BANACH SPACES WITH THE RIEMANN-LEBESGUE OR THE ANALYTIC RIEMANN-LEBESGUE PROPERTY

SHANGQUAN BU AND RALPH CHILL

Abstract. In this note we propose and discuss two geometric properties of Banach spaces related to the validity of the Lemma of Riemann-Lebesgue in spaces of weakly integrable functions. We show that the class of Banach spaces with the analytic Riemann-Lebesgue property is precisely the class of Banach spaces for which a weak form of a theorem of Ingham holds.

1. Introduction

The vector-valued tauberian theory of Fourier and Laplace transforms and its applications to asymptotics of abstract evolution equations in Banach spaces has been intensively studied since the emergence of the articles [2], [28]; we refer the reader to [3] for an account of the present state of the art in this field.

One key step in the proof of most of the important results, namely in complex tauberian theorems, is an application of the classical Lemma of Riemann-Lebesgue on Fourier transforms of integrable functions; see [24, Proof of Theorems I, II, p.468-469], [26, p.114], [4, Proof of Theorem 3.5], [12, Proof of Proposition 1.3], [3, Theorem 4.9.5] for examples. The Lemma of Riemann-Lebesgue is there applied to boundary values of analytic functions (Laplace transforms, power series) with suitable growth near the boundary. However, it is well known that in general Banach spaces these boundary values need not exist, or only in a weak sense, and so their existence is usually assumed. On the other hand, one could ask when the Lemma of Riemann-Lebesgue still holds for the boundary values in the weak sense; the answer whether this is true or not depends then on the geometry of the underlying Banach space. Motivated by this example we are led to the definition of the (analytic) Riemann-Lebesgue property (see Definitions 3.1 and 4.1 below).

In this note we present a few geometric results on Banach spaces with the (analytic) Riemann-Lebesgue property and relations to other well known properties. As an application we show that the Banach spaces with the analytic Riemann- Lebesgue property is precisely the class of Banach spaces for which a vector-valued version of Ingham’s Theorem holds (see [24, Theorem II], [4, Theorem 3.5], [12, Theorem 3.4]). By the importance of Ingham’s Theorem in tauberian theory, it

Date: February 14, 2001.

1991 Mathematics Subject Classification. Primary 46B22; Secondary 46G10, 44A10, 42A38 . Key words and phrases. Riemann-Lebesgue property, analytic Riemann-Lebesgue property, Fourier transform, tauberian theorem, (analytic) Radon-Nikodym property, (analytic) complete continuity property, B-convexity.

The first author is supported by the Alexander-von-Humboldt Foundation and the NSF of China. The second author is supported by Deutscher Akademischer Austauschdienst (Stipendium im Rahmen des gemeinsamen Hochschulsonderprogramms III von Bund und Ländern über den DAAD). This support is gratefully acknowledged. 1

is thus the class of Banach spaces in which weak tauberian conditions imply certain types of asymptotic behaviour (e.g. stability, asymptotic almost periodicity). Another application of the (analytic) Riemann-Lebesgue property in the harmonic analysis of operators on spaces of continuous functions is described at the end.

2. Preliminaries Throughout this article, we denote by X a (complex) Banach space, and by X^′ its dual. For every 1 ≤ p ≤ ∞ and every closed interval J ⊂ R we define the space L^∗_p(J; X^′) of all (equivalence classes of) functions f : J → X^′ which are weak^∗ measurable and for which the order supremum f^∗ := sup{|⟨f, x⟩| : x ∈ X, ‖x‖ ≤ 1} (2.1) exists in the space L_p(J). Equipped with the norm ‖f‖_L∗_p := ‖f^∗‖_{Lp} , this space is a Banach space.

For every f ∈ L^∗_p(0, 2π; X^′) and every g ∈ C[0, 2π] the integral ∫_{2π} 0 g(θ)f(θ) dθ ∈ X^′ exists in the weak^∗ sense. We can thus define, for every norming subspace Y of X^′, L^∗_{p,X} (0, 2π; Y^′) := {f ∈ L^∗_p(0, 2π; Y^′) : Ff(n) ∈ X for all n ∈ Z}, where Ff is the Fourier transform of f ∈ L^∗_p(0, 2π; Y^′) defined by Ff(n) := ∫_{2π} 0 e^{−inθ}f(θ) dθ 2π , n ∈ Z. (2.2)

By Fejer’s Theorem (or Weierstrass’ Theorem) and Lebesgue’s Dominated Convergence Theorem, for every f ∈ L^∗_{p,X} (0, 2π; Y^′) and every g ∈ L_∞(0, 2π), the integral ∫_{2π} 0 f(t)g(t) dt belongs to X. We point out that, by [10, Corollary 2.8], the space L^∗_{p,X} (0, 2π; Y^′) does not depend on the choice of the norming subspace Y ⊂ X^′. It is clear that L_p(0, 2π; X) is a closed subspace of L^∗_{p,X} (0, 2π; Y^′). A Banach space is said to have the Radon-Nikodym property if both spaces coincide (see [14, Definition 3, p.61], [1, Theorem 1.5]).

Let D be the unit disc in C , and define for 1 ≤ p < ∞ the space

h_p(D ; X) := {f : D → X : f is harmonic and sup_{0<r<1} ∫_{2π} 0 ‖f(re^{iθ})‖^p dθ < ∞} and define

h_∞(D ; X) := {f : D → X : f is harmonic and sup_{z∈D} ‖f(z)‖ < ∞}

with obvious norm. The Poisson operator Ψ : L^∗_{p,X} (0, 2π; X^{′′}) → h_p(D ; X) which maps every function f ∈ L^∗_{p,X} (0, 2π; X^{′′}) to the Poisson integral defined by

(Ψf)(re^{iθ} ) := ∫_{2π} 0 P (r, θ − α)f(α) dα, is isometric for every 1 ≤ p ≤ ∞, and isomorphic if p > 1. Here P is the Poisson kernel: P (r, θ) := 1 − r^2 1 − 2r cos θ + r^2 , r ∈ [0, 1), θ ∈ [0, 2π]. (2.3)

Via this isomorphism, the Fourier transform Ff of an element f ∈ h_p(D; X) is just the sequence of Laurent coefficients of f.

