1+δ). Note that 0 < δ ≤ 1. The constants C may depend on these parameters and parameters appearing in (AT)^′ and on T , but they do not otherwise depend on the families (A(t)) and (B(t)). Without loss of generality we shall assume in this and the following section that ω = 0 (see Remark 2.1).

Let (U(t, s))_{T ≥t>s≥0} and (V (t, s))_{T ≥t>s≥0} be the respective evolution families. Our aim here is to show that ‖U(t, 0) − V (t, 0)‖ is small for 0 < t ≤ T if ‖ A(τ)^{−1} − B(τ)^{−1} ‖ is small for 0 ≤ τ ≤ T .

We write g(τ) = ‖ ‖A(τ)^{−1} − B(τ)^{−1} ‖ ‖ , G_p = (∫_T 0 g(τ)^p dτ )_{1/p} (0 < p < ∞), G_∞ = sup_{0≤τ ≤T} g(τ) = sup_{0≤τ ≤T} ‖ A(τ)^{−1} − B(τ)^{−1} ‖ . (3.1)

Note that it follows from (2.1) that |g(τ) − g(τ^′)| ≤ C|τ − τ^′|^μ (3.2) for all τ, τ^′ ≥ 0. We first observe that this regularity condition implies the following variant of the Gagliardo-Nirenberg inequality [10, p.147], showing that the quantities G_p are comparable for different values of p.

Proposition 3.1. Let 0 < p < ∞. There are constants C_p, c_p > 0 such that

c_pG_p ≤ G_∞ ≤ C_p max ( G^{μp/(1+μp)} p , G_p ) . Proof. The first inequality is trivial, with c_p = T^{1/p}.

For the second inequality, suppose that g(τ) > C(T/2)^μ for some τ ∈ [0, T ] (throughout this proof, C is as in (3.2)). Then g(τ^′) ≥ g(τ)−C(T/4)^μ ≥ (1 − 2^{−μ}) g(τ) whenever |τ − τ^′| ≤ T/4. Hence, G_p ≥ ( T 4 )_{1/p} ( 1 − 2^{−μ} ) g(τ). It follows that G_∞ ≤ C^′_pG_p in this case.

On the other hand, suppose that g(τ) ≤ C(T/2)^μ for all τ ∈ [0, T ]. For each τ, either [ τ − (g(τ)/C)^{1/μ} , τ ] or [ τ, τ + (g(τ)/C)^{1/μ} ] is contained in [0, T ]. Hence, G^p ≥ ∫_{(g(τ )/C)}1/μ 0 (g(τ) − Ch^μ)^p dh = g(τ)^{(1+μp)/μ} C^{1/μ} ∫_1 0 (1 − r^μ)^p dr. It follows that g(τ) ≤ C^{′′}_p G_p(s)^{μp/(1+μp)} in this case.

In the next two propositions, we shall give some estimates for the difference of the two evolution families U and V over a short time interval from 0 to h and from t − h to t. In the proofs of Theorems 3.4 and 4.7, we shall see that there are several situations in which can obtain estimates from h to t − h or t. Then we choose h to give the optimal estimate overall.

Proposition 3.2. There is a constant C such that (i) ‖U(h, 0) − V (h, 0)‖ ≤ C ( h^δ + g(0)^η h^η ) whenever 0 < h ≤ T and 0 ≤ η ≤ 1; (ii) ‖(U(t, t − h) − V (t, t − h))U(t − h, 0)‖ ≤ C ( h^δ + g(t) t − h ) whenever 0 < h < t ≤ T . Proof. (i) By (EF6), ‖ ‖U(h, 0) − e_{hA(0)} ‖ ‖ ≤ Ch_δ, ‖ ‖e_{hB(0)} − V (h, 0) ‖ ‖ ≤ Ch_δ. By (2.3), e^{hA(0)} − e^{hB(0)} = 1 2πih ∫ Γ e^λ (R(λ/h, A(0)) − R(λ/h, B(0))) dλ = 1 2πih ∫ Γ e^λA(0)R(λ/h, A(0)) ( B(0)^{−1} − A(0)^{−1} ) B(0)R(λ/h, B(0)) dλ.

It follows that ‖ ‖ ‖e^{hA(0)} − e^{hB(0)} ‖ ‖ ≤ Cg(0) h . Moreover, ‖ e^{hA(0)} − e^{hB(0)} ‖ ≤ C, by (S2). Hence, ‖ e^{hA(0)} − e^{hB(0)} ‖ ≤ Cg(0)^η /h^η . This gives ‖U(h, 0) − V (h, 0)‖ ≤ C ( h^δ + g(0)^η h^η ) . (ii) Note first that ‖ ‖U(t, t − h)A(t − h)^{−1} − A(t − h)^{−1} ‖ ‖ ≤ ‖ ‖ ( U(t, t − h) − e^{hA(t−h)} ) A(t − h)^{−1} ‖ ‖ + ‖ ‖e^{hA(t−h)}A(t − h)^{−1} − A(t − h)^{−1} ‖ ‖ ≤ C ( h^δ + h ) , (3.3)

by (EF6) and (2.5). There is a similar estimate for V . Now, ‖(U(t, t − h) − V (t, t − h))U(t − h, 0)‖ ≤ ‖ (U(t, t − h) − V (t, t − h))A(t − h)^{−1} ‖ ‖A(t − h)U(t − h, 0)‖ ≤ ( ‖ ‖U(t, t − h)A(t − h)^{−1} − A(t − h)^{−1}‖ + ‖ A(t − h)^{−1} − B(t − h)^{−1} ‖ + ‖ ‖B(t − h)^{−1} − V (t, t − h)B(t − h)^{−1} ‖ ‖ + ‖ V (t, t − h) ( B(t − h)^{−1} − A(t − h)^{−1} )‖ ) C t − h ≤ C ( h^δ + h + g(t − h) t − h )

≤ C ( h^δ + g(t) t − h )

by (EF5), (3.3), (3.2) and the fact that h ≤ T .

Proposition 3.3. Suppose that (D) and (2.8) hold. Then there is a constant C such that ‖V (t, h)(U(h, 0) − V (h, 0))‖ ≤ C ( h^δ + g(0) t − h )

whenever 0 < h < t ≤ T .

Proof. It follows from (D) that V (t, h)(U(h, 0) − V (h, 0)) = − (_∂ ∂h V (t, h) ) B(h)^{−1}(U(h, 0) − V (h, 0)). By (2.8), ‖V (t, h)(U(h, 0) − V (h, 0))‖ ≤ C t − h ‖ B(h)^{−1}(U(h, 0) − V (h, 0)) ‖ .

Now, ‖ ‖B(h)^{−1}(U(h, 0) − V (h, 0)) ‖ ‖ ≤ ‖( B(h)^{−1} − B(0)^{−1} ) U(h, 0) ‖ + ‖ ‖(B(0)^{−1} − A(0)^{−1}) U(h, 0) ‖ ‖ + ‖ ‖ ‖A(0)^{−1} ( U(h, 0) − e^{hA(0)} )‖ ‖ + ‖ ‖A(0)_{−1}e_{hA(0)} − A(0)_{−1} ‖ ‖ + ‖ ‖A(0)^{−1} − B(0)^{−1} ‖ ‖ + ‖ ‖B(0)^{−1} − B(0)^{−1}e^{hB(0)} ‖ ‖ + ‖ ‖B(0)^{−1} ( e^{hB(0)} − V (h, 0) )‖ ‖ + ‖( B(0)^{−1} − B(h)^{−1} ) V (h, 0) ‖ ≤ C ( h^μ + g(0) + h^δ + h + g(0) + h + h^δ + h^μ )

≤ C ( h^δ + g(0) ) , using (2.1), (EF5), (EF6) and (2.5), and the facts that h ≤ T and δ ≤ μ ≤ 1. The result follows immediately.

The following result gives an estimate for ‖U(t, 0) − V (t, 0)‖ in many cases. Note that we make no assumptions that the operators are densely defined.

Theorem 3.4. Suppose that (A(t))_{t∈[0,T ]} satisfies either the Acquistapace-Terreni or the Kato-Tanabe conditions, and (B(t))_{t∈[0,T ]} satisfies either the Acquistapace-Terreni conditions and (AT)^′ or the Kato-Tanabe conditions. There is a constant C such that

‖U(t, 0) − V (t, 0)‖ ≤ C min (G_∞ (1 + |log G_∞|) , 1)

whenever T/2 ≤ t ≤ T .

Proof. First, we suppose additionally that (B(t)) satisfies (D) and (2.8). We shall write W (t, s) =^∂_{∂s} V (t, s). Then the function τ → V (t, τ)U(τ, s) is differentiable on (s, t) with derivative W (t, τ)U(τ, 0) + V (t, τ)A(τ)U(τ, 0) = W (t, τ) ( I − B(τ)^{−1}A(τ) ) U(τ, 0) = W (t, τ)(A(τ)^{−1} − B(τ)^{−1})A(τ)U(τ, 0). Hence, (3.4) V (t, t − h) (U(t − h, h) − V (t − h, h)) U(h, 0) = ∫_{t−h} h W (t, τ)(A(τ)^{−1} − B(τ)^{−1})A(τ)U(τ, 0) dτ.

Then, from this equation, (2.8) and (EF5), ‖V (t, t − h) (U(t − h, h) − V (t − h, h)) U(h, 0)‖ ≤ C ∫_{t−h} h g(τ) (t − τ)τ dτ (3.5) ≤ CG_∞ ∫_{t−h} h dτ (t − τ)τ = 2CG_∞ t log ( t h − 1 ) (3.6)

whenever 0 < h < T/4 and T/2 ≤ t ≤ T .

Observe that U(t, 0) − V (t, 0) = V (t, t − h)(U(t − h, h) − V (t − h, h))U(h, 0) + V (t, h) (U(h, 0) − V (h, 0)) + (U(t, t − h) − V (t, t − h)) U(t − h, 0). Now, Proposition 3.2 (i), (3.6) and Proposition 3.3 give ‖U(t, 0) − V (t, 0)‖ ≤ C ( h^δ + G_∞ + G_∞ log(T/h) ) (3.7)

whenever 0 < h < T/4 and T/2 ≤ t ≤ T .

If G_∞ < 4^{−δ}, we let h = T G^{1/δ}_∞ . This gives ‖U(t, 0) − V (t, 0)‖ ≤ CG_∞ (1 + |log G_∞|) in this case. If G_∞ ≥ 4^{−δ}, one simply uses the estimate ‖U(t, 0) − V (t, 0)‖ ≤ C. Since we may interchange the roles of A(t) and B(t), the only case which has not been covered is when (A(t)) and (B(t)) satisfy the Acquistapace-Terreni conditions, and (B(t)) satisfies (AT)^′ but the domains are not dense.

