Linearized stability for semilinear non-autonomous evolution equations with applications to retarded differential equations

Gabriele Gühring and Frank Räbiger

Mathematisches Institut, Universität Tübingen, Auf der Morgenstelle 10, D-72076 Tübingen e-mail: gagu@michelangelo.mathematik.uni-tuebingen.de e-mail: frra@michelangelo.mathematik.uni-tuebingen.de

November 17, 1997

Abstract

We consider the semilinear non-autonomous evolution equation^d_{dt} u(t) = Au(t) + G(t, u(t)), t > s ˘ 0, where (A, D(A)) is a Hille-Yosida operator on a Banach space X and G is a continuous function on IR_+ � D(A) with values in the extrapolated Favard class corresponding to A. In our main results, we present principles of linearized stability and instability for a solution of such an equation. Our approach is based on the theory of extrapolation spaces and the theory of evolution semigroups. We finally apply the obtained results to non-autonomous semilinear retarded differential equations.

1 Introduction

The purpose of this paper is to present a principle of linearized (in-)stability for the semilinear non-autonomous evolution equation (SNP ) { d dt u(t) = Au(t) + G(t, u(t)), t ≥ s ≥ 0, u(s) = x, where (A, D(A)) is a Hille-Yosida operator on a Banach space X and G is a continuous function on IR_+ × D(A) with values in the extrapolated Favard class F_0 corresponding to A satisfying certain differentiability conditions. This kind of equations naturally occurs when dealing with boundary conditions that change in time (see [12]) but also if one linearizes along nonstationary solutions (see [25]).

Principles of linearized stability and instability for the semilinear equation (SNP ) with A being the generator of a C_0-semigroup on X and G : X → X satisfying certain differentiability conditions are intensively studied e.g. in [30]. In a more general situation equation (SNP ) has been investigated e.g. by Clément et al. [1], Desch, Schappacher and Zhang [4],

0AMS subject classifications: Primary 34G20, 47D06, 35A07, 35B40, 34K15; Secondary 47H20

Greiner [8] and Thieme [27]. In particular, they obtained existence and uniqueness of mild solutions and, in the autonomous case, principles of linearized (in-)stability for stationary solutions. In Section 3 we recall some of their results in a slightly more general situation and in unified terminology. Note, however, that none of the above authors investigated linearized (in-)stability when G also depends on t. In order to obtain principles of linearized (in-)stability for the non-autonomous equation (SNP ), we deal with (linear and nonlinear) non-autonomous perturbations of the operator A. Our approach is based on the theory of extrapolation spaces developed by DaPrato and Grisvard [2] and Nagel and Sinestrari [16] and on the theory of evolution semigroups as presented in [19], [26]. The basic facts on extrapolation spaces and Favard classes are collected in Section 2. The use of extrapolation spaces permits to consider perturbations G in (SNP ) belonging to a rather general class of functions, whereas the use of evolution semigroups reduces the non-autonomous situation to an equivalent autonomous one. In particular, this allows to deduce principles of linearized (in)stability for (SNP ) from corresponding results for autonomous equations. All this is part of Section 4 and Section 5. Finally, in Section 6, we apply the previous results to non-autonomous semilinear retarded differential equations of the form { d dt v(t) = Bv(t) + K(t, v_t), t ≥ s ≥ 0, v_s = g ∈ C([−1, 0], Y ), where (B, D(B)) is the generator of a C_0-semigroup on a Banach space Y and K is a continuous function on IR_+ × C([−1, 0], Y ) with values in Y satisfying a certain differentiability condition.

Acknowledgement. We wish to thank Rainer Nagel for valuable comments and stimulating discussions.

2 Extrapolation spaces and Favard classes

Throughout the whole paper, X denotes a Banach space and (A, D(A)) is a Hille-Yosida operator on X, i.e. A is linear, there exists ω ∈ IR such that (ω, ∞) is contained in the resolvent set ρ(A) of A and sup{‖(λ − ω)^nR(λ, A)^n‖ : λ > ω; n ∈ IN} < ∞, (2.1) where R(λ, A) := (λ − A)^{−1} is the resolvent of A at λ. The following result is well-known.

Lemma 2.1.([11], Theorem 12.2.4) Let (A, D(A)) be a Hille-Yosida operator on the Banach space X. Then the part (A_0, D(A_0)) of A in X_0 := D(A) given by

D(A_0) := {x ∈ D(A) : Ax ∈ X_0}, A_0x := Ax for x ∈ D(A_0)

generates a C_0-semigroup (T_0(t))_{t≥0} on X_0. Moreover, ρ(A) ⊆ ρ(A_0) and R(λ, A_0) = R(λ, A)_{|X0} for λ ∈ ρ(A).

On X_0 we introduce a new norm by setting ‖x‖_{−1} := ‖R(λ, A_0)x‖ for x ∈ X_0 and λ ∈ ρ(A_0). The completion X_{−1} of (X_0, ‖ · ‖_{−1}) is called the extrapolation space of X_0 associated with A_0. Note that, for different λ ∈ ρ(A_0), we obtain equivalent norms on X_{−1} (see [18], Ch.3, Section 1). The operators T_0(t) have a unique bounded linear extension T_{−1}(t) to the Banach space X_{−1}. Then (T_{−1}(t))_{t≥0} is a C_0-semigroup on X_{−1} (see [16] Proposition 1.3 ), the socalled extrapolated semigroup of (T_0(t))_{t≥0}, and we denote its generator by (A_{−1}, D(A_{−1})). The subsequent lemmas can be found in [16].

Lemma 2.2.( [16] Proposition 1.3 and Theorem 1.4) Let λ ∈ ρ(A_0). Then the following properties hold:

(i) ‖T_{−1}(t)‖_{L(X}�_{1)} = ‖T_0(t)‖_{L(X0)},

(ii) D(A_{−1}) = X_0,

(iii) A_{−1} : X_0 → X_{−1} is the unique continuous extension of A_0 : D(A_0) ⊆ (X_0, ‖·‖) → (X_{−1}, ‖·‖_{−1}) and λ−A_{−1} is an isometry from (X_0, ‖·‖) onto (X_{−1}, ‖·‖_{−1}),

(iv) λ − A_{−1} is invertible and (λ − A_{−1})^{−1} ∈ L(X_{−1}). In particular, λ ∈ ρ(A_{−1}) and R(λ, A_{−1})_{|X0} = R(λ, A_0). The following lemma shows that the space X lies between X_0 and X_{−1}. We write Y → Z if Y and Z are Banach spaces such that Y ⊆ Z and id : Y → Z is continuous.

Lemma 2.3.( [16], Theorem 1.7) Let (A, D(A)) be a Hille-Yosida operator on the Banach space X and λ ∈ ρ(A). For the norm ‖x‖_{−1} := ‖R(λ, A)x‖, x ∈ X, the space X_0 := D(A) is dense in (X, ‖ · ‖_{−1}). Hence the extrapolation space X_{−1} is also the completion of (X, ‖ · ‖_{−1}) and therefore X → X_{−1}. Moreover, the operator A_{−1} is an extension of A. In particular, R(λ, A_{−1})_{|X} = R(λ, A) and R(λ, A_{−1})X = D(A). Next we introduce the Favard class corresponding to a C_0-semigroup.

Definition 2.4.

Let (V (t))_{t≥0} be a C_0-semigroup with generator (C, D(C)) on the Banach space Z such that ‖V (t)‖ ≤ Me^{νt} for constants M ≥ 1 and ν ∈ IR. The Favard class of (V (t))_{t≥0} is the Banach space

F := {x ∈ Z : sup_{t>0} 1 t ‖e^{−νt}V (t)x − x‖ < ∞} equipped with the norm ‖x‖_F := ‖x‖ + sup_{t>0}^1_t ‖e^{−νt}V (t)x − x‖.

It is easy to see that F is invariant under V (t) for t ≥ 0 and that D(C) ⊆ F . In the following we denote by F_1 ⊆ X_0 the Favard class of the C_0-semigroup (T_0(t))_{t≥0} and by F_0 ⊆ X_{−1} the Favard class of (T_{−1}(t))_{t≥0}.

Lemma 2.5.( [16], Proposition 3.2) For λ ∈ ρ(A_0) and the Favard classes F_0 and F_1 the following holds:

(i) (λ − A_{−1})F_1 = F_0,

(ii) ‖(λ − A_{−1})x‖_{F0} = ‖x‖_{F1} for x ∈ F_1, (iii) T_{−1}(t)F_0 ⊆ F_0 for t ≥ 0, (iv) D(A_0) → D(A) → F_1 → X_0 → X → F_0 → X_{−1}, where D(A) is equipped with the graph norm ‖x‖_A := ‖x‖ + ‖Ax‖, x ∈ D(A). The following lemma, due to Nagel and Sinestrari [16], is fundamental for our investigations. Lemma 2.6.([16], Proposition 3.3) Let M ≥ 1 and ω ∈ IR such that ‖T_0(t)‖ ≤ Me^{ωt} for t ≥ 0. For f ∈ L^1_{loc}(IR_+, F_0) define [T_{−1} ⋆ f](t) := ∫ t 0 T_{−1}(t − s)f(s) ds, t ≥ 0. Then

(i) [T_{−1} ⋆ f](t) ∈ X_0, (ii) ‖[T_{−1} ⋆ f](t)‖_{X0} ≤ M_1 ∫ t 0 e^{ω(t−s)}‖f(s)‖_{F0} ds for a constant M_1 > 0, independent of f and t, (iii) lim_{t→0} ‖[T_{−1} ⋆ f](t)‖_{X0} = 0. Remark 2.7.

As an easy consequence of Lemma 2.6, we obtain that t → [T_{−1} ⋆ f](t) is continuous from IR_+ into X_0.

In the following, we use the notations introduced above without further comment.

3 Existence and uniqueness of solutions of (SNP )

The main purpose of this paper is to discuss the semilinear non-autonomous Cauchy problem (SNP )_{s,x} { d dt u(t) = Au(t) + G(t, u(t)), t ≥ s ≥ 0, u(s) = x ∈ X_0, on the Banach space X, where (A, D(A)) is a Hille-Yosida operator on X and G : IR_+×X_0 → F_0 is a function satisfying certain conditions to be specified below. We will discuss existence and uniqueness and, first of all, stability properties of solutions of (SNP ). For our purposes the concept of a mild solution is most useful. Definition 3.1.

A function u = u(·; s; x) ∈ C([s, T ], X_0) is called a mild solution of (SNP )_{s,x} on the interval [s, T ] if u(t) = T_0(t − s)x + ∫ t s T_{−1}(t − σ)G(σ, u(σ)) dσ for t ∈ [s, T ]. (3.1)

Remark 3.2.

Our definition of a mild solution coincides with that in [1], but also with the definition of an F -solution [3], a weak solution [4] and an integral solution [27]. It also includes mild solutions as defined in [8]. This is shown, for example, in [3], Proposition 12.3, [4], Section 4, [18], Proposition 3.2.6, [15], Theorem 4.5 and Section 4.3, in combination with [28], Section 6. By using Lemma 2.6 and a fixed point argument, one obtains existence and uniqueness of a mild solution of (SNP ) as in the case where A is the generator of a C_0-semigroup and X_0 = X (see [22], Theorem 6.1.2). We therefore omit the proof of our next proposition. Related results can be found e.g. in [1],Theorem 3.1, [4], Theorem 1, [8], Theorem 1.3, [10], Theorems 3.3.3 and 3.3.4, [14], Theorem 7.1.2 and Proposition 7.1.8, [15], Corollary 4.13, and [27], Theorem 1.3.