We finally remark that the space L(L_q (0, 2π), X) is isometrically isomorphic to L^∗_{p,X} (0, 2π; X^{′′}) for every 1 ≤ q < ∞, and^1_p +^1_q = 1 (see [15, Theorem 8, p.279], [14]).

Moreover, the space V_p(0, 2π; X) of all absolutely continuous functions F : [0, 2π] → X of bounded p-variation (see [14]) such that F (0) = 0 is also isomorphic to L^∗_{p,X} (0, 2π; X^{′′}) via integration.

3. The Riemann-Lebesgue property

Definition 3.1. We say that the Banach space X has the Riemann-Lebesgue property (and we write X ∈ (RL)) if the Lemma of Riemann-Lebesgue holds in the space L^∗_{1,X} (0, 2π; X^{′′}), i.e. for every f ∈ L^∗_{1,X} (0, 2π, X^{′′}) one has lim_{|n|→∞} ‖Ff(n)‖ = 0.

Remark 3.2. Clearly, the Riemann-Lebesgue property is inherited by subspaces. Moreover, a Banach space X has the Riemann-Lebesgue property if and only if each separable subspace has it.

Proposition 3.3. A Banach space X has the Riemann-Lebesgue property if and only if there exists 1 ≤ p ≤ ∞ such that for every f ∈ L^∗_{p,X} (0, 2π; X^{′′}) one has lim_{|n|→∞} ‖Ff(n)‖ = 0. Proof. By continuity of the Fourier transform, it will suffice to show that the space L^∗_{∞,X} (0, 2π; X^{′′}) is dense in L^∗_{1,X} (0, 2π; X^{′′}). So let f ∈ L^∗_{1,X} (0, 2π; X^{′′}) be fixed and let f^∗ be as in (2.1).

First suppose that there exists a constant C > 0 such that f^∗ ≥ C almost everywhere. In this case we have ln C ≤ ln f^∗ ≤ 1 + f^∗, so that the outer function φ associated with f^∗ exists and is in H_1(D ). Define h(θ) = 1/φ(e^{iθ}) and h_m(θ) = 1/φ(r_me^{iθ}), where (r_m)_{m∈N} ↑ 1 is a fixed sequence in (0, 1).

We will show that fh ∈ L^∗_{∞,X} (0, 2π; X^{′′}). For this it suffices to show that F(fh)(n) ∈ X for n ∈ Z. For every m ∈ N, n ∈ Z, one has F(fh_m)(n) = ∑ k∈Zr^{|k|}_m Fh(k)Ff (n − k) ∈ X and it is not hard to show that (F(fh_m)(n))_{m≥0} is a Cauchy sequence in X. Denote by a_n its limit. For every n ∈ Z and m ∈ N ‖F(fh)(n) − F(fh_m)(n)‖ ≤ ∫_{2π} 0 f^∗(θ)|h(θ) − h_m(θ)| dθ 2π By Lebesgue’s Dominated Convergence Theorem, F(fh)(n) = lim_{m→∞} F(fh_m)(n) = a_n ∈ X, and so fh ∈ L^∗_{∞,X} (0, 2π; X^{′′}). To show that f is the limit of elements in L^∗_{∞,X} (0, 2π; X^{′′}), it will suffice to use the identity f = (fh)/h and approximate 1/h ∈ H^1(D ) by the sequence of functions ϕ_m(z) = 1/h(r_mz) and repeate the same argument as above.

For the general case, we consider the Banach space Y = X ⊕ C with the norm ‖(x, λ)‖_Y = ‖x‖ + |λ|, and the function G(θ) = (f(θ), 2 + cos θ). It is easy to see that G ∈ L^∗_{1,Y} (0, 2π; Y^{′′}) and ‖G(θ)‖ ≥ 1 for all θ ∈ [0, 2π]. We deduce from the first part of the proof that there exists G_n = (f_n, h_n) ∈ L^∗_{∞,Y} (0, 2π; Y^{′′}) such that lim_{n→∞} ‖G_n − G‖_1 = 0. Hence the function f is the limit of f_n in L^∗_{1,X} (0, 2π; X^{′′}). This finishes the proof.

Recall that a Banach space X has the complete continuity property if every operator T : L^1(0, 2π) → X is Dunford-Pettis, i.e. it maps weakly compact sets into norm compact sets (see [31, Definition II.3], [30, Definition 3.7.6]).

Proposition 3.4. Let X be a Banach space, and consider the following statements: (a) The space X is reflexive.

(b) The space X has the Radon-Nikodym property. (c) The space X has the complete continuity property. (d) The space X has the Riemann-Lebesgue property.

Then (a) ⇒ (b) ⇒ (c) ⇒ (d).

Proof. The implication (a) ⇒ (b) is proved in [14, Corollary 13, p.76], and (b) ⇒ (c) follows from the respective definitions (see [31], or [14, Lemma 11, p.74] in combination with [14, Theorem 15, p.76], [30, Theorem 2.5.4]).

In order to show (c) ⇒ (d), let X be a Banach space with the complete continuity property. By definition, every operator L_1(0, 2π) → X is Dunford-Pettis. In particular, the weak null sequence (e_n)_{n∈Z}, defined by e_n(t) := e^{−int}, is mapped into a norm null sequence. Identifying the space L(L_1(0, 2π), X) with L^∗_{∞,X} (0, 2π; X^{′′}), this means that the Fourier transform of every function in L^∗_{∞,X} (0, 2π; X^{′′}) converges to 0 in norm. The claim follows from Proposition 3.3.