It is tedious but elementary to see that the Yosida approximations A_n(t) := nA(t) R(n, A(t)) and B_n(t) satisfy the Acquistapace-Terreni conditions and B_n(t) satisfy (AT)^′ with constants which are independent of n (see Lemma 4.1), and therefore they generate evolution families U_n and V_n. Noting also that g(t) is unchanged when A(t) and B(t) are replaced by A_n(t) and B_n(t), it follows from the first case above that ‖V_n(t, h) (U_n(h, 0) − V_n(h, 0))‖ ≤ C ( h^δ + g(0) t − h ) , where C is independent of n. Letting n → ∞ gives the result (see Proposition 4.4). Remarks 3.5. 1. When (B(t)) is autonomous, i.e., B(t) = B for all t, one has V (t, s) = e^{(t−s)B} and (AT)^′, (D) and (2.8) all hold for elementary reasons. This case has been considered by Schnaubelt [36] (assuming also that A(t) and B are densely defined). Instead of (3.7), he obtained an estimate of the form ‖U(t, 0) − V (t, 0)‖ ≤ C ( h^δ + G_{∞,α} h ) , where G_{∞,α} = sup_{0≤τ ≤T} ‖ ‖(−B)^α (A(τ)^{−1} − B^{−1}) ‖ ‖ . Here, α ∈ (0, 1] and (−B)^α is the fractional power of −B, and it is assumed that D(A(t)) ⊆ D((−B)^α). 2. In the proof of Theorem 3.4, we could estimate the integral in (3.5) in other ways, for example by C_pG_p/h^{1/p} for 1 ≤ p < ∞. Combined with Proposition 3.1, this leads to an estimate ‖U(t, 0) − V (t, 0)‖ ≤ C_p min ( G^{δp/(1+δp)} p , 1 ) . (3.8)

However, combining Theorem 3.4 with Proposition 3.1 gives ‖U(t, 0) − V (t, 0)‖ ≤ C_{p,η} min ( G^η_p, 1 ) , whenever 0 < η < μp/(1 + μp). This is sharper than (3.8) except in the case when ν = 1.

3. It is immediate that Theorem 3.4 remains valid when the time interval [T/2, T ] is replaced by [T_0, T ] for any T_0 ∈ (0, T ] (with a different value of C). However, it is not valid if [T/2, T ] is replaced by (0, T ] (see Remark 4.5).

We note the following simple result in the case of bounded perturbations.

Proposition 3.6. Suppose that (A(t))_{t∈[0,T ]} satisfies either the Acquistapace-Terreni or the Kato-Tanabe conditions, and (B(t))_{t∈[0,T ]} satisfies either the Acquistapace-Terreni conditions and (AT)^′ or the Kato-Tanabe conditions. Suppose in addition that for each t ≥ 0, D(B(t)) = D(A(t)), D(B(t)) is dense in X and A(t) − B(t) is a bounded operator. There is a constant C such that ‖U(t, 0) − V (t, 0)‖ ≤ C ∫_t 0 ‖A(τ) − B(τ)‖ dτ whenever 0 ≤ t ≤ T .

Proof. It follows from (D) and (3.4) that U(t, 0)x − V (t, 0)x = lim_{h↓0} ∫_{t−h} h V (t, τ)(A(τ) − B(τ))U(τ, 0)x dτ. The estimate follows.

4. Acquistapace-Terreni conditions without (AT)^′

The aim of this section is to obtain an estimate similar to that in Theorem 3.4, assuming the Acquistapace-Terreni conditions without the additional assumption (AT)^′. If we do not assume (AT)^′, we have to proceed in a different way, and the penalty is that the estimate becomes somewhat weaker. The proof of Theorem 4.7 uses Yosida approximations which also appear in the construction of the evolution family in [2].

So let (A(t))_{t∈[0,T ]} be a family of closed linear operators which satisfy the Acquistapace-Terreni conditions. We will again assume that ω = 0, without loss of generality.

For n > 0 (not necessarily an integer) and t ∈ [0, T ], define the Yosida approximation A_n(t) ∈ L(X) by A_n(t) = nA(t)R(n, A(t)). Note that A_n(t)^{−1} = A(t)^{−1} − n^{−1} and ‖A_n(t)‖ = ‖n(nR(n, A(t)) − I)‖ ≤ (K + 1)n.

The proof of the following lemma is tedious but elementary (see [2, Lemmas 4.1, 4.2]).

Lemma 4.1. There is a constant c (depending only on the angle θ in (SC) and (AT)) such that (A_n(t))_{t∈[0,T ]} satisfies the Acquistapace-Terreni conditions with constants θ, cK, cL, μ and ν. In particular, the family (A_n(t))_{t∈[0,T ]} generates an evolution family (U_n(t, s))_{T ≥t>s≥0} satisfying (EF1)–(EF6) with constants independent of n.

We shall need to estimate ‖U(t, 0) − U_n(t, 0)‖ for 0 < t ≤ T .

Lemma 4.2. There are constants C and C_k (k ∈ N) such that (i) ‖ ‖e_{τ An(t)} − e_{τ A(t)} ‖ ‖ ≤ C n^ητ^η whenever t ∈ [0, T ], τ > 0, n > 0, 0 ≤ η ≤ 1;

(ii) ‖ ‖ ‖ ( A_n(t)e^{τ An(t)} − A(t)e^{τ A(t)} ) A(t)^{−1} ‖ ‖ ‖ ≤ C n^ητ^η whenever t ∈ [0, T ], τ > 0, n > 0, 0 ≤ η ≤ 1;

(iii) ‖ ‖(A_n(t)_ke_{τ An(t)} − A(t)_ke_{τ A(t)}) (A(t)_{−1} − A(s)_{−1}) ‖ ‖ ≤ Ck(t − s)^μ n^ητ^{k−ν+η} whenever k ∈ N, 0 ≤ s ≤ t ≤ T, τ > 0, n > 0, 0 ≤ η ≤ 1. Proof. The following formula is easily deduced from (2.4): A_n(t)^ke^{τ An(t)} − A(t)^ke^{τ A(t)} = 1 2πiτ^k ∫ Γ λ^ke^λ λ + nτ A(t)R ( λn λ + nτ , A(t) ) A(t)R(λ/τ, A(t)) dλ. To obtain the estimates, one uses that ‖A(t)R(λ^′, A(t))‖ ≤ K + 1 for λ^′ = λn/(λ + nτ) and λ^′ = λ/τ (from (SC), since λ^′ ∈ Σ_θ whenever λ ∈ Σ_θ), and there exists c > 0 such that |λ + nτ| ≥ c|λ|^{1−η} n^ητ^η for all λ ∈ Σ_θ and η ∈ [0, 1]. For (iii), the estimate (AT) is also used.

Proposition 4.3. Let η ∈ (0, δ). There is a constant C_η (depending only on η, T and the Acquistapace-Terreni constants) such that ‖ (U(t, 0) − U_n(t, 0)) A(0)^{−1} ‖ ≤ C_η n^ηt^η (4.1)

whenever n > 0 and 0 < t ≤ T .

Proof. We follow the method of [2], but we do not vary the initial vector x when we replace A(t) by its Yosida approximations. We fix n ≥ 1. For t ∈ [0, T ], let L(t) = A(t)e^{tA(t)}A(0)^{−1}. Then L : (0, T ] → L(X) is continuous [2, Proposition 2.1] and ‖L(t)‖ ≤ ‖ ‖e^{tA(t)} ‖ ‖ + ‖ ‖A(t)e^{tA(t)} ( A(0)^{−1} − A(t)^{−1} )‖ ‖ ≤ C, by (S2) and (2.6). Here, C may depend on T and the Acquistapace-Terreni constants, but is independent of t. For 0 ≤ τ < t ≤ T , let Q(t, τ) = A(t)^2e^{(t−τ )A(t)} ( A(t)^{−1} − A(τ)^{−1} ) . Let B_η := B_η([0, T ], X) be the space of all measurable functions f : [0, T ] → X such that ‖f‖_{Bη} := sup_{t∈[0,T ]} ‖t^ηf(t)‖ < ∞. For f ∈ B_η, let (Qf)(t) = ∫_t 0 Q(t, τ)f(τ) dτ. It is shown in [2, Proposition 2.6] that Q is a bounded linear operator on B_η, I − Q is invertible, and ‖ (I − Q)^{−1} ‖ L(B_η ) ≤ C, where C may depend on η, T and the

Acquistapace-Terreni constants, but not otherwise on (A(t)). Moreover, for each x ∈ X,

U(t, 0)A(0)^{−1}x = A(t)^{−1} [ (I − Q)^{−1}L(·)x ] (t). (4.2) Similarly, U_n(t, 0)A(0)^{−1}x = A_n(t)^{−1} [ (I − Q_n)^{−1}L_n(·)x ] (t), (4.3) where L_n(t) = A_n(t)e^{tAn (t)}A(0)^{−1}, Q_n(t, τ) = A_n(t)^2e^{(t−τ )An (t)} ( A_n(t)^{−1} − A_n(τ)^{−1} ) , (Q_nf)(t) = ∫_t 0 Q_n(t, τ)f(τ) dτ. The estimates given above for L and (I − Q)^{−1} apply to L_n and (I − Q_n)^{−1}. Thus,

sup_{n>0} sup_{0<t≤T} ‖L_n(t)‖ < ∞, sup_{n>0} ‖ ‖(I − Q_n)^{−1} ‖ ‖_{L(Bη )} < ∞. (4.4)

We have to estimate ‖L_n(·)x − L(·)x‖_{Bη} for x ∈ X and also ‖Q_n − Q‖_{L(Bη )}. Now, ‖L_n(t) − L(t)‖ ≤ ‖ ‖ ‖ ( A_n(t)e^{tAn (t)} − A(t)e^{tA(t)} ) A(t)^{−1} ‖ ‖ ‖ + ‖ ‖(A_n(t)e_{tAn (t)} − A(t)e_{tA(t)}) (A(0)_{−1} − A(t)_{−1}) ‖ ‖ ≤ C n^ηt^η + Ct^μ n^ηt^{1−ν+η} ≤ C n^ηt^η . In the penultimate line, we have used Lemma 4.2 (ii) and (iii), and in the final line we have used the fact that t^{μ+ν−1} = t^δ ≤ T^δ. Hence, ‖L_n(·)x − L(·)x‖_{Bη} ≤ C n^η . (4.5)

By Lemma 4.2 (iii), ‖Q_n(t, τ) − Q(t, τ)‖ ≤ C(t − τ)^{δ−1−η} n^η .

