SUFFICIENT CONDITIONS FOR EXPONENTIAL STABILITY AND DICHOTOMY OF EVOLUTION EQUATIONS

ROLAND SCHNAUBELT

Abstract. We present several sufficient conditions for exponential stability and dichotomy of solutions of the evolution equation u^0(t) = A(t)u(t) (�) on a Banach space X. Our main theorem says that if the operators A(t) generate analytic semigroups on X having exponential dichotomy with uniform constants and A(�) has a sufficiently small Hölder constant, then (�) has exponential dichotomy. We further study robustness of exponential dichotomy under time dependent unbounded Miyadera-type perturbations. Our main tool is a characterization of exponential dichotomy of evolution families by means of the spectra of the so-called evolution semigroup on C_0(R, X) or L^1(R, X).

1. Introduction and preliminaries

Exponential dichotomy is one of the fundamental asymptotic properties of solutions of the linear Cauchy problem (CP ) {_d dt u(t) = A(t)u(t), t > s, u(s) = x in a Banach space X. It also plays an important role in the investigation of qualitative properties of nonlinear evolution equations such as linearized (in-)stability or the existence of center manifolds, see e.g. [8, 12, 19, 32] and the references therein.

In the autonomous case, i.e., A(t) ≡ A, exponential dichotomy is charcaterized by the spectral condition σ(A) ∩ iR = ∅ provided that, for instance, A generates an analytic or, more generally, an eventually norm continuous semigroup. In particular, in this case the semigroup is exponentially stable if and only if s(A) := sup{Re λ : λ ∈ σ(A)} < 0. For this and related facts and the spectral theory of C_0–semigroups we refer to the monograph [20]. Unfortunately, in the non-autonomous situation such a criterion fails even for X = C^2 , [7, p.3]. In an appendix we present a rather drastic example illustrating this phenomenon for infinite dimensional X: There exist generators A(t), t ≥ 0, of uniformly bounded, commuting, positive C_0–semigroups on an L^1–space such that A(·) is smooth in a certain sense, (CP) is well-posed, and s(A(t)) = −∞ except for a sequence (t_k) where A(t_k) = 0. However, the corresponding evolution family U grows faster than any exponential. A related example for bounded operators A(t) is also constructed.

1991 Mathematics Subject Classification. Primary: 34G10; Secondary: 35K10, 47A55, 47D06. Key words and phrases. Evolution equation, evolution family, exponential stability, exponential dichotomy, hyperbolicity, robustness, parabolic case, spectrum, evolution semigroup.

I thank Frank Räbiger and Rainer Nagel for many stimulating discussions. Part of this work was done during a visit at the University of Missouri–Columbia in spring 1997 where I experienced the kind hospitality of Yuri Latushkin and Timothy Randolph. Support by the Deutsche Forschungsgemeinschaft is gratefully acknowledged. 1

Moreover, it seems to be rather difficult to find assumptions on unbounded operators A(t) which imply exponential dichotomy of (CP). In fact, to our knowledge the results in the literature are mostly restricted to exponential stability and to robustness of dichotomy, see the references below.

In our paper we present several sufficient conditions for exponential stability and dichotomy of (mostly parabolic) evolution equations. In Section 2 and 3 it is proved that exponential stability and dichotomy, respectively, of the semigroups (e^{τA(t)})_{τ≥0} with uniform constants imply the same properties for the solutions of (CP) provided that A(·) does not oscillate too much. Similar criteria for exponential stability can be found in, e.g., [7, 8] for bounded A(t) and in [2, 10, 12, 35] for parabolic equations, see also [21] and the references therein. Our results in Section 2 are consequences of a general approximation theorem for evolution families, Theorem 2.1. For exponential dichtomy, our main Theorem 3.7 is similar to known results for bounded operators A(t), [3, 7], and for delay equations, [18], but it seems to be the first theorem of this type for parabolic equations. We also refer to [19, §6.3] and the references therein concerning periodic parabolic equations, where the monodromy operator can be used. Further, in Section 4 we study robustness of exponential dichotomy. In view of the vast literature on this topic let us only mention [7, 8] for bounded A(t), [5, 15, 16] for bounded perturbations, and [6, 12, 17] for certain unbounded perturbations. We (partially) extend these results to time dependent Miyadera perturbations. In Example 2.4 and 3.8, our results are applied to parabolic partial differential equations.

Our approach is based on the use of evolution semigroups which we introduce now. Throughout let I ∈ {R, R_+ }. Further, J ⊆ R denotes a closed interval, and X is a Banach space. We set D_J = D := {(t, s) ∈ J^2 : t ≥ s}. Let J^′ := J \ inf J, where R^′ = R. A family U = (U(t, s))_{(t,s)∈D} in the space L(X) of bounded linear operators on X is called evolution family if (E1) U(s, s) = Id, U(t, s) = U(t, r)U(r, s) for t ≥ r ≥ s in J and (E2) the mapping D ∋ (t, s) → U(t, s) is strongly continuous.

Notice that a C_0–semigroup (e^{tA})_{t≥0} yields an evolution family U by setting U(t, s) := e^{(t−s)A} for (t, s) ∈ DR. We say that an evolution family U on X solves the Cauchy problem (CP) on spaces Y_s, s ∈ J, (or that (CP) is well–posed) if Y_s is dense in X, U(t, s)Y_s ⊆ Y_t ⊆ D(A(t)) for (t, s) ∈ D, and u = U(·, s)x ∈ C^1(J ∩ (s, ∞), X) is the unique solution of (CP) for x ∈ Y_s. We remark that this concept of well–posedness could be formulated in terms of solutions of (CP) only, cf. [23].

