An existence result for fully Nonlinear Parabolic Systems of PDE’s

Dr. Marco Squassina e-mail: squazz@numerica.it

October 27, 1997

Contents

Abstract 3 I Abstract preliminary results 5 1 Variational inequalities for pseudomonotone operators . . . . . . . . . . . . . . . 5 2 A maximal monotonocity sufficient condition . . . . . . . . . . . . . . . . . . . . 14 II Nonlinear Parabolic Systems 17 1 Existence of weak solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 List of symbols 26 Index 28 Bibliografy 29

2 CONTENTS

Abstract

By means of some suriectivity abstract results for pseudomonotone operators like in [1], we prove existence (Theorem II.1.6) of weak solutions to fully nonlinear parabolic systems in divergence form of the type

D_tu_h −^N ∑ k=1 n∑ i,j=1 D_i ( a^{hk}_{ij} (x, u, Du)D_ju_k ) = g_h(x, u, Du) in ]0, T [×Ω (h = 1, .., N) u(t, x) = 0 on ]0, T [×∂Ω

u(0, x) = 0 in Ω

We’ll study this problem by means of the following operators

A_1, A_2 : L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} → L^{2 (}0, T ; H^{−1 (}Ω; R^{N))} , L : D(L) → L^2 ( 0, T ; H^{−1} ( Ω; R^{N))} ,

defined setting ⟨A_1(u), v⟩ = ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, u, Du)D_iu_hD_jv_k dx dt ;

⟨A_2(u), v⟩ = − ∫ T 0 ∫ Ω g(x, u, Du) · v dx dt ; ⟨Lu, v⟩ = − ∫ T 0 ∫ Ω uD_tv dx dt .

Under suitable assumptions on the data, the operators A_1, A_2 and L are well defined, L’s maximal monotone linear and (A_1 + A_2) is pseudo-monotone and coercive. From the abstract results of the first section we’ll get the announced existence result.

4 Abstract

Chapter I

Abstract preliminary results

1 Variational inequalities for pseudomonotone operators

In the following paper, M ⊆ X × X^′ will denote a “multi-valued” operator over X. (1.1) Definition We say that M is a monotone operator if

∀u_1, u_2 ∈ D(M), ∀φ_1 ∈ M(u_1), ∀φ_2 ∈ M(u_2) : ⟨φ_2 − φ_1, u_2 − u_1⟩ ≥ 0. Moreover, if M is “single-valued”, this is equivalent to ∀u_1, u_2 ∈ D(M) : ⟨M(u_2) − M(u_1), u_2 − u_1⟩ ≥ 0.

(1.2) Definition Let M be a monotone operator on X. We say that M is maximal, if the unique maximal monotone extension of M is M.

(1.3) Definition Let X be a reflexive Banach space and T ∈]0, +∞[. We say that M is an emicontinuous operator from X to X^′ , if D(M) is convex and for every u, v ∈ D(M) the function {λ −→ M(λu + (1 − λ)v)} is continuous from [0, T ] to X^′ , where X^′ is endowed with the weak * topology. (1.4) Definition Let X be a reflexive Banach space and T an operator over X to X^′ . We say that T is a pseudo monotone operator if for each sequence (u_h) in D(T ) weakly convergent to u such that lim_h sup⟨T (u_h), u_h − u⟩ ≤ 0, we have ∀v ∈ D(T ) : lim_h inf⟨T (u_h), u_h − v⟩ ≥ ⟨T (u), u − v⟩.

(1.5) Definition Let X a reflexive Banach space and T an operator over X to X^′ . We say that T is a bounded operator if T maps bounded subsets of X into bounded subsets of X^′ . (1.6) Proposition Let X be a reflexive Banach space, T_1 a pseudomonotone operator over X to X^′ and T_2 a completely continuous map over X to X^′ . Let us assume that for each sequence (u_h) weakly convergent to u with lim sup_h ⟨T_1(u_h), u_h − u⟩ ≤ 0, (u_h) converges strongly to u. Then (T_1 + T_2) is pseudomonotone. Proof. If (u_h) is a sequence in X weakly convergent to u with lim sup_h ⟨T_1(u_h) + T_2(u_h), u_h − u⟩ ≤ 0.

up to a further subsequence (T_2(u_h)) is strongly convergent in X^′ , so that lim_h ⟨T_2(u_h), u_h − u⟩ = 0.

Whence we have lim sup_h ⟨T_1(u_h), u_h − u⟩ ≤ 0, so that u_h → u and ∀v ∈ X : lim inf_h ⟨T_1(u_h), u_h − v⟩ ≥ ⟨T_1(u), u − v⟩. Finally, being ∀v ∈ X : lim inf_h ⟨T_2(u_h), u_h − v⟩ = ⟨T_2(u), u − v⟩, the thesys follows.

We now come to a finite dimentional existence result which is of fundamental importance for what follows.

(1.7) Lemma let X be a reflexive finite dimentional Banach space, C a closed, convex, bounded of X, M ⊆ C × X^′ a monotone operator and T : C → X^′ a pseudomonotone bounded operatore. Then there exists u ∈ C such that ∀(v, φ) ∈ M : ⟨φ + T (u), v − u⟩ ≥ 0. Proof. Let us assume by contradiction that for each u ∈ C there exists (v, φ) ∈ M such that ⟨φ + T (u), v − u⟩ < 0.

For every (v, φ) ∈ M we set Nv,φ := {u ∈ C : ⟨φ + T (u), v − u⟩ < 0}. Evidently we have C = ⋃ (v,φ)∈M Nv,φ. Let now prove that for every (v, φ) ∈ M, N_{v,φ} is an open subset of C. Let (u_h) be a sequence in C\N_{v,φ} such that u_h → u. Being (u_h) bounded in C and T bounded, (T (u_h)) is bounded itself in X^′ so that we get lim_h ⟨T (u_h), u_h − u⟩ = 0.