Proposition 3.3.

Suppose G : IR_+ × X_0 → F_0 is continuous and locally Lipschitz continuous with respect to the second variable uniformly on compact intervals of IR_+. Then for every initial value x ∈ X_0 and every initial time s ∈ IR_+ there exists a unique mild solution u = u(·; s; x) of (SNP ) defined on a maximal interval [s, t_{max}). Moreover, t_{max} = ∞ or ‖u(t; s; x)‖ → ∞ as t → t_{max}. When we discuss stability and instability of a solution v of (SNP ) it suffices to know existence and uniqueness of solutions for initial values only on a neighborhood of the orbit of v. If v is the zero solution this is guaranteed by the following condition on G. Here and in the following we denote by B_Z the open unit ball of a Banach space Z.

(G0) The function G : IR_+ × X_0 → F_0 is continuous, G(t, 0) = 0 for t ∈ IR_+ and for every t_0 > 0 there exist constants q(t_0), r(t_0) > 0 such that ‖G(t, x) − G(t, y)‖_{F0} ≤ q(t_0)‖x − y‖ for x, y ∈ r(t_0)B_{X0} and t ∈ [0, t_0].

Theorem 3.4.

Suppose condition (G0) is satisfied. Then for every s ≥ 0 and every T > 0 there exists an ϵ := ϵ(T, s) > 0 such that (SNP )_{s,x} has a uniquely determined mild solution on [s, s + T ] for every initial value x ∈ ϵB_{X0} .

Proof. Step 1. Fix s ≥ 0 and T > 0. At first, we show that there exist ϵ_0 = ϵ_0(s + T ) > 0 and h = h(s + T ) > 0, such that (SNP )_{s0,x} has a uniquely determined mild solution on the interval [s_0, s_0 + h] for every s_0 ∈ [s, s + T ] and for every x ∈ ϵ_0B_{X0} . In order to prove this let M ≥ 1 and ω > 0 such that ‖T_0(t)‖ ≤ Me^{ωt}. We set ϵ_0 :=^{r(s+T )}_{4Me!} and h := min{1, (4M_1e^ωq(s + T ))^{−1}} where M_1 is the constant occuring in Lemma 2.6. For fixed x ∈ ϵ_0B_{X0} and s_0 ∈ [s, s + T ], we define F : C([s_0, s_0 + h], X_0) → C([s_0, s_0 + h], X_0) by

F u(t) := T_0(t − s_0)x + ∫ t s0 T_{−1}(t − σ)G(σ, u(σ)) dσ, s_0 ≤ t ≤ s_0 + h.

Then F maps r(s + T )B_{C([s0,s0+h],X0)} into itself. In fact, if u ∈ r(s + T )B_{C([s0,s0+h],X0)} we obtain with Lemma 2.6, ‖F u(t)‖ ≤ Me^{ωh}ϵ_0 + M_1 ∫ t s0 e^{ω(t−σ)}q(s + T )r(s + T ) dσ (3.2) ≤ Me^{ωh}ϵ_0 + M_1e^{ωh}q(s + T )r(s + T )h ≤ r(s + T ) 2 for t ∈ [s_0, s_0 + h].

Furthermore, if u_1, u_2 ∈ r(s + T )B_{C([s0,s0+h],X0)}, then

‖F u_1(t) − F u_2(t)‖ = ‖ ∫ t s0 T_{−1}(t − σ) ( G(σ, u_1(σ)) − G(σ, u_2(σ)) ) dσ‖ ≤ M_1 ∫ t s0 e^{ω(t−σ)}‖G(σ, u_1(σ)) − G(σ, u_2(σ))‖_{F0} dσ ≤ M_1 ∫ t s0 e^{ω(t−σ)}q(s + T )‖u_1(σ) − u_2(σ)‖ dσ ≤ M_1e^{ωh}q(s + T )h‖u_1 − u_2‖_{C([s0,s0+h],X0)} ≤ 1 4 ‖u_1 − u_2‖_{C([s0,s0+h],X0)} for 0 ≤ t ≤ T , i.e., F is a contraction on r(s + T )B_{C([s0,s0+h],X0)}. By Banach’s fixed point theorem there is a unique fixed point u of F in r(s + T )B_{C([s0,s0+h],X0)}. It remains to show that the fixed point u is unique in C([s_0, s_0 + h], X_0). In fact, let ũ ∈ C([s_0, s_0 + h], X_0) such that

ũ(t) = T_0(t − s_0)x + ∫ t s0 T_{−1}(t − σ)G(σ, ũ(σ)) dσ for t ∈ [s_0, s_0 + h]. The uniqueness assertion in Banach’s fixed point theorem yields u(t) = ũ(t) on every interval [s_0, s_0+h̃] ⊆ [s_0, s_0+h] such that ‖ũ(t)‖ ≤ r(s+T ) on [s_0, s_0+h̃]. On the other hand, by (3.2) we have ‖ũ(t)‖ ≤^{r(s+T )}_2 on [s_0, s_0 +h̃]. Thus h = sup{h̃ ∈ [0, h] : u(t) = ũ(t) on [s_0, s_0 +h̃]}, i.e., u = ũ.

Step 2. For x ∈ ϵ_0B_{X0} and s_0 ∈ [s, s+T ] denote by u(·; s_0; x) the mild solution of (SNP )_{s0,x} defined on [s_0, s_0 + h]. An easy application of Gronwall’s inequality yields lim ‖x‖→0 sup s≤s0≤s+T sup s0≤t≤s0+h ‖u(t; s_0; x)‖ = 0.

This allows to apply Step 1 n-times for initial values sufficiently close to 0. Precisely, for every n ∈ IN we can find ϵ > 0 such that for x ∈ ϵB_X there exist unique mild solutions u_1 = u_1(·; s; x) ∈ C([s, s + h], X_0), u_2 = u_2(·; s + h; u_1(s + h)) ∈ C([s + h, s + 2h], X_0),...,u_n = u_n(·; s+(n−1)h; u_{n−1}(s+(n−1)h)) ∈ C([s+(n−1)h, s+nh], X_0). Now choose n ∈ IN such that nh ≥ T . Then u ∈ C([s, s + nh], X_0) defined by u(t) := u_k(t) if t ∈ [s + (k − 1)h, s + kh] is the unique mild solution of (SNP )_{s,x} defined on [s, s + nh] ⊇ [s, s + T ]. 2

Remark 3.5.

By looking at the proof of Theorem 3.4, one can see that the constant ϵ does not depend on s if q and r are t-independent. In particular, this is true for the autonomous equation (SAP )_x { d dt u(t) = Au(t) + G(u(t)), t ≥ 0, u(0) = x ∈ X_0,

and G : X_0 → F_0 such that G is Lipschitz continuous in a neighborhood of 0 and G(0) = 0.

We now consider the situation where G : X_0 → F_0 is t-independent and of the form G = B + o^⋆, i.e., we look at the semilinear autonomous equation (SAP^′)_x { d dt u(t) = Au(t) + Bu(t) + o^⋆(u(t)), t ≥ 0, u(0) = x ∈ X_0,

where B : X_0 → F_0 is linear and bounded and o^⋆ satisfies certain continuity conditions to be specified below. It is shown in [18], Theorem 4.2.2, and [20], Theorem 3.6, that the part (A + B)_0 of A + B in X_0 is the generator of a C_0-semigroup (T_B(t))_{t≥0} on X_0 which is uniquely determined by the variation-of-constants formula

T_B(t)x = T_0(t)x + ∫ t 0 T_{−1}(t − σ)BT_B(σ)x dσ for t ≥ 0 and x ∈ X_0. (3.3)

Moreover, the extrapolation spaces associated with A_0 and (A + B)_0 coincide and have equivalent norms (see [18], Theorem 3.2.6, Lemma 4.1.3, and the discussion on p.75). The following proposition connects mild solutions of (SAP^′) with mild solutions of { d dt u(t) = (A + B)u(t) + o^⋆(u(t)), t ≥ 0, u(0) = x ∈ X_0.

A similiar result is shown in [1], Proposition 2.5.

Proposition 3.6.

Suppose G = B + o^⋆ where B : X_0 → F_0 is linear and bounded and o^⋆ : X_0 → F_0. Moreover, let u ∈ C([0, T ], X_0) such that o^⋆ ∘ u ∈ L^1([0, T ], F_0). Then u is a mild solution of (SAP^′), i.e.,

u(t) = T_0(t)u(0) + ∫ t 0 T_{−1}(t − σ) ( Bu(σ) + o^⋆(u(σ)) ) dσ for 0 ≤ t ≤ T if and only if

u(t) = T_B(t)u(0) + t∫ 0 (T_B)_{−1}(t − σ)o^⋆(u(σ)) dσ for 0 ≤ t ≤ T. (3.4)

Proof. We first prove the ‘if’ part. We claim that ∫ t 0 (T_B)_{−1}(t − σ)o^⋆(u(σ)) dσ (3.5) = ∫ t 0 T_{−1}(t − σ)o^⋆(u(σ)) dσ + ∫ t 0 T_{−1}(t − σ)B ∫ σ 0 (T_B)_{−1}(σ − τ)o^⋆(u(τ)) dτ dσ for t ∈ [0, T ]. In order to show this consider x ∈ X_0 and f ∈ L^1([0, T ], F_0). Note that ∫ t 0 B(T_B)_{−1}(τ)x dτ = B ∫ t 0 (T_B)_{−1}(τ)x dτ and, using Remark 2.7, ∫ s 0 B ∫ t 0 (T_B)_{−1}(t − τ)f(τ) dτ dt = B ∫ s 0 ∫ t 0 (T_B)_{−1}(t − τ)f(τ) dτ dt (where all integrals are Bochner integrals in X_{−1}). From equation (3.3) we know that

(T_B)_{−1}(t)x = T_{−1}(t)x + ∫ t 0 T_{−1}(t − τ)B(T_B)_{−1}(τ)x dτ for x ∈ X_0.