For f ∈ B_η, it follows that ‖t^η ((Q_nf)(t) − (Qf)(t))‖ ≤ Ct^η n^η ∫_t 0 (t − τ)^{δ−1−η} τ^η ‖τ^ηf(τ)‖ dτ ≤ C n^η ‖f‖_{Bη} , since 0 < η < δ and 0 < t ≤ T . Thus, ‖Q_n − Q‖_{L(Bη )} ≤ C n^η (4.6)

(see [2, Proposition 5.4]).

For t ∈ (0, T ], we obtain from (4.2) and (4.3): ‖ ‖t^η (U(t, 0) − U_n(t, 0)) A(0)^{−1}x ‖ ‖ ≤ ‖ ‖A(·)^{−1} [(I − Q)^{−1}L(·)x] − (A(·)^{−1} − n^{−1}) [(I − Q_n)^{−1}L_n(·)x] ‖ ‖_{Bη} ≤ ‖ ‖A(·)^{−1}[(I − Q)^{−1}L(·)x − (I − Q_n)^{−1}L(·)x] ‖ ‖_{Bη} + ‖ ‖A(·)^{−1}[(I − Q_n)^{−1}(L(·)x − L_n(·)x)] ‖ ‖_{Bη} + 1 n ‖ ‖(I − Q_n)^{−1}L_n(·)x ‖ ‖_{Bη} ≤ K ‖ ‖(I − Q)^{−1}(Q_n − Q)(I − Q_n)^{−1}L(·)x ‖ ‖_{Bη} + K ‖ (I − Q_n)^{−1}(L(·)x − L_n(·)x) ‖ B_η + 1 n ‖ (I − Q_n)^{−1}L_n(·)x ‖ B_η ≤ C ( 1 n^η + 1 n ) ‖x‖ . Here, we have used (SC), (4.4), (4.5) and (4.6).

In particular, (4.1) holds for n ≥ 1. Since the left-hand side of (4.1) is bounded uniformly for n > 0 and t ∈ (0, T ], this completes the proof.

Proposition 4.4. Suppose that (A(t))_{t∈[0,T ]} satisfies the Acquistapace-Terreni conditions, and let ρ ∈ (0, γδ). There is a constant C_ρ such that ‖U(t, 0) − U_n(t, 0)‖ ≤ C_ρ n^ρ (4.7)

whenever n > 0 and T/2 ≤ t ≤ T .

Proof. Let η = ρ/γ ∈ (0, δ), and let h ∈ (0, T/4). Then U(t, 0) − U_n(t, 0) = (U(t, h) − U_n(t, h))A(h)^{−1} A(h)U(h, 0) + U_n(t, h) (U(h, 0) − U_n(h, 0)) . By Proposition 4.3 (with A(τ) replaced by A(τ + h), and t by t − h), ‖ (U(t, h) − U_n(t, h)) A(h)^{−1} ‖ ≤ C n^η(t − h)^η ≤ C4^η n^ηT^η . By (EF5), ‖U_n(t, h)‖ ≤ C, ‖A(h)U(h, 0)‖ ≤ C h .

By Proposition 3.2 (with V replaced by U_n and g(0) by 1/n), ‖U(h, 0) − U_n(h, 0)‖ ≤ C ( h^δ + 1 n^ηh^η ) . Since h ≤ T/4, this gives ‖U(t, 0) − U_n(t, 0)‖ ≤ C ( h^δ + 1 n^ηh ) . If n > (4/T )^{(1+δ)/η} , then we can choose h = n^{−η/(1+δ)}, and we obtain (4.7) in this case. Since the left-hand side of (4.7) is bounded uniformly for n > 0 and t ∈ (0, T ], this completes the proof.

Remark 4.5. While Proposition 4.4 shows that ‖U(t, 0) − U_n(t, 0)‖ → 0 as n → ∞ uniformly for t in compact subsets of (0, T ], the convergence may not be uniform for small t. This may occur even in the autonomous case when A(t) = A for all t. If A_n is the Yosida approximation of A, then lim_{t↓0} ‖ e^{tAn} ‖ = 1. However, there exists an operator A generating a bounded holomorphic C_0-semigroup such that lim sup_{t↓0} ‖ ‖e^{tA} ‖ ‖ > 1 [7, Remark 3.7.10].

Now suppose that (A(t))_{t∈[0,T ]} and (B(t))_{t∈[0,T ]} both satisfy the Acquistapace- Terreni conditions. The first step in the proof of Theorem 4.7 is to observe that condition (D) holds in the case when (B(t))_{t≥0} is a uniformly bounded family in L(X).

Lemma 4.6. Suppose that (B(t))_{t≥0} is a uniformly bounded family in L(X) satisfying the Acquistapace-Terreni conditions. Then (D) holds.

Proof. First, note that it follows from (EF3) and (EF4) that ‖V (t, 0) − I‖ = ‖ ‖ ‖ ∫_t 0 B(τ)V (τ, 0) dτ ‖ ‖ ‖ → 0 as t ↓ 0. Moreover, ‖B(t) − B(0)‖ ≤ ‖B(t)‖ ‖ ‖B(0)^{−1} − B(t)^{−1} ‖ ‖ ‖B(0)‖ → 0 as t ↓ 0.

Let t > 0. For h > 0, ‖V (t, h) − V (t, 0)‖ = ‖V (t, h)(I − V (h, 0))‖ → 0 as h ↓ 0. It follows from (EF4) that 1 h (V (t, h) − V (t, 0)) = − 1 h ∫_h 0 V (t, h)B(τ)V (τ, 0) dτ → −V (t, 0)B(0) in norm as h ↓ 0.

A similar argument shows left-differentiability.

Theorem 4.7. Suppose that (A(t))_{t∈[0,T ]} and (B(t))_{t∈[0,T ]} satisfy the Acquistapace- Terreni conditions.

1. Let η ∈ (0, γ^2). There is a constant C_η such that ‖U(t, 0) − V (t, 0)‖ ≤ C_η min (G^η_1, 1) whenever T/2 ≤ t ≤ T .

2. Let η ∈ (0, γδ/(1 + γδ)). There is a constant C^′_η such that ‖U(t, 0) − V (t, 0)‖ ≤ C^′_η min (G^η_∞, 1) whenever T/2 ≤ t ≤ T .

Proof. 1. Consider the Yosida approximations (A_n(t)) and (B_n(t)), and let h ∈ (0, t/2]. By Lemma 4.6, (3.4), (EF5) and the fact that ‖B_n(τ)‖ ≤ Cn, ‖(U_n(t, h) − V_n(t − h, h)) U_n(h, 0)‖ (4.8) = ‖ ‖ ‖ ∫_t h V_n(t, τ)B_n(τ) ( A_n(τ)^{−1} − B_n(τ)^{−1} ) A_n(τ)U_n(τ, 0) dτ ‖ ‖ ‖ ≤ Cn ∫_t h ‖ ‖A(τ)−1 − B(τ)−1 ‖ ‖ τ dτ (4.9) ≤ CnG_1 h . Moreover, by Proposition 3.2 (i), ‖V_n(t, h) (U_n(h, 0) − V_n(h, 0))‖ ≤ C ( h^δ + G_∞ h ) . Hence, ‖U_n(t, 0) − V_n(t, 0)‖ ≤ C ( nG_1 + G_∞ h + h^δ )

whenever 0 < h ≤ T/2 ≤ t ≤ T . Now we choose h = (nG_1 + g(0))^{1/(1+δ)} , obtaining ‖U_n(t, 0) − V_n(t, 0)‖ ≤ C (nG_1 + G_∞)^γ ≤ C (n^γ G^γ_1 + G^γ_∞) , when nG_1 + G_∞ ≤ (T/2)^{1+δ} . On the other hand, this estimate also holds when nG_1 + G_∞ > (T/2)^{1+δ} since the left-hand side is bounded uniformly for n > 0 and t ∈ [0, T ].

Now, ‖U(t, 0) − V (t, 0)‖ ≤ ‖U(t, 0) − U_n(t, 0)‖ + ‖U_n(t, 0) − V_n(t, 0)‖ + ‖V_n(t, 0) − V (t, 0)‖ ≤ C_ρ ( 1 n^ρ + n^γ G^γ_1 + G^γ_∞ ) , whenever n > 0 and 0 < ρ < γδ, by Corollary 4.4. Choosing n = G^{−γ/(ρ+γ)}_1 gives ‖U(t, 0) − V (t, 0)‖ ≤ C_ρ ( G^{ργ/(ρ+γ)} 1 + G^γ_∞ ) . By Proposition 3.1, G^γ_∞ ≤ CG^{μγ/(1+μ)}_1 ≤ CG^{γ2}_1 ≤ G^η_1 if G_1 ≤ 1 and η < γ^2, since μ ≥ δ. As ρ varies between 0 and γδ, ργ/(ρ + γ) varies between 0 and δγ/(1 + δ) = γ^2. Hence, ‖U(t, 0) − V (t, 0)‖ ≤ C_ηG^η_1 if G_1 ≤ 1. Moreover, ‖U(t, 0) − V (t, 0)‖ is bounded uniformly for t ∈ (0, T ], so this completes the proof.

2. The integral in (4.9) may alternatively be estimated by G_∞ log(t/h − 1). This gives ‖U_n(t, 0) − V_n(t, 0)‖ ≤ C ( nG_∞ log ( t h − 1 ) + G_∞ h + h^δ )

whenever 0 < h ≤ T/2 ≤ t ≤ T . When G_∞ < 2^{−δ}, we may choose h = T G^{1/δ}_∞ and obtain ‖U_n(t, 0) − V_n(t, 0)‖ ≤ C (nG_∞ (1 + |log G_∞|) + G^γ_∞) .

Hence, ‖U(t, 0) − V (t, 0)‖ ≤ C ( nG_∞ (1 + |log G_∞|) + G^γ_∞ + 1 n^ρ )

whenever n > 0 and 0 < ρ < γδ. Now choosing n = (G_∞ (1 + |log G_∞|))^{−1/(1+ρ)} gives

‖U(t, 0) − V (t, 0)‖ ≤ (G_∞ (1 + |log G_∞|))^{ρ/(1+ρ)} + G^γ_∞.

