On Nonautonomous Higher Order Cauchy Problems

Nguyen thanh Lan

Arbeitsbereich Funktionalanalysis Mathematisches Institut, Universität Tübingen

Abstract

We study the existence and uniqueness of classical solutions to the following nonautonomous higher order Cauchy problem

u^{(n+1)}(t) = A(t)u^{(n)}(t) + B_1(t)u^{(n−1)}(t) + ... + B_n(t)u(t) + f(t), 0 ˇ s ˇ t ˇ T, u^{(i)}(0) = x_i 2 E, i = 0, 1, ..., n by using operator matrices. The results cover most of the known results about existence and uniqueness of higher order Cauchy problem. Examples and applications are also given.

1 Introduction

Consider the differential equation

(nACP_n) u^{(n+1)}(t) = A(t)u^{(n)}(t) + B_1(t)u^{(n−1)}(t) + ... + B_n(t)u(t), 0 ≤ s ≤ t ≤ T, u^{(i)}(0) = x_i ∈ E, i = 0, 1, ..., n, (1.1)

and its inhomogeneous variant

(inACP_n) u^{(n+1)}(t) = A(t)u^{(n)}(t) + B_1(t)u^{(n−1)}(t) + ... + B_n(t)u(t) + f(t), 0 ≤ s ≤ t ≤ T, u^{(i)}(0) = x_i ∈ E, i = 0, 1, ..., n. (1.2)

Here, A(t) are closed linear operators in a Banach space E with D(A(t)) ≡ D, D(B(t)) ⊇ D for all 0 ≤ t ≤ T and f is a continuous function from [0, T ] to E.

Definition 1.1 A function u(·) is said to be a solution of (nACP_n) if it is (n+1)–times continuously differentiable on [0, T ], A(t)u^{(n)}(t) and B_i(t)u^{(n−i)}(t) are defined and continuous in t and (1.2) is satisfied.

In [8], Neubrander considered the autonomous case { u^{(n+1)}(t) = Au^{(n)}(t) + +B_1u^{(n−1)}(t) + ... + B_nu(t), t ≥ 0, u^{(i)}(0) = x_i ∈ E, i = 0, 1, ..., n, (1.3)

showing the ”wellposedness” of (1.3) and applying his result to, e.g., strongly damped wave equations.

The pioneer work on nonautonomous higher order Cauchy problems was done by Obrecht. In [11] and [12] he proved the existence and uniqueness of solutions under rather strong

”parabolic” hypotheses. Recently, Oka (see [13]) obtained the existence and uniqueness of solutions for second order equations under certain ”hyperbolic” conditions. In [9] we obtained similar results under the ”hyperbolic” as well as the ”parabolic” case. In this paper, we extend the result in [8] to nonautonomous equations and the results in [9] and [13] to higher order equations by using the theory of operator matrices in a systematic way. This method is quite simple and works equally well in the hyperbolic and parabolic case, as well as in homogeneous and inhomogeneous case. For the hyperbolic case, our result extends Oka’s [13] . Moreover, we show in Corollary 2.10 that if D(A(t)) = D(B_i(t)), i = 1, 2, ..., n, then the results in [11] and [12] follow from our (parabolic) Theorem 2.8 . For our purpose, we assume that there exists an invertible operator A from D onto E with A^{−1} ∈ L(E). We then introduce new variables by defining

v_0 : = Au v_1 : = Au^′ .. . .. v_{n−1} : = Au^{(n−1)} v_n : = u^{(n)}.

In this way we obtain from (1.1) the following system

v^′_0 = Au^′ = v_1 v^′_1 = Au^{′′} = v_2 ... . .. v^′_{n−1} = Au^{(n)} = Av_n

v^′_n = u^{(n+1)} = A(t)v_n + B_1(t)A^{−1}v_{n−1} + ... + B_n(t)A^{−1}v_0.

This can be written in matrix form as { V^′(t) = C(t)V(t), 0 ≤ t ≤ T, V(0) = V_0,

(1.4)

on E^{n+1}, where V(t) := (v_0(t), v_1(t), ..., v_n(t))^T , V_0 := (Ax_0, Ax_1, ..., , Ax_{n−1}, x_n)^T and

C(t) :=

0 I 0 · · · · · · 0 0 0 I ... . . . . ... ... ... . . . . ... I 0 0 · · · · · · 0 A B_n(t)A^{−1} · · · · · · B_1(t)A^{−1} A(t)

(1.5)

with D(C(t)) := E × E × ... × E × D. In Lemma 2.1 we will show the equivalence between the solution of (1.1) and the solution of (1.4). This lemma allows us to find the solutions for a higher order problem by studying a corresponding first order problem on an appropriate product space.