The exponential growth bound ω(U) of an evolution family U is given by

ω(U) := inf{w ∈ R : there is M_w ≥ 1 with ‖U(t, s)‖ ≤ M_w e^{w(t−s)} for (t, s) ∈ D}.

The evolution family U is called exponentially bounded if ω(U) < ∞, and U is exponentially stable if ω(U) < 0. Observe that ω(U) = −∞ if J is compact. Exponential dichotomy (or hyperbolicity) is introduced in Definition 3.1.

Let U be an exponentially bounded evolution family on X with index set D_J . Consider the Bochner–Lebesgue spaces L^p(J, X), 1 ≤ p < ∞, and the space C_{00}(J, X) of continuous functions f : J → X vanishing at inf J and at infinity (if J is unbounded) endowed with the sup–norm ‖ · ‖_∞ . We write C_0(R, X) instead of C_{00}(R, X). On E = L^p(J, X) or 2

C_{00}(J, X) we define by (T (t)f) (s) := χ_J (s − t) U(s, s − t)f(s − t) = { U(s, s − t)f(s − t), s, s − t ∈ J, 0, s ∈ J, s − t /∈ J, a bounded operator T (t) for t ≥ 0, where χ_J is the characteristic function of J. It is easily seen that T = (T (t))_{t≥0} is a strongly continuous semigroup on E, see e.g. [31], [33]. We call T the evolution semigroup induced by U and denote its generator by (G, D(G)). Concerning the theory of evolution semigroups we refer to [14, 15, 16, 22, 23, 24, 28, 29, 30, 31, 33] and the references therein. For U(t, s) ≡ Id the evolution semigroup coincides with the (right-) translation semigroup T_0 = (T_0(t))_{t≥0} with generator G_0f = −f^′. Notice that on C_{00}(J, X) we have D(G_0) = {f ∈ C^1(J, X) : f, f^′ ∈ C_{00}(J, X)}. Finally, for operators (A(t), D(A(t))), t ∈ J, we define the multiplication operator Af := A(·)f(·) with D(A) := {f ∈ E : f(t) ∈ D(A(t)) (a.e.), A(·)f(·) ∈ E} on E = C_{00}(J, X), L^p(J, X). Using this notation, we state the following representation of G which can be shown as [15, Prop. 2.9] or [33, Prop. 1.13]. For simplicity, we set U(t, s) := 0 for t < s.

Lemma 1.1. Let U be an exponentially bounded evolution family on X and T be the induced evolution semigroup on E = C_{00}(J, X) or L^p(J, X), 1 ≤ p < ∞. Denote by D the linear span of functions of the form φ(·)U(·, s)x, where s ∈ J, φ ∈ C^1(J) with compact support contained in (s, ∞) ∩ J, and x ∈ Y_s for dense subspaces Y_s of X. Then T (t)D ⊆ D ⊆ D(G) and D is dense in E. If U solves (CP) on Y_s, then D ⊆ D(G_0)∩D(A) and G is the closure of (G_0 + A, D).

2. Exponential stability

In the sequel, we prove an approximation theorem for evolution families which implies several sufficient conditions for exponential stability of the solutions of (CP). We assume the well–posedness of the Cauchy problem (CP) given by linear operators A(t) on X which satisfy the following assumptions.

(A) (A(t), D(A(t))) generates a C_0–semigroup (e^{τA(t)})_{τ≥0} on a Banach space X with ‖e^{τA(t)}‖ ≤ Me^{τw(t)} for t ∈ I, τ ≥ 0, a constant M ≥ 1, and w ∈ C(I, R). The mapping J ∋ t → R(λ, A(t)) is strongly continuous for λ > max_J w, where I ∈ {R, R_+ } and J ⊆ I is an arbitrary compact interval.

Notice that by considering A_w(t) := A(t) − w(t) with D(A_w(t)) := D(A(t)) we may assume w = 0 in (A). Moreover, if U solves the Cauchy problem associated with A(·), then U_w(t, s) := exp(− ∫_t s w(τ)dτ) U(t, s) solves (CP) for A_w(·).

By (A) and the Trotter–Kato theorem, see e.g. [27, Thm. 3.4.2], the mapping J × R_+ ∋ (t, τ) → e^{τA(t)} is strongly continuous. Using this fact, it is easy to prove that the operator (A, D(A)) on E_J := C_{00}(J, X) generates the C_0–semigroup e^{tA}f = e^{tA(·)}f(·), cf. [11, Thm. 3.4].

A special case of the next result was shown in [24, Prop. 3.2]. Let log 0 := −∞, s_k := s +^{kt}_n , and ∏_n k=1 e^{tA(sk)} := e^{tA(sn)} · · · e^{tA(s1)} for s ∈ I, t ≥ 0, and k = 1, . . . , n. Theorem 2.1. Suppose that the operators A(t), t ∈ I, on X satisfy (A) and that the related Cauchy problem is solved by the evolution family (U(t, s))_{(t,s)∈D}. If there is a 3

locally bounded function M : R_+ → R_+ such that ‖ ‖ ‖ ‖ n∏ k=1 e^{tn A(sk)} ‖ ‖ ‖ ‖ ≤ M(t) (2.1)

for n ∈ N , t ≥ 0, s ∈ I, and s_k = s +^{kt}_n , then U(s + t, s)x = lim_{n→∞} n∏ k=1 e^{tn A(sk)} x =: U_n(s + t, s)x, x ∈ X, (2.2) uniformly for t and s in compact subsets of R_+ and I^′, respectively. Moreover, ‖U(s + t, s)‖ ≤ M(t) and ω(U) ≤ inf_{t>0}^1_t log M(t).