Since T is pseudomonotone, we deduce that for each v ∈ C lim_h inf⟨T (u_h), u_h − v⟩ ≥ ⟨T (u), u − v⟩. Therefore, we conclude that ⟨φ + T (u), v − u⟩ = = ⟨φ, v − u⟩ − ⟨T (u), u − v⟩ ≥ ≥ lim_h ⟨φ, v − u_h⟩ − lim_h inf⟨T (u_h), u_h − v⟩ ≥ ≥ lim_h sup⟨φ + T (u_h), v − u_h⟩ ≥ 0.

and so u ∈ C\N_{v,φ}. Since C is a compact subset of X, we deduce that there exist v_1, ..., v_k ∈ C, φ_1, ..., φ_k ∈ X^′ such that C = k⋃ j=1 Nv_j ,φ_j . Let now {Θ_j : C → [0, 1] : j = 1, .., k} be a partition of unity associated to the finite covering {Nv_j ,φ_j : j = 1, .., k}.

As it’s well known we have ∀u ∈ k⋃ j=1 Nv_j,φ_j : k∑ j=1 Θ_j (u) = 1.

Let define two continuous mappings ϑ_1 : C → C, ϑ_2 : C → X^′ , by setting ∀u ∈ C : ϑ_1(u) = k∑ j=1 Θ_j (u)v_j ;

∀u ∈ C : ϑ_2(u) = k∑ j=1 Θ_j (u)φ_j .

From Brower fixed point theorem we get the existence of ũ ∈ C such that ϑ_1(ũ) = ũ.

On the other hand, if we define Λ : C → R, by setting ∀u ∈ C : Λ(u) = ⟨ϑ_2(u) + T (u), ϑ_1(u) − u⟩, we deduce that Λ(u) = = ⟨ k ∑ i=1 Θ_i(u)(φ_i + T (u)), k∑ j=1 Θ_j (v_j − u) ⟩ =

= k∑ i,j=1 i=j Θ_j (u)^2 ⟨φ_j + T (u), v_j − u⟩ +

+ n∑ i,j=1 i<j Θ_i(u)Θ_j(u)(⟨φ_i + T (u), v_i − u⟩ + + ⟨φ_j + T (u), v_j − u⟩ − ⟨φ_i − φ_j, v_i − v_j⟩). Since for every i, j = 1, .., k we have ⟨φ_j + T (u), v_j − u⟩ < 0, ⟨φ_i − φ_j, v_i − v_j ⟩ > 0, we can conclude that ∀u ∈ C : Λ(u) < 0, which is a contradiction, since Λ(ũ) = 0.

(1.8) Lemma Let X be a reflexive Banach space, C a cloed, convex and bounded subset of X, M ⊆ X × X^′ a monotone operator and T : C → X^′ a bounded pseudomonotone operator. Then there exists u ∈ C such that ∀(v, φ) ∈ M_{|C} : ⟨φ + T (u), v − u⟩ ≥ 0. Proof. Let denote by M̃ the maximal monotone extension of M_{|C} . It sufficies to prove that for each (v, φ) ∈ M̃ it is ⟨φ + T (u), v − u⟩ ≥ 0. Let (Y_h) an encreasing sequence of finite dimentional vectorial subspaces of X and for each

h ∈ N let i_{Yh} : Y_h → X be the inclusion mapping associated to Y_h. Clearly we have i_{Yh} ∈ L(Y_h, X), i^∗_Y ′_h ∈ L(X^′ , Y^′_h). Set now M_{Yh} = {(v, i^∗_Y ′_hφ) : (v, φ) ∈ M̃_{|Yh} }, T_{Yh} := i^∗_Y ′_h ∘ T ∘ i_{Yh} . Then, M_{Yh} ⊆ (Y_h ∩ C) × Y^′_h is monotone and T_{Yh} is pseudo-monotone and bounded over Y_h ∩ C to Y^′_h. From previous Lemma we deduce that for each h ∈ N there exists u_h ∈ Y_h ∩ C such that ∀(v, φ) ∈ M_{|Yh} : ⟨i^∗_Y ′_h φ + T_{Yh} (u_h), v − u_h⟩ ≥ 0. Since (u_h) is a bounded subsequence of C, we get that (T (u_h)) is bounded in Y^′_h. For the weak compactness theorem, there exist a subsequence (u_{hk} ) of (u_h), u ∈ C and Λ ∈ X^′ such that u_{hk} ⇀ u, T (u_{hk} )^∗⇀ Λ. For each (v, φ) ∈ M̃ and k ∈ N we get ⟨T (u_{hk} ), u_{hk} − u⟩ = = ⟨T (u_{hk} ), u_{hk} − v⟩ + ⟨T (u_{hk} ), v − u⟩ ≤ ≤ ⟨φ, v − u_{hk} ⟩ + ⟨T (u_{hk} ), v − u⟩ ≤ ≤ ⟨φ, v⟩ − ⟨φ, u_{hk} ⟩ + ⟨T (u_{hk} ), v − u⟩.

so that lim sup_k ⟨T (u_{hk} ), u_{hk} − u⟩ ≤ ⟨φ + Λ, v − u⟩, and whence lim sup_k ⟨T (u_{hk} ), u_{hk} − u⟩ ≤ inf_{(v,φ)∈M̃}⟨φ + Λ, v − u⟩. If it was inf (v,φ)∈M̃ ⟨φ + Λ, v − u⟩ > 0, we’d have (u, −φ) ∈ M̃ being M̃ maximal monotone, a contradiction. Since T is pseudomonotone, we have ∀v ∈ C : lim inf_k ⟨T (u_{hk} ), u_{hk} − v⟩ ≥ ⟨T (u), u − v⟩. Therefore, taking into account that eventually for k → +∞ it is v ∈ Y_{hk} ∩ C, we conclude that ⟨φ, v − u⟩ = = lim_k ⟨φ, v − u_{hk} ⟩ ≥ ≥ lim inf_k ⟨T (u_{hk} ), u_{hk} − v⟩ ≥ ≥ ⟨T (u), u − v⟩, from which the thesis follows.