Remarks 3.5. (a) The proof of Proposition 3.4 (b) ⇒ (d) is just a simple application of the classical Lemma of Riemann-Lebesgue.

(b) By Proposition 3.4, every reflexive Banach space and every separable dual space (for example l^1, see [14, Theorem 1, p.79]) have the Riemann-Lebesgue property. By [31, Theorem 4] and [31, Theorem 13], the dual of the James tree space ([25], [27, p.103]) and the Bourgain-Rosenthal space ([9]) provide nontrivial examples of Banach spaces with the Riemann-Lebesgue property and without the Radon- Nikodym property (see also [14, p.214]). In fact, these Banach spaces have the complete continuity property.

Problem 3.6. Is the converse of Proposition 3.4 (c) ⇒ (d) true?

For the definition of B-convexity we refer to [21], [22].

Proposition 3.7. If X is B-convex, then X has the Riemann-Lebesgue property.

Proof. A Banach space is B-convex if and only if it has nontrivial Fourier type (see [7], [29]). Hence, if X is B-convex, then there exist p > 1 and c ≥ 0 such that ‖(Ff(n))_{n∈Z}‖_{lq} ≤ c‖f‖_{Lp} for every f ∈ L_p(0, 2π; X) (^1_p +^1_q = 1). Hence, for every f ∈ h_p(0, 2π; X) we obtain ‖(Ff(n))_{n∈Z}‖_{lq} = sup_{0<r<1} ‖(r^{|n|}Ff(n))_{n∈Z}‖_{lq} ≤ c · sup_{0<r<1} ‖f(re^{i·})‖_{Lp} = c · ‖f‖_{hp} < ∞. This implies in particular lim_{|n|→∞} ‖Ff(n)‖ = 0. The claim follows from Proposition 3.3.

Remark 3.8. By Proposition 3.7, the example of a Banach space X which is Bconvex and which does not have the (analytic) Radon-Nikodym property (see [23, Example 2.4], [33], [34]) provides another nontrivial example of a Banach space with the Riemann-Lebesgue property. Clearly, the converse of Proposition 3.7 is not true; the space l^1 has the Radon-Nikdoym property, but it is not B-convex.

Proposition 3.9. Let X be such that there exists a norming subspace Y of X^′ with l^1 ⊄ Y . Then X has the Riemann-Lebesgue property.

Proof. Let f ∈ L^∗_{1,X} (0, 2π; Y^′), and define an operator T ∈ L(Y, c_0(Z)) which is the composition of the operator T_1 ∈ L(Y, L^1(0, 2π)) given by T_1x^′ := ⟨f, x^′⟩, and the Fourier transform F : L^1(0, 2π) → c_0(Z). We claim that under the assumption l^1 ⊄ Y the operator T_1 is compact.

In fact, by Rosenthal’s characterization of Banach spaces not containing l^1 (see [36], [17]), every bounded sequence (x^′_n)_{n∈N} ⊂ Y has a subsequence which is a weak Cauchy sequence. Hence, by Lebesgue’s Dominated Convergence Theorem and the definition of the space L^∗_1(0, 2π; Y^′), for every bounded sequence (x^′_n)_{n∈N} there exists a subsequence (x^′_{nk} )_{k∈N} such that T_1x^′_{nk} = ⟨f, x^′_{nk} ⟩ converges in L^1(0, 2π). Thus the operator T_1 is compact.

Hence, the operator T is compact. Since every compact subset of c_0(Z) is contained in some order interval, there exists a sequence a = (a_n)_{n∈Z} ∈ c_0(Z) such that T B_Y ⊂ [−a, a]. This implies (‖Ff(n)‖)_{n∈Z} = sup_{x′∈Y} ‖x^′‖≤1 (|⟨x^′, Ff(n)⟩|)_{n∈Z} ≤ (a_n)_{n∈Z},

i.e. lim_{|n|→∞} ‖Ff(n)‖ = 0. Remark 3.10. Compare Proposition 3.9 with [32] and [31, Theorem II.4]. Proposition 3.9 provides a second proof of Proposition 3.7. If X is B-convex, then X^′ is B-convex by [21, Corollary II.4]. Hence, by the definition of B-convexity, the dual X^′ does not contain l^1 [22], and the Proposition 3.7 follows from Proposition 3.9.

Proposition 3.11. If X has the Riemann-Lebesgue property, then, for every measure space (Ω, Σ, μ) and every 1 < p < ∞, the space L_p(Ω; X) has also the Riemann- Lebesgue property.

Proof. By Proposition 3.3, it will suffice to show that for all f ∈ h_p(D ; L_p (Ω; X)), we have lim_{|n|→∞} Ff(n) = 0 in L_p(Ω; X). For this purpose let f(z) = ∑ n≥0 a_nz^n + ∑ n<0 a_nz^{−n} for z ∈ D . We have a_n ∈ L_p(Ω; X) and using the subharmonicity of the function ‖f(·)(ω)‖^p, one shows that ∫ Ω sup 0≤r<1 ∫_{2π} 0 ‖f(re^{iθ})(ω)‖^p dθ dμ(ω) ≤ ‖f‖^p_{hp} < ∞. This implies that for almost all ω ∈ Ω, the function z → f(z)(ω) is in h_p(D ; X).

Since X has the Riemann-Lebesgue property, we have lim_{|n|→∞} a_n(ω) = 0 in X.

For n ∈ N and ω ∈ Ω,

‖a_n(ω)‖^p ≤ sup_{0<r<1}( ∫_{2π} 0 ‖f(re^{iθ})(ω)‖ dθ 2π )^p ≤ sup_{0<r<1} ∫_{2π} 0 ‖f(re^{iθ})(ω)‖^p dθ 2π ≤ lim_{r↑1} ∫_{2π} 0 ‖f(re^{iθ})(ω)‖^p dθ 2π . By Lebesgue’s Dominated Convergence Theorem, lim_{n→∞} a_n = 0 in L_p(Ω; X).