Integrating this expression from 0 to σ − s yields ∫ σ−s 0 (T_B)_{−1}(t)x dt = ∫ σ−s 0 T_{−1}(t)x dt + ∫ σ−s 0 ( ∫ t 0 T_{−1}(τ)B(T_B)_{−1}(t − τ)x dτ ) dt = ∫ σ−s 0 T_{−1}(t)x dt + ∫ σ−s 0 T_{−1}(τ)B ∫ σ−s τ (T_B)_{−1}(t − τ)x dt dτ = ∫ σ−s 0 T_{−1}(t)x dt + ∫ σ s T_{−1}(τ − s)B ∫ σ−s τ−s (T_B)_{−1}(t + s − τ)x dt dτ = ∫ σ−s 0 T_{−1}(t)x dt + ∫ σ s T_{−1}(τ − s)B ∫ σ−τ 0 (T_B)_{−1}(t)x dt dτ = ∫ σ−s 0 T_{−1}(t)x dt + ∫ σ s T_{−1}(σ − τ)B ∫ τ−s 0 (T_B)_{−1}(t)x dt dτ (3.6) for σ ≥ s ≥ 0. Now let x ∈ F_0. Choose (x_n)_{n∈IN} ⊆ X_0 such that lim_{n→∞} ‖x_n − x‖_{−1} = 0. By Lebesgue’s dominated convergence theorem we have ∫ σ−s 0 (T_B)_{−1}(t)x dt = lim_{n→∞} ∫ σ−s 0 (T_B)_{−1}(t)x_n dt = lim_{n→∞} ∫ σ−s 0 T_{−1}(t)x_n dt + lim_{n→∞} ∫ σ s T_{−1}(σ − τ)B ∫ τ−s 0 (T_B)_{−1}(t)x_n dt dτ = ∫ σ−s 0 T_{−1}(t)x dt + ∫ σ s T_{−1}(σ − τ)B ∫ τ−s 0 (T_B)_{−1}(t)x dt dτ for σ ≥ s ≥ 0 (where the limits exist in the norm of X_{−1}). Thus equation (3.6) also holds for x ∈ F_0. If we replace x by o^⋆(u(s)) for s ∈ [0, σ] and integrate from 0 to σ we obtain ∫ σ 0 ∫ t 0 (T_B)_{−1}(t − s)o^⋆(u(s)) ds dt = ∫ σ 0 ∫ σ−s 0 (T_B)_{−1}(t)o^⋆(u(s)) dt ds = ∫ σ 0 ∫ σ−s 0 T_{−1}(t)o^⋆(u(s)) dt ds + ∫ σ 0 ∫ σ s T_{−1}(σ − τ)B ( ∫ τ−s 0 (T_B)_{−1}(t)o^⋆(u(s)) dt ) dτ ds = ∫ σ 0 ∫ σ−s 0 T_{−1}(t)o^⋆(u(s)) dt ds + ∫ σ 0 ∫ τ 0 T_{−1}(σ − τ)B ( ∫ τ−s 0 (T_B)_{−1}(t)o^⋆(u(s)) dt ) ds dτ = ∫ σ 0 ∫ σ−s 0 T_{−1}(t)o^⋆(u(s)) dt ds + ∫ σ 0 T_{−1}(σ − τ)B ∫ τ 0 ( ∫ t 0 (T_B)_{−1}(t − s)o^⋆(u(s)) ds ) dt dτ = ∫ σ 0 ∫ σ−s 0 T_{−1}(t)o^⋆(u(s)) dt ds + ∫ σ 0 ∫ τ 0 T_{−1}(σ − τ)B ( ∫ t 0 (T_B)_{−1}(t − s)o^⋆(u(s)) ds ) dt dτ = ∫ σ 0 ∫ σ−s 0 T_{−1}(t)o^⋆(u(s)) dt ds + ∫ σ 0 ∫ σ−τ 0 T_{−1}(τ)B ( ∫ t 0 (T_B)_{−1}(t − s)o^⋆(u(s)) ds ) dt dτ = ∫ σ 0 ∫ σ−s 0 T_{−1}(t)o^⋆(u(s)) dt ds + ∫ σ 0 ∫ σ τ T_{−1}(τ)B ( ∫ t−τ 0 (T_B)_{−1}(t − s − τ)o^⋆(u(s)) ds ) dt dτ = ∫ σ 0 ∫ t 0 T_{−1}(t − s)o^⋆(u(s)) ds dt + ∫ σ 0 ∫ t 0 T_{−1}(t − τ)B ( ∫ τ 0 (T_B)_{−1}(τ − s)o^⋆(u(s)) ds ) dτ dt. If we differentiate both sides with respect to σ we obtain equation (3.5). In order to show the desired implication we replace in (3.4) T_B(t)u(0) by the expression (3.3) and apply (3.5). This leads to

u(t) = T_B(t)u(0) + ∫ t 0 (T_B)_{−1}(t − σ)o^⋆(u(σ)) dσ = T_{−1}(t)u(0) + ∫ t 0 T_{−1}(t − σ)BT_B(σ)u(0) dσ + ∫ t 0 (T_B)_{−1}(t − σ)o^⋆(u(σ)) dσ = T_{−1}(t)u(0) + ∫ t 0 T_{−1}(t − σ)BT_B(σ)u(0) dσ + ∫ t 0 T_{−1}(t − σ)o^⋆(u(σ)) dσ

+ ∫ t 0 T_{−1}(t − σ)B ∫ σ 0 (T_B)_{−1}(σ − τ)o^⋆(u(τ)) dτ dσ = T_{−1}(t)u(0) + ∫ t 0 T_{−1}(t − σ) ( Bu(σ) + o^⋆(u(σ)) ) dσ for t ∈ [0, T ]. The ‘only if’ part follows from the ‘if’ part if we write o^⋆ = (o^⋆ + B) − B and perturb A + B by −B. 2

Consider now the following condition on G.

(G1) G = B + o^⋆ : X_0 → F_0 where B : X_0 → F_0 is a bounded linear operator and o^⋆ : X_0 → F_0 satisfies o^⋆(0) = 0 and for every q > 0 there exists ρ > 0 such that ‖o^⋆(x) − o^⋆(y)‖_{F0} ≤ q‖x − y‖ for x, y ∈ ρB_{X0} . Theorem 3.4 implies that for initial values sufficiently close to zero (SAP^′) has a uniquely determined mild solution defined on a fixed interval [0, T ]. If the C_0-semigroup (T_B(t))_{t≥0} is exponentially stable, i.e., ‖T_B(t)‖ ≤ Me^{−ωt} for t ≥ 0 and constants M ≥ 1 and ω > 0, we even obtain mild solutions defined on [0, ∞). Results of this kind can also be found in [1], Theorem 4.2, [8], Theorem 2.4, [10], Theorem 5.1.1, [14], Theorem 9.1.2, and [27], Theorem 4.2.

Theorem 3.7.

Suppose condition (G1) is satisfied and let the perturbed C_0-semigroup (T_B(t))_{t≥0} be exponentially stable. Then there exists ϵ > 0 such that for x ∈ ϵB_{X0} equation (SAP^′)_x has a uniquely determined mild solution u(·, x) defined on [0, ∞). Moreover, ‖u(t, x)‖ ≤ M_0e^{−ω0t} for t ≥ 0 and constants M_0 ≥ 0 and ω_0 > 0.

Proof. One easily sees that B + o^⋆ : X_0 → F_0 satisfies condition (G0). Hence, by Remark 3.5 applied to G = B + o^⋆ for fixed T > 0, there exists ϵ > 0 such that (SAP^′)_x has a unique mild solution u(·, x) defined on [0, T ] for every x ∈ ϵB_X . Let ‖T_B(t)‖ ≤ Me^{−ωt} for t ≥ 0 and constants M ≥ 1 and ω > 0. We set q :=^ω_{2M1} , where M_1 is the constant appearing in Lemma 2.6. Because of condition (G1) there exists ρ > 0 such that ‖o^⋆(y)‖ ≤ q‖y‖ for y ∈ ρB_{X0} . Let x ∈^{min{ρ,ϵ}}_M B_{X0} . Take T_0 ∈ (0, T ] such that ‖u(t, x)‖ < min{ρ, ϵ} for t ∈ [0, T_0). Lemma 2.6 yields ‖u(t, x)‖ ≤ Me^{−ωt}‖x‖ + M_1 ∫ t 0 e^{−ω(t−σ)}‖o^⋆(u(σ, x))‖_{F0} dσ ≤ Me^{−ωt}‖x‖ + M_1 ∫ t 0 e^{−ω(t−σ)}q‖u(σ, x)‖ dσ for t ∈ [0, T_0). An application of Gronwall’s inequality gives e^{ωt}‖u(t, x)‖ ≤ min{ρ, ϵ}e^{M1qt} ≤ min{ρ, ϵ}e^{!2 t} for t ∈ [0, T_0), and hence ‖u(t, x)‖ ≤ min{ρ, ϵ}e^{− !2 t} for t ∈ [0, T_0). (3.7) In order to prove that the solution u(·, x) exists on [0, ∞) and satisfies (3.7) for t ∈ [0, ∞) it suffices to show ‖u(t, x)‖ < min{ρ, ϵ} for t ∈ [0, ∞). If this is not the case we can find

T_1 > 0 such that ‖u(T_1, x)‖ = min{ρ, ϵ} and ‖u(t, x)‖ < min{ρ, ϵ} for t ∈ [0, T_1), which is a contradiction to (3.7). 2

Remark 3.8.

Theorem 3.7 can be interpreted as a principle of linearized stability for equation (SAP^′). In fact, exponential stability of the zero solution of the linear equation { d dt u(t) = (A + B)u(t), t ≥ 0, u(0) = x ∈ X_0,

implies the exponential stability (see Definition 4.1) of the zero solution of (SAP^′).

4 A principle of linearized stability

In the following two sections we derive principles of linearized stability and instability for the semilinear non-autonomous equation (SNP ). The main difficulty arises from the fact that the nonlinearity G maps X_0 into F_0 and, at the same time, G is t−dependent. At first, we introduce the following notions.

Definition 4.1.

Let u(·; s_0; x) be a mild solution of (SNP )_{s0,x} defined on [s_0, ∞).

a) Then u(·; s_0; x) is called stable if for every ϵ > 0 and every s ≥ s_0 there exists δ := δ(ϵ, s) > 0 such that for all y ∈ X_0 with ‖y −u(s; s_0; x)‖ < δ the mild solution u(·; s; y) exists on [s, ∞) and ‖u(t; s; y) − u(t; s_0; x)‖ < ϵ for all t ∈ [s, ∞).

b) The mild solution u(·; s_0; x) is called exponentially stable if there exist constants M ≥ 1 and ω > 0 and for every s ≥ s_0 there exists δ := δ(s) > 0 such that for y ∈ X_0 with ‖y − u(s; s_0; x)‖ < δ the mild solution u(·; s; y) is defined on [s, ∞) and ‖u(t; s_0; x) − u(t; s; y)‖ ≤ Me^{−ω(t−s)} for t ∈ [s, ∞). c) The mild solution u(·; s_0; x) is called uniformly exponentially stable if the constant δ in b) is independent of s.

d) The mild solution u(·; s_0; x) is unstable if it is not stable.

Throughout the whole section v = v(·; 0; x_0) denotes a fixed mild solution of (SNP )_{0,x0} defined on the half-line [0, ∞). Moreover, we impose the following conditions on the nonlinearity G.

(G2) The map G : IR_+ × X_0 → F_0 is continuous, differentiable in the second variable along the solution v and for every q > 0 there exists r > 0 such that ‖G(t, v(t) + h_1) − G(t, v(t) + h_2) − DG(t, v(t))(h_1 − h_2)‖ ≤ q‖h_1 − h_2‖, for t ∈ IR_+ and h_1, h_2 ∈ rB_{X0} .

(G3) The map IR_+ ∋ t → DG(t, v(t)) ∈ L(X_0, F_0) is uniformly bounded and strongly continuous.