We can now state and prove the main result of this section.

(1.9) Theorem Let X be a reflexive Banach space, C a close, convex subset of X, M ⊆ X ×X^′ a monotone operator and T : C → X^′ a bounded pseudomonotone operator. Let us assume that there exists (u_0, φ_0) ∈ M such that lim ‖u‖→+∞ u∈C ⟨T (u) + φ_0, u − u_0⟩ = +∞.

Then there exists u ∈ C such that ∀(v, φ) ∈ M : ⟨φ + T (u), v − u⟩ ≥ 0. Proof. Denote again by M̃ the maximal monotone extension of M_{|C} . For each h ∈ N the set C_h := {u ∈ C :‖ u ‖≤ h} is closed, convex and bounded and T_h = T_{|Ch} is a bounded pseudomonotone operator over C_h to X^′ . By the previous Lemma, for every h ∈ N there exists u_h ∈ C_h such that ∀(v, φ) ∈ M̃_{|Ch} : ⟨φ + T_h(u_h), v − u_h⟩ ≥ 0.

Since (u_0, φ_0) ∈ M_{|C} , we have ∀h ∈ N : ‖ u_0 ‖≤ h =⇒ ⟨φ_0 + T (u_h), u_0 − u_h⟩ ≥ 0.

Whence, since by assumption it is lim ‖u‖→+∞ u∈C ⟨T (u) + φ_0, u − u_0⟩ = +∞, we deduce that (u_h) is a bounded sequence of C and being T bounded, (T (u_h)) is bounded in X^′ too. By the weak and weak * compactness Theorems we get a subsequence (u_{hk} ) of (u_h), û ∈ C e φ̂ ∈ X^′ such that u_{hk} ⇀ û, T (u_{hk} )^∗⇀ φ̂. Let now (v, φ) ∈ M̃. For every k ∈ N we have ‖ v ‖≤ h_k =⇒ ⟨φ + T (u_{hk} ), v − u_{hk} ⟩ ≥ 0. Therefore, we obtain

lim_k sup⟨T (u_{hk} ), u_{hk} − û⟩ = = lim sup⟨T (u_{hk} ), u_{hk} − v⟩ + lim_k ⟨T (u_{hk} ), v − û⟩ ≤ ≤ lim_k {⟨φ, v − u_{hk} ⟩ + ⟨T (u_{hk} ), v − û⟩} = = ⟨φ + φ̂, v − û⟩ . Then it follows that lim_k sup⟨T (u_{hk} ), u_{hk} − û⟩ ≤ inf_{(v,φ)∈M̃}⟨φ + φ̂, v − û⟩. Like in the previous Lemma we have that inf (v,φ)∈M̃ ⟨φ + φ̂, v − û⟩ ≤ 0, so that lim_k sup⟨T (u_{hk} ), u_{hk} − û⟩ ≤ 0. Since T is a pseudomonotone operator, we deduce that ⟨T (u), u − v⟩ ≤ lim_k inf⟨T (u_{hk} ), u_{hk} − v⟩ ≤ ⟨φ, v − u⟩, which is the Theorem.

(1.10) Corollary Let X a reflexive Banach space, M ⊆ X ×X^′ a maximal monotone operator and T : X → X^′ a bounded pseudomonotone operator. Let us assume that there exists (u_0, φ_0) ∈ M such that lim ‖u‖→+∞ ⟨T (u) + φ_0, u − u_0⟩ = +∞.

Then there exists u ∈ D(M) such that (M + T )u ∋ 0. Proof. If C = X, by Theorem (1.9) there’s u ∈ X such that ∀(v, φ) ∈ M : ⟨φ + T (u), v − u⟩ ≥ 0. It then follows that (u, −T (u)) ∈ M, and the proof is over.

(1.11) Corollary Let X be a reflexive Banach space, M ⊆ X × X^′ a maximal monotone and T : X → X^′ a bounded pseudomonotone operator. Let us assume that there exist (u_0, φ_0) ∈ M such that lim ‖u‖→+∞ ⟨T (u) + φ_0, u − u_0⟩ ‖ u ‖ = +∞. Then, for each φ ∈ X^′ there exists u ∈ D(M) such that (M + T )u ∋ φ. Proof. Set T̂ u = T u − φ, with φ ∈ X^′ . Then, T̂ is a pseudomonotone bounded operator over X to X^′ . Since lim ‖u‖→+∞ ⟨T̂ u + φ_0, u − u_0⟩ = = lim ‖u‖→+∞ ⟨T u − φ + φ_0, u − u_0⟩ = = lim ‖u‖→+∞ ‖ u ‖ { ⟨T (u) + φ_0, u − u_0⟩ ‖ u ‖ − ⟨φ, u − u_0⟩ ‖ u ‖ } = +∞ . By the previous Corollary we get u ∈ D(M) such that (M + T̂ )u ∋ 0, so that the thesis is proven.

The following result will allow us to get a weak solution of our parabolic problem. (1.12) Corollary Let X be a reflexive Banach space, L ⊆ X × X^′ a linear maximal monotone densily defined operator and T : X → X^′ a bounded pseudomonotone operator. Let us assume that there’s u_0 ∈ D(L) such that lim ‖u‖→+∞ ⟨T (u) + Lu_0, u − u_0⟩ ‖ u ‖ = +∞. Then for every φ ∈ X^′ there exists u ∈ D(L) such that (L + T )u ∋ φ.

Proof. It’s just a trivial conseguence of the previous Corollary.

(1.13) Corollary [Minty] Let X be a Hilbert and A ⊆ X ×X. Then A is a maximal monotone operator if and only if there exists λ > 0 such that R(λI + A) = X.

Proof. If A is maximal monotone, it sufficies to choose M = A, T = I, λ = 1 and (u_0, η_0) ∈ A in Corollary (1.11). The viceversa can be proven easily.