Proof. Let J ⊆ I be a compact interval of length t_0. We use the evolution semigroup T on E_J induced by U and the translation semigroup T_0 on E_J with generators G and G_0, respectively. Observe that T (t) = T_0(t) = 0 for t ≥ t_0. The generator (G, D(G)) is the closure of (G_0 + A, D) for a dense subspace D of E_J by Lemma 1.1. In particular, GD is dense in E_J . Further, ( e^{tn A} T_0 (_t n ))n f (s + t) = { e^tn^{A(sn)} . . . e^tn^{A(s1)}f(s), if s, s + t ∈ J, 0, if s + t ∈ J, s /∈ J, (2.3)

for f ∈ E_J , n ∈ N , and t ≥ 0. By (2.1) we obtain ‖(e^{rA} T_0(r))^n‖ ≤ sup_{0≤τ≤t0} M(τ) < ∞ for r ≥ 0 and n ∈ N . The Lie–Trotter product formula now yields

(e^{tn A} T_0(^t_n ))^nf → T (t)f (2.4) for f ∈ E_J and for t uniformly in compact intervals, see e.g. [27, Thm. 3.5.3, Cor. 3.5.5].

Fix x ∈ X and a parameter set K = {(s + t, s) ∈ D_I0 : 0 ≤ t ≤ t_1, a ≤ s ≤ b}. Choose a compact interval J ⊆ I so that [a, b] ⊆ J^′ and a function f ∈ E_J being equal to x on [a, b]. From (2.3) follows ‖ ‖ ‖ ‖ n∏ k=1 e^{tn A(sk)} x − U(s + t, s)x ‖ ‖ ‖ ‖ = ‖(e^{tn A} T_0(^t_n ))^nf (s + t) − T (t)f (s + t)‖

≤ ‖(e^{tn A} T_0(^t_n ))^nf − T (t)f‖_∞ for (s + t, s) ∈ K. Hence, (2.4) implies (2.2) uniformly on K.

To show the second assertion, first notice that due to (2.2) and (2.1) we have ‖U(s + t, s)‖ ≤ M(t) for s ∈ I and t ≥ 0. Fix t > 0 and write t^′ = nt + τ for t^′ > 0, where n ∈ N and 0 ≤ τ < t. Set c := sup_{0≤τ≤t} M(τ). We estimate ‖U(s + t^′, s)‖ ≤ M(t)^n ‖U(s + t^′, s + nt)‖ ≤ c e^{nt 1t log M(t)} ≤ c e^{t|log M(t)|} e^t 0 1_{t log M(t)}

for all s ∈ I. As a result, ω(U) ≤^1_t log M(t) for all t > 0.

Due to the principle of uniform boundedness, the operators U_n(s + t, s) are uniformly bounded on K ⊆ D_I if (2.2) holds uniformly on K. Observe that Theorem 2.1 and its consequences stated below are also true for compact intervals I by the same proof.

Corollary 2.2. Let A(t) and B(t), t ∈ I, be operators on a Banach lattice X satisfying (A) and 0 ≤ e^{τA(t)} ≤ e^{τB(t)} for t ∈ I and τ ≥ 0. Assume that the corresponding Cauchy problems (CP ) are solved by evolution families U_A and U_B. Suppose that B(·) satisfies (2.1). Then A(·) satisfies (2.1) and 0 ≤ U_A(t, s) ≤ U_B(t, s) for (t, s) ∈ D. 4

In [2, §II.6.4,IV.2.4] a different approximation method was used to show positivity of

an evolution family.

Corollary 2.3. Assume that the operators A(t), t ∈ I, on a Banach space X satisfy (A)

and that the corresponding Cauchy problem is solved by an evolution family (U(t, s))_{(t,s)∈D}.

Suppose that there exist norms ‖ · ‖_t on X satisfying ‖x‖ ≤ ‖x‖_t ≤ ‖x‖_s ≤ M ‖x‖ and ‖e^{τA(t)}x‖_t ≤ e^{τw̃(t)} ‖x‖_t (2.5) for (t, s) ∈ D, τ ≥ 0, x ∈ X, a constant M ≥ 1, and w̃ ∈ C(I, R). Then, (2.2) holds for (t, s) ∈ D_I0 and ‖U(t, s)‖ ≤ M exp( ∫_t s w̃(τ)dτ) for (t, s) ∈ D_I . Proof. As seen above, by considering A(t) − w̃(t) we may assume w̃ = 0. Then ‖ ‖ ‖ ‖ n∏ k=1 e^{tn A(sk)}x ‖ ‖ ‖ ‖ ≤ ‖ ‖ ‖ ‖ n∏ k=1 e^{tn A(sk)}x ‖ ‖ ‖ ‖ sn ≤ ‖ ‖ ‖ ‖ n−1∏ k=1 e^{tn A(sk)}x ‖ ‖ ‖ ‖ sn ≤ ‖ ‖ ‖ ‖ n−1∏ k=1 e^{tn A(sk)}x ‖ ‖ ‖ ‖ s_n�1 ≤ · · · ≤ ‖x‖_{s1} ≤ M ‖x‖ for x ∈ X, n ∈ N , s ∈ I, and t ≥ 0. So the assertion follows from Theorem 2.1.