Remark 4.2.

If v ≡ x_0 is a stationary solution of (SNP ), then conditions (G2) and (G3) are satisfied if G is uniformly continuously differentiable with respect to the second variable in a neighborhood V of x_0 uniformly in t ∈ IR_+. In fact, then for every q > 0 there is r > 0 such that ‖G(t, ν + h) − G(t, ν) − DG(t, ν)h‖ ≤ q‖h‖ for every t ∈ IR_+, ν ∈ V and h ∈ rB_{X0} , and hence

‖G(t, x_0 + h_1) − G(t, x_0 + h_2) − DG(t, x_0)(h_1 − h_2)‖

= ‖G(t, x_0 + h_1) − G(t, x_0 + h_2) − DG(t, x_0 + h_2)(h_1 − h_2)‖ +‖DG(t, x_0 + h_2)(h_1 − h_2) − DG(t, x_0)(h_1 − h_2)‖ ≤ q‖h_1 − h_2‖ + q‖h_1 − h_2‖ for h_1, h_2 ∈ r_0B_{X0} and appropriate r_0 ≤ r.

Our way towards a principle of linearized stability for (SNP ) is divided into several steps.

Step 1. From v to the zero solution and linearization of (SNP ) At first, we pass from (SNP ) to the equation (SNP^′)_{s,x} { d dt u(t) = Au(t) + B(t)u(t) + ρ(t, u(t)), t ≥ s ∈ IR_+, u(s) = x ∈ X_0, where B(t) := DG(t, v(t)) and ρ(t, h) := G(t, v(t) + h) − G(t, v(t)) − DG(t, v(t))h for t ∈ IR_+ and h ∈ X_0.

The following proposition connects mild solutions of (SNP ) with mild solutions of (SNP^′). Proposition 4.3.

Let u : [s, T ] → X_0. Then u is a mild solution of (SNP )_{s,x} if and only if u − v is a mild solution of (SNP^′)_{s,x−v(s)} on [s, T ]. In particular, the mild solution v of (SNP ) corresponds to the zero solution of (SNP^′) and v is stable (exponentially stable, uniformly exponentially stable, unstable) if and only if the same holds for the zero solution of (SNP^′). Proof. Since v(t) = T_0(t − s)v(s) + ∫ t s T_{−1}(t − σ)G(σ, v(σ)) dσ for t ≥ s, we obtain that

u(t; s; x) = T_0(t − s)x + ∫ t s T_{−1}(t − σ)G(σ, u(σ; s; x)) dσ for t ≥ s if and only if u(t; s; x) − v(t) = T_0(t − s)(x − v(s)) + ∫ t s T_{−1}(t − σ) ( G(σ, u(σ; s; x)) − G(σ, v(σ)) ) dσ = T_0(t − s)(x − v(s)) + ∫ t s T_{−1}(t − σ) ( DG(σ, v(σ))(u(σ; s; x) − v(σ)) + ρ(σ, u(σ; s; x) − v(σ)) ) dσ for t ≥ s. The remaining assertions are obvious. 2

Remark 4.4.

From (G2) and (G3) we obtain that the map IR_+ × X_0 ∋ (t, x) → B(t)x + ρ(t, x) satisfies condition (G0). Then Proposition 4.3 together with Theorem 3.4 imply that for T > 0 and s ≥ 0 there is ϵ > 0 such that (SNP )_{s,x} has a uniquely determined mild solution on [s, s+T ] for x ∈ v(s) + ϵB_{X0} .

Note that condition (G2) implies ‖ρ(t, h)‖ = o(‖h‖), h ∈ X_0, uniformly for t ∈ IR_+. So if we pass to the linearized non-autonomous equation (LNP )_{s,x} { d dt u(t) = Au(t) + B(t)u(t), t >≥ s, u(s) = x ∈ X_0, one should expect that (in-)stability of the zero solution of (LNP ) leads to (in-)stability of the zero solution of (SNP^′) and hence to (in-)stability of v. This turns out to be the desired principle of linearized (in-)stability (see Step 3 and Section 5). We point out that (LNP )_{s,x} always has a unique mild solution defined on [s, ∞). To make this more precise we introduce the following notion. A family (U(t, s))_{t≥s≥0} ⊆ L(X_0) is called an evolution family (EVF) on X_0 if U(t, t) = Id, U(t, r)U(r, s) = U(t, s) for t ≥ r ≥ s ≥ 0, (t, s) → U(t, s)x is continuous for x ∈ X_0, and there are constants M ≥ 1 and ω ∈ IR such that ‖U(t, s)‖ ≤ Me^{ω(t−s)} for t ≥ s ≥ 0. By a perturbation theorem of Rhandi ([24], Theorem 2.3), there is a unique EVF (U_B(t, s))_{t≥s≥0} on X_0 such that U_B(t, s)x = T_0(t − s)x + ∫ t s T_{−1}(t − σ)B(σ)U_B(σ, s)x dσ (4.1) for t ≥ s and x ∈ X_0. In particular, U_B(·, s)x, s ≥ 0, x ∈ X_0, is a mild solution of (LNP )_{s,x}. The uniqueness of the mild solution follows from a standard argument based on Gronwall’s inequality.

Step 2. From (SNP^0) to the autonomous equation (SAP)

In the next step, we introduce a semilinear autonomous equation (SAP) such that the zero solution has the same stability properties as the zero solution of (SNP^′). The way to obtain this equation is based on the construction of evolution semigroups (see [19], [26] and the references therein). For a Banach space Z denote by C_{00}(IR_+, Z) the space of continuous Z-valued functions on IR_+ vanishing at 0 and ∞ (equipped with the sup-norm). Let X_0 := C_{00}(IR_+, X_0), X := C_{00}(IR_+, F_0) and define operators T_0(t), t ≥ 0, on X_0 by

(T_0(t)f)(s) := { T_0(t)f(s − t) for s ≥ t 0 for 0 ≤ s < t.

The operator family (T_0(t))_{t≥0} is a C_0-semigroup on X_0, the so-called evolution semigroup induced by (T_0(t))_{t≥0}, and we denote its generator by A_0. In the same way the evolution semigroup induced by (T_{−1}(t))_{t≥0} leads to a C_0-semigroup (S(t))_{t≥0} on C_{00}(IR_+, X_{−1}). On X_0 we consider the semilinear autonomous equation (SAP)_g { d dt w(t) = A_0w(t) + Bw(t) + O^⋆(w(t)), t ≥ 0, w(0) = g ∈ X_0, where B : X_0 → X : g → [s → B(s)g(s)] and O^⋆ : X_0 → X : g → [s → ρ(s, g(s))]. Note that condition (G3) on G implies that B is bounded.

The following result allows to apply the results of Section 2 in the discussion of (SAP).

Proposition 4.5.

There is a Hille-Yosida operator A on X such that A_0 is the part of A in X_0. Moreover, ‖ · ‖_{X0} and ‖ · ‖_X are equivalent norms, on X_0 and X_0 = D(A)^{‖·‖}X .

Proof. Choose ω ∈ IR and M ≥ 1 such that ‖T_0(t)‖ ≤ Me^{ωt}, t ≥ 0. For Reλ > ω and f ∈ X set (R(λ)f)(s) := ∫ ∞ 0 e^{−λτ} (S(τ)f)(s) dτ for s ≥ 0. (4.2) By Lemma 2.6 and the definition of (S(t))_{t≥0} we have (R(λ)f)(s) = ∫ s 0 e^{−λτ} T_{−1}(τ)f(s − τ) dτ ∈ X_0 and ‖(R(λ)f)(s)‖_{X0} ≤ M_1 ∫ s 0 e^{−(λ−ω)τ} ‖f(s − τ)‖_{F0} dτ for f ∈ X and s ≥ 0. Thus R(λ) is a bounded linear operator from X to X_0.

By definition R(λ) is the restriction of the resolvent of the generator of (S(t))_{t≥0} to X . In particular, (R(λ))_{Reλ>ω} satisfies the resolvent identity and ker R(λ) = {0} for Reλ > ω. As a consequence there is a linear operator A on X such that R(λ) = R(λ, A) for Reλ > ω (see [11], Theorem 5.8.3) and R(λ, A)X = D(A) ⊆ X_0.

In order to show that A is a Hille-Yosida operator we differentiate λ → R(λ) (n − 1)-times. Then

(−1)^{(n−1)}(n − 1)!R(λ)^nf = d^{n−1} dλ^{n−1} R(λ)f = (−1)^{n−1} ∫ ∞ 0 τ^{n−1}e^{−λτ} S(τ)f dτ (4.3) for Reλ > ω and f ∈ X . Lemma 2.6 yields ‖(R(λ)^nf)(s)‖_{F0} ≤ c‖(R(λ)^nf)(s)‖ = c (n − 1)! ‖ ∫ ∞ 0 τ^{n−1}e^{−λτ} (S(τ)f)(s) dτ‖ = c (n − 1)! ‖ ∫ s 0 τ^{n−1}e^{−λτ} T_{−1}(τ)f(s − τ) dτ‖ ≤ cM_1 (n − 1)! ∫ s 0 τ^{n−1}e^{−(λ−ω)τ} ‖f(s − τ)‖_{F0} dτ ≤ cM_1 (λ − ω)^n ‖f‖_X for constants c, M_1 independent of f ∈ X , n ∈ IN and s ∈ IR_+. Thus A is a Hille-Yosida operator on X . If g ∈ D(A_0) and Reλ > ω, then there exists f ∈ X_0 such that

g = R(λ, A_0)f = ∫ ∞ 0 e^{−λτ} T_0(τ)f dτ = ∫ ∞ 0 e^{−λτ} S(τ)f dτ = R(λ, A)f. Hence D(A_0) ⊆ D(A) ⊆ X_0 and A_0g = Ag for g ∈ D(A_0).

On the other hand, if g ∈ D(A) ⊆ X_0 satisfies Ag ∈ X_0, then g = R(λ, A)(λ − A)g = λR(λ, A_0)g − R(λ, A_0)Ag ∈ D(A_0) for Reλ > ω. Thus A_0 is the part of A in X_0.

Finally, it can be easily seen that for the generator of a C_0-semigroup the norm of the Favard class and the graph norm are equivalent on the domain of the generator. Applying this to A_{−1} and the Favard class F_0 we obtain that on X_0 the norms ‖ · ‖_{X0} and ‖ · ‖_{F0} coincide. Hence the corresponding sup-norms on X_0 are equivalent. Since D(A_0) ⊆ D(A) ⊆ X_0 and D(A_0)^{‖·‖}X^0 = X_0 we obtain X_0 = D(A)^{‖·‖}X 2

Let X_{−1} be the extrapolation space of X_0 associated with A_0 and denote by F_0 ⊆ X_{−1} the corresponding extrapolated Favard class. The previous proposition and Lemma 2.5 (iv) yield

X_0 ⊆ X → F_0 ⊆ X_{−1}. (4.4)

Since B : X_0 → X is bounded the operator A + B with domain D(A + B) = D(A) is a Hille-Yosida operator on X (see [18], Lemma 4.1.1) and its part (A + B)_0 in X_0 generates a C_0-semigroup (T_B(t))_{t≥0} on X_0. Moreover, the extrapolation spaces of X_0 associated with A_0 and (A + B)_0, respectively, are isomorphic and (A + B)_{−1} = A_{−1} + B (see [18], Lemma 4.1.4). If (T_{−1}(t))_{t≥0} is the extrapolated C_0-semigroup of (T_0(t))_{t≥0} on X_{−1} then (T_B(t))_{t≥0} is uniquely determined by the formula

T_B(t)f = T_0(t)f + ∫ t 0 T_{−1}(t − σ)BT_B (σ)f dσ (4.5) for t ≥ 0 and f ∈ X_0.