2 A maximal monotonocity sufficient condition

(2.1) Definition We say that a function ȷ : [0, +∞[→ R is a gauge function if ȷ è strictly increasing, ȷ(0) = 0 and lim ϱ→+∞ ȷ(ϱ) = + ∞.

(2.2) Definition Let X be a Banach space. We say that X is strictly convex if ∀u, v ∈ X, ∀λ ∈]0, 1[: ‖ u ‖=‖ v ‖=⇒‖ (1 − λ)u + λv ‖<‖ u ‖ .

(2.3) Definition Let X be a Banach and T ⊆ X × X^′ . We say that T is a duality map from X to X^′ with gauge function ȷ, if T (u) = { φ ∈ X^′ : ⟨φ, u⟩ =‖ φ ‖‖ u ‖, ‖ φ ‖= ȷ(‖ u ‖) }

(2.4) Observation It’s easy to verify that T is well defined and monotone over X. Moreover, if X and X^′ are strictly convex, you can prove that T is single-valued e iniective. (2.5) Lemma Let X a reflexive Banach space such that X and X^′ are strictly convex, M ⊆ X × X^′ a monotone operator and T a duality mapping from X to X^′ . Assume that R(M + T ) = X^′ .

Then M is maximal monotone.

Proof. For the proof, see [1, Proposition 6.4.1].

(2.6) Theorem Let X a reflexive Banach space with X and X^′ strictly convex and L a closed, monotone, linear, from X to X^′ . Assume that L^∗ is monotone. Then L is maximal monotone. Proof. By the previous Lemma, it sufficies to prove that R(L + T ) = X^′ , where T is a duality map with gauge function ȷ(ρ) = ρ. Clearly D(L) is a reflexive Banach space if endowed with the grafic norm. Given φ ∈ X^′ and ε > 0, for each u, v ∈ D(L) set ⟨Φ_εu, v⟩ := ε⟨Lv, T^{−1}(Lu)⟩ + ⟨Lu, v⟩ + ⟨T (u), v⟩ − ⟨φ, v⟩.

2. A MAXIMAL MONOTONOCITY SUFFICIENT CONDITION 15

Then, Φ_ε : D(L) → D(L)^′ is an emicontinuous and monotone map. Moreover, since we have ⟨Φ_εu, u⟩ ‖ u ‖_{D(L)} ≥ 1 ‖ u ‖_{D(L)} { ε ‖ Lu ‖^2 + ‖ u ‖^2 − ‖ φ ‖‖ u ‖ } , we deduce that lim ‖u‖_{D(}L_) ⟨Φ_εu, u⟩ ‖ u ‖_{D(L)} = +∞. It then follows by Corollary (1.12) that R(Φ_ε) = D(L)^′ .

Therefore, for each ε > 0, there is u_ε ∈ D(L) such that Φ_εu_ε = 0. Since for each v ∈ D(L) we have ε⟨Lv, T^{−1}(Lu_ε)⟩ + ⟨Lu_ε, v⟩ + ⟨T (u_ε), v⟩ = ⟨φ, v⟩, for each ε > 0 it is ‖ u_ε ‖≤‖ φ ‖ . Moreover, since εL^∗T^{−1}(Lu_ε) + Lu_ε + T (u_ε) = φ, we deduce that ε⟨L^∗T^{−1}(Lu_ε), T^{−1}(Lu_ε)⟩ + ⟨Lu_ε, T^{−1}(Lu_ε)⟩ + ⟨T (u_ε), T^{−1}(Lu_ε)⟩ = ⟨φ, T^{−1}(Lu_ε)⟩ Since by assumption ε⟨L^∗T^{−1}(Lu_ε), T^{−1}(Lu_ε)⟩ ≥ 0, we deduce that for each ε > 0 we have ‖ Lu_ε ‖≤ 2 ‖ φ ‖ . It follows that (u_ε) and (Lu_ε) both are bounded sequences, and whence by weak compactness Theorems we have u_ε ⇀ u, Lu_ε^∗⇀ Lu. Set now v = u_ε − u, we have ⟨T u_ε, u_ε − u⟩ = ⟨φ, u_ε − u⟩ − ε⟨L(u_ε − u), T^{−1}Lu_ε⟩ − ⟨Lu_ε, u_ε − u⟩ ≤ ≤ ⟨φ, u_ε − u⟩ − ε⟨L(u_ε − u), T^{−1}Lu_ε⟩ − ⟨Lu, u_ε − u⟩, and so lim_{ε→0} sup⟨T (u_ε), u_ε − u⟩ ≤ 0.

Since T is pseudomonotone operator, we get ∀v ∈ X : lim inf_{ε→0} ⟨T (u_ε), u_ε − v⟩ ≥ ⟨T (u), u − v⟩. Let us assume that T (u_ε) weakly * converges to Λ. Therefore, for each v ∈ X we get 0 ≥ lim_{ε→0} sup⟨T (u_ε), u_ε − u⟩ ≥ ≥ lim_{ε→0} sup{⟨T (u_ε) − T (v), u_ε − v⟩ + ⟨T (v), u_ε − v⟩ + ⟨T (u_ε), v − u⟩} ≥ ≥ lim_{ε→0} sup {⟨T (v), u_ε − v⟩ + ⟨T (u_ε), v − u⟩} = = ⟨Λ − T (v), v − u⟩. Then we conclude that ∀v ∈ X : ⟨Λ − T (v), v − u⟩ ≤ 0, and su we have Λ = T (u) and ∀v ∈ X : ⟨Lu + T (u), v⟩ = ⟨φ, v⟩. The Theorem is now proven.