The same argument shows that lim_{n→−∞} a_n = 0 in L^p(Ω; X).

4. The analytic Riemann-Lebesgue property

Let X be a Banach space. For every 1 ≤ p ≤ ∞ and every norming subspace Y of X^′ we define

L^{∗,+}_{p,X} (0, 2π; Y^′) := {f ∈ L^∗_{p,X} (0, 2π; Y^′) : Ff(n) = 0 for all n < 0}.

Then the space L^{∗,+}_{p,X} (0, 2π; Y^′) is a closed subspace of L^∗_{p,X} (0, 2π; Y^′), and for every 1 ≤ p ≤ ∞ the restriction of the Poisson operator Ψ to L^{∗,+}_{p,X} (0, 2π; Y^′) is an isometric isomorphism onto the Hardy space H_p(D ; X) := {g ∈ h_p(D ; X) : g is analytic}.

Definition 4.1. We say that the Banach space X has the analytic Riemann- Lebesgue property (X ∈ (ARL) for short) if the Lemma of Riemann-Lebesgue holds in the space L^{∗,+}_{1,X} (0, 2π; X^{′′}), i.e. for every f ∈ L^{∗,+}_{1,X} (0, 2π, X^{′′}) one has lim_{n→∞} ‖Ff(n)‖ = 0. Remark 4.2. Trivially, the Riemann-Lebesgue property implies the analytic Riemann-Lebesgue property. We will show below that the converse is not true (see Proposition 4.7). Moreover, the analytic Riemann-Lebesgue property is also inherited by subspaces, and a Banach space X has the analytic Riemann-Lebesgue property if and only if each separable subspace has it.

Proposition 4.3. A Banach space X has the analytic Riemann-Lebesgue property if and only if there exists 1 ≤ p ≤ ∞ such that for every function f ∈ L^{∗,+}_{p,X} (0, 2π; X) one has lim_{n→∞} ‖Ff(n)‖ = 0.

Proof. By continuity of the Fourier transform, it suffices to show that L^{∗,+}_{∞,X} (0, 2π; X^{′′}) is dense in L^{∗,+}_{1,X} (0, 2π; X^{′′}). By isomorphy, this is equivalent to showing that H_∞(D ; X) is dense in H_1(D ; X). So let F ∈ H_1(D ; X). Then there exists a function G ∈ H_∞(D ; X) and a function f ∈ H_1(D ) such that F = G · f. Next, the functions f_r ∈ H_∞(D ) defined by f_r(z) := f(rz) (0 < r < 1) converge to f in H_1(D ) as r ↑ 1. This implies that G · f_r ∈ H_∞(D ; X) converges to F in H_1(D ; X) as r ↑ 1, and the claim is proved.

Recall that a Banach space X has the analytic Radon-Nikodym property if every function f ∈ L^{∗,+}_{1,X} (0, 2π; X^{′′}) already belongs to L_1(0, 2π; X) (see [10], [11]). A Banach space X has the analytic complete continuity property if every function f ∈ L^{∗,+}_{∞,X} (0, 2π; X^{′′}) induces a Dunford-Pettis operator from L^1(0, 2π) into X ([35]).

Proposition 4.4. Let X be a Banach space, and consider the following statements: (a) The space X has the analytic Radon-Nikodym property. (b) The space X has the analytic complete continuity property. (c) The space X has the analytic Riemann-Lebesgue property.

Then (a) ⇒ (b) ⇒ (c).

Proof. The implication (a) ⇒ (b) follows from the respective definitions (see [35], and [14, Lemma 11, p.74] in combination with [14, Theorem 15, p.76], [30, Theorem 2.5.4]).

The proof of the implication (b) ⇒ (c) is similar to the proof of Proposition 3.4 (c) ⇒ (d), using [35, Theorem 2.8] which says that every analytic operator L^1(0, 2π) → X is Dunford-Pettis if X has the analytic complete continuity property.

Remarks 4.5. (a) The proof of Proposition 4.4 (a) ⇒ (c) is a simple application of the classical Lemma of Riemann-Lebesgue.

(b) It follows from results in [18] and [19] that the Davies-Figiel-Johnson interpolation space Z from [35, p.977] has the complete continuity property, but not the analytic Radon-Nikodym property. That space, the space L_1(Ω; Z) (see Proposition 4.11 below) and the space from Remark 3.8 provide thus nontrivial examples of Banach spaces with the analytic Riemann-Lebesgue property. (c) By [35, Theorem 3.1], every Banach space in the Ghoussub-Rosenthal class (see [20]) has the analytic complete continuity property, and thus the analytic Riemann- Lebesgue property.

Problem 4.6. Is the converse of Proposition 4.4 (b) ⇒ (c) true?

Proposition 4.7. The space L_1(0, 2π) has the analytic Riemann-Lebesgue property, but it fails the Riemann-Lebesgue property.

Proof. The first part of the statement follows from Proposition 4.4 and the fact that L_1(0, 2π) has the analytic Radon-Nikodym property (see [11, Theorem 1] and [30]).

In order to show that L_1(0, 2π) fails the Riemann-Lebesgue property, we consider the following harmonic function f defined on D with values in L_1(0, 2π): f(z)(θ) = f(re^{iσ} )(θ) := P (r, σ + θ), where P is the Poisson kernel (see (2.3)). Since P (r, ·) ∈ L_1(0, 2π) and ‖P (r, ·)‖_{L1} = 2π for every 0 ≤ r < 1, the function f is bounded from D with values in L_1(0, 2π). In fact, f ∈ h_∞(D ; L_1 (0, 2π)) = L^∗_{∞,L1(0,2π)}(0, 2π; L_1(0, 2π)^{′′}). We have Ff(n)(θ) = e^{inθ}, in particular ‖Ff(n)‖ = 2π, so L_1(0, 2π) fails the Riemann-Lebesgue property.