We remark that condition (2.5) with w̃(·) ≡ w_0 is equivalent to Kato’s stability condi-

tion, c.f. [27, §5.2], which can be expressed by ‖ ‖ ‖ ‖ n∏ k=1 e^{τk A(sk)} ‖ ‖ ‖ ‖ ≤ M e^{w0} P_{nk=1 τk} for n ∈ N , τ_k ≥ 0, and s_k ∈ I with s_n ≥ · · · ≥ s_1, see [24, Prop 1.3] and the references

therein. In the following example we check (2.5) for ‖ · ‖_t = ‖ · ‖. A similar result in

sup-norm context can be found in [35, pp.14], where the maximum principle is used.

Example 2.4. We consider the Cauchy problem ∂_t u(t, ξ) = A(t, ξ, D)u(t, ξ), t > s ≥ 0, ξ ∈ Ω, u(t, ξ) = 0, t > s ≥ 0, ξ ∈ ∂Ω, (2.6) u(s, ξ) = x(ξ), ξ ∈ Ω, for a bounded region Ω ⊆ R^n and the (formal) differential operator A(t, ξ, D) = ∑_n k,l=1 ∂k akl(t, ξ) ∂l , where ∂t = ∂ ∂t , ∂_k =^∂_{∂ξk} , and the coefficients a_{kl} are real-valued,

symmetric, uniformly elliptic and belong to C^α(R_+ , L^∞(Ω)) for^1_2 < α ≤ 1. We define the

sesquilinear form a_t(x, y) = ∫ Ω ∑_n k,l=1 a_{kl}(t, ξ) ∂_kx(ξ) ∂_ly(ξ) dξ for x, y ∈ W^{1,2}_0 (Ω). Denote by A(t) the operator on X = L^2(Ω) induced by a_t, see e.g. [9, §6.1] or [34, §2.2]. Then A(t) generates an analytic semigroup on X and satisfies (A), see [34, Thm. 3.6.1, p.145]. By [34, Thm. 5.4.2], there exists an evolution family U solving

the (abstract) Cauchy problem (CP) on Y_t = X. In particular, u = U(·, s)x is a weak

solution of (2.6), cf. [34, §5.5]. Finally, we have ‖e^{τA(t)}‖ ≤ e^{τs(A(t))} and s(A(t)) ≤ −c for

a constant c > 0 due to, e.g., [9, Thm. 5.2.2, 6.3.1]. Therefore, Corollary 2.3 shows that ‖U(t, s)‖ ≤ e^{−c(t−s)}. 2 5

For simplicity, we now let w = 0 in (A). The norms ‖x‖_t := sup_{τ≥0} ‖e^{τA(t)}x‖ are natural candidates in order to check condition (2.5). But, in general, these norms do not satisfy ‖x‖_t ≤ ‖x‖_s for all x ∈ X and t ≥ s (this can be seen, for instance, by the examples in the appendix). However, if we require that t → e^{τA(t)} is Lipschitz continuous, then we can verify a weakened version of (2.5).

Proposition 2.5. Let the operators A(t), t ∈ I, satisfy (A) with w = 0 and let U solve the corresponding Cauchy problem (CP). Assume ‖e^{τA(t)} − e^{τA(s)}‖ ≤ L |t − s| for t, s ∈ I, τ ≥ 0, and a constant L ≥ 0. Then, (2.1) holds with M(t) = Me^{Lt}. In particular, ‖U(t, s)‖ ≤ M e^{L(t−s)} for (t, s) ∈ D. Proof. Define the norms ‖x‖_t := sup_{τ≥0} ‖e^{τA(t)}x‖ for t ∈ I on X. We will show that ‖x‖_t ≤ (1 + L(t − s)) ‖x‖_s ≤ e^{L(t−s)} ‖x‖_s , for (t, s) ∈ D, x ∈ X. (2.7) Then the result follows as in the proof of Corollary 2.3. Let (t, s) ∈ D and x ∈ X. Fix ε > 0 and choose τ_0 ≥ 0 such that ‖x‖_t ≤ ε + ‖e^{τ0A(t)}x‖. By the assumption, ‖x‖_t − ‖x‖_s ≤ ε + ‖e^{τ0A(t)}x‖ − ‖e^{τ0A(s)}x‖ ≤ ε + L(t − s)‖x‖ ≤ ε + L(t − s)‖x‖_s. Thus (2.7) is verified.

We can replace the Lipschitz condition in Proposition 2.5 by an estimate for the resolvents R(λ, A(·)) in the so-called parabolic case, where one assumes that the operators (A(t), D(A(t))) generate bounded analytic semigroups of type (ϕ, K). This means that D(A(t)) is dense, Σ ∪ {0} ⊆ ρ(A(t)), and ‖R(λ, A(t))‖ ≤^K_{|λ|} for λ ∈ Σ = Σ_ϕ := {λ ∈ C \ {0} : | arg λ| < ϕ} and constants K ≥ 0 and^π_2 < ϕ ≤ π. We say that A is of type (ϕ, K, w) if A_w = A − w is of type (ϕ, K) for some w ∈ R.

Corollary 2.6. Let A(t), t ∈ I, be generators of bounded analytic semigroups of the same type (ϕ, K). Suppose that ‖R(λ, A(t)) − R(λ, A(s))‖ ≤ L^{|t−s|}_{|λ|} for t, s ∈ I, λ ∈ Σ_ϕ, and a constant L ≥ 0. Let U solve (CP). Then, (2.1) holds for M(t) = cKe^{cLt} and ‖U(s + t, s)‖ ≤ cKe^{cLt} for t ≥ 0 and s ∈ I, where c = c_ϕ only depends on ϕ.