Chapter II

Nonlinear Parabolic Systems

1 Existence of weak solutions

Let Ω be an open bounded subset of R^n, N ≥ 1, T > 0, for every i, j = 1, .., n e h, k = 1, .., N a^{hk}_{ij} : Ω × R^N × R^{nN} → R, continuous function and let g : Ω × R^N × R^{nN} → R^N, be a Carathéodory function such that for each ε > 0 there is a_ε ∈ L^{2nn+2} (Ω) such that |g(x, ξ, η)| ≤ a_ε(x) + ε|ξ|^{(n+2)(n−2)} + ε|η|^{(n+2)n} for q.o. x ∈ Ω and for each (ξ, η) ∈ R^N × R^{nN}. In this section, by using the abstract framework of the previous section, we want to obtain an existence result for parabolic nonlinear systems in divergence form of the type D_tu_h −^N ∑ k=1 n∑ i,j=1 D_i(a^{hk}_{ij} (x, u, Du)D_ju_k) = g_h(x, u, Du) in ]0, T [×Ω (h = 1, .., N) u(t, x) = 0 on ]0, T [×∂Ω u(0, x) = 0 in Ω

Assume that there exist ν > 0 and C ∈ [0, ν] such that for every x ∈ Ω, ξ ∈ R^N and η ∈ R^{nN} we have |a^{hk}_{ij} (x, ξ, η)| ≤ C, N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, ξ, η)η^i_hη^j_k ≥ ν|η|^2, Define the operators A_1, A_2 : L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} → L^{2 (}0, T ; H^{−1 (}Ω; R^{N))} ,

by setting for every u, v ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} ⟨A_1(u), v⟩ = ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, u, Du)D_iu_hD_jv_k dx dt,

⟨A_2(u), v⟩ = − ∫ T 0 ∫ Ω g(x, u, Du) · v dx dt. Let moreover L the operator defined setting D(L) = {u ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} : Dtu ∈ L^{2 (}0, T ; H^{−1 (}Ω; R^{N))} , u(0, ·) = 0}, ∀u ∈ D(L) : Lu = D_tu. (1.1) Definition We say that a function u is a weak solution of the parabolic problem D_tu_h −^N ∑ k=1 n∑ i,j=1 D_i ( a^{hk}_{ij} (x, u, Du)D_ju_k ) + g_h(x, u, Du) = 0 in ]0, T [×Ω (h = 1, .., N) u(t, x) = 0 on ]0, T [×∂Ω u(0, x) = 0 in Ω if u ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} and ∀v ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} : ⟨(L + A1 + A2)(u), v⟩ = 0.

(1.2) Definition We say that the operator A_1 satisfies the (S)_+ condition, if the following condition holds u^{(m)} ⇀ u lim sup_h ⟨A_1(u^{(m)}) − A_1(u), u^{(m)} − u⟩ ≤ 0 =⇒ u^{(m)} → u.

We now prove a basic compactness result for Nemyckii operator.

(1.3) Theorem Let us assume that for each ε > 0 there exists a_ε ∈ L^{2nn+2} (Ω) such that |g(x, ξ, η)| ≤ a_ε(x) + ε|ξ|^{(n+2)(n−2)} + ε|η|^{(n+2)}n for q.o. x ∈ Ω and for each (ξ, η) ∈ R^N × R^{nN}. Then the application H^1_0 (Ω; R^N) −→ H^{−1}(Ω; R^N) u −→ g(x, u, Du) is completely continuous.

Proof. It’s known that g is continuous. Assume that there exist R > 0 and a ∈ L^∞(Ω) such that |g(x, ξ, η)| ≤ a(x) for q.o. x ∈ Ω and every (ξ, η) ∈ R^N × R^{nN},

a(x) = 0 for q.o. x ∈ Ω \ B_R (0).

If (u_h) is a bounded sequence in H^1_0 (Ω; R^N), we have that (g(x, u_h, Du_h)) is bounded in L^2(Ω; R^N) and g(x, u_h, Du_h) = 0 q.o. in Ω \ B_R (0). Let ϑ ∈ C^∞_c (B_{R+1} (0)) with ϑ(x) = 1 om B_R (0). By Rellich Theorem, up toa further subsequence, (g(x, u_h, Du_h)) is a Cauchy sequence in H^{−1}(Ω ∩ B_{R+1} (0) ; R^N). For each v ∈ H^1_0 (Ω; R^N) we have | | | ∫ Ω (g(x, u_h, Du_h) − g(x, u_k, Du_k)) · v dx | | | =

= | | | | ∫ Ω∩BR_{+1} (0) (g(x, u_h, Du_h) − g(x, u_k, Du_k)) · ϑ v dx | | | | ≤ ≤ ‖g(x, u_h, Du_h) − g(x, u_k, Du_k)‖_H −1_{(Ω∩BR+1(0);}RN_) ‖ϑv‖_H 1_{0 (Ω∩BR+1(0);}RN_) ≤

≤ c_ϑ ‖g(x, u_h, Du_h) − g(x, u_k, Du_k)‖_H −1_{(Ω∩BR+1(0);}RN_) ‖v‖_H 1_{0 (Ω;}RN_) .

It follows that ‖g(x, u_h, Du_h) − g(x, u_k, Du_k)‖_H −1_{(Ω;}RN_) ≤ ≤ c_ϑ ‖g(x, u_h, Du_h) − g(x, u_k, Du_k)‖_H −1_{(Ω∩BR+1 (0);}RN_) , so that (g(x, u_h, Du_h)) is Cauchy, and then convergent, in H^{−1}(Ω; R^N). Assume now that there is a ∈ L^{2nn+2} (Ω; R^N) such that

|g(x, ξ, η)| ≤ a(x) for q.o. x ∈ Ω and every (ξ, η) ∈ R^N × R^{nN}. Set g_h(x, ξ, η) = { g(x, ξ, η) if a(x) ≤ h and |x| < h, 0 elsewhere,

a_h(x) = { a(x) if a(x) ≤ h and |x| < h, 0 elsewhere.

Clearly g_h is a Carathéodory function and

|g(x, ξ, η)| ≤ a_h(x) for q.o. x ∈ Ω and every (ξ, η) ∈ R^N × R^{nN}.