For η ∈ (0, γδ/(1 + γ/δ)), we may choose ρ ∈ (0, γδ) such that ρ/(1 + ρ) > η. Since (x(1 + log x))^{ρ/(1+ρ)} ≤ Cx^η and x^γ < x^η for 0 < x < 2^{−δ}, this gives ‖U(t, 0) − V (t, 0)‖ ≤ C^′_ηG^η_∞ if G_∞ < 2^{−δ} . Since the left-hand side is bounded, this completes the proof.

5. Maximal regularity

In this section, we estimate the difference of two evolution families under the condition that the generating families of operators have L^p-maximal regularity. The estimates of Sections 3 and 4 are based on estimates of integrals such as those in (3.4) and (4.8), and maximal regularity provides an alternative way to estimate that integral.

As an example, consider the case when B = B(t) is independent of t and bounded. Then, as in (4.8), we have ( U(t − h, h) − e^{(t−h)B} ) U(h, 0)x = ∫_t h Be^{(t−τ )B} (A(τ)^{−1} − B^{−1})A(τ)U(τ, 0)x dτ = ( (Be^{·B} ) ∗ f ) (t), where f(t) := 1_{[h,T ]}(t)(A(t)^{−1} − B^{−1})A(t)U(t, 0)x (x ∈ X). In the proof of Theorem Theorem 3.7, we estimated this convolution in terms of the norm of B. If the operator B is unbounded, then the kernel Be^{·B} is singular. In [36], an assumption was added which ensured that the convolution is absolutely convergent. In Sections 3 and 4, we estimated the convolution by changing the upper limit of the integral to t − h, so that the convolution kernel Be^{·B} is bounded. However, the singular kernel may still define a bounded convolution operator on L^p(0, T ; X), and this is exactly the definition of L^p-maximal regularity in the autonomous case. The definition has been extended to the nonautomomous case in [22] and [23], and we recall it here.

Let T > 0 and p ∈ (1, ∞) be fixed, and let (A(t))_{t∈[0,T ]} be a family of closed linear operators on a Banach space X. We define a multiplication operator A_p on L^p := L^p(0, T ; X) by D(A_p) := {f ∈ L^p(0, T ; X) : f(t) ∈ D(A(t)) a.e. and t → A(t)f(t) ∈ L^p(0, T ; X)} and (A_pf)(t) := A(t)f(t) (f ∈ D(A_p), t ∈ [0, T ]). Next, we define the right-shift generator D_p on L^p(0, T ; X) by

D(D_p) := W^{1,p}_0 (0, T ; X) := { f ∈ W^{1,p}(0, T ; X) : f(0) = 0 } and (D_pf)(t) := − d dt f(t) (f ∈ D(D_p), t ∈ [0, T ]). By abuse of notation, we will in the following simply write A and D instead of A_p and D_p.

Definition 5.1. We say that the family (A(t))_{t∈[0,T ]} has L^p-maximal regularity if the sum A + D : D(A) ∩ D(D) → L^p(0, T ; X) is bijective and is a closed operator on L^p(0, T ; X).

Remark 5.2. A family (A(t))_{t∈[0,T ]} of closed linear operators on a Banach space X has L^p-maximal regularity for some 1 < p < ∞ if and only if for every f ∈ L^p(0, T ; X) there exists a unique u ∈ W^{1,p}(0, T ; X) ∩ D(A) such that {_d dt u(t) − A(t)u(t) = −f(t) for almost all t ∈ [0, T ], u(0) = 0,

(5.1)

(i.e., the inhomogeneous nonautonomous Cauchy problem (5.1) has a strong solution u for every inhomogeneity f ∈ L^p(0, T ; X)), and u depends continuously on f. Then (A + D)^{−1} ∈ L(L^p). This follows from the definition and the Closed Graph Theorem.

In the following, we let p^′ be the conjugate of p:^1_p +^1_{p′} = 1. We consider L^{p′} := L^{p′} (0, T ; X^′), where X^′ is the dual space of X, and the left-shift generator D̃ on Lp^′ (0, T ; X′), defined by

D(D̃) = { g ∈ W^{1,p′} (0, T ; X) : g(T ) = 0 }

and (D̃g)(t) := d dt g(t) (g ∈ D(D̃), t ∈ [0, T ]). We identify L^{p′} (0, T ; X^′) with a norming subspace of the dual space (L^p(0, T ; X))^′ in the standard way, and then D̃ is the part of the adjoint D^′ of D in L^{p′} (0, T ; X^′).

Given a family (A(t))_{t∈[0,T ]} of closed linear operators on a Banach space X and p ∈ (1, ∞), consider the following hypotheses:

(MR1) The family (A(t))_{t∈[0,T ]} has L^p-maximal regularity.

(MR2) The family (A(t))_{t∈[0,T ]} satisfies (MR1), and there exists a bounded evolution family (U(t, s))_{T ≥t>s≥0} such that for every f ∈ L^p(0, T ; X) (A + D)^{−1}f = −U ∗ f, where (U ∗ f)(t) := ∫_t 0 U(t, s)f(s) ds (t ∈ [0, T ]). (MR3) The family (A(t))_{t∈[0,T ]} satisfies (MR1), and the adjoint of (A + D)^{−1} maps L^{p′} (0, T ; X^′) into D(D̃), and D(A) ∩ D(D) is a core for A.

Remarks 5.3. 1. If a family (A(t))_{t∈[0,T ]} of closed linear operators on a Banach space satisfies (MR1) and (MR2), we say that (A(t))_{t∈[0,T ]} generates the evolution family (U(t, s))_{T ≥t≥s≥0}, which is uniquely determined by (MR2). We do not know whether (MR2) is automatically implied by (MR1).

2. Note that (MR2) implies that A+D is the generator of a semigroup which is strongly continuous for t > 0 and which is the evolution semigroup associated with the evolution family U (see [11]). Moreover, the adjoint of (A + D)^{−1} leaves L^{p′} (0, T ; X^′) invariant. So if it maps L^p(0, T ; X)^′ into D(D^′), then it maps L^{p′} (0, T ; X^′) into D(D̃). 3. If A(t) = A is independent of t ∈ [0, T ], and A is densely defined and has L^p-maximal regularity for some 1 < p < ∞ (i.e., A satisfies (MR1)), then A is the generator of a holomorphic semigroup ( e^{τ A} ) τ >0, and (MR2) and (MR3) hold. Moreover, the operator

A has L^q-maximal regularity for every 1 < q < ∞, by [19, Theorem 4.2] or [24, Proposition 2.4].

In the next lemma, we put c_p := ‖D(A + D)^{−1}‖_{L(L}p_),

(5.2) if (MR1) holds for some 1 < p < ∞; if (MR3) holds, we put c̃_p := ‖D̃((A + D)^{−1})~‖_{L(Lp}′_),

(5.3)

where ((A + D)^{−1})~ is the restriction of ((A + D)^{−1})^′ to L^{p′} (0, T ; X). The quantities c_p and c̃_p are always finite, by the Closed Graph Theorem.

Lemma 5.4. Assume that (A(t))_{t∈[0,T ]} satisfies the hypotheses (MR1) and (MR2). Let M := sup_{T ≥t>s≥0} ‖U(t, s)‖. (a) For every s ∈ [0, T ) and every x ∈ X, the derivative^∂_{∂t} U(t, s)x exists for almost every t ∈ (s, T ), and (∫_T s+h ‖^∂_{∂t} U(t, s)x‖^p dt )_{1/p} ≤ c_pM h^{1/p′} ‖x‖ (5.4)

whenever 0 < h < T − s.

(b) Assume in addition that (A(t))_{t∈[0,T ]} satisfies the hypothesis (MR3). Then for every t ∈ (0, T ] and every x^′ ∈ X^′, the derivative^∂_{∂s} U(t, s)^′x^′ exists for almost every s ∈ (0, t), and (∫_{t−h} 0 ‖^∂_{∂s} U(t, s)^′x^′‖^{p′} ds )_{1/p}^′ ≤ c̃_pM h^{1/p} ‖x^′‖ (5.5)

whenever 0 < h < t.

Proof. (a) Let s ∈ [0, T ) and h ∈ (0, T − s). Note that, for fixed x ∈ X and every T ≥ t ≥ s + h, we have U(t, s)x = 1 h ∫_{s+h} s U(t, τ)U(τ, s)x dτ = (U ∗ f)(t), where f(t) := h^{−1}U(t, s)x1_{(s,s+h]}(t) (t ∈ [0, T ]). Since we may choose h > 0 arbitrarily small, the first statement follows from hypothesis (MR2). Moreover, by (MR1) and (MR2), (∫_T s+h ‖^∂_{∂t} U(t, s)x‖^p dt )_{1/p} ≤ (∫_T s ‖^∂_{∂t} (U ∗ f)(t)‖^p dt )_{1/p}

= ‖D(A + D)^{−1}f‖_Lp ≤ c_p h (∫_{s+h} s ‖U(t, s)x‖^p dt )^1_p

≤ c_pM h^{1/p′} ‖x‖. The proof of (b) is similar, since

(((A + D)^{−1})^′g)(s) = ∫_T s U(t, s)^′g(t) dt for g ∈ L^{p′} (0, T ; X^′).

In the rest of this section, (A(t))_{t∈[0,T ]} and (B(t))_{t∈[0,T ]} will be two families of closed linear operators on X which both satisfy (MR1)–(MR3) for some 1 < p < ∞. Denote by (U(t, s))_{T ≥t>s≥0} (resp., (V (t, s))_{T ≥t>s≥0}) the evolution families generated by (A(t))_{t∈[0,T ]} (resp., (B(t))_{t∈[0,T ]}).

For technical reasons we will in addition assume that

(R) the set ϱ(A) ∩ ϱ(B) is nonempty.

We do not know whether (R) follows automatically from (MR1)–(MR3). Assuming (R), we may, by rescaling, assume without loss of generality in this section that 0 ∈ ϱ(A) ∩ ϱ(B). We further assume, with no essential loss, that 0 ∈ ϱ(A(t)) ∩ ϱ(B(t)) for all t ∈ [0, T ] and we define G_∞ by (3.1). For the general case, i.e., for arbitrary μ ∈ ϱ(A) ∩ ϱ(B), the constants in this section might change by multiplying with e^{|Re μ|T} (compare with Remark 2.1). We put M := sup{‖U(t, s)‖, ‖V (t, s)‖ : 0 ≤ s < t ≤ T }, c_p := max(‖D(A + D)^{−1}‖_{L(L}p_), ‖D(B+D)^{−1}‖_{L(L}p_)) and c̃_p := max(‖D̃((A+D)^{−1})~‖_{L(Lp}′_), ‖D̃((B+D)^{−1})~‖_{L(Lp}′_)). The constants C in the following results of this section may depend on these constants, p and T .