In Section 2 we will show the existence and uniqueness for equations (1.1) and (1.2) in the hyperbolic case (Theorem 2.5 and 2.7) as well as in the parabolic case (Theorem 2.8). Finally, in Section 3, by Theorem 3.2 and 3.3 we consider nonautonomous higher order Cauchy problems, where D(A(t)) and D(B_i(t)) are not dense in E.

Throughout this paper the operators A(t) are closed, D(A(t)) ≡ D and D(B_i(t)) ⊇ D. Note that the product space E_1 × E_2 × ... × E_n of Banach spaces E_1, E_2,..., E_n, is again a Banach space with the norm ‖(x_1, x_2, ..., x_n)^T ‖ := ∑n 1 ‖x_i‖. As a first step, we collect some basic facts concerning the wellposedness of first order nonautonomous Cauchy problems (see, e.g., [14]) (nCP ) { u^′(t) = A(t)u(t), 0 ≤ t ≤ T, u(0) = u_0

(1.6)

for an operator family {A(t)}_{0≤t≤T} on a Banach space E.

Definition 1.2 The problem (nCP ) is called wellposed if there exists a unique, strongly continuous evolution family {U(t, s)}_{0≤s≤t≤T} of bounded, linear operators on E satisfying 1. U(t, t) = Id for all 0 ≤ t ≤ T , 2. U(t, s)U(s, r) = U(t, r) for all 0 ≤ r ≤ s ≤ t ≤ T , 3. (t, s) → U(t, s) is strongly continuous, and for every s ∈ [0, T ] there exists a dense subspace Y_s ⊆ E satisfying U(t, s)Y_s ⊆ D(A(t)) for every 0 ≤ s ≤ t ≤ T such that ∂ ∂t U(t, s)x = A(t)U(t, s)x and ∂ ∂s U(t, s)x = −U(t, s)A(s)x for all x ∈ Y_s.

If problem (nCP ) is wellposed, then, for every initial value u_0 ∈ Y_0, u(t) := U(t, 0)u_0 is the unique solution. There are several conditions implying wellposedness of nonautonomous Cauchy problems. Here, we recall two results, which usually are referred to Kato ([5]) and Tanabe ([15]), see also Pazy ([14], Theorem ... and ...)

Theorem 1.3 Assume that the family of operators {A(t)}_{0≤t≤T} satisfies the hyperbolic condition, i.e.,

(H1) The domain D := D(A(t)) is independent of t and dense in E, and is a Banach space for the norm ‖.‖_D. Moreover, there exists c_0 > 0 such that c^{−1}_0 ‖x‖_D ≤ ‖x‖ + ‖A(t)x‖ ≤ c_0‖x‖_D for all t ∈ [0, T ] and x ∈ D.

(H2) The family (A(t))_{t∈[0,T ]} is stable, i.e., there exist constants M ≥ 1 and ω ∈ IR such that (ω, ∞) ⊂ ρ(A(t)) for all t ∈ [0, T ] and ‖ ‖ ‖ ‖ ‖ k∏ j=1 R(λ, A(t_j)) ‖ ‖ ‖ ‖ ‖ ≤ M(λ − ω)^{−k} for all λ > ω (1.7)

and any finite sequence 0 ≤ t_1 ≤ t_2 ≤ . . . ≤ t_k ≤ T .

(H3) The mapping t → A(t)y is continuously differentiable in E for every y ∈ D.

Then the Cauchy problem (nCP ) is wellposed with evolution family {U(t, s)}_{0≤t≤T} and for every u_0 ∈ D the map t → U(t, 0)u_0 is the unique classical solution of (nCP ).

Theorem 1.4 Assume that the family {A(t)}_{0≤t≤T} satisfies the parabolic condition, i.e.,

(P1) The domain D := D(A(t)) is independent of t and dense in E, and is a Banach space for the norm ‖.‖_D. Moreover, there exists c_0 > 0 such that c^{−1}_0 ‖x‖_D ≤ ‖x‖ + ‖A(t)x‖ ≤ c_0‖x‖_D for all t ∈ [0, T ] and x ∈ D.

(P2) For all t ∈ [0, T ], the resolvent R(λ, A(t)) of A(t) exists for all λ with Reλ ≥ 0 and there is a constant M > 0 such that ‖R(λ, A(t))‖ ≤ M |λ| + 1 for Reλ ≥ 0. (P3) There exist constants L ≥ 0 and 0 < α ≤ 1 such that ‖(A(t) − A(s))A(0)^{−1}‖ ≤ L|t − s|^α for all t, s ∈ [0, T ]. (1.8) Then the Cauchy problem (nCP ) is wellposed with evolution family {U(t, s)}_{0≤t≤T} and for every u_0 ∈ D the map t → U(t, 0)u_0 is the unique classical solution of (nCP ).

For further information on semigroup theory and the theory of operator matrices, we refer to, e.g., [4], [6], [14] and [3], [7].