Then by the previous step the mappping {u −→ g_h(x, u, Du)} is completely continuous over H^1_0 (Ω; R^N) to H^{−1}(Ω; R^N). On the other hand for each u ∈ H^1_0 (Ω; R^N) we have ∫ Ω |g(x, u, Du) − g_h(x, u, Du)|^{2nn+2} dx ≤ ∫ Ω |a|^{2nn+2} ( 1 − χ_{{x: a(x)≤h}} χ_{Bh(0)} ) dx . By dominated convergence Theorem we deduce that lim_h ‖g_h(x, u, Du) − g(x, u, Du)‖ 2n_{n+2} = 0 uniformly on H^1_0 (Ω; R^N). By Sobolev Theorem, it follows lim_h ‖g_h(x, u, Du) − g(x, u, Du)‖_{−1,2} = 0 uniformly on H^1_0 (Ω; R^N). As it is well knowno, this sufficies to conclude that g is completely continuous. Let us come to the general case. Set ε =^1_h , for every h ≥ 1 let a_h ∈ L^{2nn+2} (Ω) such that |g(x, ξ, η)| ≤ a_h(x) + 1 h |ξ|^{(n+2)(n−2)} + 1 h |η|^{(n+2)}2n for q.o. x ∈ Ω and every (ξ, η) ∈ R^N × R^{nN}. Set g_h(x, ξ, η) = min {max {g(x, ξ, η), −a_h(x)} , a_h(x)} . Obviously g_h is Carathéodory and

|g_h(x, ξ, η)| ≤ a_h(x) for q.o. x ∈ Ω and every (ξ, η) ∈ R^N × R^{nN}.

By the previous step the map {u −→ g_h(x, u, Du)} is completely continuous over H^1_0 (Ω; R^N) to H^{−1}(Ω; R^N). On the other hand it’s easily to verify that |g(x, ξ, η) − g_h(x, ξ, η)| ≤ 1 h |ξ|^{(n+2)(n−2)} + 1 h |η|^{(n+2)2n} for q.o. x ∈ Ω and each (ξ, η) ∈ R^N × R^{nN}, and so, for every u ∈ H^1_0 (Ω; R^N), we have ∫ Ω |g(x, u, Du) − g_h(x, u, Du)|^{2nn+2} dx ≤

≤ 2^{n−2n+2} ( 1 h ) 2n_{n+2} (∫ Ω |u|^{2nn−2} dx + ∫ Ω |Du|^2 dx ) . Therefore we get lim_h ‖g_h(x, u, Du) − g(x, u, Du)‖ 2n_{n+2} = 0

1. EXISTENCE OF WEAK SOLUTIONS 21

uniformly on the bounded sets of H^1_0 (Ω; R^N). In particular we have lim_h ‖g_h(x, u, Du) − g(x, u, Du)‖_{−1,2} = 0 uniformely on bounded sets of H^1_0 (Ω; R^N), and the proof’s now complete.

(1.4) Lemma If A_1 is a monotone operator, then A_1 is a pseudo-monotone operator.

Proof. First of all, let us prove that A_1 is emicontinuous. Evidently, since for each i, j, h, k

a^{hk}_{ij} ∈ C(Ω × R^n × R^N; R),

for every u, v ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} and each (t, x) ∈ [0, T ] × Ω, the maps {λ −→ a^{hk}_{ij} (x, λu(t, x) + (1 − λ)v(t, x), λDu(t, x) + (1 − λ)Dv(t, x))} are continuous from [0, T ] to R. Let now λ_0 ∈ [0, T ] and (λ_m) a sequence in [0, T ] such that

λ_m → λ_0.

Clearly, for every (t, x) ∈ [0, T ] × Ω and ζ ∈ L^2(0, T ; H^1_0) we have lim_m a^{hk}_{ij} (x, λ_mu(t, x) + (1 − λ_m)v(t, x), λ_mDu(t, x) + (1 − λ_m)Dv(t, x)) = = a^{hk}_{ij} (x, λ_0u(t, x) + (1 − λ_0)v(t, x), λ_0Du(t, x) + (1 − λ_0)Dv(t, x)) ;

lim_m D_i(λ_mu_h(t, x) + (1 − λ_m)v_h(t, x))D_jζ_k(t, x) = D_i(λ_0u_h(t, x) + (1 − λ_0)v_h(t, x))D_jζ_k(t, x) ;

Moreover, for each m ∈ N and ζ ∈ L^2(0, T ; H^1_0), we have | | | | | n∑ i,j=1 N∑ h,k=1 a^{hk}_{ij} (x, λ_mu + (1 − λ_m)v, λ_mDu + (1 − λ_m)Dv)D_i(λ_mu_h + (1 − λ_m)v_h)D_jζ_k | | | | | ≤

≤ C n∑ i,j=1 N∑ h,k=1 max{|D_iu_h||D_jζ_k|, |D_iv_h||D_jζ_k|} ∈ L^1([0, T ] × Ω) ; By the dominated convergence Theorem it follows that for each ζ ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} lim_m ∫ T 0 ∫ Ω { N ∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, λ_mu + (1 − λ_m)v, λ_mDu+

+(1 − λ_m)Dv)D_i(λ_mu_h + (1 − λ_m)v_h)D_jζ_k } dx dt =

= ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, λ_0u + (1 − λ_0)v, λ_0Du + (1 − λ_0)Dv)D_i(λ_0u_h + (1 − λ_0)v_h)D_jζ_k dx dt ;

Then, for each u, v ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} it is ∀ζ ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} : lim_m ⟨A1(λmu + (1 − λm)v), ζ⟩ = ⟨A1(λ0u + (1 − λ0)v), ζ⟩. Therefore we conclude that for each u, v ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} the map {λ → A_1(λu + (1 − λ)v)} is continuous from [0, T ] to L^2 ( 0, T ; H^{−1} ( Ω; R^{N))}, with L^{2 (}0, T ; H^{−1 (}Ω; R^{N))} endowed with

the weak * topology. Let us now assume that A_1 is monotone and let (u_h) a sequence weakly convergent to u in L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} such that

lim_h sup⟨A_1(u_h), u_h − u⟩ ≤ 0.