Lemma 5.5. There exists a constant C such that ‖(A + D)^{−1} − (B + D)^{−1}‖_{L(L}p_) ≤ CG_∞.

Proof. First observe that, since L^{p′} (0, T ; X^′) is a norming subspace of L^p(0, T ; X)^′, the hypothesis (MR3) implies that the operator ((B + D)^{−1}D, D(D)), and a fortiori ((B + D)^{−1}D, D(B) ∩ D(D)), extends in a unique way to a bounded linear operator E on L^p(0, T ; X). By (MR3) again, the operator I − E is a bounded extension of ((B + D)^{−1}B, D(B)), and ‖I − E‖_{L(L}p_) ≤ c̃_p + 1. Next, observe that (A + D)^{−1} − (B + D)^{−1} = (I − E) ( A^{−1} − B^{−1} ) A(A + D)^{−1}, which implies, by (MR1) and (MR3), the inequality

‖(A + D)^{−1} − (B + D)^{−1}‖_{L(L}p_) ≤ ‖I − E‖_{L(L}p_) ‖A^{−1} − B^{−1}‖_{L(L}p_) ‖A(A + D)^{−1}‖_{L(L}p_) ≤ (c̃_p + 1)G_∞(c_p + 1).

Lemma 5.6. There exists a constant C such that sup t∈[0,T ] sup ‖x^′‖≤1 (∫_t 0 ‖U(t, s)^′x^′ − V (t, s)^′x^′‖^{p′} ds )_{1/p}′ ≤ CG^{1/p′}_∞ . Proof. For T ≥ t > s ≥ 0, we put K(t, s) := U(t, s) − V (t, s). By (MR1) and (MR2), the convolution operator

(Kf)(t) := ∫_t 0 K(t, s)f(s) ds (f ∈ L^p(0, T ; X)) is bounded from L^p(0, T ; X) into W^{1,p}(0, T ; X) (with norm less than 2c_p), and a fortiori into L^∞(0, T ; X). By the Gagliardo-Nirenberg inequality (see Proposition 3.1 and [10, p.147], [30, Theorem 1, p.69]), (MR2) and Lemma 5.5, there exist constants C (varying from line to line) such that ‖Kf‖_L∞ ≤ C‖Kf‖^{1/p′}_Lp ‖Kf‖^{1/p}_{W 1,p} ≤ CG^{1/p′}_∞ ‖f‖_Lp for every f ∈ L^p(0, T ; X). On the other hand, ‖K‖_{L(L}p_{,L}∞_) = sup_{‖f‖} p≤1 sup t∈[0,T ] ‖ ‖ ‖ ∫_t 0 K(t, s)f(s) ds ‖ ‖ ‖ = sup_{t∈[0,T ]} sup_{‖x′‖≤1} (∫_t 0 ‖K(t, s)^′x^′‖^{p′} ds )_{1/p}′ . The claim follows.

Theorem 5.7. Let (A(t))_{t∈[0,T ]} and (B(t))_{t∈[0,T ]} be two families of closed linear operators on X satisfying (MR1)–(MR3) for some 1 < p < ∞, and also satisfying (R). Then there exists a constant C such that ‖U(t, 0) − V (t, 0)‖ ≤ CG^{1/(pp′)}_∞ whenever T/2 ≤ t ≤ T .

Proof. Recall from Lemma 5.6 that there exists c_1 such that for every x^′ ∈ X^′ sup t∈[0,T ] (∫_t 0 ‖U(t, s)^′x^′ − V (t, s)^′x^′‖^{p′} ds )_{1/p}′ ≤ c_1G^{1/p′}_∞ ‖x^′‖. By (MR3) and Lemma 5.4 (b), there exists a constant c_2 such that for every x^′ ∈ X^′ sup t∈[^1_2 T,T ] (∫_{t− 14 T} 0 ‖^∂_{∂s} (U(t, s)^′x^′ − V (t, s)^′x^′)‖^{p′} ds )_{1/p}′ ≤ c_2‖x^′‖. (5.6)

The Gagliardo-Nirenberg inequality (see Proposition 3.1 and [10, p. 147], [30, Theorem 1, p.69]; note that the inequality holds uniformly over intervals of length at least T/4) implies that ‖U(t, s)^′x^′ − V (t, s)^′x^′‖ ≤ CG^{1/(pp′)}_∞ ‖x^′‖ (5.7)

whenever 0 ≤ s ≤ T/4 and T/2 ≤ t ≤ T . The claim follows from this.

Suppose that the families (A(t))_{t∈[0,T ]} and (B(t))_{t∈[0,T ]} satisfy (MR3) for some 1 < q < ∞ as well as for p. Then we may replace the parameter p^′ by q^′ in equation (5.6) in the above proof, so the functions U(t, ·)^′x^′ − V (t, ·)x^′ belong to L^{p′} (0, t − 1 4 T ; X^′) ∩ W^{1,q′} (0, t −^1_4 T ; X^′). If we apply the Gagliardo-Nirenberg inequality to this case then we obtain the following estimate, in which r > 1/(pp^′) if q < p.

Corollary 5.8. In addition to the assumptions of Theorem 5.7, assume that the families (A(t))_{t∈[0,T ]} and (B(t))_{t∈[0,T ]} satisfy (MR3) for some 1 < q < ∞ as well as for p. Then there is a constant C (depending on the constant in Theorem 5.7 and on c̃_q) such that ‖U(t, 0) − V (t, 0)‖ ≤ CG^r_∞, whenever T/2 ≤ t ≤ T , where

r = max { 1 pp^′ , q^′ − 1 p^′q^′ − p^′ + q^′ } .

6. Exponential dichotomy

In this and the following section we will apply the results of Sections 3, 4 and 5 (i.e., the estimates obtained therein) to study the asymptotic behaviour of evolution families defined on half-lines. In particular, the time interval J will now be unbounded, i.e., J = R_+ .

The type of asymptotic behaviour which we will study in this section is exponential dichotomy. We consider only evolution families U = (U(t, s))_{t≥s≥0} which are strongly continuous for t ≥ s, with U(s, s) = I. Recall that U is said to be exponentially bounded if there exist constants K and ω such that ‖U(t, s)‖ ≤ Ke^{ω(t−s)} whenever t ≥ s ≥ 0, and that an evolution family (U(t, s))_{t≥s≥a} is said to have exponential dichotomy on [a, ∞) if there exist a strongly continuous projection-valued function P : [a, ∞) → L(X) and constants M and α > 0 such that the following hold whenever t ≥ s ≥ a:

(ED1) P (t)U(t, s) = U(t, s)P (s); (ED2) ‖U(t, s)P (s)‖ ≤ Me^{−α(t−s)}; (ED3) U(t, s) maps ker P (s) onto ker P (t), and ‖U(t, s)x‖ ≥ Me^{α(t−s)} ‖x‖ for all x ∈ ker P (s).

The following proposition is a variant of [11, Theorem 5.23], [20, Theorem 7.6.10] or [36, Proposition 2.3] for evolution families defined on R_+ . This theory relies on the assumption that the evolution families are strongly continuous for t ≥ s.

Proposition 6.1. Let (U(t, s))_{t≥s≥0} and (V (t, s))_{t≥s≥0} be two exponentially bounded, strongly continuous evolution families. Suppose that (V (t, s))_{t≥s≥0} has exponential dichotomy on [0, ∞) and assume further that for some T > 0

lim_{s→∞} sup

t∈[s+^1_2 T,s+T ] ‖U(s + t, s) − V (s + t, s)‖ = 0. (6.1)

Then U has exponential dichotomy on [a, ∞) for some a ≥ 0.

Proof. Assume that (V (t, s))_{t≥s≥0} has exponential dichotomy on R_+ , and let P , M and α be as in (ED1)–(ED3).

On X = P (0)X ⊕ (I − P (0))X we define a multiplication semigroup (S(t))_{t≥0} by S(t)x := S(t)(x_0 + x_1) := e^{−αt}x_0 + e^{αt}x_1 (x_0 ∈ P (0)X, x_1 ∈ (I − P (0))X), and we define the evolution family (V̄ (t, s))_{t≥s} on R by V̄ (t, s) = V (t, s) (t ≥ s ≥ 0), V (t, 0)S(−s) (t ≥ 0 ≥ s), S(t − s) (0 ≥ t ≥ s). It is straightforward to check that (V̄ (t, s))_{t≥s} has exponential dichotomy on R, with the same constants M and α, and with projection P̄ (·) where

P̄ (t) = { P (t) (t ≥ 0), P (0) (t < 0).

For every a ≥ T we define an evolution family (Ū_a(t, s))_{t≥s} on R by Ū_a(t, s) = U(t, s) (t ≥ s ≥ a), U(t, a)V̄ (a, s) (t ≥ a ≥ s), V̄ (t, s) (a ≥ t ≥ s). Then we obtain the following estimates for ‖¯ U_a(s + T, s) − V̄ (s + T, s) ‖ : First case: s ≤ a−T . By definition of Ū_a and V̄ we have ‖¯ U_a(s + T, s) − V̄ (s + T, s) ‖ = 0. Second case: a − T ≤ s ≤ a −^1_2 T . We obtain ‖ ‖Ū_a(s + T, s) − V̄ (s + T, s) ‖ ‖ ≤ ‖U(s + T, a)V (a, s) − U(s + T, a)U(a, s)‖ + ‖U(s + T, s) − V (s + T, s)‖ ≤ (K_1 + 1)g(s), where g(s) := sup_{t∈[s+} 1_{2 T,s+T ]} ‖U(s + t, s) − V (s + t, s)‖, and K_1 := sup{‖U(s + t, s)‖, ‖V (s + t, s)‖ : s ≥ 0, t ∈ [0, T ]}. Third case: a −^1_2 T ≤ s ≤ a. We obtain ‖¯ U_a(s + T, s) − V̄ (s + T, s) ‖ = ‖U(s + T, a)V (a, s) − V (s + T, a)V (a, s)‖ ≤ K_1g(s), where g and K_1 are as above.

Fourth case: s ≥ a. We obtain simply ‖ ‖Ū_a(s + T, s) − V̄ (s + T, s) ‖ ‖ ≤ g(s). Putting all the estimates together, we obtain sup_{s∈R} ‖¯ U_a(s + T, s) − V̄ (s + T, s) ‖ ≤ (K_1 + 1) sup_{s≥a−T} g(s).