A Banach lattice X has the analytic Radon-Nikodym property if and only if it does not contain c_0 ([11, Theorem 1]). Since c_0 does not have the analytic Riemann-Lebesgue property, this implies that a Banach lattice has the analytic Riemann-Lebesgue property if and only if it does not contain c_0. However, for general Banach spaces X the property not to contain c_0 does not characterize the analytic Riemann-Lebesgue property.

Proposition 4.8. The quotient space L^1/H^1_0 does not contain c_0 and it does not have the analytic Riemann-Lebesgue property.

Proof. By [8] the space L^1/H^1_0 has cotype 2, and thus it can not contain c_0. Another argument is given in [11, Proposition 4]: the space L^1/H^1_0 is weakly sequentially complete while c_0 is not. This proves the first part of the statement.

For the second part we consider the functions a_n(θ) := e^{inθ} (n ∈ N_0 ), viewed as elements in L^1/H^1_0 , and we define f(z) := ∑_∞ n=0 a_nz^n (z ∈ D ).

One checks that ‖a_n‖_L1_{/H}1_0 = 2π for every n ∈ N_0 . Moreover, similarly to Proposition 4.7, ‖f(re^{iϕ})‖_L1_{/H}1_0 ≤ ‖ ‖ ‖ ‖ ∞∑ n=0 e^{in·}r^ne^{inϕ} + ∞∑ n=1 e^{−in·}r^ne^{−inϕ} ‖ ‖ ‖ ‖_{L1} = ‖ ‖ ‖ ‖ ∞∑ n=−∞ r^{|n|}e^{in(·+ϕ)} ‖ ‖ ‖ ‖_{L1} = ∫_{2π} 0 P (r, θ + ϕ) dθ = 2π. This implies f ∈ H^∞(D ; L^1 /H^1_0 ), but Ff(n) = a_n does not converge to 0, and thus L^1/H^1_0 does not have the analytic Riemann-Lebesgue property.

Remark 4.9. Proposition 4.8 generalizes [11, Proposition 4] (resp. [35, Proposition 3.3]) saying that L^1/H^1_0 does not have the analytic Radon-Nikodym property (resp. the analytic complete continuity property).

Proposition 4.10. If a Banach space X has the analytic Riemann-Lebesgue property, then every weak l^1-sequence (x_n)_{n∈N0} ⊂ X is a norm null sequence.

Proof. Let (x_n)_{n∈N0} be a weak l^1-sequence in X, and assume that X has the analytic Riemann-Lebesgue property. Define the analytic function f(z) := ∑_∞ n=0 x_nz^n (z ∈ D ). Then f is weakly bounded by the assumption on (x_n)_{n∈N0} , and thus f is bounded by Banach-Steinhaus. The claim follows from the definition of the analytic Riemann-Lebesgue property.

The same proof as in Proposition 3.11 shows

Proposition 4.11. If X has the analytic Riemann-Lebesgue property, then, for every measure space (Ω, Σ, μ) and every 1 ≤ p < ∞, the space L_p(Ω; X) has also the analytic Riemann-Lebesgue property.

5. Applications

5.1. Fourier transforms on R. Let L^∗_{p,X} (R; X^{′′}) (1 ≤ p ≤ ∞) be the space of all functions f ∈ L^∗_p(R; X^{′′}) such that ∫ R g(t)f(t) dt ∈ X for all g ∈ C_c(R). If f ∈ L^∗_{1,X} (R; X^{′′}), then, by Lebesgue’s Dominated Convergence Theorem, for every bounded continuous function g, the integral ∫ R g(t)f(t) dt exists and belongs to X. We can thus define for every f ∈ L^∗_{1,X} (R; X^{′′}) the Fourier transform Ff by Ff(η) := ∫ R e^{−iηt}f(t) dt, η ∈ R, (5.1)

and the inverse Fourier transform F^{−1}f by

F^{−1}f(η) := 1 2π ∫ R e^{iηt}f(t) dt, η ∈ R. (5.2)

A simple truncation and density argument shows the following lemma.

Lemma 5.1. A Banach space X has the Riemann-Lebesgue property if and only if for every f ∈ L^∗_{1,X} (R; X^{′′}) the Fourier transform belongs to C_0(R; X).

Let L^{∗,+}_{1,X} (R; X^{′′}) be the subspace of all functions f ∈ L^∗_{1,X} (R; X^{′′}) such that the inverse Fourier transform F^{−1}f is supported in R_+ . Via the Poisson integral on R (see e.g. [5, p.70 and Theorem 3.9]) the space L^{∗,+}_{1,X} (R; X^{′′}) is isometrically isomorphic to the Hardy space H_1(C_+ ; X) of all holomorphic functions f : C_+ → X such that ‖f‖_1 := sup_{ξ>0} ∫ R ‖f(ξ + iη)‖ dη < ∞. Here, C_+ := {z ∈ C : Re z > 0}.

Proposition 5.2. A Banach space X has the analytic Riemann-Lebesgue property if and only if for every f ∈ L^{∗,+}_{1,X} (R; X^{′′}) the Fourier transform belongs to C_0(R; X).

Proof. Let f ∈ L^∗_{1,X} (R; X^{′′}), and assume that F^{−1}f(η) = 0 for η < 0. Since Ff(η) = F^{−1}f(−η) for η ∈ R, we need to show that lim_{η→∞} F^{−1}f(η) = 0.