Being A_1 monotone, for every h ∈ N we have ⟨A_1(u_h), u_h − u⟩ ≥ ⟨A_1(u), u_h − u⟩. It follows that lim_h inf⟨A_1(u_h), u_h − u⟩ ≥ lim_h ⟨A_1(u), u_h − u⟩ = 0.

Therefore it is lim_h ⟨A_1(u_h), u_h − u⟩ = 0.

If now v ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))}, by monotonocity we have

lim_h inf⟨A_1(u_h), u_h − v⟩ ≥ lim_h ⟨A_1(v), u_h − v⟩ = ⟨A_1(v), u − v⟩.

For every v ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} and each ϑ ∈]0, 1[, set η = ϑv + (1 − ϑ)u. We have ∀ϑ ∈]0, 1[: lim_h inf⟨A_1(u_h), u_h − u + ϑ(u − v)⟩ ≥ ⟨A_1(η), ϑ(u − v)⟩, and so we get lim_h inf⟨A_1(u_h), u − v⟩ ≥ ⟨A_1(η), u − v⟩.

Taking the limit ϑ → 0^+, by the previous step we get that lim_h inf⟨A_1(u_h), u − v⟩ ≥ ⟨A_1(u), u − v⟩. Finally, by putting together the inequalities obtained we conclude that ∀v ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} : lim_h inf⟨A1(uh), uh − v⟩ = = lim_h inf{⟨A_1(u_h), u_h − u⟩ + ⟨A_1(u_h), u − v⟩} ≥ ⟨A_1(u), u − v⟩, and the thesis follows.

Let us observe that L^2(0, T ; H^1_0) and it’s dual are strictly convex Banach spaces. (1.5) Lemma L is a maximal monotone operator. Proof. From [1, Lemma 5.5.1], we have that ∀u ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} : u ∈ D(L) =⇒ u ∈ C([0, T ]; L^2(Ω; R^N)).

Therefore u(0) is well defined as an element of L^2(Ω; R^N). It’s easy to verify that L : L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} → L^{2 (}0, T ; H^{−1 (}Ω; R^{N))} ,

is a linear and closed and D(L) is dense in L^2 ( 0, T ; H^1_0 ( Ω; R^{N))}. Observe moreover that ∀u ∈ D(L) : ⟨Lu, u⟩ = ⟨D_tu, u⟩ = ∫ T 0 ∫ Ω D_tuu dx dt = = 1 2 ∫ T 0 ∫ Ω D_t|u|^2 dx dt = 1 2 ∫ Ω |u(T, x)|^2 dx = 1 2 ‖ u(T, ·) ‖^2≥ 0. Finally, the adjoint of L is given by D(L^∗) = {u ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} : Dtu ∈ L^{2 (}0, T ; H^{−1 (}Ω; R^{N))} , u(T, ·) = 0}, ∀u ∈ D(L^∗) : L^∗u = −D_tu, Since L^∗ is maximal monotone, by Theorem (2.6) L is maximal monotone.

We finally come to the announced existence result for solutions to nonlinear parabolic systems in divergence form of the type

D_tu_h −^N ∑ k=1 n∑ i,j=1 D_i ( a^{hk}_{ij} (x, u, Du)D_ju_k ) = g_h(x, u, Du) in ]0, T [×Ω (h = 1, .., N) u(t, x) = 0 on ]0, T [×∂Ω u(0, x) = 0 in Ω

24 CHAPTER II. NONLINEAR PARABOLIC SYSTEMS

(1.6) Theorem Assume that A_1 satisfies the (S)_+ condition and that for each ε > 0 there exists a_ε ∈ L^{2nn+2} (Ω) such that |g(x, ξ, η)| ≤ a_ε(x) + ε|ξ|^{(n+2)(n−2)} + ε|η|^{(n+2)}n for q.o. x ∈ Ω and for (ξ, η) ∈ R^N × R^{nN}. Then there exists a weak solution to the problem D_tu_h −^N ∑ k=1 n∑ i,j=1 D_i ( a^{hk}_{ij} (x, u, Du)D_ju_k ) = g_h(x, u, Du) in ]0, T [×Ω (h = 1, .., N) u(t, x) = 0 on ]0, T [×∂Ω u(0, x) = 0 in Ω

Proof. For every u, v ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} we have ⟨A_1(v) − A_1(u), v − u⟩ = = ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, v, Dv)D_iv_hD_j(v_k − u_k) dx dt +

− ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, u, Du)D_iu_hD_j(v_k − u_k) dx dt +

≥ ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, v, Dv)D_iv_hD_jv_k dx dt +

+ ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, u, Du)D_iu_hD_ju_k dx dt +

− ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, v, Dv)D_iu_hD_jv_k dx dt +

− ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, u, Dv)D_iu_hD_jv_k dx dt ≥ ≥ ν ∫ T 0 ‖ Du ‖^2_L2_{(Ω;}RnN_) dt + ν ∫ T 0 ‖ Dv ‖^2_L2_{(Ω;}RnN_) dt + − C ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 |D_iu_h||D_jv_k| dx dt +

− C ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 |D_iu_h||D_jv_k| dx dt ≥ ≥ ν ∫ T 0 ‖ Du ‖^2_L2_{(Ω;}RnN_) dt + − 2C ∫ T 0 ‖ Du ‖_L2_{(Ω;}RnN_)‖ Dv ‖_L2_{(Ω;}RnN_) dt +