The claim now follows from the assumption and [11, Theorem 5.23], [20, Theorem 7.6.10] or [36, Proposition 2.3].

Theorem 6.2. Let (A(t))_{t≥0} and (B(t))_{t≥0} be two families of closed, densely defined linear operators on X which satisfy the Acquistapace-Terreni conditions or the Kato- Tanabe conditions. Assume that the evolution family (V (t, s))_{t≥s≥0} generated by (B(t))_{t≥0} has exponential dichotomy on [a, ∞) for some a ≥ 0. If lim_{t→∞} ‖R(ω, A(t)) − R(ω, B(t))‖ = 0, then the evolution family (U(t, s))_{t≥s≥0} generated by (A(t))_{t≥0} has exponential dichotomy on [b, ∞) for some b ≥ 0.

Proof. Replacing the evolution family (V (t, s))_{t≥s≥0} by (V (t + a, s + a))_{t≥s≥0} (and similarly for U), we may without loss of generality assume that a = 0. Note that the assumption that A(t) and B(t) are densely defined implies that U and V are strongly continuous for t ≥ s, by (EF3).

The claim now follows directly from Proposition 6.1 and either Theorem 3.4 (in the case of Kato-Tanabe conditions) or Theorem 4.7 (in the case of Acquistapace-Terreni conditions), applied to e^{−ω(t−s)}U(t, s) and e^{−ω(t−s)}V (t, s).

Now we turn towards the corresponding result for maximal regularity. We need an extension of the definition of Section 5 to families on R_+ .

A family (A(t))_{t≥0} of closed linear operators is said to satisfy (MR1) (resp., (MR3)) uniformly on R_+ if for some T > 0 the families (A(s + t))_{t∈[0,T ]} satisfy (MR1) (resp., (MR3)) for every s ∈ R_+ and

c_p := sup_{s∈R+} ‖D(A_s + D)^{−1}‖_{L(Lp)} < ∞,

resp., c̃_p := sup_{s∈R+} ‖D^′((A_s + D)^{−1})^′‖_{L(Lp′ )} < ∞.

Here, A_s is the multiplication operator on L^p(0, T ; X) associated with the family (A(s+ t))_{t∈[0,T ]}. If each family (A(s + t))_{t∈[0,T ]} satisfies (MR2), it is easy to see that the corresponding evolution families U_s satisfy U_s(t_2 + τ, t_1 + τ) = U_{s+τ} (t_2, t_1) whenever s ≥ 0 and 0 ≤ t_1 < t_2 ≤ t_2 + τ ≤ T . Hence, there is an evolution family (U(t, s))_{t>s≥0} such that U(t, s) = U_s(t − s, 0) whenever 0 ≤ s < t ≤ s + T . Theorem 6.3. Let (A(t))_{t≥0} and (B(t))_{t≥0} be two families of closed linear operators on X satisfying (MR1)–(MR3) uniformly on R_+ for some 1 < p < ∞. Assume that the respective evolution families (U(t, s))_{t≥s≥0} and (V (t, s))_{t≥s≥0} are exponentially bounded and strongly continuous, V has exponential dichotomy on [a, ∞) for some a ≥ 0, and the set S := ⋂ t≥a(ϱ(A(t)) ∩ ϱ(B(t))) is nonempty. If lim_{t→∞} ‖R(μ, A(t)) − R(μ, B(t))‖ = 0, for some μ ∈ S, then U has exponential dichotomy on [b, ∞) for some b ≥ 0.

Proof. As in the proof of Theorem 6.2 we may without loss of generality assume that a = 0. Noting that the nonemptiness of the set S implies hypothesis (R) of Section 5, the claim then follows from Theorem 5.7 and Proposition 6.1.

Remark 6.4. In the context of Theorems 6.2 and 6.3, if V is exponentially stable then U is exponentially stable for t ≥ s ≥ a for some a (see [36, Theorem 3.3]).

7. Long-time estimates

In this section, J = R_+ will again be unbounded, and we shall consider two evolution families (U(t, s))_{t>s≥0} and (V (t, s))_{t>s≥0}. The results of Sections 3, 4 and 5 provide various estimates for ‖U(s + t, s) − V (s + t, s)‖ which are valid for T/2 ≤ t ≤ T and hence for t in compact subsets of (0, ∞). We now want to extend these to estimates for large time.

Proposition 7.1. Let (U(t, s))_{t>s≥0} and (V (t, s))_{t>s≥0} be two evolution families on X, and suppose that ‖V (t, s)‖ ≤ 1 whenever t > s ≥ 0. Let (t_r)_{r=0,1,...,m} be a finite, strictly increasing sequence such that ρ := ∑_{m−1} r=0 ‖U(t_{r+1}, t_r) − V (t_{r+1}, t_r)‖ < 1. Then ‖U(t_m, t_0) − V (t_m, t_0)‖ ≤ ρ 1 − ρ . Proof. Let α_r = ‖U(t_r, t_0) − V (t_r, t_0)‖ , β_r = ‖U(t_r, t_{r−1}) − V (t_r, t_{r−1})‖ . Then α_{r+1} ≤ ‖U(t_{r+1}, t_r) − V (t_{r+1}, t_r)‖ ‖U(t_r, t_0)‖ + ‖V (t_{r+1}, t_r)‖ ‖U(t_r, t_0) − V (t_r, t_0)‖ ≤ β_{r+1}(1 + α_r) + α_r.

(7.1) Moreover, α_1 = β_1.

Assume inductively that α_r ≤ r∑ k=1 r∑ j=1 β_j k . (7.2)

By (7.1),

α_{r+1} ≤ β_{r+1} + r∑ k=1 β_{r+1} r∑ j=1 β_j k + r∑ j=1 β_j + r−1∑ k=1 r∑ j=1 β_j r∑ j=1 β_j k

≤ r+1∑ j=1 β_j + r∑ k=1 r+1∑ j=1 β_j r∑ j=1 β_j k

≤ r+1∑ k=1 r+1∑ j=1 β_j k . Thus, (7.2) is proved by induction, and the result follows immediately. Corollary 7.2. Let (A(t))_{t≥0} and (B(t))_{t≥0} be two families of closed linear operators which satisfy the Acquistapace-Terreni or the Kato-Tanabe conditions, and let (U(t, s))_{t>s≥0} and (V (t, s))_{t>s≥0} be the respective evolution families generated by A and B. Suppose that ‖V (t, s)‖ ≤ 1 whenever t > s ≥ 0 and that at least one of the following conditions is satisfied:

(a) Each family (A(t)) and (B(t)) satisfies either the Kato-Tanabe conditions or the Acquistapace-Terreni conditions and (AT)^′, and ∞∑ k=0 sup kT ≤τ ≤(k+1)T ‖R(ω, A(τ)) − R(ω, B(τ))‖^η < ∞ for some η ∈ (0, 1);

(b) Both (A(t)) and (B(t)) satisfy the Acquistapace-Terreni conditions, and either ∞∑ k=0 (∫_{(k+1)T} kT ‖R(ω, A(τ)) − R(ω, B(τ))‖ dτ )_η < ∞ for some η ∈ (0, γ^2); or ∞∑ k=0 sup kT ≤τ ≤(k+1)T ‖R(ω, A(τ)) − R(ω, B(τ))‖^η < ∞ for some η ∈ (0, γδ/(1 + γδ)). Then lim_{s→∞} sup_{t≥T} ‖U(s + t, s) − V (s + t, s)‖ = 0. Proof. Assume that (a) holds. For a ≥ 0, let G_∞(a) = sup_{a≤τ ≤a+T} ‖R(ω, A(τ)) − R(ω, B(τ))‖ . By Theorem 3.4 applied to the families (A(t + a) − ω)_{t∈[0,T ]} and (B(t + a) − ω)_{t∈[0,T ]}, there is a constant C such that ‖U(t + a, a) − V (t + a, a)‖ ≤ CG_∞(a)^η whenever a ≥ 0 and T/2 ≤ t ≤ T .

Let ε > 0. By assumption, there exists m such that ∑_∞ k=m G_∞(kT )^η < ε/4C(1 + ε). Given s > mT and t ≥ T , choose s = t_0 < t_1 < · · · < t_m = s + t such that T/2 ≤ t_{r+1}−t_r ≤ T . Each interval [kT, (k+1)T ] intersects at most 4 intervals [t_r, t_r +T ], so ∑_{m−1} r=0 G_∞(t_r)^γ < ε/C(1 + ε). Hence, ∑_{m−1} r=0 ‖U(t_{r+1}, t_r) − V (t_{r+1}, t_r)‖ < ε/(1 + ε).

By Proposition 7.1, ‖U(s + t, s) − V (s + t, s)‖ < ε.

The proof for case (b) is similar, using Theorem 4.7 instead of Theorem 3.4.

Remarks 7.3. 1. It is easy to see that the conditions (a) and (b) in Corollary 7.2 are independent of T .

2. If the function τ → ‖R(ω, A(τ)) − R(ω, B(τ))‖ is decreasing, and η > 0, then the following are equivalent: (a) ∞∑ k=0 sup kT ≤τ ≤(k+1)T ‖R(ω, A(τ)) − R(ω, B(τ))‖^η < ∞; (b) ∞∑ k=0 (∫_{(k+1)T} kT ‖R(ω, A(τ)) − R(ω, B(τ))‖ dτ )_η < ∞; (c) ∫_∞ 0 ‖R(ω, A(τ)) − R(ω, B(τ))‖^η dτ < ∞. 3. Suppose that (B(t)) is autonomous, so that B(t) = B and V (t, s) = e^{(t−s)B} . Suppose that V is bounded. Then there is an equivalent norm on X such that V is contractive. Thus, Corollary 7.2 also applies in this case.

Using Theorem 5.7 and Corollary 5.8 instead of Theorems 3.4 and 4.7 in the proof of Corollary 7.2, one obtains the following corollary in the case of maximal regularity.

Corollary 7.4. Let (A(t))_{t≥0} and (B(t))_{t≥0} be two families of closed linear operators satisfying (MR1)-(MR3) for some 1 < p < ∞ uniformly on R_+ and also satisfying (MR3) for some 1 < q < ∞ unifomly on R_+ . Let (U(t, s))_{t>s≥0} and (V (t, s))_{t>s≥0} be the respective evolution families generated by A and B. Suppose that ‖V (t, s)‖ ≤ 1 whenever t > s ≥ 0 and that ∞∑ k=0 sup kT ≤τ ≤(k+1)T ‖R(μ, A(τ)) − R(μ, B(τ))‖^r < ∞, where μ ∈ ⋂ t≥0(ϱ(A(t)) ∩ ϱ(B(t))) and r = max

{_1 pp^′ , q^′−1 p^′q^′−p^′+q^′ } . Then lim_{s→∞} sup_{t≥T} ‖U(s + t, s) − V (s + t, s)‖ = 0. Finally in this section, we consider asymptotic behaviour in cases when V is contractive but not exponentially stable, and we show that U has the same asymptotic behaviour as V under the assumptions of Corollary 7.2 or Corollary 7.4.