2 Higher order Cauchy problems

We now turn to the homogeneous higher order Cauchy problem

(nACP_n) u^{(n+1)}(t) = A(t)u^{(n)}(t) + B_1(t)u^{(n−1)}(t) + ... + B_n(t)u(t), 0 ≤ s ≤ t ≤ T, u^{(i)}(0) = x_i ∈ E, i = 0, 1, ..., n, (2.1) and the related first order problem on E^{n+1} { V^′(t) = C(t)V(t), 0 ≤ t ≤ T, V(0) = V_0,

(2.2)

where V(t) := (v_0(t), v_1(t), ..., v_n(t))^T , V_0 := (Ax_0, Ax_1, ..., , Ax_{n−1}, x_n)^T and C(t) is given by (1.5).

The following lemma is the key tool of our approach.

Lemma 2.1 Assume that there exist a bijective operator A from D onto E. For x_i ∈ D (i=0,1,..., n) the following statments hold true.

(1) If u(·) is a solution of (2.1), then u^{(i)}(t) ∈ D, (i = 0, 1, ..., n − 1) and (Au, Au^′, ....., Au^{(n−1)}, u^{(n)})^T is a solution of (2.2).

(2) Conversely, assume that (v_0, v_1, ...., v_n)^T is a solution of (2.2). Moreover, set u_0 := v_n and define u_k : [0, T ] → E by u_k(t) := x_{n−k} + ∫ t 0 u_{k−1}(s)ds, (k= 1,2,...,n). Then u := u_n is a solution of (2.1).

Proof (1)⇒(2): Let u(·) be a solution of (2.1). We show first that we have u^{(k)}(t) ∈ D and d dt (Au^{(k−1)}(t)) = Au^{(k)}(t) (2.3)

for k = 0, 1, ..., n . To this end we assume that for some k ∈ {1, 2, ..., n}, u^{(k)}(t) ∈ D and that t → Au^{(k)}(t) is continuous. Then we obtain ∫ t 0 Au^{(k)}(s)ds = A ∫ t 0 u^{(k)}(s)ds = A(u^{(k−1)}(t) − x_{k−1}). Since x_{k−1} ∈ D, it follows that u^{(k−1)}(t) ∈ D and (2.3) holds. However, we have by assumption u^{(n)}(t) ∈ D for every t ∈ [0, T ] and t → Au^{(n)}(t) is continuous. Hence it follows that u^{(n−1)}(t) ∈ D and^d_{dt} (Au^{(n−1)}(t)) = Au^{(n)}(t). By iterating this procedure we obtain that the above statement holds for all k = n − 1, n − 2, ..., 1, 0.

Now let (v_0, v_1, ..., v_n)^T := (Au, Au^′, ....., Au^{(n−1)}, u^{(n)})^T . Then we have v^′_0 = v_1, v^′_1 = v_2,..., v^′_{n−1} = v_n, v^′_n = ∑n k=1 B_k(t)A^{−1}(t)v_1 and (v_0(0), v_1(0), ..., v_n(0))^T = (Ax_0, Ax_1, ....., Ax_{n−1}, x_n)^T , which proves that (v_0, v_1, ..., v_n)^T is a solution of (2.2). (2)⇒(1): Let (v_0, v_1, ..., v_n)^T be a solution of (2.2) and u_i be defined as above. We show first by induction that v_{n−k} = Au_k for k = 1, 2, ..., n (∗).

For n = 1, since (v_0, v_1, ..., v_n)^T is the solution of (2.2), we have v^′_{n−1} = Av_n, and thus, v_{n−1}(t) = Ax_{n−1} + ∫ t 0 Av_n(s)ds = A(x_{n−1} + ∫ t 0 v_n(s)ds) = Au_1(t).

Next, assume that the above statement is true up to (k − 1). Then, from v^′_{n−k} = Av_{n−k+1}, we conclude v_{n−k}(t) = Ax_{n−k} + ∫ t 0 Av_{n−k+1}(s)ds = A(x_{n−k} + ∫ t 0 u_{k−1}(s)ds) = Au_{n−k}(t). Thus the assertion (∗) is true for k as well, hence our claim is proved.

Using this fact and the definition of u_k we obtain that u^{(k)} = u_{n−k} for k = 0, 1, ..., n and

u^{(n+1)}(t) = u^′_0(t) = v^′_n(t) = A(t)v_n(t) + B_1(t)A^{−1}v_{n−1}(t) + ... + B_n(t)A^{−1}v_0(t) = A(t)v_n(t) + B_1(t)u_1(t) + ... + B_n(t)u_n(t) = A(t)u^{(n)}(t) + B_1(t)u^{(n−1)}(t) + ... + B_n(t)u(t).

Moreover, the definition of u_k implies u^{(k)}(0) = u_{n−k}(0) = x_k for k = 0, 1, ..., n. Therefore we conclude that u(·) is a solution of (2.1) and the lemma is proved. 2

The above lemma shows that to study the higher order problem (2.1) it suffices to study the first order problem (2.2). As a further preparation we need the following lemmas.