+ ν ∫ T 0 ‖ Dv ‖^2_L2_{(Ω;}RnN_) dt ≥ ≥ ν ∫ T 0 ‖ Du ‖^2 L^2 −2 ‖ Du ‖L^2 ‖ Dv ‖L^2 dt+ ‖ Dv ‖ 2 L^2 dt = = ν ∫ T 0 ‖ Dv ‖L_{2(Ω;}R_{nN)} − ‖ Du ‖L_{2(Ω;}R_{nN)} 2 dt ≥ ≥ 0 . It follows that A_1 is a monotone operator. Let now (u^{(m)}) be a sequence in L^2(0, T ; H^1_0) weakly convergent to u with lim sup_m ⟨ A_1(u^{(m)}), u^{(m)} − u ⟩ ≤ 0. Since A_1 is pseudomonotone, we ealisy get

lim sup_h ⟨ A_1(u^{(m)}) − A_1(u), u^{(m)} − u ⟩ ≤ 0. Since A_1 satisfies condizione (S)_+, we have that (u^{(m)}) converges stronly to u in L^2(0, T ; H^1_0). Whence, by mixing together Proposition (I.1.6), Theorem (1.3) and Lemma (1.4), we can conclude that (A_1 +A_2) is pseudomonotone. By taking into account Sobolev Theorem and Poincarè inequality, for every u ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} we have

⟨A_1(u) + A_2(u), u⟩ ‖ Du ‖_L2_{(0,T ;L}2_) =

= 1 ‖ Du ‖_L2_{(0,T ;L}2_) { ∫ T 0 ∫ Ω N∑ h,k=1 n∑ i,j=1 a^{hk}_{ij} (x, u, Du)D_iu_hD_ju_k dx dt +

− ∫ T 0 ∫ Ω g(x, u, Du) · u } ≥ ≥ 1 ‖ Du ‖_2 { ν ‖ Du ‖^2 − ‖ a_ε ‖ 2n_{n+2} ‖ u ‖ 2n_{n−2} −ε ‖ u ‖^2 −ε ‖ Du ‖^2 } ≥ ≥ 1 ‖ Du ‖_L2_{(0,T ;L}2_) { ν ‖ Du ‖^2 −c_{n,2} ‖ a_ε ‖ 2n_{n+2} ‖ Du ‖_2 +

− c_{n,2}L^n(Ω)^{1n} ε ‖ Du ‖^2 −ε ‖ Du ‖^2 } . Choosen now ε > 0 in such a way that ( c_{n,2}L^n(Ω)^{1n} + 1 ) ε < ν, with u_0 = 0, we get lim ‖Du‖L_{2(0},T_;H_{10 )}→+∞

⟨A_1(u) + A_2(u) + Lu_0, u − u_0⟩

‖ Du ‖_L2_{(0,T ;H} 1_{0 )} = +∞.

Let now C a bounded subset of L^2(0, T ; H^1_0) and let R > 0 such that ∀u ∈ C : ‖ u ‖_L2_{(0,T ;H} 1_{0 )}≤ R.

If φ ∈ A_1(C), there exists u ∈ C such that ‖ φ ‖ = = sup v∈L2(0,T ;H10 ) ‖v‖≤1 |⟨A_1(u), v⟩| ≤ ≤ sup v∈L2(0,T ;H10 ) ‖v‖≤1 C ‖ Du ‖_L2_{(0,T ;L}2_)‖ v ‖_L2_{(0,T ;H} 1_{0 )}≤ ≤ CR sup v∈L2(0,T ;H10 ) ‖v‖≤1 ‖ v ‖_L2_{(0,T ;H} 1_{0 )}≤ ≤ CR . Taking into account Theorem (1.3), it’s easy to prove that also A_2 is bounded. It then follows that A_1 + A_2 is a bounded operatore. By Lemma (1.5) L is maximal monotono linear. By Corollary (I.1.12) there exists u ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} such that

(L + A_1 + A_2)(u) ∋ 0, so that, being A_1, A_2 and being L “single-valued”, we get ∀v ∈ L^2 ( 0, T ; H^1_0 ( Ω; R^{N))} : ⟨(L + A1 + A2)(u), v⟩ = 0,

Therefore, it follows that u is a weak solution of the parabolic system D_tu_h −^N ∑ k=1 n∑ i,j=1 D_i ( a^{hk}_{ij} (x, u, Du)D_ju_k ) = g_h(x, u, Du) in ]0, T [×Ω (h = 1, .., N) u(t, x) = 0 on ]0, T [×∂Ω u(0, x) = 0 in Ω ,

and the Theorem is now completely proven.

For any suggestions and improvements about the present paper please e-mail me at the e-mail address: squazz@numerica.it . In particular I invite you to solve the following question:

“ Is it possible to weaken the assumption C ∈ [0, ν] ? ”

List of symbols Nv,φ 6 M_{|C} 9 i_{Yh} 9 Φ_ϵ 14 ȷ 14 a^{hk}_{ij} 17 L^2(0, T ; L^2(Ω; R^N)) 17 L^2(0, T ; H^1_0(Ω; R^N)) 17 L^2(0, T ; H^{−1}(Ω; R^N)) 17 D(L) 18 (S)_+ 18 C(Ω × R^N × R^{nN}; R) 21 g_h 24 D(L^∗) 23

‖ · ‖L2_{(0},T_;L2_) 24 ‖ · ‖L2_{(Ω;}RN_) 24 ‖ · ‖L2_{(0},T_;H 1_{0 )} 24

Index

adjoint, 23 duality mapping, 14 gauge function, 14 emicontinuous operator, 5 bounded operator, 6 monotone operator, 5 maximal monotone operator, 5 pseudo-monotone operator, 5 “single-valued” operator, 5 “multi-valued” operator, 5 nonlinear parabolic systems, 17 weak solution, 18

Bibliografy

[1] A. Tanabe, “Evolution Equations”, Pittman, (1979), Pag. 194-208. [2] E. Zeidler, “Nonlinear Analysis and its applications. II/B. Nonlinear monotone operators”, Springer Verlag, New York-Berlin, 1996.