Proof. Obviously, A(·) satisfies condition (A). For x ∈ X we have e^{τA(t)}x − e^{τA(s)}x = 1 2πi ∫ Γ e^{λτ} (R(λ, A(t)) − R(λ, A(s)))x dλ , where Γ is a path in Σ_ϕ independent of t, s, τ and chosen as in [27, p.30]. Hence, ‖e^{τA(t)}x − e^{τA(s)}x‖ ≤ L |t − s| ‖x‖ 1 2π ∫ Γ e^{Reλτ} |λ| |dλ| =: c_ϕL |t − s| ‖x‖. Similarly, ‖e^{τA(t)}‖ ≤ c_ϕK for t ∈ I and τ ≥ 0. Consequently, Proposition 2.5 implies the assertion.

In the context of the well–posedness theorems in the parabolic case estimates of the same type were obtained in [2, II.5.1, IV.2.4], [10, Thm. 2.3], and [35, p.6] (see also [7, §1] and [12, §7.4] for special cases). These authors assume (roughly speaking) the conditions (P1) or (P2) introduced in Section 3 and 4, respectively, which imply an Hölder estimate for the resolvents of A(·). In [33, §4.2] our approach was extended to the situation of condition (P1). 6

3. Exponential dichotomy

Let us first recall the definition of exponential dichotomy, see e.g. [7, 8, 12]. For a projection P we set Q := Id − P . Throughout we consider I ∈ {R, R_+ }.

Definition 3.1. An evolution family U = (U(t, s))_{(t,s)∈D} on a Banach space X is called hyperbolic (or has exponential dichotomy) if there are projections P (t) ∈ L(X), t ∈ I, and constants N, δ > 0 such that P (·) is uniformly bounded, strongly continuous, and (a) U(t, s)P (s) = P (t)U(t, s) for (t, s) ∈ D, (b) the restriction U_Q(t, s) : Q(s)X → Q(t)X is invertible for (t, s) ∈ D (and we set U_Q(s, t) := U_Q(t, s)^{−1}), (c) ‖U(t, s)P (s)‖ ≤ Ne^{−δ(t−s)} and ‖U_Q(s, t)Q(t)‖ ≤ Ne^{−δ(t−s)} for (t, s) ∈ D. For a hyperbolic evolution family U one easily shows that I^2 ∋ (t, s) → U_Q(t, s)Q(s) is strongly continuous and satisfies (E1) with Id replaced by Q(s), [33, Lemma 5.15]. If U is exponentially bounded, then conditions (a)–(c) imply that P (·) is uniformly bounded and strongly continuous, [22, Lemma 4.2].

Our approach is based on the following characterization of hyperbolic evolution families. Different proofs of (parts of) the theorem can be found in, e.g., [14, 15, 16, 29, 30, 31]. Versions of the result for I = R_+ are shown in [22] and the references therein. We set Γ := {λ ∈ C : |λ| = 1}. Theorem 3.2. Let I = R and U be an exponentially bounded evolution family on X. Let T be the induced evolution semigroup on E = C_0(R, X) or L^p(R, X), 1 ≤ p < ∞, with generator G. Then, σ(G) = σ(G) + iR and σ(T (t)) = Γ · σ(T (t)) for t > 0. Further, U is hyperbolic if and only if G or, equivalently, 1 − T (t), t > 0, is invertible on E. In this case the spectral projection P =^1_{2πi} ∫ Γ R(λ, T (1))dλ is given by P = P (·), where P (·) satisfies (a)–(c) above.

The theorem implies uniqueness of the dichotomy projections P (·) if I = R. For an invertible evolution family this fact can be proved directly, cf. [8, p.164].

Corollary 3.3. Let I = R and U be an exponentially bounded, hyperbolic evolution family on X. Then the projections in Definition 3.1 are uniquely determined by (a)–(c). If U is given by a C_0–semigroup (e^{tA})_{t≥0}, i.e., U(s + t, s) = e^{tA} for s ∈ R and t ≥ 0, then P (·) ≡ P . Proof. Given an exponentially bounded, hyperbolic evolution family U on X with projections P (t), we define P = P (·) on E = C_0(R, X). By condition (a), P commutes with the hyperbolic evolution semigroup T (t) on E, and hence with the spectral projection P_1 = P_1(·) of T . Further, (c) yields N^{−1}e^{δ(t−s)}‖Q(s)x‖ ≤ ‖U(t, s)Q(s)x‖ ≤ ‖U(t, s)x‖ + Ne^{−δ(t−s)}‖P (s)x‖. This estimate implies P (s)X = {x ∈ X : lim_{t→∞} U(t, s)x = 0}. So P_1(s) and P (s) commute and have the same range. As a consequence, P (s) = P_1(s) for s ∈ R.

If additionally U(s + t, s) = e^{tA}, then we have σ(e^{tA}) ∩ Γ = ∅ by Theorem 3.2 and [14, Thm. 2.5]. By standard spectral theory, [20, A-III.3], the semigroup (e^{tA})_{t≥0} is hyperbolic with a projection P satisfying (a)–(c). Thus, P ≡ P (t) due to the first assertion. 7

Recall that in the case U(s + t, s) = e^{tA} the restriction A_Q of A to D(A) ∩ QX generates the C_0–group (e^{tAQ} )_{t∈}R := (e^{tA}_{|QX} )_{t∈}R on QX, [20, A-III.3].

Assume now that U solves the Cauchy problem (CP) given by generators A(t). We have seen in Corollary 2.3 that an estimate ‖e^{τA(t)}‖ ≤ e^{−ετ} for ε > 0 implies exponential stability of U. In contrast, the following simple matrix example (a variant of [7, p.3]) shows that hyperbolicity of (e^{τA(t)})_{τ≥0} with uniform constants M = 1 and ε > 0 and projections P_t ≠ Id does not imply exponential dichotomy of U.