Lemma 2.2 ([14], 5.2 , Theorem 2.3 ) Let {A(t)}_{0≤t≤T} be stable and {B(t)}_{0≤t≤T} be a family of uniformly bounded operators. Then the family {A(t) + B(t)}_{0≤t≤T} with D(A(t) + B(t)) := D(A(t)) is stable as well.

Lemma 2.3 ([5], Prop. 4.4) Let {A(t)}_{0≤t≤T} be a stable family on E and {S(t)}_{0≤t≤T} be a family of isomorphisms S(t) ∈ L(E), which is strongly continuously differentiable. Then the family {Ã(t)}_{0≤t≤T} := {S(t)A(t)S^{−1}(t)}_{0≤t≤T} with D(Ã(t)) = {x : S^{−1}(t)x ∈ D(A(t))} is stable as well.

Lemma 2.4 Let {A(t)}_{0≤t≤T} be a stable, strongly differentiable family on a Banach space E_2 with D(A(t)) = D and B be a invertible operator from E_2 to a Banach space E_1 with

D(B) ⊇ D. Then the family {A(t)}_{0≤t≤T} , defined on E_1 × E_2 by A(t) := ( 0 B 0 A(t) ) , D(A(t)) := E × D, is stable as well.

Proof Choose some λ ∈ ϱ(A(t)) and write A(t) as A(t) = ( 0 B 0 A(t) ) = ( I −BR(λ, A(t)) 0 I ) ( 0 0 0 A(t) − λ ) ( I BR(λ, A(t)) 0 I )

+ ( 0 0 0 λ ) .

Note that, by assumption, { ( 0 0 0 A(t) − λ ) }_{0≤t≤T} with constant domain E × D is a stable

family on E_1 × E_2. Moreover, we know that if A(·) is strongly continuously differentiable with bounded, invertible operators A^{−1}(·), then A^{−1}(·) is strongly continuously differentiable as well. Thus, the strongly continuous differentiability of BR(λ, A(t)) follows from that of (A(t) − λ)B^{−1} and the equality BR(λ, A(t)) = [(A(t) − λ)B^{−1}]^{−1}. Using Lemma 2.2 and Lemma 2.3 we then obtain that {A(t)}_{0≤t≤T} is stable. 2 We are now in a position to prove the wellposedness of problem (2.2).

Theorem 2.5 Suppose that the family {A(t)}_{0≤t≤T} fullfils the hyperbolic condition and that the operator family {B_i(t)}_{0≤t≤T} , (i = 1, 2, ..., n) is D–bounded and strongly continuously differentiable. Then problem (2.2) is wellposed on E^{n+1}.

Proof We choose (A(0) + λ) for some λ ∈ ϱ(−A(0)) as the bijective operator A. Then the family {C(t)}_{0≤t≤T} in (1.5), by assumption, is strongly continuously differentiable. Thus, in order to verify the hyperbolicity of {C(t)}, it suffices to show its stability . However, by Lemma 2.2 for this it suffices to show that the family { ( 0 A 0 A(t) ) } is stable. Since this follows from Lemma 2.4, the theorem is proved. 2 As an immediate consequence of the above theorem, we obtain an autonomous result from [8].

Corollary 2.6 ([8], Theorem 5) Let A be a densely defined linear operator and let B_1, B_2, ..., B_n be closed linear operators with D(A) ⊂ D(B_k) for 1 ≤ k ≤ n. Consider the autonomous problem { u^{(n+1)}(t) = Au^{(n)}(t) + B_1u^{(n−1)}(t) + ... + B_nu(t), t ≥ 0, u^{(i)}(0) = u_i ∈ E 0 ≤ i ≤ n.

(2.4)

Then the following statments are equivalent:

1. A is the generator of a strongly continuous semigroup.

2. A has nonempty resolvent set and for every initial value (x_0, x_1, ..., x_n) ∈ (D(A))^{n+1} the Cauchy problem (2.4) has a unique solution u(·) in C^{n+1}(IR_+, E) ∩ C^n(IR_+, [D(A)]).

3. A has nonempty resolvent set and for every initial value (x_0, x_1, ..., x_n) ∈ (D(A))^{n+1} the Cauchy problem (2.4) has a unique solution u(·) in C^{n+1}(IR_+, E) such that the following conditions hold.

(a) u^{(n−k)}(·) : IR_+ → D(B_k) for 0 ≤ k ≤ n (B_0 := A), (b) B_ku^{(n−k)}(·) are continuous for 1 ≤ k ≤ n.