We now show that in (4.5) we can replace the semigroup (T_{−1}(t))_{t≥0} by (S(t))_{t≥0}.

Lemma 4.6.

Let φ ∈ L^1_{loc}(IR_+, X ). Then ∫ t 0 T_{−1}(t − σ)φ(σ) dσ = ∫ t 0 S(t − σ)φ(σ) dσ for t ≥ 0. (4.6)

Proof. Note that T_{−1}(t)f = T_0(t)f = S(t)f for t ≥ 0 and f ∈ X_0. If D denotes the generator of (S(t))_{t≥0}, then by Lemma 2.3 and the definition of A we have R(λ, A) = R(λ, A_{−1})_{|X} = R(λ, D)_{|X} for λ > 0 sufficiently large. Moreover, by Lemma 2.6 (applied to the semigroups (T_0(t))_{t≥0} and (T_0(t))_{t≥0}) both integrals in (4.6) belong to X_0. Thus for λ > 0 sufficiently large and t ≥ 0 we obtain R(λ, A_0) ∫ t 0 T_{−1}(t − σ)φ(σ) dσ = ∫ t 0 R(λ, A_{−1})T_{−1}(t − σ)φ(σ) dσ = ∫ t 0 T_{−1}(t − σ)R(λ, A)φ(σ) dσ = ∫ t 0 T_0(t − σ)R(λ, A)φ(σ) dσ = ∫ t 0 S(t − σ)R(λ, A)φ(σ) dσ (4.7) = ∫ t 0 R(λ, D)S(t − σ)φ(σ) dσ = R(λ, A_0) ∫ t 0 S(t − σ)φ(σ) dσ. Since R(λ, A_0) is injective the assertion follows. 2

With Proposition 4.5 and Lemma 4.6 we are able to show how the C_0-semigroup (T_B(t))_{t≥0} and the evolution family (U_B(t, s))_{t≥s≥0} defined in (4.1) are connected. Set

S_B(t)f(s) := { U_B(s, s − t)f(s − t), s ≥ t ≥ 0, 0, 0 ≤ s < t, for f ∈ X_0. Then (S_B(t))_{t≥0} is a C_0-semigroup on X_0, the so-called evolution semigroup induced by (U_B(t, s))_{t≥s≥0} (see [19], [26]). Proposition 4.7.

The semigroups (T_B(t))_{t≥0} and (S_B(t))_{t≥0} coincide, i.e., T_B(t) = S_B(t) for t ≥ 0. Proof. Since (T_B(t))_{t≥0} is uniquely determined by formula (4.5) it suffies to show that (4.5) holds with (T_B(t))_{t≥0} replaced by (S_B(t))_{t≥0}. Fix f ∈ X_0 and t ≥ 0. If s ≥ t, then (4.1) and Lemma 4.6 yield S_B(t)f(s) = U_B(s, s − t)f(s − t) = T_0(t)f(s − t) + ∫ s s−t T_{−1}(s − σ)B(σ)U_B(σ, s − t)f(s − t) dσ = T_0(t)f(s) + ∫ t 0 T_{−1}(t − σ)B(s − t + σ)U_B(s − t + σ, s − t)f(s − t) dσ = T_0(t)f(s) + ( ∫ t 0 S(t − σ)BS_B(σ)f dσ ) (s) = T_0(t)f(s) + ( ∫ t 0 T_{−1}(t − σ) ) BS_B (σ)f dσ ) (s). Similarly, if t > s ≥ 0 we obtain

S_B(t)f(s) = 0 = T_0(t)f(s) + ( ∫ t 0 T_{−1}(t − σ)BS_B(σ)f dσ ) (s). 2 Step 3. Linearized stability for (SAP)

In order to obtain a principle of linearized stability for (SAP), we need additional information on the nonlinearity O^⋆. The next lemma follows immediately from (G2) and the definition of O^⋆. Lemma 4.8.

The mapping O^⋆ : X_0 → X satisfies O^⋆(0) = 0 and for every q > 0 there exists r > 0 such that ‖O^⋆(g) − O^⋆(h)‖ ≤ q‖g − h‖ for g, h ∈ rB_{X0} .

Lemma 4.8 and (4.4) show that the map B + O^⋆ satisfies condition (G1) with X_0 and F_0 replaced by X_0 and F_0, respectively. Remark 3.5 implies that for initial values g ∈ X_0 sufficiently close to zero (SAP)_g has a uniquely determined mild solution w defined on a fixed interval [0, T ], i.e., w ∈ C([0, T ], X_0) and

w(t) = T_0(t)g + ∫ t 0 T_{−1}(t − σ) ( Bw(σ) + O^⋆(w(σ)) ) dσ for t ∈ [0, T ].

Furthermore from Theorem 3.6 we obtain that w ∈ C([0, T ], X_0) is a mild solution of (SAP)_g if and only if

w(t) = T_B(t)g + ∫ t 0 T_B(t − σ)O^⋆(w(σ)) dσ for t ∈ [0, T ]. (4.8)

The following principle of linearized stability for (SAP) is now a direct consequence of Theorem 3.7.

Theorem 4.9.

Let the perturbed C_0-semigroup (T_B(t))_{t≥0} be exponentially stable. Then there exists ϵ > 0 such that for g ∈ ϵB_{X0} equation (SAP)_g has a uniquely determined mild sloution w(t; g) defined on [0, ∞), and there are constants M_0 ≥ 0 and ω_0 > 0 such that ‖w(t; g)‖ ≤ M_0e^{−ω0t} for t ≥ 0.

The next corollary connects exponential stability of the zero solution of (SAP) and (LNP ). The proof follows immediately from Theorem 4.9 and Proposition 4.7.

Corollary 4.10.

Let ‖U_B(t, s)‖ ≤ Me^{−ω(t−s)}, t ≥ s ≥ 0, for constants M ≥ 1 and ω > 0. Then the zero solution of (SAP) is exponentially stable.

Step 4. Linearized stability for (SNP )

In the last step we derive from Corollary 4.10 a principle of linearized stability for (SNP ). The following proposition shows how mild solutions of (SAP) and (SNP^′) are connected.

Proposition 4.11.

Let w(·; g), g ∈ X_0, be a mild solution of (SAP)_g defined on the interval [0, T ]. Then t → w(t − s; g)(t) is a mild solution of (SNP^′)_{s,g(s)} on [s, s + T ].

Conversely, let ϵ > 0 such that (SAP)_g has a unique mild solution w(·; g) defined on [0, T ] for every g ∈ ϵB_{X0} . If u(·; s; y) is a mild solution of (SNP^′)_{s,y} on [s, s + T ] and y ∈ ϵB_{X0} , then u(t) = w(t − s; g)(t) for every g ∈ ϵB_{X0} such that g(s) = y.

Proof. Let w(·; g), g ∈ X_0, be a mild solution of (SAP)_g on the interval [0, T ], i.e.,

w(t; g) = T_0(t)g + ∫ t 0 T_{−1}(t − σ)(Bw(σ; g) + o^⋆(w(σ; g))) dσ for t ∈ [0, T ]. Together with Lemma 4.6 this implies w(t − s; g) = T_0(t − s)g + ∫ t−s 0 S(t − s − σ) ( Bw(σ; g) + o^⋆(w(σ; g)) ) dσ for t ∈ [s, s + T ] and fixed s ∈ IR_+. If we evaluate this equation at t ∈ [s, s + T ] we obtain w(t − s; g)(t) = T_0(t − s)g(s) + ∫ t−s 0 T_{−1}(t − s − σ) ( B(s + σ)(w(σ; g)(s + σ)) + ρ(s + σ, w(s + σ; g)(s + σ)) ) dσ = T_0(t − s)g(s) + ∫ t s T_{−1}(t − σ) ( B(σ)(w(σ; g)(σ)) + ρ(σ, w(σ; g)(σ)) ) dσ, i.e., w(· − s; g)(·) is a mild solution of (SNP^′)_{s,g(s)} on [s, s + T ]. The second statement holds since the existence and uniqueness of a mild solution of (SAP)_g is garuanteed by the discussion following Lemma 4.8. 2

The main result of this section is the following principle of linearized stability for (SNP ) and the (fixed) mild solution v.

Theorem 4.12.

Let (U_B(t, s))_{t≥s≥0} be exponentially stable. Then the mild solution v of (SNP ) is uniformly exponentially stable.

Proof. By Corollary 4.10 the zero solution of (SAP) is exponentially stable. In particular, there exist constants M ≥ 0, ω > 0 and ϵ > 0 such that for every g ∈ ϵB_{X0} there is a unique mild solution w(·; g) : IR_+ → X_0 of (SAP)_g and ‖w(t; g)‖ ≤ Me^{−ωt}, t ≥ 0. From Proposition 4.11 we obtain that for y ∈ ϵB_{X0} and s ≥ 0 the mild solution u(·; s; y) of (SNP^′)_{s,y} is defined on [s, ∞) and satisfies ‖u(t; s; y)‖ ≤ Me^{−ω(t−s)}, t ≥ s. Thus, the zero solution of (SNP^′) is uniformly exponentially stable and hence, by Proposition 4.3, the mild solution v of (SNP ) is uniformly exponentially stable. 2

5 A principle of linearized instability

As in the previous section, we assume that v = v(·; 0; x_0) is a fixed mild solution of (SNP ) defined on IR_+ and that the nonlinearity G satisfies conditions (G2) and (G3). Moreover, as in Step 1 of Section 4, we pass to equation (SNP^′) d dt u(t) = Au(t) + B(t)u(t) + ρ(t, u(t)), t ≥ s ≥ 0, and hence it suffices to study the zero solution of (SNP^′) instead of v. Let (U_B(t, s))_{t≥s≥0} be the evolution family associated with the linearized equation (LNP ) d dt u(t) = Au(t) + B(t)u(t), t ≥ s ≥ 0, (see Step 1 of Section 4). Our aim is to find conditions on (U_B(t, s))_{t≥s} such that the zero solution of (SNP^′) and hence v is unstable. The following concept plays a crucial role.

Definition 5.1.

An evolution family (U(t, s))_{t≥s≥0} on the Banach space Z is said to have an exponential dichotomy (with constants β > α) if there exists a family of projections (P (t))_{t≥0} ⊆ L(Z) and constants M, L ≥ 1 such that (i) P (t)U(t, s) = U(t, s)P (s), (ii) ‖U(t, s)z‖ ≤ Me^{α(t−s)}‖z‖ for all z ∈ P (s)Z, (iii) ‖U(t, s)z‖ ≥ Le^{β(t−s)}‖z‖ for all z ∈ (Id − P (s))Z, (iv) the map U_|(t, s) : (Id − P (s))Z → (Id − P (t))Z: z → U(t, s)z is invertible for every t ≥ s ≥ 0.