For n ∈ N, let ϕ_n(t) = ∑_n j=−n f(2πj − t) for t ∈ [0, 2π]. It is clear that ϕn ∈

L^∗_1(0, 2π; X^{′′}) and the sequence ϕ_n is a Cauchy sequence in L^∗_1(0, 2π; X^{′′}). Since L^∗_1(0, 2π; X^{′′}) is a Banach space, ϕ_n converges to some element ϕ ∈ L^∗_1(0, 2π; X^{′′}). We claim that ϕ ∈ L^∗_{1,X} (0, 2π; X^{′′}). Indeed, for k ∈ Z and x^′ ∈ X^′, one easily shows that ⟨x^′, Fϕ(k)⟩ = ⟨x^′, F^{−1}f(k)⟩, and so Fϕ(k) = F^{−1}f(k) ∈ X for every k ∈ Z and Fϕ(k) = 0 for k ∈ Z\N. By assumption X has the analytic Riemann-Lebesgue property, so lim_{k→∞} F^{−1}f(k) = lim_{k→∞} Fϕ(k) = 0. Finally, for λ > 0, let f_λ ∈ L^∗_{1,X} (R; X^{′′}) be defined by f_λ(t) = λf(λt) and denote by ϕ_λ the corresponding function in L^∗_{1,X} (0, 2π; X^{′′}). It is clear that f_λ ∈ L^{∗,+}_{1,X} (R; X^{′′}) and it is not hard to show that Fϕ_λ(k) = F^{−1}f(k/λ) for k ∈ Z and so lim_{k→∞} F^{−1}f(k/λ) = 0 for λ > 0. This implies that lim_{η→∞} F^{−1}f(η) = 0.

In order to show the converse, assume that X does not have the analytic Riemann- Lebesgue property. Then, by Proposition 4.3, there exists a function f ∈ H_∞(D ; X) such that lim sup_{n→∞} ‖f̂(n)‖ > 0. Define a function g : R_+ → X by g(t) := Ff(n) if t ∈ [n, n + 1). Then ĝ(λ) =^{1−e−λ}_λ f(e^{−λ}) for every λ ∈ C_+ . Thus, the Laplace transform ĝ is bounded on C_+ . Let φ ∈ D(R_+ ) be a test function, and define g_φ := g ∗ φ ∈ BUC(R_+ ; X). Then ^g_φ(λ) = ĝ(λ)φ̂(λ) for every λ ∈ C_+ , so that ^g_φ ∈ H_1(C_+ ; X). Choosing φ ∈ D(R_+ ) such that ∫ R_+ φ = 1 and supp φ ⊂ [0, 1], one easily verifies

that lim sup_{t→∞} ‖g_φ(t)‖ > 0.

Remark 5.3. For λ > 0, define L^{∗,+}_{1,X,λ}(R; X^{′′}) = {f ∈ L^∗_{1,X} (R; X^{′′}) : F^{−1}f(λk) = 0 for every k ∈ Z \ N}. Then the argument used in the proof of Proposition 5.2 shows that X has the analytic Riemann-Lebesgue property if and only if for every f ∈ L^{∗,+}_{1,X,λ}(R; X^{′′}), one has lim_{k→∞} F^{−1}f(λk) = 0.

5.2. Ingham’s Theorem.

Proposition 5.4. Let f ∈ L_∞(R_+ ; X), η_0 ∈ R and ε > 0 be such that

lim sup ξ→0 ∫_{η0+ε} η_0−ε ‖f̂(ξ + iη)‖ dη < ∞, where f̂ denotes the Laplace transform of f. Let φ ∈ S(R) be such that supp Fφ ⊂ (η_0 − ε, η_0 + ε). If X has the analytic Riemann-Lebesgue property, then f ∗ φ ∈ C_0(R; X).

Proof. Let f and φ be as in the assumptions. Put g := f ∗ φ ∈ BUC(R; X), g_+(t) := g(t) for t ≥ 0, g_+(t) := 0 for t < 0, and g_− := g − g_+.

Similarly to the proof of [12, Proposition 3.1], i.e. using conformal mappings and Hardy spaces on Jordan domains, one shows that there exists f̃ ∈ L^∗_{1,X} (η_0 − ε, η_0 + ε; X^{′′}) such that for every x^′ ∈ X^′ lim_{ξ→0}⟨x^′, f̂(ξ + iη)⟩ = ⟨f̃(η), x^′⟩ a.e. η. Hence, for every ψ ∈ S(R), by Plancherel’s Theorem, ⟨g, Fψ⟩ = ∫ R ∫_∞ 0 f(s)φ(t − s) dsFψ(t) dt = ∫_∞ 0 f(s) ∫ R φ(t − s)Fψ(t) dt ds = w − lim_{ξ→0} ∫_∞ 0 e^{−ξs}f(s) ∫ R φ(t − s)Fψ(t) dt ds = w − lim_{ξ→0} ∫ R f̂(ξ + iη)Fφ(η)ψ(η) dη = ∫_{η0 +ε} η_0 −ε f̃(η)Fφ(η)ψ(η) dη, which implies Fg = f̃ · Fφ =: g̃ ∈ L^∗_{1,X} (R; X^{′′}) in the sense of distributions.

For every t ∈ R ‖g(t)‖ ≤ ‖f‖_∞ · ∫_t −∞ φ(s) ds, so that, since φ is rapidly decreasing, the function g_− belongs to L^1(R; X) and lim_{t→−∞} g_−(t) = 0. By the Lemma of Riemann-Lebesgue, Fg_− ∈ C_0(R; X). By linearity, Fg_+ = g̃ − Fg_− in the sense of distributions.

Let ψ ∈ D(0, ∞). Then g_+ ∗ψ ∈ BUC(R; X) has support in R_+ , and F(g_+ ∗ψ) = (g̃ − Fg_−)Fψ. Hence, the Fourier transform F(g_+ ∗ ψ) belongs to L^{∗,+}_{1,X} (R; X). Since X has the analytic Riemann-Lebesgue property, the function g_+ ∗ ψ belongs to C_0(R; X) by Proposition 5.2. Choosing an approximate identity (ψ_n)_{n∈N} ⊂ D(0, ∞) ⊂ L^1(R_+ ), and using the uniform continuity of g_+, we thus deduce g_+ ∈ C_0(R_+ ; X). Hence, g = f ∗ φ ∈ C_0(R; X), and the claim is proved.