We now turn to the inhomogeneous equation u^{(n+1)}(t) = A(t)u^n(t) + B_1(t)u^{(n−1)}(t) + ... + B_n(t)u(t) + f(t), 0 ≤ s ≤ t ≤ T, u^{(i)}(0) = x_i ∈ E, i = 0, 1, ..., n. (2.5)

To this end we recall that we considered in [10] the first order inhomogeneous equation { u^′(t) = A(t)u(t) + f(t), 0 ≤ t ≤ T, u(0) = u_0

(2.6)

for a hyperbolic family {A(t)} and f ∈ W^{1,1}(IR_+, E). By showing that the family {A(t)}_{0≤t≤T} := { ( A(t) δ_0 0^d_{dx} ) }_{0≤t≤T} with D(A(t)) := D × W^{1,1}(IR_+, E) satisfies the hyperbolic condition, we obtained that the equation U^′(t) = A(t)U(t), 0 ≤ t ≤ T, U(0) = ( u0 f ) (2.7) has a unique solution for every u_0 ∈ D and all f ∈ W^{1,1}(IR_+, E). Moreover, the first component of this solution is the solution of (2.6). By combining this result with Lemma 2.1 we arrrive at the following.

Theorem 2.7 Suppose that the assumptions of Theorem 2.5 are satisfied. If x_i ∈ D (i = 0, 1, ..., n) and f ∈ W^{1,1}(IR_+, E), then equation (2.5) has a unique solution.

Proof On E^{n+1} × L^1(IR_+, E) we consider the equation

v_0 . . v_n Φ

′

(t) = D(t) v_0 . . v_n Φ (t), 0 ≤ t ≤ T,

v_0 . . v_n Φ (0) = Ax_0 . . x_n f ,

(2.8)

where

D(t) :=

0 I 0 · · · · · · 0 0 0 I ... . . . . ... ... . .. ... I ... 0 0 · · · · · · 0 A 0 B_n(t)A^{−1} · · · · · · B_1(t)A^{−1} A(t) δ_0 0 · · · · · · 0^d_{dx} with domain D(D(t)) := E^n × D × W^{1,1}(IR_+, E).

To show the hyperbolic condition for family {D(t)}_{0≤t≤T} it suffices to show that the family { (0) ( A 0 ) ( 0 0 ) ( A(t) δ_0 0^d_{dx} ) }_{0≤t≤T} is stable on E ×(E ×L^1(IR_+, E)). This, however, follows

from Lemma 2.4 and the fact that { ( A(t) δ_0 0^d_{dx} ) } fulfills the hyperbolic condition.

Let now V(·) := (v_0(·), ..., v_n(·), ϕ(·))^T be the solution of equation (2.8). Obviously ϕ(t) = T_r(t)f, where T_r(t)f(θ) := f(t+θ). Set u_0 := v_n and define u_k by u_k(t) := x_{n−k}+ ∫ t 0 u_{k−1}(s)ds (k = 0, 1, ..., n). In the same way as in Lemma 2.1 we obtain

u^{(n+1)}(t) = A(t)u^{(n)}(t) + B_1(t)u^{(n−1)}(t) + ... + B_n(t)u(t) + Φ(t)(0) = A(t)u^{(n)}(t) + B_1(t)u^{(n−1)}(t) + ... + B_n(t)u(t) + f(t).

Since the uniqueness of this solution follows from the uniqueness of the solution of the homogeneous equation, the proof is complete. 2

We are now interested in the nonautonomous higher order equation in case the operators A(t) generate analytic semigroups.

Theorem 2.8 Suppose that the family {A(t)}_{0≤t≤T} fulfills the parabolic condition and t → B_i(t) is Hölder continuous with respect to the norm in L(D, E), i.e., there exist 0 < γ_i ≤ 1 such that ‖(B_i(t) − B_i(s))x‖ ≤ L_i|t − s|^{γi} ‖x‖_D for all t, s ∈ [0, T ], x ∈ D, i = 1, ..., n. (2.9) Then, for every x_i ∈ D and every Hölder–continuous function f, equation (2.5) has a unique solution.

Before proving the theorem, we need a perturbation lemma for the wellposedness under the parabolic condition.

Lemma 2.9 Let the operators A(t), 0 ≤ t ≤ T , satisfy the parabolic condition and let B(t), 0 ≤ t ≤ T , be bounded operators satisfying

‖B(t) − B(s)‖ ≤ K | t − s |^β for some 0 < β ≤ 1 and for all s, t ∈ [0, T ]. (2.10) Then the problem { u̇(t) = (A(t) + B(t))u(t), 0 ≤ t ≤ T, u(s) = u_s ∈ E (2.11)

with D(A(t) + B(t)) := D(A(t)) is wellposed.

Proof Inequality (2.10) implies ‖B(t)‖ ≤ C for all 0 ≤ t ≤ T . From the classical perturbation theorem for analytic semigroups ([14], Corollary 3.2.2) we know that A(t) + B(t) is the generator of an analytic C_0-semigroup for every t.