Note that in [19], Lemma 4.2, it is shown that the family (P (t))_{t≥0} appearing in Definition 5.1 is automatically bounded and strongly continuous.

Next we introduce a Green’s operator function associated with (U(t, s))_{t≥s≥0}.

Definition 5.2.

Let (U(t, s))_{t≥s≥0} be an exponentially dichotomic evolution family on the Banach space Z with corresponding family of projections (P (t))_{t≥0} ⊆ L(Z). Then Γ_U (·) : IR_+ × IR_+ → L(Z) given by (t, s) → { U(t, s)P (s) for t ≥ s ≥ 0 −[U_|(s, t)]^{−1}(Id − P (s)) for 0 ≤ t < s is called the Green’s operator function corresponding to (U(t, s))_{t≥s≥0} and (P (t))_{t≥0}.

A variant of the following lemma can be found in [13], Proposition 1.2. The proofs are essentially the same and straightforward.

Lemma 5.3.

Let (U(t, s))_{t≥s≥0} be an exponentially dichotomic evolution family on the Banach space Z with constants β > 0 > α and corresponding family of projections (P (t))_{t≥0}. Then for every z_s ∈ P (s)Z and every bounded continuous function f : [s, ∞) → Z there is a unique bounded continuous function z : [s, ∞) → Z such that z(t) = U(t, s)z(s) + ∫ t s U(t, σ)f(σ) dσ for t ≥ s and P (s)z(s) = z_s. Moreover, the function z(·) is given by z(t) = U(t, s)P (s)z(s) + ∫ ∞ s Γ_U (t, σ)f(σ) dσ for t ≥ s.

As in Section 4 we first turn from the linearized equation (LNP ) to the autonomous nonlinear equation (SAP). Assuming that (U_B(t, s))_{t≥s≥0} (i.e., the family of mild solutions of (LNP )) has an exponential dichotomy with constant β > 0 we will prove instability of the zero solution of (SAP). In order to exploit the lower exponential estimate of (U_B(t, s))_{t≥s≥0}, it is advantageous to rewrite formula (4.8). Recall that C := A+B is a Hille-Yosida operator on X and the part C_0 of C in X_0 generates a C_0-semigroup (see Section 3, Step 2). Thus f = lim_{λ→∞} λR(λ, C_0)f = lim_{λ→∞} λR(λ, C)f for f ∈ X_0. If w(·; g), g ∈ X_0, is a mild solution of (SAP)_g on [0, T ], this together with Proposition 3.6 leads to w(t; g) = lim_{λ→∞} λR(λ, C)T_B(t)g + lim_{λ→∞} λR(λ, C) ∫ t 0 (T_B)_{−1}(t − σ)O^⋆(w(σ; g)) dσ = lim_{λ→∞} T_B(t)λR(λ, C)g + lim_{λ→∞} ∫ t 0 λR(λ, C_{−1})(T_B)_{−1}(t − σ)O^⋆(w(σ; g)) dσ = lim_{λ→∞} T_B(t)λR(λ, C)g + lim_{λ→∞} ∫ t 0 T_B(t − σ)λR(λ, C)O^⋆(w(σ; g)) dσ for t ∈ [0, T ].

Evaluating w(t − s; g) at t we obtain with Proposition 4.7 w(t − s; g)(t) = lim_{λ→∞} U_B(t, s) ( λR(λ, C)g ) (s) + lim_{λ→∞} ∫ t−s 0 T_B(t − s − σ) ( λR(λ, C)O^⋆(w(σ; g)) ) (t) dσ = lim_{λ→∞} U_B(t, s) ( λR(λ, C)g ) (s) (5.1)

+ lim_{λ→∞} ∫ t−s 0 U_B(t, s + σ) ( λR(λ, C)O^⋆(w(σ; g)) ) (s + σ) dσ = lim_{λ→∞} U_B(t, s) ( λR(λ, C)g ) (s) + lim_{λ→∞} ∫ t s U_B(t, σ) ( λR(λ, C)O^⋆(w(σ − s; g)) ) (σ) dσ for 0 ≤ s ≤ t in [0, T ] and w(t − s; g)(t) = lim_{λ→∞} ∫ t−s −s U_B(t, s + σ) ( λR(λ, C)O^⋆(w(σ; g)) ) (s + σ) dσ (5.2)

= lim_{λ→∞} ∫ t 0 U_B(t, σ) ( λR(λ, C)O^⋆(w(σ − s; g)) ) (σ) dσ for t ∈ [0, T ] and s < 0. Now, with (5.1) and (5.2), we can show instability of the zero solution of (SAP) in the following situation.

Theorem 5.4.

If the EVF (U_B(t, s))_{t≥s≥0} has an exponential dichotomy with constants β > α, β > 0, and projections (P (t))_{t≥0} such that ker P (s_0) ≠ 0 for some s_0 ∈ IR_+, then the zero solution of (SAP) is unstable.

Proof. There exist constants L, M ≥ 1 such that ‖U_B(t, s)P (s)x‖ ≤ Me^{α(t−s)}‖P (s)x‖ and ‖U_B(t, s)(Id − P (s))x‖ ≥ Le^{β(t−s)}‖(Id − P (s))x‖ for t ≥ s ≥ 0 and x ∈ X_0. Choose γ > 0 such that β > γ > α and define the rescaled EVF W (t, s) := e^{−γ(t−s)}U_B(t, s), t ≥ s ≥ 0. Note that (W (t, s))_{t≥s≥0} has an exponential dichotomy with constants β − γ > 0 > α − γ. Let C := sup_{0≤t<∞}{‖P (t)‖, ‖Id − P (t)‖} and M_0 := lim_{λ→∞}‖λR(λ, C)‖. Now take 0 < q < (2CM_0{^M_{γ−α} +^L_{β−γ} })^{−1}. By Lemma 4.8 there exists r > 0 such that ‖O^⋆(g)‖ ≤ q‖g‖ for g ∈ rB_{X0} . We prove the theorem by contradiction, i.e., we assume that the zero solution of (SAP) is stable. In particular, there is δ > 0 such that each mild solution w(·; g) of (SAP)_g, g ∈ δB_{X0} , is defined on [0, ∞) and satisfies ‖w(·; g)‖ ≤ r. Consider the projection Q on X_0 defined by (Qg)(s) = (Id − P (s))g(s), s ≥ 0. Then from the representation of (T_B(t))_{t≥0} given in Proposition 4.7 and property (i) of Definition 5.1 it follows that QT_B (t) = T_B(t)Q, t ≥ 0. As a consequence QR(λ, C_0) = R(λ, C_0)Q for λ ∈ ρ(C_0). Now choose 0 ≠ g_0 ∈ δB_{X0} such that g_0(s) ∈ (Id − P (s))X_0 for every s ≥ 0. Then R(λ, C_0)g_0 ≠ 0 and R(λ, C_0)g_0(s) ∈ (Id − P (s))X_0 for λ ∈ ρ(C_0) and s ≥ 0. If s ∈ IR and λ ∈ ρ(C_0) then z = e^{−γ(·−s)} ( λR(λ, C_0)w(· − s; g_0) ) (·) and f = e^{−γ(·−s)} ( λR(λ, C_0)O^⋆(w(· − s; g_0)) ) (·) are bounded continuous X_0−valued functions on [max{s, 0}, ∞). Moreover, as in (5.1) and (5.2) we obtain e^{−γ(t−s)} ( λR(λ, C_0)w(t − s; g_0) ) (t)

= W (t, s) ( λR(λ, C_0)g_0 ) (s) + ∫ t s W (t, σ)e^{−γ(t−s)} ( λR(λ, C)O^⋆(w(σ − s; g_0)) ) (σ) dσ for t ≥ s ≥ 0 ∫ t 0 W (t, σ)e^{−γ(t−s)} ( λR(λ, C)O^⋆(w(σ − s; g)) ) (σ) dσ for t ≥ 0 and s < 0.

Thus we can apply Lemma 5.3 to z, f and (W (t, s))_{t≥s≥0} and hence e^{−γ(t−s)} ( λR(λ, C_0)w(t − s; g_0) ) (t)

= ∫ ∞ s Γ_W (t, σ)e^{−γ(σ−s)} ( λR(λ, C)O^⋆(w(σ − s; g_0)) ) (σ) dσ for t ≥ s ≥ 0 ∫ ∞ 0 Γ_W (t, σ)e^{−γ(σ−s)} ( λR(λ, C)O^⋆(w(σ − s; g_0)) ) (σ) dσ for t ≥ 0 and s < 0.

By taking norms and passing to λ → ∞ this leads to sup_{t≥s≥0} ‖e^{−γ(t−s)}w(t − s; g_0)(t)‖ = sup_{t≥s≥0} lim_{λ→∞} ‖e^{−γ(t−s)}λR(λ, C_0)w(t − s; g_0)(t)‖ ≤ sup_{t≥s≥0} lim_{λ→∞}{ ∫ t s ‖W (t, σ)P (σ)‖e^{−γ(σ−s)}‖λR(λ, C)‖_{L(X ,X )}q‖w(σ − s; g_0)‖ dσ + ∫ ∞ t ‖W_|(σ, t)^{−1}(Id − P (σ))‖e^{−γ(σ−s)}‖λR(λ, C)‖_{L(X ,X )}q‖w(σ − s; g_0)‖ dσ} ≤ CqM_0 sup_{0≤τ<∞} ‖e^{−γτ} w(τ; g_0)‖{ M γ − α + L β − γ } and sup s<0,t≥0 ‖e^{−γ(t−s)}w(t − s; g_0)(t)‖ = sup_{s<0,t≥0} lim_{λ→∞} ‖e^{−γ(t−s)}λR(λ, C_0)w(t − s; g_0)(t)‖ ≤ sup_{s<0,t≥0} lim_{λ→∞}{ ∫ t 0 ‖W (t, σ)P (σ)‖e^{−γ(σ−s)}‖λR(λ, C)‖_{L(X ,X )}q‖w(σ − s; g_0)‖ dσ + ∫ ∞ t ‖W_|(σ, t)^{−1}(Id − P (σ))‖e^{−γ(σ−s)}‖λR(λ, C)‖_{L(X ,X )}q‖w(σ − s; g_0)‖ dσ} ≤ CqM_0 sup_{0≤τ<∞} ‖e^{−γτ} w(τ; g_0)‖{ M γ − α + L β − γ }. Thus sup s∈IR,t≥max{s,0} ‖e^{−γ(t−s)}w(t − s; g_0)(t)‖ ≤ 1 2 sup 0≤τ<∞ ‖e^{−γτ} w(τ; g_0)‖_{X0} . (5.3) Inequality (5.3) can only be true if w(·; g_0) ≡ 0 which is a contradiction to g_0 ≠ 0. 2 We now state the main result of this section. It is a principle of linearized instability for (SNP ) and the fixed mild solution v. Theorem 5.5.

If the EVF (U_B(t, s))_{t≥s≥0} has an exponential dichotomy with constants β > α, β > 0, and projections (P (t))_{t≥0} such that ker P (s_0) ≠ 0 for some s_0 ∈ IR_+, then the zero solution of (SNP ) is unstable.