Example 3.4. On X = C^2 endowed with the Euclidean norm let A(t) = D(−t)A_0D(t) for A_0 = (^{1 0}_{0 −1} ) and D(t) = (^{cos t sin t}_{− sin t cos t} ) for t ∈ R. Then the evolution family U(t, s) = D(−t) ( 1 + t t −t 1 − t ) D(s) = D(−t) exp [ t ( 1 1 −1 −1 )] D(s) solves (CP). Hence, U is not hyperbolic. However, e^{τA(t)} = D(−t)e^{τA0} D(t) is hyperbolic with constants M = ε = 1.

Using Hölder estimates for A(·), we will be able to derive the hyperbolicity of U from the hyperbolicity of (e^{τA(t)})_{τ≥0}. To that purpose, we introduce the following hypotheses. (P1) Let (A(t), D(A(t)), t ∈ I, be generators of analytic semigroups on X of the same type (ϕ, K, w) for some w ≥ 0. Suppose that D(A(t)) ≡ D(A(0)), A(t) is invertible, sup_{t,s∈I} ‖A(t)A(s)^{−1}‖ < ∞, and ‖A(t)A(s)^{−1} − Id‖ ≤ L|t − s|^α for t, s ∈ I and constants L ≥ 0 and 0 < α ≤ 1.

(ED) Assume that the semigroups (e^{τA(t)})_{τ≥0}, t ∈ I, are hyperbolic with projections P_t and constants N, δ > 0. Moreover, let ‖A(t)e^{τA(t)}P_t‖ ≤ ψ(τ) and ‖A(t)e^{−τAQ(t)}Q_t‖ ≤ ψ(−τ) for τ > 0 and a function ψ such that R ∋ s → φ(s) := |s|^αψ(s) is integrable.

Condition (P1) implies ‖(A_w(t) − A_w(s))A_w(r)^{−1}‖ ≤ L^′|t − s|^α for t, s, r ∈ I, a constant L^′ ≥ 0, and A_w(t) = A(t)−w. Consequently, there exists a unique exponentially bounded evolution family U solving the Cauchy problem (CP) corresponding to A(·) on X, see e.g. [2, Thm. II.4.4.1] or [27, Thm. 5.6.1]. In the case I = R_+ we extend A(·) to I = R by setting Â(t) := A(0) and D(Â(t)) := D(A(0)) for t < 0. Then, Â(·) also satisfies (P1) and (ED) with the same constants and the corresponding Cauchy problem is solved by the evolution family Û(t, s) = U(t, s), t ≥ s ≥ 0, U(t, 0)e^{−sA(0)}, t ≥ 0 > s, e^{(t−s)A(0)}, 0 > t ≥ s. (3.1)

In the sequel, we will assume I = R and omit the “hats”.

We remark that the second assumption in (ED) is a consequence of (P1) and the first sentence of (ED). Let us indicate one way to determine ψ, see also Example 3.8. It follows from, e.g., [27, (2.5.13)] that an analytic semigroup (e^{tA})_{t≥0} of type (ϕ, K, w) satisfies ‖Ae^{tA}‖ ≤^C_t for 0 < t ≤ 1 and a constant C only depending on K, ϕ, and w. Hence, if (e^{tA})_{t≥0} is hyperbolic with a projection P and constants N, δ > 0, then ‖Ae^{tA}P ‖ ≤^{CN}_t for 0 < t ≤ 1 and ‖Ae^{tA}P ‖ ≤ ‖Ae^A‖ ‖e^{(t−1)A}P ‖ ≤ CNe^{−δ(t−1)} for t ≥ 1. Further, Ae^{−tAQ} Q = Ae^A e^{−(t+1)AQ} Q (3.2) and so ‖Ae^{−tAQ} Q‖ ≤ CNe^{−δ}e^{−δt}. For α = 1, this gives ‖φ‖_1 = CN(1 + δ^{−2}(1 + δ + e^{−δ})). 8

To prove our main theorem, we need two prelimary results. Assuming (ED), we set

Γ_s(τ) := { e^{τA(s)}P_s, τ ≥ 0, s ∈ R −e^{τAQ(s)}Q_s, τ < 0, s ∈ R. Lemma 3.5. Let (P1) and (ED) hold. Then the mappings (s, τ) → Γ_s(τ) ∈ L(X) and (t, s, τ) → A(t)Γ_s(τ) ∈ L(X) are continuous for τ ≠ 0 and t, s ∈ R.

Proof. One verifies that (P1) yields Hölder continuity of t → e^{τA(t)} ∈ L(X) uniformly for 0 ≤ τ ≤ d as in the proof of Corollary 2.6. The resolvents R(λ, e^{A(t)}) = ∞∑ n=0 λ^{−(n+1)} e^{nA(t)}P_t − ∞∑ n=1 λ^{n−1} e^{−nAQ(t)}Q_t are uniformly bounded for t ∈ R and λ ∈ Γ due to (ED). Thus, R(λ, e^{A(t)}) and, hence, the spectral projections P_t are Hölder continuous with respect to t. As a result, (s, τ) → e^{τA(s)}P_s ∈ L(X) is continuous for τ > 0. Further, e^{−τAQ(t)}Q_t − e^{−σAQ(s)}Q_s =e^{−τAQ(t)}Q_t (Q_t − Q_s) + e^{−τAQ(t)}Q_t (e^{σA(s)} − e^{τA(t)}) e^{−σAQ(s)}Q_s + (Q_t − Q_s) e^{−σAQ(s)}Q_s for t, s ∈ I and τ, σ > 0. So (s, τ) → Γ_s(τ) ∈ L(X) is continuous for τ ≠ 0. Then, from [27, Lemma 5.6.2] and (3.2) follows that (t, s, τ) → A(t)Γ_s(τ) ∈ L(X) is continuous for τ ≠ 0.