We observe next that (nCAP ) is wellposed for the family {A(t)} if and only if it is wellposed for {A(t) − λ} for some fixed λ ∈ C. In fact, the evolution system for this translated problem is given by {U_λ(t, s)}_{0≤s≤t≤T} where U_λ(t, s) := e^{−λ(t−s)}U(t, s). Therefore, by the Hille– Yosida theorem, we can, without loss of generality, assume that ‖R(λ, A(t))‖ ≤^K_{|Reλ−λ0|} for a constant λ_0 < −CK. Then, for Reλ ≥ 0, we have ‖B(t)R(λ, A(t))‖ ≤ ‖B(t)‖‖R(λ, A(t))^{−1}‖ ≤ C K Reλ − λ_0 < CK −λ_0 = C_0 < 1.

Thus (I − B(t)R(λ, A(t))) is invertible and ‖R(λ, A(t) + B(t))‖ = ‖R(λ, A(t))[I − B(t)R(λ, A(t))]^{−1}‖ ≤ ‖R(λ, A(t))‖‖(I − B(t)R(λ, A(t))^{−1}‖ ≤ M | λ | +1 ∞∑ 0 C^n_0 = M^′ | λ | +1 for some constant M^′. This shows that (P1) and (P2) of the parabolic condition are satisfied. We now check part (P3) of this condition by estimating

‖(A(t) + B(t) − A(s) − B(s))(A(0) + B(0))^{−1}‖ ≤ ≤ ‖(A(t) − A(s))(A(0) + B(0))^{−1}‖ + ‖(B(t) − B(s))(A(0) + B(0))^{−1}‖ ≤ ‖(A(t) − A(s))A(0)^{−1}‖ · ‖A(0)(A(0) + B(0))^{−1}‖ + ‖(B(t) − B(s))‖ · ‖(A(0) + B(0))^{−1}‖ ≤ ‖A(0)(A(0) + B(0))^{−1}‖L | t − s |^α +‖(A(0) + B(0))^{−1}‖K | t − s |^β ≤ L̃ | t − s |^{min(α,β)} for a suitable constant L̃. So the family {A(t) + B(t)} satisfies the parabolic condition and problem (2.11) is wellposed. 2

Proof of Theorem 2.8 Suppose ‖(f(t) − f(s))‖ ≤ L_0|t − s|^β for all t, s ∈ [0, T ]. We denote by H^β([0, T ], E) the space of all Hölder continuous functions on [0, T ], which is a Banach space for the norm ‖f‖ := sup_{0≤t≠s≤T} ‖f(t) − f(s)‖ |t − s|^β . On E^{n+1} × H^β([0, T ], E) we consider the equation

v_0 . . v_n ϕ

′

(t) = E(t) v_0 . . v_n ϕ (t), 0 ≤ t ≤ T,

v_0 . . v_n ϕ (0) = Ax_0 . . x_n f .

(2.12)

Here we take

E(t) :=

0 I 0 · · · · · · 0 0 0 I ... . . . . .. . ... ... ... I 0 0 0 · · · · · · 0 A 0 B_n(t)A^{−1} · · · · · · B_1(t)A^{−1} A(t) δ_t 0 · · · · · · 0 with domain D(E(t)) := E^{n+1}×H^β([0, T ], E). In order to show the parabolicity of {E(t)}, by

Lemma 2.9, we only have to verify that of {B(t)}_{0≤t≤T} := { ( −I A 0 A(t) ) } with D(B(t)) :=

E × D on E × E. But this follows since {A(t)} fulfills the parabolic condition (see also [9], Theorem 2.6).

Let now V(·) := (v_0(·), ..., v_n(·), ϕ(·))^T be the solution of equation (2.12). Then obviously ϕ(t) ≡ f. Set u_0 = v_n and define u_k : [0T ] → E by u_k(t) := x_{n−k} + ∫ t 0 u_{k−1}(s)ds, (k = 1, ...n). In the same way as in Lemma 2.1 we then obtain

u^{(n+1)}(t) = A(t)u^{(n)}(t) + B_1(t)u^{(n−1)}(t) + ... + B_n(t)u(t) + Φ(t)(t) = A(t)u^{(n)}(t) + B_1(t)u^{(n−1)}(t) + ... + B_n(t)u(t) + f(t). 2

Example

In [11] and [12], the following time–dependent abstract higher order equation { u^{(n)} + ∑n−1 k=0 A_k(t)u^{(k)} = f(t), u^{(h)}(0) = x_h, h = 0, ...n − 1

(2.13)

was considered. It was proved under a series of hypotheses that it has a unique (classical) solution. In case D(A_k(t)) ≡ D is time independent, these hypotheses reduce to (O1) The operators A_k(t) are closed with dense domain D for all t ∈ [0, T ] and there exist α_1, α_2 ∈ IR_+ such that α_1‖A_k(t)x‖ ≤ ‖A_i(s)x‖ ≤ α_2‖A_k(t)x‖ for all s, t ∈ [0, T ], 0 ≤ i, k ≤ n − 1 and all x ∈ D. Moreover, set A_n(t) := I and define P (λ, t) := n∑ k=0 λ^kA_k(t) for λ ∈ C, t ∈ [0, T ]. The expression P (λ, t) will be considered as an operator in E with domain D(P ) := D. We shall say that λ ∈ C belongs to the resolvent set of the operator pencil P (λ, t) (and we write λ ∈ ϱ(P (·, t))), if P (λ, t) has an everywhere defined bounded inverse, which we denote by P^{−1}(λ, t).