Proof. By condition (G2) there exist q, r > 0 such that ‖ρ(t, x)‖ ≤ q‖x‖ for t ≥ 0 and x ∈ rB_{X0} (see Section 4, Step 1). Moreover, by Theorem 5.4 the zero solution of (SAP) is unstable. In particular, there exists 0 < ϵ ≤ r such that for every δ > 0 one can find 0 ≠ g_δ ∈ δB_{X0} and t_δ > 0 such that the mild solution w(·; g_δ) of (SAP)_{gffi} satisfies ‖w(t_δ; g_δ)‖ = ϵ and ‖w(t; g_δ)‖ ≤ ϵ for 0 ≤ t ≤ t_δ. Choose s_δ ∈ IR_+ such that ‖w(t_δ; g_δ)‖ = ‖w(t_δ; g_δ)(s_δ)‖. We claim that s_δ ≥ t_δ. In fact, let 0 ≤ s < t_δ. Choose M ≥ 1 and ω ∈ IR such that ‖T_0(t)‖ ≤ Me^{ωt}, set C := sup_{t≥0} ‖B(t)‖ and let M_1 be as in Lemma 2.6. Then ‖w(s + t_δ − s; g_δ)(s)‖ = ‖w(t_δ; g_δ)(s)‖ = ‖(T_0(t_δ)g_δ)(s) + ∫ tffi 0 T_{−1}(t_δ − σ)(Bw(σ; g_δ) + O^⋆(w(σ; g_δ))) dσ(s)‖ ≤ M_1 ∫ s 0 e^{ω(s−σ)}‖B(σ)w(σ + t_δ − s; g_δ)(σ) + ρ(σ, w(σ + t_δ − s; g_δ))‖ dσ ≤ M_1 ∫ s 0 e^{ω(s−σ)}(C + q)‖w(σ + t_δ − s; g_δ)(σ)‖ dσ. An application of Gronwall’s inequality yields w(t_δ; g_δ)(s) = 0, and the claim follows. From Proposition 4.11 we know that t → u(t) := w(t − s_δ + t_δ; g_δ)(t) is a mild solution of (SNP^′)_{sffi−tffi,g(sffi−tffi)}. Since g(s_δ − t_δ) ∈ δB_{X0} and ‖u(s_δ)‖ = ϵ, we obtain instability of the zero solution of (SNP^′). Hence, by Proposition 4.3, v is an unstable solution of (SNP ). 2

6 Non-autonomous retarded differential equations

In this section we apply the results obtained for (SNP ) to retarded differential equations. Throughout the whole section Y is a fixed Banach space and we set E := C([−1, 0], Y ). For s ≥ 0, a function v ∈ C([s − 1, ∞), Y ) and t ≥ s we define v_t ∈ E by v_t(r) := v(t + r), r ∈ [−1, 0]. We consider the non-autonomous semilinear retarded differential equation (RSNP_a)_{s,g} { d dt v(t) = Bv(t) + K(t, v_t), t ≥ s ≥ 0, v_s = g ∈ C([−1, 0], Y ), where (B, D(B)) is the generator of a C_0-semigroup (S(t))_{t≥0} on Y and K : IR_+ × E → Y is a continuous nonlinear mapping such that

(K1) K(t, 0) = 0 for every t ∈ IR_+,

(K2) K is Fréchet-differentiable at 0 ∈ E with Fréchet-derivative DK(t, 0) and for every q > 0 there exists r > 0 such that ‖K(t, h_1) − K(t, h_2) − DK(t, 0)(h_1 − h_2)‖_Y ≤ q‖h_1 − h_2‖_E for t ∈ IR_+ and h_1, h_2 ∈ rB_E,

(K3) the map IR_+ ∋ t → DK(t, 0) is strongly continuous and bounded.

A comprehensive discussion of retarded differential equations can be found in [9]. For results connected with existence, uniqueness and stability of solutions of (RSNP_a) we also refer to [21], [29] in the autonomous case and to [6], [7], [23] in the non-autonomous situation. We now give the definition of a mild solution of (RSNP_a) (cf. [21]).

Definition 6.1.

A function v(·; s; g) ∈ C([s − 1, T ], Y ), T > s ≥ 0, is called a mild solution of (RSNP_a)_{s,g} on the interval [s − 1, T ] if { v(t; s; g) = S(t − s)g(0) + ∫ t s S(t − σ)K(σ, v_σ(·; s; g)) dσ, t ∈ [s, T ], v(t; s; g) = g(t − s), t ∈ [s − 1, s]. We now transform (RSNP_a) into another equation such that we can apply the results developed in the previous sections. For that we set X := Y × E and consider the equation (RSNP_b)_{s,x} { d dt u(t) = Au(t) + G(t, u(t)), t ≥ s ≥ 0, u(s) = x ∈ E, where A : D(A) → X is the linear operator on X given by A ( 0 f ) = ( −f^′(0) + Bf(0) f^′ ) , D(A) := { ( 0 f ) ∈ {0} × E : f ∈ C^1([−1, 0], Y ), f(0) ∈ D(B)}, and G : IR_+ × D(A) → X : (t, ( 0 f ) ) → ( K(t,f) 0 ) . Note that the conditions on K imply that G satisfies (G2) and (G3) (see Section 4). Moreover, in [24] it is shown that (A, D(A)) is a Hille-Yosida operator on X and for λ ∈ ρ(B) ∩ ρ(A_0) the resolvent R(λ; A) is given by R(λ, A) ( x f ) = ( 0 e_λ ⊗ R(λ, B)x + R(λ, A_0)f ) , (6.1)

where e_λ ⊗ y : [−1, 0] → Y : s → e^{λs}y for y ∈ Y. It is known that on the Banach space E the operator A_0 defined by

A_0f := f^′, D(A_0) := {f ∈ C^1([−1, 0], Y ) : f(0) ∈ D(B) and f^′(0) = Bf(0)},

is the generator of a C_0-semigroup (T_0(t))_{t≥0} given by

(T_0(t)f)(r) = { f(t + r) if t + r ≤ 0, S(t + r)f(0) if t + r > 0,

(see [17] B.IV.3.1). Obviously, the operator A_0 can be identified with the part of A on {0} × E = D(A). Therefore we do not distinguish between (T_0(t))_{t≥0} and the C_0-semigroup generated by the part of A on D(A). From Theorem 3.4 we know that for every s ≥ 0 and every T > s there is ϵ > 0 such that (RSNP_b)_{s,g} has a unique mild solution on [s, T ] for every g ∈ ϵB_E. Note that u ∈ C([s, T ], E) is a mild solution of (RSNP_b)_{s,g} if ( 0 u(t) ) = T_0(t − s) ( 0 g ) + ∫ t s T_{−1}(t − σ)G(σ, u(σ)) dσ, t ∈ [s, T ]. (6.2) We show how mild solutions of (RSNP_b) are connected with mild solutions of (RSNP_a).

Theorem 6.2.

If u ∈ C([s, T ], E) satisfies equation (6.2) for all t ∈ [s, T ], then t → u(t)(0) is a mild solution of (RSNP_a)_{s,g}. Conversely, if t → v(t) is a mild solution of (RSNP_a)_{s,g} on [s − 1, T ], then t → v_t satisfies equation (6.2).

Proof. At first we look at the expression ∫ t 0 T_{−1}(σ) ( x 0 ) dσ ∈ {0} × E for x ∈ Y and t ≥ 0. Since A is a Hille-Yosida operator, we have ∫ t 0 T_{−1}(σ) ( x 0 ) dσ = lim_{λ→∞} λR(λ, A_0) ∫ t 0 T_{−1}(σ) ( x 0 ) dσ = lim_{λ→∞} ∫ t 0 T_0(σ)λR(λ, A) ( x 0 ) dσ for x ∈ Y and t ≥ 0. If τ ∈ [−1, 0] and pr_E is the coordinate projection from X onto E, we obtain from (6.1) pr_E(T_0(σ)λR(λ, A) ( x 0 ) )(τ) = (T_0(σ)λe_λ ⊗ R(λ, B)x)(τ) = { λe^{λ(τ+σ)}R(λ, B)x if τ + σ ≤ 0, S(τ + σ)λR(λ, B)x if τ + σ > 0. This yields pr_E( ∫ t 0 T_0(σ)λR(λ, A) ( x 0 ) dσ)(τ) = { R(λ, B)(e^{λ(t+τ)} − e^{λτ} )x if t + τ ≤ 0, R(λ, B)(1 − e^{λτ} )x + ∫ t+τ 0 S(σ)λR(λ, B)x dσ if t + τ > 0. Passing to the limit λ → ∞ we obtain pr_E( ∫ t 0 T_{−1}(σ) ( x 0 ) dσ)(τ) = { 0 if t + τ ≤ 0, ∫ t+τ 0 S(σ)x dσ if t + τ > 0. Now let u ∈ C([s, T ], E) such that (6.2) holds. Then for t ∈ [s, T ] and τ ∈ [−1, 0] we have (u(t))(τ) = (T_0(t − s)g)(τ) + pr_E( d dt ∫ t s ∫ r s T_{−1}(r − σ)G(σ, u(σ)) dσ dr)(τ) = (T_0(t − s)g)(τ) + pr_E( d dt ∫ t s ∫ t σ T_{−1}(r − σ)G(σ, u(σ)) dr dσ)(τ) = (T_0(t − s)g)(τ) + pr_E( d dt ∫ t s ∫ t−σ 0 T_{−1}(r)G(σ, u(σ)) dr dσ)(τ) (6.3) = { (T_0(t − s)g)(τ) if t + τ ≤ s, (T_0(t − s)g)(τ) +^d_{dt} ∫ t+τ s ∫ t−σ+τ 0 S(r)K(σ, u(σ)) dr dσ if t + τ > s. From (6.3) we obtain for τ = 0 and t ∈ [s, T ] [u(t)](0) = S(t − s)g(0) + d dt ∫ t s ∫ t−σ 0 S(r)K(σ, u(σ)) dr dσ = S(t − s)g(0) + d dt ∫ t s ∫ t σ S(r − σ)K(σ, u(σ)) dr dσ = S(t − s)g(0) + ∫ t s S(t − σ)K(σ, u(σ)) dσ.

We define z(t) = { u(t)(0) for t ∈ [s, T ], g(t − s) for t ∈ [s − 1, s]. With (6.3) we obtain

z_σ(τ) = z(σ + τ) = u(σ)(τ) for τ ∈ [−1, 0] and σ ∈ [s, T ].

Thus z_σ(·) = u(σ)(·) for σ ∈ [s, T ] and hence z is a mild solution of (RSNP_a). The second statement is proved in the same way. 2

Corollary 6.3.