Let E be a closed, translation-biinvariant subspace of the space BUC(R_+ , X) of all bounded, uniformly continuous functions from R_+ to X (equipped with the topology of uniform convergence). By definition, this means that, for f ∈ BUC(R_+ , X) and t ≥ 0, S(t)f ∈ E ⇐⇒ f ∈ E. (7.3)

Here, S denotes the left-shift semigroup on BUC(R_+ , X), so S(t)f(s) = f(s + t). Examples of translation-biinvariant spaces include the space C_0(R_+ , X) of all continuous functions f : R_+ → X which vanish at infinity, and the space AAP(R_+ , X) of all asymptotically almost periodic functions (see [7, Section 4.7]).

We say that an evolution family (U(t, s))_{t>s≥0} belongs to the class (E), and we write U ∈ (E), if U(s + T + ·, s)x ∈ E for all s ≥ 0 and all x ∈ X. By (7.3), this condition is independent of T > 0.

Remark 7.5. For an arbitrary bounded evolution family U, the functions U(s+T +·, s)x may not be uniformly continuous. However, if U is a bounded evolution family generated by (A(t))_{t≥0} satisfying the Acquistapace-Terreni or the Kato-Tanabe conditions, then, for s ≥ 0 and x ∈ X, the function t → U(s + T + t, s)x has bounded derivative t → A(s + T + t)U(s + T + t, s + t)U(s + t, s)x and is therefore uniformly continuous.

Proposition 7.6. Let U and V be two bounded evolution families. Suppose that V ∈ (E) and lim_{s→∞} sup_{t≥T} ‖U(s + t, s) − V (s + t, s)‖ = 0. Then U ∈ (E).

Proof. Let s ≥ 0 and x ∈ X be fixed, and let u(t) = U(s + T + t, s)x (t ≥ 0). Let ε > 0. There exists s^′ ≥ s such that ‖U(s^′ + T + t, s^′) − V (s^′ + T + t, s^′)‖ < ε for all t ≥ 0. Let v(t) = V (s^′ + T + t, s^′)U(s^′, s)x. Then v ∈ E and ‖S(s^′ − s)u(t) − v(t)‖ ≤ Mε for all t ≥ 0, where M = sup_{t≥0} ‖U(s + t, s)x‖ < ∞. There is a function ṽ ∈ BUC(R_+ , X) such that S(s^′ − s)ṽ = v and ‖ṽ(t) − u(t)‖ ≤ Mε for all t ≥ 0. Then ṽ ∈ E. Since E is closed, it follows that u ∈ E, as required.

Corollary 7.7. Under the assumptions of Corollary 7.2 or Corollary 7.4, if V ∈ (E), then U ∈ (E).

8. Discussion and example

8.1. The Hilbert space case. We have obtained estimates for the difference of two evolution families, and consequential results on asymptotic behaviour, under the assumption that the generating families of operators satisfy the Acquistapace-Terreni conditions, the Kato-Tanabe conditions or the maximal regularity assumptions. These conditions are mutually independent.

In the case of the Acquistapace-Terreni conditions and the Kato-Tanabe conditions, this is remarked in [2, Theorem 7.9], where other types of generation conditions are also discussed.

Maximal regularity can occur under very weak regularity conditions on the operators (A(t)) (weaker than (AT) or (KT)); we refer to the results in [17, Théorème 2, p.620] and [34, Theorem 2.5] for details. Conversely, the Acquistapace-Terreni or the Kato-Tanabe conditions do not imply maximal regularity, in general. This occurs even in the autonomous case, i.e., there exists an operator A which generates a holomorphic C_0-semigroup and which does not have maximal regularity (see [14], [25] and [27] for concrete and abstract examples).

However, we want to point out that such an example cannot be found in a Hilbert space X. In the autonomous case this is a simple consequence of (SC) and Plancherel’s Theorem (see [18]). In the nonautonomous case, by [23, Theorem 3.1, Theorem 3.2], the Acquistapace-Terreni conditions always imply L^p-maximal regularity for every 1 < p < ∞ when the underlying space is a Hilbert space. It is not too difficult to check that the Acquistapace-Terreni conditions on R_+ even imply (MR1) uniformly on R_+ . Moreover, one can verify by duality arguments that (AT)^′ implies (MR3) uniformly on R_+ . Hence, in a Hilbert space, assuming the Acquistapace-Terreni conditions and (AT)^′, the estimates in Theorem 3.4 and in Corollary 5.8 both hold. The exponent r in Corollary 5.8 is always less than^1_2 , but it may be arbitrarily close to^1_2 when p is close to 1 and q is large. Thus, Theorem 3.4 gives a sharper estimate than Corollary 5.8 whenever both are applicable. The exponent η of G_∞ in Theorem 4.7 (2) is always less than^1_3 , so Corollary 5.8 gives a sharper estimate than Theorem 4.7 when the L^pmaximal regularity conditions hold for all 1 < p < ∞. In general (UMD)-spaces, the Acquistapace-Terreni conditions still imply L^p-maximal regularity, if the boundedness condition in (SC) is replaced by the stronger R-boundedness; we refer to [37, Satz 4.2.6] for this result, and to [12], [32] or [40] for the concept of R-boundedness.

8.2. Parabolic partial differential equations. In the last part of this article we want to apply our results to the following parabolic partial differential equation ∂ ∂t u(t, x) + A(t, x, D)u(t, x) = 0, (t, x) ∈ (0, ∞) × Ω, B(t, x, D)u(t, x) = 0, (t, x) ∈ (0, ∞) × ∂Ω, u(0, x) = u_0(x), x ∈ Ω, (8.1)

We make the following assumptions:

Ω ⊂ R^N is a bounded domain, ∂Ω ∈ C^2,

(8.2) A(t, x, D)u(x) := − N∑ i,j=1 ∂ ∂x_i aij (t, x) ∂ ∂x_j u(x) + a(t, x)u(x) in Ω, (8.3)

B(t, x, D)u(x) = N∑ i,j=1 a_{ij} (t, x)ν_i(x)^∂_{∂xj} u(x) + b(t, x)u(x) in ∂Ω, (8.4)

a_{ij} ∈ C(R_+ ; C^1(Ω̄)) ∩ C^μ(R_+ ; C(Ω̄)),

(8.5) a_{ij} (t, x) = a_{ji}(t, x), (8.6) N∑ i,j=1 a_{ij}(t, x)ξ_iξ_j ≥ δ(t)|ξ|^2 for all x ∈ Ω and for all ξ ∈ R^N ,

(8.7)

a ∈ C^μ(R_+ ; C(Ω̄)),

(8.8) b ∈ C(R_+ ; C^1(∂Ω)) ∩ C^μ(R_+ ; C(∂Ω)) is positive, and

(8.9) u_0 ∈ L^p(Ω) and 1 < p < ∞.

(8.10)

Here, the vector ν(x) := (ν_i(x)) is the outer normal vector at the boundary point x ∈ ∂Ω, δ ∈ L^∞_{loc}(R_+ ) is positive and nonzero almost everywhere, and μ ∈ (^1_2 , 1].

It has been shown in [41, Theorem 4.1] that under the above conditions, the family of operators on L^p(Ω) (1 < p < ∞) defined by D(A(t)) := {u ∈ W^{2,p}(Ω) : B(t, ·, D)u = 0 on ∂Ω}, (8.11) A(t)u := A(t, ·, D)u. (8.12)

satsifies the Acquistapace-Terreni conditions and the condition (AT)^′ (the latter by selfadjointness of A(t) in L^2(Ω)). Actually, in [41], the proof is only given for Neumann boundary conditions (i.e. b = 0), but the proof for arbitrary positive b, i.e. for Robin boundary conditions, is similar.

There are many results on the asymptotic behaviour of equation (8.1) in the case that the coefficients A and B are independent of t or at least periodic in time ([9], [16], [21], [28] and [29]). We mention here two propositions about the periodic case. By the Rellich-Kondrachov Theorem [4, Theorem 6.2], [30, Lemma, p.62], the first one (which may be compared with [7, Proposition 5.4.7]) applies in particular to the problem (8.1) in the case of periodic coefficients (see Theorem 8.3 below).

Proposition 8.1. Let (A(t))_{t≥0} be a T -periodic family of operators on a Banach space X. Assume that A(t) has compact resolvent for every t ≥ 0 and that the Acquistapace- Terreni or the Kato-Tanabe conditions hold. Assume further that the evolution family (U(t, s))_{t>s≥0} generated by (A(t))_{t≥0} is bounded. Then every orbit U(s + ·, s)x (s ∈ R_+ , x ∈ D(A(s))) is asymptotically almost periodic.

Proof. Since A(t) has compact resolvent, property (EF4) implies that U(t, s) is compact whenever t > s.

Define the monodromy operators V (s) := U(s + T, s) (s ∈ R_+ ). Since V (s)^n = U(s + nT, s), the monodromy operators are power-bounded. This and the compactness of V (s) imply that for every x ∈ X the orbit {V (s)^nx : n ∈ N} is relatively compact in X, and it follows easily that the sequence (V (s)^nx)_{n∈N} is asymptotically almost periodic in the sense that its orbit under the left-shift operator is relatively compact in l^∞(N, X). The result now follows from [9, Proposition 2.11].

The property of exponential dichotomy in the case of nonautonomous periodic problems also has a very simple characterization; see, for example, [29, Proposition 6.3.3] in the case of constant domains, and [35, Theorem 14] for the general case (see also [15, Theorem V.2.1]).

Proposition 8.2. In addition to the assumptions (8.2)–(8.10), assume that the coefficients a_{ij} , a and b are T -periodic in time. Let (U(t, s))_{t≥s≥0} be the associated evolution family. Then U has exponential dichotomy on R_+ if and only if the intersection of the spectrum of monodromy operator U(T, 0) with the unit circle is empty.