(O2) There exist M ∈ IR_+ and θ ∈]^π_2 , π[ so that

(a) S_θ = {z ∈ C : |argz| ≤ θ} ∪ {0} ⊂ ϱ(P (·, t)) for every t ∈ [0, T ]. (b) ‖A_k(t)P^{−1}(λ, t)‖ ≤ M_1(1 + |λ|)^{−k} for all λ ∈ S_θ, k ∈ {0, 1, ..., n} and for every t ∈ [0, T ]. (O3) There exist constants M_2 ∈ IR_+ and α ∈]0, 1] such that ‖(A_k(t) − A_k(s))x‖ ≤ M_2|t − s|^α‖A_k(s)x‖ for every x ∈ D, k ∈ {0, 1, ..., n − 1} and t, s ∈ [0, T ]. From (H2)(b), by setting λ = 0, we have that A_0(t) is invertible with ‖A^{−1}_0 (t)‖ ≤ M_1. For λ ≠ 0, we set K(λ, t) := 1 λ^{n−1} P (λ, t)A^{−1}_0 (t) = (λ + A_{n−1}(t))A^{−1}_0 (t) + 1 λ^{n−1} n−2∑ k=0 λ^kA_k(t)A^{−1}_0 (t).

Then K(λ, t) is a bounded, invertible operator in E with K^{−1}(λ, t) = λ^{n−1}A_0(t)P^{−1}(λ, t). Therefore, if λ ∈ S_θ and |λ| > M_1, then ‖(λ + A(t))A^{−1}_0 (t) − K(λ, t)‖ = 1 |λ^{n−1}| ‖ n−2∑ k=0 λ^kA_k(t)A^{−1}_0 (t)‖ < 1 ‖K^{−1}(λ, t)‖ .

It follows that (λ + A(t))A^{−1}_0 (t) and thus, λ + A(t) are invertible.

Also from (H2)(b) we obtain that ‖P (λ, t)x‖ ≥ M^{−1}_1 (1 + |λ|)^n‖x‖ and from (H2)(b) using (H1) we conclude ‖A_k(t)x‖ ≤ M_3(1 + |λ|)^{−n+1}‖P (λ, t)x‖ for every x ∈ D and k ∈ {0, 1, ..., n − 1}. Thus, for every x ∈ D and λ ∈ S_θ with |λ| > M_1, we obtain ‖(λ + A(t))x‖ = ‖ 1 λ^{n−1} (P (λ, t) − n−2∑ k=0 λ^kA_k(t))x‖ ≥ 1 |λ^{n−1}| (‖P (λ, t)x‖ − ‖ n−2∑ k=0 λ^kA_k(t)x‖) ≥ 1 |λ|^{n−1} (‖P (λ, t)x‖ − M(1 + |λ|)^{−1}‖P (λ, t)x‖) ≥ 1 |λ|^{n−1} (1 − M(1 + |λ|)^{−1})M^{−1}_1 (1 + |λ|)^n‖x‖ ≥ (M^′)^{−1}(1 + |λ|)‖x‖ for a suitable constant M^′. This implies ‖(λ+A(t))^{−1}‖ ≤ M^′(1+|λ|)^{−1} for all λ ∈ S_θ ∩{|z| > M_1}.

From these considerations we obtain the following consequence.

Corollary 2.10 In the case D(A_k(t)) ≡ D, (k ∈ {0, 1, ...n−1}), the hypotheses (H1), (H2), and (H3) in [12] imply the assumptions of Theorem 2.8. Therefore, for every initial value in D^n and every Hölder–continuous function f, there exists a unique solution of Equation (2.5).

3 In non{dense case

This section is devoted to nonautonomous higher order Cauchy problems, in which D(A(t)) = D is not dense in E. For the first order case, such initial value problems were studied by several autors, e.g. Acquistapace and Terreni [1], Da Prato and Sinestrari [2], Tanaka [16] . The following result was obtained by Tanaka [16].

Theorem 3.1 ([16], Theorem 1.8) For the initial value problem (1.6), we suppose that the family {A(t)} satisfies the hyperbolic condition except the density of D. Then there is an evolution family {U(t, s)}_{0≤s≤t≤T} on D with following properties.