Let X be a complex Banach space, and define

H^1_{loc}(C_+ ; X) := {g : C_+ → X : g is analytic, and for every R > 0

lim sup ξ→0^+ ∫_R −R ‖g(ξ + iη)‖ dη < ∞}. Theorem 5.5 (Ingham). Let X be a Banach space with the analytic Riemann- Lebesgue property, and let f ∈ BUC(R_+ ; X). Assume that the Laplace transform f̂ belongs to H 1_{loc}(C_+ ; X). Then f ∈ C_0(R_+ ; X).

Proof. Let φ ∈ S(R) be such that Fφ ∈ D(R). Then, by the assumption on f̂ and by Proposition 5.4, the convolution f ∗ φ belongs to C_0(R_+ ; X). Choosing an approximate identity (φ_n)_{n∈N} ⊂ L^1(R_+ ) consisting of test functions in S(R) such that their Fourier transforms belong to D(R), and using the uniform continuity of f, we deduce f ∈ C_0(R_+ ; X).

Remarks 5.6. (a) By Proposition 5.2, Theorem 5.5 is optimal in the sense that in every Banach space which fails the analytic Riemann-Lebesgue property, there exists a function f ∈ BUC(R_+ ; X) such that f̂ ∈ H_1(C_+ ; X) and lim sup_{t→∞} ‖f(t)‖ > 0. (b) Theorem 5.5 generalizes Ingham’s Theorem in [24] to the vector-valued case. It has been proved in a more general form in [12, Theorem 3.4], under the assumption that X has the analytic Radon-Nikodym property. Using Proposition 5.4 and the techniques from [12], one will actually show that [12, Theorem 3.4] remains true for Banach spaces with the analytic Riemann-Lebesgue property.

The following immediate corollary generalizes results from [23] in two directions: in [23] the underlying Banach space is either B-convex or it has the analytic Radon- Nikodym property (both subclasses of (ARL)), and the extension F of the local resolvent has to be locally bounded near the imaginary axis.

Corollary 5.7. Let (T (t))_{t≥0} be a C_0-semigroup with generator A on a Banach space X which has the analytic Riemann-Lebesgue property. Let x ∈ X be such that the orbit T (·)x is bounded and uniformly continuous, and such that the analytic extension F of the local resolvent R(·, A)x to C_+ belongs to H^1_{loc}(C_+ ; X). Then lim_{t→∞} ‖T (t)x‖ = 0. Proof. Put f(t) := T (t)x (t ≥ 0) and apply Theorem 5.5.

5.3. Operators C_0(R; Y ) → X and convolutions. Let X, Y and Z be Banach spaces. According to the classical Riesz Representation Theorem we may regard the space L(C_0(R; Y ), X) as a space of generalized L(Y, X)-valued measures on R (see for example [15], [16]), and thus we may also define convolutions of such operators or measures.

We say that an operator Φ ∈ L(C_0(R; Y ), X) is right convolution admissible if the following operator L_Φ : C_0(R; Y ) → BUC(R; X) f → (t → Φ(f(t + ·))) actually maps into C_0(R; X). If Φ ∈ L(C_0(R; Y ), X) is right convolution admissible, and if Ψ ∈ L(C_0(R; X), Z), then we define the convolution Ψ ∗ Φ ∈ L(C_0(R; Y ), Z) by Ψ∗Φ := Ψ∘L_Φ. See [13] for these definitions, a more detailed study of operators L(C_0(R; Y ), X), and applications to abstract delay equations.

Proposition 5.8. If X has the Riemann-Lebesgue property, then every operator Φ ∈ L(C_0(R; Y ), X) is right convolution admissible.

Proof. Let FΦ ∈ L(L^1(R; Y ), X) be the Fourier transform of Φ defined by

FΦ(g) := Φ(Fg), g ∈ L^1(R; Y ).

We refer to [13, Section 6.2] for this definition. By [14], [1], for every y ∈ Y there exists a function f_y ∈ L^∗_{∞,X} (R; X^{′′}) such that FΦ(g ⊗ y) = ∫ R g(η)f_y(η) dη for every g ∈ C_c(R). Hence, for every g ∈ C_c(R) and every y ∈ Y , L_Φ(Fg ⊗ y)(t) = Φ(Fg ⊗ y(t + ·)) = FΦ(e^{−it·}g ⊗ y) = ∫ R g(η)e^{−iηt}f_y(η) dη tends to 0, as |t| → ∞, by the assumption on X and by Lemma 5.1 (note that gf^′_y ∈ L^∗_{1,X} (R; X^{′′})). Since the functions of the form g ⊗ y are total in L^1(R; Y ), this implies L_Φ(Fg) ∈ C_0(R; X) for every g ∈ L^1(R; Y ). Since the range of L^1(R; Y ) under Fourier transform is dense in C_0(R; Y ), the operator L_Φ maps into C_0(R; X). The proof is complete.

Remarks 5.9. (a) Proposition 5.8 and [13, Lemma 6.5] imply that the operator space L(C_0(R; X), X) is a Banach algebra for the convolution defined above, if the space X has the Riemann-Lebesgue property.

(b) Similarly to Proposition 5.8, using Ingham’s Theorem (Theorem 5.5) instead of Lemma 5.1, one will prove that if X has the analytic Riemann-Lebesgue property, then every operator Φ ∈ L(C_0(R; Y ), X) with support in R_+ is right convolution admissible. In this case, the function f_y appears to be the boundary of the Laplace transform of Φ on the imaginary axis (see [13, Lemma 6.3]).

Acknowledgement: The authors are most grateful to O. Blasco, G. Blower and Q. H. Xu for valuable discussions.

References

1. W. Arendt, Vector-valued Laplace transforms and Cauchy problems, Israel J. Math. 59 (1987), 327–352.

2. W. Arendt and C. J. K. Batty, Tauberian theorems and stability of one-parameter semigroups, Trans. Amer. Math. Soc. 306 (1988), 837–852.