If (U(t, s))_{t≥s≥0} is the evolution family on E determined by the integral formula ( 0 U(t, s)g ) = T_0(t − s) ( 0 g ) + ∫ t s T_{−1}(t − σ)DG(σ, 0) ( 0 U(σ, s)g ) dσ (6.4) for t ≥ s ≥ 0, g ∈ E and DG(σ, 0) ( 0 h ) = ( DK(σ,0)h 0 ) , h ∈ E, then the map t → [U(t, s)g](0) is the unique mild solution of the linear problem (RLNP )_{s,g} { d dt v(t) = Bv(t) + DK(t, 0)v_t, t ≥ s ≥ 0, v(s) = g ∈ C([−1, 0], Y ). On the other hand, if t → v(t) is a mild solution of (RLNP )_{s,g}, then t → v_t satisfies equation (6.4).

Proof. By (4.1) the operator family (U(t, s))_{t≥s} defined by (6.4) is an evolution family. The assertion follows by applying Theorem 6.2 to (RLNP ) instead of (RSNP_a). 2

We are now in a position to prove the following principle of linearized stability. It should be clear how uniform exponential stability of a mild solution of (RSNP_a) is defined.

Theorem 6.4.

If the zero solution of (RLNP) is uniformly exponentially stable, then the zero solution of (RSNP_a) is uniformly exponentially stable.

Proof. Let the zero solution of (RLNP ) be uniformly exponentially stable. Then we can find δ > 0, M ≥ 1 and ω > 0 such that for every g ∈ δB_{C([−1,0],Y )} and every s ≥ 0 the mild solution v(·; s; g) of (RLNP )_{s,g} is defined on [s − 1, ∞) and ‖v(t + r; s; g)‖_Y ≤ Me^{−ω(t+r−s)} for t ≥ s and r ∈ [−1, 0]. Together with Corollary 6.3 this implies ‖U(t, s)g‖_E = ‖v_t(·; s; g)‖_E ≤ M̃e^{−ω(t−s)} for t ≥ s and a constant M̃ ≥ 1, where (U(t, s))_{t≥s≥0} is the evolution family given by formula (6.4). Combining Theorem 4.12 and Theorem 6.2 we obtain the desired result. 2

As a concrete example we discuss the retarded differential equation (E) { ∂ ∂t v(x, t) = −^∂_{∂x} (g(x)v(x, t)) + k(t)f(v(x, t − 1)), 0 ≤ x ≤ 1, t ≥ s ≥ 0, v(x, t) = φ(x, t − s), 0 ≤ x ≤ 1, s − 1 ≤ t ≤ s, with initial value φ ∈ C([0, 1] × [−1, 0]). We assume that g ∈ C^1[0, 1], g(0) = 0, g(x) > 0 for 0 < x ≤ 1, ∫ 1 0 1 g(s) ds = ∞, f : IR → IR is continuously differentiable in a neighborhood of 0,

f(0) = 0 and k : IR_+ → IR is continuous. For k ≡ c ∈ IR, a similar equation is studied in [5]. There it is shown that on the Banach space Y = C[0, 1] the operator (B, D(B)) defined by (Bψ)(x) = { −(g(x)ψ(x))^′ if 0 < x ≤ 1, (Bψ)(0) = −g^′(0)ψ(0) if x = 0, D(B) = {ψ ∈ C[0, 1] : ψ is differentiable on (0, 1], ψ^′ ∈ C[0, 1], lim_{x→0} g(x)ψ^′(x) = 0}, is the infinitesimal generator of a C_0−semigroup (S(t))_{t≥0} given by (S(t)ψ)(x) = exp(− ∫ t 0 g^′(h^{−1}(h(x)e^{−s})) ds)ψ(h^{−1}(h(x)e^{−t})) for ψ ∈ C[0, 1], where h(x) = exp( ∫ x 1 1 g(s) ds). In particular, if g

′(x) > 0 on [0, 1] and I := inf_{0≤x≤1} g^′(x) then ‖S(t)‖ ≤ e^{−It}, t ≥ 0. We define E = C([−1, 0], Y ), K : IR_+ × E → Y : (t, φ) → [x → k(t)f(φ(−1)(x))] and assume that for every q > 0 there is r > 0 such that |f(x_1) − f(x_2) − f^′(0)(x_1 − x_2)| ≤ q|x_1−x_2| for x_1, x_2 ∈ rB_{IR}. This is for example the case if f(x) := x(x+1) or f(x) := x(x−1), x ∈ [0, 1]. In addition we assume that the function k is bounded. Then K satisfies conditions (K1) and (K2) and

(DK(t, 0)φ)(x) = k(t)f^′(0)φ(−τ)(x) for t ≥ 0, x ∈ [0, 1] and φ ∈ C[−1, 0]. Therefore with Theorem 3.4 and Theorem 6.2 we obtain that there is a unique function u ∈ C([0, 1] × IR_+) satisfying the following integrated version of (E) v(x, t) = φ(h^{−1}(h(x)e^{−(t−s)}), 0)exp(− ∫ t−s 0 g^′(h^{−1}(h(x)e^{−σ})) dσ)+ ∫ t s k(σ)f(v(h^{−1}(h(x)e^{−(t−σ)}), σ − 1))exp(− ∫ t−σ 0 g^′(h^{−1}(h(x)e^{−ξ})) dξ) dσ for 0 ≤ x ≤ 1, t > s ≥ 0, and v(x, t) = φ(x, t − s) for 0 ≤ x ≤ 1, − 1 + s ≤ t ≤ s. Now assume |k(t)f^′(0)| < I for t ≥ 0. Then K also satisfies condition (K3). Moreover, with Gronwalls’s lemma we obtain that the zero solution of the linearized equation v(x, t) = φ(h^{−1}(h(x)e^{−(t−s)}), 0)exp(− ∫ t−s 0 g^′(h^{−1}(h(x)e^{−σ})) dσ)+ ∫ t s k(σ)f^′(0)v(h^{−1}(h(x)e^{−(t−σ)}), σ − 1)exp(− ∫ t−σ 0 g^′(h^{−1}(h(x)e^{−ξ})) dξ) dσ for 0 ≤ x ≤ 1, t > s ≥ 0, and v(x, t) = φ(x, t − s) for 0 ≤ x ≤ 1, − 1 + s ≤ t ≤ s, is uniformly exponentially stable. Thus, by Theorem 6.4, the zero solution of (E) is uniformly exponentially stable.

References

[1] P. Clément, O. Diekmann, M. Gyllenberg, H. Heijmans, H. Thieme, Nonlinear Lipschitz continuous perturbations in the sun-reflexive case. In G. DaPrato and M. Iannelli (eds.) Volterra Integro-Differential Equations in Banach Spaces and Applications, 67– 89, Pitman Research Notes in Mathematics, Longman, Essex, 1987.

[2] G. Da Prato, P. Grisvard, On extrapolation spaces, Atti Accad. Naz. Lincei, Mat. Nat.

Vol. 72 (1982), 330–332.

[3] G. Da Prato, E. Sinestrari, Differential operators with non dense domain, Ann. Sc.

Norm. Super. Pisa, Vol.14 (1987), 285–344.

[4] W. Desch, W. Schappacher, K. Zhang, Semilinear evolution equations, Houston J.

Math. Vol. 15 (1989), 527–552.

[5] J. Dyson, R. Villella-Bressan, G. Webb, A semilinear transport equation with delays, to appear.

[6] J. Dyson, R. Villella-Bressan, Functional differential equations and non-linear evolution operators, Proc. R. Soc. Edinb., Sect. A, Vol. 75 (1976), 223–234.

[7] W.E. Fitzgibbon, Stability for abstract nonlinear Volterra equations involving finite delay, J. Math. Anal. Appl. Vol. 60 (1977), 429–434.

[8] G. Greiner, Linearized stability for hyperbolic evolution equations with semilinear boundary conditions, Semigroup Forum Vol. 38 (1989), 203–214.

[9] J.K. Hale, S.M. Verduyn-Lunel, “Introduction to Functional Differential Equations,” Springer-Verlag, New-York, 1993.

[10] D. Henry, “Geometric Theory of Semilinear Parabolic Equations,” Springer-Verlag, Berlin, 1981.

[11] E. Hille, R. Phillips, “Functional Analysis and Semigroups,” American Mathematical Society, Providence R.I., 1957.

[12] H. Kellermann, Linear evolution equations with time-dependent domain, Semesterbericht Funktionalanlysis Vol. 9 (1985), 15–45.

[13] Y. Latushkin, T. Randolph, R. Schnaubelt, Exponential dichotomy and mild solutions of nonautonomous equations in Banach spaces, to appear in J. Dyn. Differ. Equations.

[14] A. Lunardi, “Analytic Semigroups and Optimal Regularity in Parabolic Problems,” Birkhäuser-Verlag, Basel, Boston, Berlin, 1995.

[15] M. Müller, Spektraler Abbildungssatz und semilineare Cauchy-Probleme für integrierte Halbgruppen, Dissertation, Tübingen, 1992.

[16] R. Nagel, E. Sinestrari, Inhomogeneous Volterra integrodifferential equations for Hille- Yosida operators. In K.D. Bierstedt, A. Pietsch, W.M. Ruess, D.Voigt (eds.) Functional Analysis, 51–70, Marcel Dekker, 1989.

[17] R. Nagel (ed.), “One - Parameter Semigroups of Positive Operators,” Lecture Notes in Mathematics, Springer-Verlag, New York, 1986.

[18] J. van Neerven, “The Adjoint of a Semigroup of Linear Operators,” Lecture Notes in Mathematics, Springer-Verlag, New York, 1992.

[19] Nguyen Van Minh, F. Räbiger, R. Schnaubelt, Exponential stability, exponential expansiveness, and exponential dichotomy of evolution equations on the half-line, Tübinger Berichte zur Funktionalanalysis Vol.6 (1997), 198–216.

[20] G. Nickel, A. Rhandi, On the essential spectral radius of semigroups generated by perturbations of Hille-Yosida operators, to appear in Differ. Integral Equ.

[21] M. Parrott, Linearized stability and irreduciblity for a functional differential equation, SIAM J. Math. Anal. Vol. 23 (1992), 649–661.

[22] A. Pazy, “Semigroups of Linear Operators and Applications to Partial Differential Equations,” Springer-Verlag, London, New York, Berlin, Heidelberg, Paris, 1983.

[23] R. Redlinger, On the asymptotic behavior of a semilinear functional differential equation in Banach space, J. Math. Anal. Appl. Vol. 112 (1985), 371–377.

[24] A. Rhandi, Extrapolation methods to solve non-autonomous retarded partial differential equations, to appear in Studia Math.

[25] R. Sacker, G. Sell, Dichotomies for linear evolutionary equations in Banach spaces, J.

Differ. Equations Vol. 113 (1994), 17–67.

[26] R. Schnaubelt, Exponential bounds and hyperbolicity of evolution families, Dissertation, Tübingen, 1996.

[27] H. Thieme, Semiflows generated by Lipschitz perturbations of non-densely defined linear operators, Differ. Integral Equ. Vol. 3 (1990), 1035–1066.

[28] H. Thieme, Integrated semigroups and integrated solutions to abstract Cauchy problems, J. Math. Anal. Appl. Vol. 152 (1990), 416–447.

[29] C. Travis, G. Webb, Existence and stability for partial functional differential equations, Trans. Amer. Math. Soc. Vol. 200 (1974), 395–418.

[30] G. Webb, “Theory of Nonlinear Age-Dependent Population Dynamics,” Marcel Dekker, New York, 1985.