(1) U(t, s)D(s) ⊂ D(t) for all 0 ≤ s ≤ t ≤ T , where the set D(r) is defined by D(r) := {x ∈ D : A(r)x ∈ D}. (2) The mapping t → U(t, s)x is continuously differentiable in E on [s, T ] and^∂_{∂t} U(t, s)x = A(t)U(t, s)x for x ∈ D(s) and t ∈ [s, T ]. We see immediately that u(t) = U(t, 0)x_0 is the unique solution of (1.6) for x_0 ∈ D with A(0)x_0 ∈ D. Using this theorem, we obtain a modification of Theorem 2.7, which extends the result in [13] .

Theorem 3.2 Suppose that the assumptions of Theorem 2.7 are satisfied except the density of D. Then (2.5) has a unique solution for every f ∈ W^{1,1}(R_+, E) and x_i ∈ D (i = 0, 1, ...n) satisfying A(0)x_n + ∑n 1 B_i(0)x_{n−i} + f(0) ∈ D.

Proof Consider equation (2.8), where the family {D(t)} satisfies the hyperbolic condition except the density of D(D(t)) = E^n × D × W^{1,1}(IR_+, E). Therefore, by Theorem 3.1 there is a unique classsical solution for (2.8) for every initial value U(0) := (Ax_0, Ax_1, ..., Ax_{n−1}, x_n, f)^T ∈ D(D(t)) satisfying D(0)(U(0)) ∈ D(D(t)) = E^n × D × L^1(IR_+, E). This just means that (2.8) has a unique classsical solution for every x_i ∈ D, f ∈ W^{1,1}(IR_+, E) and A(0)x_n + ∑n 1 B_i(0)x_{n−i} + f(0) ∈ D.

By Lemma 2.1, we conclude that (2.5) has a unique solution for every f ∈ W^{1,1}(R_+, E) and x_i ∈ D (i = 0, 1, ...n) satisfying A(0)x_n + ∑n 1 B_i(0)x_{n−i} + f(0) ∈ D. 2 Analogously, we have a result for the parabolic case. It can be proved using Theorem 2.8 and the result in [1] on the nonautonomous parabolic Cauchy problem with nondense domain.

Theorem 3.3 Suppose that the assumptions of Theorem 2.8 are satisfied except the density of D. Then (2.5) has a unique solution for every Hölder–continuous f and x_i ∈ D (i = 0, 1, ...n) satisfying A(0)x_n + ∑n 1 B_i(0)x_{n−i} + f(0) ∈ D.

Acknowledgement. The support of DAAD is gratefully acknowledged. The author thanks K.-J. Engel and R. Nagel for helpful comments.

References

[1] Acquistapace P., Terreni B.: On the abstract nonautonomous parabolic Cauchy problem in the case of constant domains. Ann. Math. Pura App. (4) 140 (1985), 1–55.

[2] Da Prato G., Sinestrari E.: Nonautonomous evolution operators of hyperbolic type. Semigroup Forum 45 (1992), 302- 321.

[3] Engel K.–J.: Operator Matrices and Associated Cauchy Problems. Book manuscript, 1996.

[4] Goldstein J.A.: Semigroups of Linear Operators and Applications. Oxford 1985.

[5] Kato T.: Linear evolution equations of hyperpolic type. J. Fac. Sci. Tokyo 17 (1970), 241-258.

[6] Nagel R.(ed.): One-Parameter Semigroups of Positive Operators. Lecture Notes in Mathematics 1184, Springer–Verlag, Berlin 1986.

[7] Nagel R.: Towards a ”Matrix Theory” for unbounded operator matrices. Math. Z.

201 (1989), 57-68.

[8] Neubrander F.: Well-posedness of higher order abstract Cauchy problems. Trans.

Amer. Math. Soc. 295 (1986), 257-290.

[9] Nguyen Thanh Lan: On the wellposedness of nonautonomous second order Cauchy problems. Submitted.

[10] Nguyen thanh Lan, Nickel G.: Time–dependent operator matrices and inhomogeneous Cauchy problems. Rendiconti Circolo Matematico Palermo, (to appear).

[11] Obrecht E.: Evolution operators for higher order abstract parabolic equations.

Czechoslovak Math. J. 36(111) (1986), Praha.

[12] Obrecht E.: The Cauchy problem for time–dependent abstract parabolic equations of higher order. J. Math. An. App. 125 (1987), 508–530.

[13] Oka, H.: A class of complete second order linear differential equations. Proc. Amer.

Math. Soc. 124 (1996), 3143-3150.

[14] Pazy A.: Semigroups of Linear Operators and Applications to Partial Differential Equations. Springer–Verlag, Berlin, 1983.

[15] Tanabe H.: Equations of Evolution. Pitman, London, 1979.

[16] Tanaka N.: Quasilinear evolution equations with non–densely defined operators. Diff.

Int. Equations 5 (1996), 1067–1106.