The next lemma is essentially contained in [23]. For completeness we give the details. Recall the definition of the operators A and G_0 on E = C_0(R, X) given in the first section.

Lemma 3.6. Assume (P1). Then the generator (G, D(G)) of the evolution semigroup on E = C_0(R, X) is the closure of (G_0 + A, D(G_0) ∩ D(A)). Further, if f ∈ D(G) ∩ D(A), then f ∈ D(G_0).

Proof. By rescaling, we may assume that w = 0 in (P1). The first assertion follows from D(G_0) + A ⊆ G due to Lemma 1.1. We estimate ‖^1_t (T (t)f − f) − (−f^′ + Af)‖_∞ ≤ sup_{s∈}R ( ‖^1_t (U(s + t, s)f(s) − f(s)) − A(s)f(s)‖ + ‖A(s)f(s) − A(s + t)f(s + t)‖ +‖^1_t (f(s) − f(s + t)) + f^′(s)‖ + ‖f^′(s + t) − f^′(s)‖ ) for f ∈ D(G_0) ∩ D(A) and t > 0. Clearly, the second, third, and fourth term on the right hand side tend to 0 as t → 0. Further, ‖^1_t (U(s + t, s)f(s) − f(s)) − A(s)f(s)‖ = ‖ ‖ ‖^1t ∫_t 0 (A(τ)U(τ, s) − A(s))f(s) dτ ‖ ‖ ‖ ≤ sup s∈R,s≤τ≤s+t ‖(A(τ)U(τ, s) − A(s))f(s)‖ . Since (τ, s) → A(τ)U(τ, s)A(s)^{−1} is strongly continuous and uniformly bounded for s ≤ τ ≤ s + 1 by [2, Thm. II.4.4.1], the first summand also converges to 0 as t → 0. Now let f ∈ D(G) ∩ D(A). Then, 1 t (f(s − t) − f(s)) =^1_t (U(s, s − t)f(s − t) − f(s)) +^1_t (1 − U(s, s − t))f(s − t) 9

The first term on the right hand side converges in E as t → 0. The convergence of the second one follows as above if one observes that ‖^1_t (1 − U(·, · − t))f(· − t) + Af‖_∞ ≤ ‖^1_t (1 − U(· + t, ·))f(·) + Af‖_∞ + ‖Af(· + t) − Af‖_∞.

We now come to our main theorem. A similar approach has been sketched by A.G. Baskakov, [3], for bounded operators A(t). Analogous results can be found in [7, Prop. 6.1] for X = C^n and in [18, Thm. 4] for delay equations. Moreover, Proposition 6.2 in [7] shows that, roughly speaking, (ED) is necessary for exponential dichotomy of U if A(·) has a small Lipschitz constant.

Theorem 3.7. Assume (P1) and (ED). Let q := L‖φ‖_1 < 1. Then U is hyperbolic with an exponent 0 < δ^′ < 2δN^{−1}(1 − q).

Proof. (1) As observed above, we may assume I = R. We define (Rf)(t) := ∫_∞ −∞ Γ_s(t − s)f(s) ds = ∫_t −∞ e^{(t−s)A(s)}P_s f(s) ds − ∫_∞ t e^{(t−s)AQ(s)}Q_s f(s) ds, (Lf)(t) := ∫_∞ −∞ Γ_t(t − s)f(s) ds = ∫_t −∞ e^{(t−s)A(t)}P_t f(s) ds − ∫_∞ t e^{(t−s)AQ(t)}Q_t f(s) ds for f ∈ E = C_0(R, X) and t ∈ R. Using (ED) and Lemma 3.5, it is easy to verify that R, L ∈ L(E) and ‖R‖, ‖L‖ ≤^N_{2δ} . Let G be the generator of the evolution semigroup T on E induced by U. We show in two steps that G is bijective.

(2) For f ∈ D(A) we have ∫_∞ −∞ A(t)Γ_s(t − s)f(s) ds = ∫_∞ −∞ A(t)A(s)^{−1} Γ_s(t − s)A(s)f(s) ds. So we infer from (ED) and Lemma 3.5 that Rf ∈ D(A). Moreover, (_d dt Rf ) (t) = P_tf(t) + Q_tf(t) + ∫_∞ −∞ Γ_s(t − s)A(s)f(s) ds so that^d_{dt} Rf ∈ E. As a consequence, Lemma 3.6 implies RD(A) ⊆ D(A)∩D(G_0) ⊆ D(G) and (GR + Id)f = Sf for f ∈ D(A), where (Sf)(t) := ∫_∞ −∞ (A(t) − A(s)) Γ_s(t − s)f(s) ds. Due to (P1), (ED), and Lemma 3.5, we obtain Sf ∈ E and ‖Sf(t)‖ ≤ ∫_∞ −∞ ‖(A(t) − A(s))A(s)^{−1}‖ ‖A(s)Γ_s(t − s)f(s)‖ ds ≤ L ‖f‖_∞ ∫_∞ −∞ φ(t − s) ds = q ‖f‖_∞ for f ∈ E and t ∈ R. Since q < 1, the operator S − Id is invertible on E. 10

Fix g ∈ E. Let f := (S − Id)^{−1}g and choose D(A) ∋ f_n → f. Then, Rf_n → Rf and GRf_n = (S − Id)f_n → g in E. The closedness of G gives Rf ∈ D(G) and GRf = g. As a result, G is surjective and has the right inverse R(S − Id)^{−1}.