3. W. Arendt, C. J. K. Batty, M. Hieber, and F. Neubrander, Laplace Transforms and Evolution Equations, Birkhäuser, Basel, 2001, to appear.

4. W. Arendt and J. Prüss, Vector-valued Tauberian theorems and asymptotic behavior of linear Volterra equations, SIAM J. Math. Anal. 23 (1992), 412–448.

5. E. J. Beltrami and M. R. Wohlers, Distributions and the Boundary Values of Analytic Functions, Academic Press, New York, London, 1966.

6. J. Bourgain, A characterization of non-Dunford-Pettis operators on L^1, Israel J. Math. 37 (1980), 48–53.

7. , A Hausdorff-Young inequality for B-convex Banach spaces, Pacific J. Math. 101 (1982), 255–262.

8. , Martingale transforms and geometry of Banach spaces, Israel seminar on geometrical aspects of functional analysis (1983/84), XIV, Tel Aviv Univ., Tel Aviv, 1984.

9. J. Bourgain and H. P. Rosenthal, Martingales valued in certain subspaces of L^1, Israel J.

Math. 37 (1980), 54–75.

10. A. V. Bukhvalov, Hardy spaces of vector-valued functions, J. Soviet Math. 16 (1981), 1051– 1059, (Engl. transl.).

11. A. V. Bukhvalov and A. A. Danilevich, Boundary properties of analytic and harmonic functions with values in Banach space, Math. Notes 31 (1982), 104–110, (Engl. transl.).

12. R. Chill, Tauberian theorems for vector-valued Fourier and Laplace transforms, Studia Math.

128 (1998), 55–69.

13. , Operators C_0(R; Y ) → X and asymptotic behaviour of abstract delay equations, Preprint, 2001.

14. J. Diestel and J. J. Uhl, Vector Measures, Mathematical Surveys, vol. 15, Amer. Math. Soc., Providence, R.I., 1977.

15. N. Dinculeanu, Vector Measures, VEB Deutscher Verlag der Wissenschaften, Berlin, 1966.

16. I. Dobrakov, On representations of linear operators on C_0(T, X), Czech. Math. J. 21 (96) (1971), 13–30.

17. L. E. Dor, On sequences spanning a complex l_1 space, Proc. Amer. Math. Soc. 47 (1975), 515–516.

18. N. Ghoussoub and B. Maurey, G_δ -embeddings in Hilbert space, J. Funct. Anal. 61 (1985), 72–97.

19. N. Ghoussoub, B. Maurey, and W. Schachermayer, Pluriharmonically dentable Banach spaces, J. reine angew. Math. 402 (1989), 76–127.

20. N. Ghoussoub and H. P. Rosenthal, Martingales, G_δ -embeddings and quotients of L^1, Math.

Ann. 264 (1983), 321–332.

21. D. P. Giesy, On a convexity condition in normed linear spaces, Trans. Amer. Math. Soc. 125 (1966), 114–146.

22. D. P. Giesy and R. C. James, Uniformly non-l^{(1)} and B-convex Banach spaces, Studia Math.

48 (1973), 61–69.

23. Senzhong Huang and J. M. A. M. van Neerven, B-convexity, the analytic Radon-Nikodym property and individual stability of C_0-semigroups, J. Math. Anal. Appl. 231 (1999), 1–20.

24. A. E. Ingham, On Wiener’s method in Tauberian theorems, Proc. London Math. Soc. 38 (1935), 458–480.

25. R. C. James, A separable somewhat reflexive Banach space with nonseparable dual, Bull.

Amer. Math. Soc. 80 (1974), 738–743.

26. J. Korevaar, On Newman’s quick way to the prime number theorem, Math. Intelligencer 4 (1982), 108–115.

27. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I, II, Springer Verlag, Berlin, Heidelberg, New York, 1979.

28. Yu. I. Lyubich and Quôc Phong Vũ, Asymptotic stability of linear differential equations in Banach spaces, Studia Math. 88 (1988), 37–42.

29. B. Maurey and G. Pisier, Séries de variables aléatoires vectorielles indépendantes et propriétés géometriques des espaces de Banach, Studia Math. 58 (1976), 45–90.

30. P. Meyer-Nieberg, Banach Lattices, Springer Verlag, Berlin, Heidelberg, New York, 1991. 31. M. A. Petrakis and J. J. Uhl, Differentiation in Banach spaces, Proceedings of the Analysis Conference, Singapore (1986), North Holland Math. Studies, vol. 150, North Holland, Amsterdam, New York, 1987, pp. 219–241.

32. G. Pisier, Une propriété de stabilité de la classe des espaces ne contenant pas l^1, C. R. Acad.

Sc. Paris, Sér. A, 286 (1978), 747–749.

33. , Factorization of operator valued analytic functions, Adv. Math. 93 (1992), 61–125. 34. G. Pisier and Q. H. Xu, Random series in the real interpolation spaces between the spaces V_p, Geometrical Aspects of Functional Analysis (1985/86), Lecture Notes in Math., vol. 1267, Springer Verlag, Berlin, Heidelberg, New York, 1987, pp. 185–209.

35. M. A. Robdera and P. Saab, The analytic complete continuity property, J. Math. Anal. Appl.

252 (2000), 967–979.

36. H. P. Rosenthal, A characterization of Banach spaces containing l^1, Proc. Nat. Acad. Sci.

USA 71 (1974), 2411–2413.

Department of Mathematical Science, University of Tsinghua, Beijing 100084, China Current address: Abteilung Angewandte Analysis, Universität Ulm, 89069 Ulm, Germany E-mail address: bu@mathematik.uni-ulm.de

Abteilung Angewandte Analysis, Universität Ulm, 89069 Ulm, Germany Current address: Laboratoire d’Analyse Numérique, Université Pierre et Marie Curie Paris VI, 175, rue du Chevaleret, 75013 Paris, France

E-mail address: chill@mathematik.uni-ulm.de