In applications it may happen that the coefficients are not time-independent or time-periodic. However, if the coefficients are asymptotically T -periodic in time in the sense that there exists a T -periodic function ã_{ij} ∈ C^{μ̃}(R_+ ; C(Ω̄)) such that lim_{t→∞} ‖a_{ij} (t, ·) − ã_{ij} (t, ·)‖_∞ = 0, and similarly for the coefficients a and b, then we may apply our results to this case. For example, we obtain the following application.

Theorem 8.3. Consider the parabolic partial differential equation (8.1) together with the assumptions (8.2)–(8.10) on L^2(Ω). Assume that there exist T -periodic functions ã_{ij} ∈ C(R_+ ; C^1(Ω̄)) ∩ C^{μ̃}(R_+ ; C(Ω̄)), ã ∈ C^{μ̃}(R_+ ; C(Ω̄)) and b̃ ∈ C(R_+ ; C^1(∂Ω)) ∩ C^{μ̃}(R_+ ; C(∂Ω)) (where μ̃ ∈ (^1_2 , 1]) such that for some η ∈ (0, 1) ã ≥ 0, b̃ ≥ 0 (8.13) ã_{ij} satisfies (8.6) and (8.7),

(8.14) ∑ k≥0 ‖a_{ij} − ã_{ij}‖^η_{L∞((kT,(k+1)T )×Ω)} < ∞, (8.15) ∑ k≥0 ‖a − ã‖^η_{L∞((kT,(k+1)T )×Ω)} < ∞, (8.16) ∑ k≥0 ‖b − b̃‖^η_{L∞((kT,(k+1)T )×∂Ω)} < ∞. (8.17)

Then the solution of (8.1) is asymptotically almost periodic with values in L^2(Ω).

Proof. If in (8.1) we replace the coefficients a_{ij} , a and b by the coefficients ã_{ij} , ã and b̃, then the resulting parabolic partial differential equation leads to a T -periodic, nonautonomous Cauchy problem of the form (1.1) when we define the associated family of elliptic operators (Ã(t)) on L^2(Ω) as in (8.11) and (8.12). By (8.13) and (8.14), every Ã(t) is dissipative, and the family (Ã(t)) satisfies the Acquistapace-Terreni conditions as well as (AT)^′ on L^2(Ω) (see [41]). The corresponding evolution family Ũ is contractive. Moreover, by the Rellich-Kondrachov Theorem [4, Theorem 6.2], [30, Lemma, p.62], the operators Ã(t) have compact resolvent. Thus, we may apply Proposition 8.1, and we obtain that every orbit of Ũ is asymptotically almost periodic.

Next, the conditions (8.15)-(8.17) together with [41, Section 4] imply that condition (a) of Corollary 7.2 is verified for the families (A(t)) and (Ã(t)). Hence, by Corollary 7.2 and Corollary 7.7, the evolution family U associated with problem (8.1) is asymptotically almost periodic in L^2(Ω).

Remarks 8.4. 1. Actually the condition (a) of Corollary 7.2 is verified under weaker regularity convergence conditions than (8.15)–(8.17), and we have not presented the most general case. Weaker regularity in time can already be found in [41, Section 4]. The regularity conditions in the space variable (as well as the regularity of Ω) can be relaxed if one uses a variational formulation of the problem (8.1) and the operators A(t), and then Gaussian estimates ([8, Theorems 4.8, 5.3] and [31]) and a variant of the proof of [41, Theorem 4.1]. However, we will not go into details.

2. Problem (8.1) has also been studied assuming Kato-Tanabe conditions on the coefficients; we refer to [5], [26] and [39, Chapter 5].

References

1. P. Acquistapace, Evolution operators and strong solutions of abstract linear parabolic eqautions, Differential Integral Equations 1 (1988), 433–457.

2. P. Acquistapace and B. Terreni, A unified approach to abstract linear non-autonomous parabolic equations, Rend. Sem. Mat. Univ. Padova 78 (1987), 47–107.

3. , Regularity properties of the evolution operator for abstract linear parabolic equations, Differential Integral Equations 5 (1992), 1151–1184.

4. R. A. Adams, Sobolev Spaces, Academic Press, New York, 1975.

5. S. Agmon, On the eigenfunctions and on the eigenvalues of general elliptic boundary value problems, Comm.

Pure Appl. Math. 15 (1962), 119–147.

6. H. Amann, Linear and Quasilinear Parabolic Problems: Abstract Linear Theory, Birkhäuser Verlag, Basel, 1995.

7. W. Arendt, C. J. K. Batty, M. Hieber, and F. Neubrander, Laplace Transforms and Evolution Equations, Birkhäuser, Basel, 2001, to appear.

8. W. Arendt and A. F. M. ter Elst, Gaussian estimates for second order elliptic operators with boundary conditions, J. Operator Theory 38 (1997), 87–130.

9. C. J. K. Batty, W. Hutter, and F. Räbiger, Almost periodicity of mild solutions of inhomogeneous periodic Cauchy problems, J. Diff. Eq. 156 (1999), 309–327.

10. H. Brézis, Analyse fonctionnelle, Masson, Paris, 1983.

11. C. Chicone and Y. Latushkin, Evolution Semigroups in Dynamical Systems and Differential Equations, Mathematical Surveys and Monographs, vol. 70, Amer. Math. Soc., Providence, R.I., 1999.

12. Ph. Clément, B. de Pagter, F. A. Sukochev, and H. Witvliet, Schauder decompositions and multiplier theorems, Studia Math. 138 (2000), 135–168.

13. W. A. Coppel, Dichotomies in Stability Theory, Lecture Notes in Mathematics vol. 629, Springer Verlag, Heidelberg, Berlin, New York, 1978.

14. T. Coulhon and D. Lamberton, Régularité L^p pour les équations d’évolution, Séminaire d’Analyse Fonctionnelle, Paris VI-VII (1984-85), 155–165.

15. J. L. Daleckiĭ and M. G. Kreĭn, Stability of Solutions of Differential Equations in Banach Spaces, Translations of Mathematical Monographs, vol. 43, American Mathematical Society, Providence, R.I., 1974.

16. D. Daners and P. Koch Medina, Superconvexity of the evolution operator and parabolic eigenvalue problems on R^n, Differential Integral Equations 7 (1994), 235–255.

17. R. Dautray and J.-L. Lions, Analyse mathématique et calcul numérique pour les sciences et les techniques.

Vol. VIII, INSTN: Collection Enseignement, Masson, Paris, 1987.

18. L. De Simon, Un applicazione della teoria degli integrali singolari allo studio delle equazioni differenziali lineari astratte del primo ordine, Rend. Sem. Mat. Univ. Padova 34 (1964), 547–558.

19. G. Dore, L^p-regularity for abstract differential equations, H. Komatsu (ed.): Functional Analysis and Related Topics, Kyoto (1991), Lecture Notes in Mathematics, vol. 1540, Springer Verlag, Berlin, 1993, pp. 25–38.

20. D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lect. Notes Math., vol. 840, Springer Verlag, Berlin, Heidelberg, 1981.

21. P. Hess, Periodic-Parabolic Boundary Value Problems and Positivity, Pitman Research Notes in Mathematics, vol. 247, Longman Scientific and Technical, Essex, 1991.

22. M. Hieber and S. Monniaux, Heat kernels and maximal L^p − L^q estimates: The nonautonomous case, C.

R. Acad. Sci. Paris 328 (1999), 233–238.

23. , Pseudo-differential operators and maximal regularity results for non-autonomous parabolic equations, Proc. Amer. Math. Soc. 128 (2000), 1047–1053.

24. M. Hieber and J. Prüss, Heat kernels and maximal L^p − L^q estimates for parabolic evolution equations, Commun. Partial Diff. Eq. 22 (1997), 1647–1669.

25. N. Kalton and G. Lancien, A solution to the problem of L^p-maximal regularity, Math. Z. 235 (2000), 559–568.

26. T. Kato and H. Tanabe, On the abstract evolution equations, Osaka Math J. 14 (1962), 107–133. 27. C. Le Merdy, Counterexamples on L^p-maximal regularity, Math. Z. 230 (1999), 47–62. 28. B. M. Levitan and V. V. Zhikov, Almost Periodic Functions and Differential Equations, Cambridge University Press, 1982.

29. A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Birkhäuser, Basel, 1995. 30. V. G. Maz’ja, Sobolev Spaces, Springer Verlag, Berlin, Heidelberg, New York, Tokyo, 1985. 31. E. M. Ouhabaz, Gaussian estimates and holomorphy of semigroups, Proc. Amer. Math. Soc. 123 (1995), 1465–1474.

32. B. de Pagter and H. Witvliet, Unconditional decompositions and UMD-spaces, Publications Mathématiques de l’UFR Sciences et Techniques de Besançon, Fascicule No. 16 (1998), 79–111.

33. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer Verlag, Berlin, 1983.

34. J. Prüss and R. Schnaubelt, Solvability and maximal regularity of parabolic evolution equations with coefficients continuous in time, J. Math. Anal. Appl. (2001), to appear.

35. R. Rau, Hyperbolic evolution semigroups on vector valued function spaces, Semigroup Forum 48 (1994), 107–118.

36. R. Schnaubelt, Asymptotically autonomous parabolic evolution equations, J. Evolution Eq. 1 (2001), to appear.

37. Ž. Štrkalj, R-Beschränktheit, Summensätze abgeschlossener Operatoren und operatorwertige Pseudodifferentialoperatoren, Dissertation, Universität Karlsruhe, 2000.

38. H. Tanabe, Convergence to a stationary state of the solution of some kind of differential equations in a Banach space, Proc. Japan Acad. 37 (1961), 127–130.

39. , Equations of Evolution, Monographs and Studies in Mathematics, vol. 6, Pitman, London, San Francisco, Melbourne, 1979.

40. L. Weis, A new approach to maximal L^p-regularity, G. Lumer, L. Weis (ed.): 6^{th} Conf. on Evolution Equations and Their Applications in Life Sciences, Bad Herrenalb (1998), Lecture Notes in Pure and Applied Mathematics, vol. 215, Marcel Dekker, New York, 2000, pp. 195–214.

41. A. Yagi, Parabolic equations in which the coefficients are generators of infinitely differentiable semigroups II, Funkcial. Ekvac. 33 (1990), 139–150.

42. , Abstract quasilinear evolution equations of parabolic type in Banach spaces, Boll. Un. Mat. Ital. 5 (1991), 341–368.

St. John’s College, Oxford OX1 3JP, Great Britain

E-mail address: charles.batty@sjc.ox.ac.uk

Abteilung Angewandte Analysis, Universität Ulm, 89069 Ulm, Germany

E-mail address: chill@mathematik.uni-ulm.de