(3) Let f ∈ D(A) ∩ D(G_0) ⊆ D(G). Integrating by parts we obtain (LGf)(t) = ∫_∞ −∞ Γ_t(t − s)A(s)f(s) ds − ∫_∞ −∞ Γ_t(t − s)f^′(s) ds = ∫_∞ −∞ Γ_t(t − s)A(s)f(s) ds − (P_t + Q_t)f(t) − ∫_∞ −∞ Γ_t(t − s)A(t)f(s) ds = −f(t) + (V f)(t) (3.3)

for t ∈ R, where

(V f)(t) := ∫_∞ −∞ Γ_t(t − s)(A(s) − A(t))f(s) ds. Again, for f ∈ D(A) conditions (P1) and (ED) and Lemma 3.5 yield V f ∈ D(A) and ‖A(t) (V f)(t)‖ ≤ ∫_∞ −∞ ‖A(t)Γ_t(t − s)‖ ‖(A(t) − A(s))A(s)^{−1}‖ ‖A(s)f(s)‖ ds ≤ L ‖Af‖_∞ ∫_∞ −∞ φ(t − s) ds = q ‖Af‖_∞ for t ∈ R. Therefore V is a strict contraction on D(A) endowed with the norm ‖f‖_A := ‖Af‖_∞ (notice that A^{−1} = A(·)^{−1} ∈ L(E) by (P1)).

Assume Gf = 0 for some f ∈ D(G). Then, T (1)f = f and so f(s) = U(s, s−1)f(s−1) for s ∈ R. By [2, Thm. II.4.4.1], the function s → A(s)U(s, s − 1) ∈ L(X) is strongly continuous and uniformly bounded; that is, f ∈ D(A). Consequently, f ∈ D(A) ∩ D(G_0) due to Lemma 3.6. Now, (3.3) implies V f = f + LGf = f, and hence f = 0.

(4) By part (2) and (3), we have G^{−1} = R(S − Id)^{−1} ∈ L(E) and ‖G^{−1}‖ ≤^N_{2δ(1−q)} =:^1_η . By the symmetry of σ(G), see Theorem 3.2, this implies (−η, η) + iR ⊆ ρ(G). Now, using rescaling and Theorem 3.2, one sees that the evolution families (e^{±δ} 0_{(t−s)} U(t, s))_{t≥s} are hyperbolic with exponent 0 ≤ δ^′ < η and the same projections P (s).

Our result can be applied to the following situation.

Example 3.8. We consider the same situation as in Example 2.4. Additionally, we assume that ∂Ω is compact and of class C^2 and let a_{kl} ∈ C^1_b (R_+ , C^1(Ω)). Then, the operator A_0(t)x = A(t, ξ, D)x with domain D(A_0(t)) ≡ Y = W^{2,2}(Ω) ∩ W^{1,2}_0 (Ω) in X = L^2(Ω) is self adjoint and generates an analytic semigroup, see e.g. [34, §3.7]. By Example 2.4 these semigroups have a common growth bound −c < 0. Further, let V ∈ C^1_b (R_+ , L^∞(Ω)) be real valued. Then, the operators A(t) = A_0(t) + V (t) with domain Y are self adjoint and generate analytic semigroups of the same type. Assume that there is δ > 0 such that (−δ, δ) ⊆ ρ(A(t)). Hence, A(t) generates a hyperbolic semigroup with constants δ > 0 and N = 1. By virtue of the Agmon–Douglis–Nirenberg estimate, see [34, §3.7], the operators A(t) satisfy (P1) with constants α = 1 and L proportional to max_{k,l}{‖a_{kl}‖_C1_b , ‖V ‖_C1_b } =: L_0. On the other hand, a straightforward application of the spectral theorem shows that (ED) holds with ψ(t) = (e|t|)^{−1} for 0 < |t| ≤ 1 and 11

ψ(t) =^1_e e^{−(|t|−1)δ} for |t| ≥ 1. Thus, ‖φ‖_1 =^2_e (1 + δ^{−1} + δ^{−2}). As a result, for sufficiently small Lipschitz constant L_0 the evolution family U solving (CP) has exponential dichotomy.

4. Robustness of exponential dichotomy

In this section we show robustness of exponential dichotomy of an evolution family under time dependent Miyadera type perturbations by means of the spectral characterization provided by Theorem 3.2. Given an exponentially bounded evolution family (U(t, s))_{(t,s)∈D} on X with I ∈ {R, R_+ }, we make the following assumption on linear operators B(t), t ∈ I, on X.

(M) (B(t), D(B(t))) is closed for a.e. t ∈ I. For all s ∈ I and x ∈ X we have U(t, s)x ∈ D(B(t)) for a.e. t ∈ [s, ∞), B(·)U(·, s)x is measurable, and ∫_α0 0 ‖B(s + t)U(s + t, s)x‖ dt ≤ β^′ ‖x‖ (4.1) for constants α^′ > 0 and β^′ ∈ [0, 1), see [28] for a somewhat weaker condition. It is proved in [28, Thm. 3.4, Cor. 3.5] that there is a unique exponentially bounded evolution family U_B = (U_B(t, s))_{(t,s)∈D} on X satisfying U_B(t, s)x = U(t, s)x + ∫_t s U_B(t, τ)B(τ)U(τ, s)x dτ (4.2) for all x ∈ X and (t, s) ∈ D. Moreover, for x ∈ X and s ∈ I, we have U_B(t, s)x ∈ D(B(t)) for a.e. t ∈ [s, ∞), B(·)U_B(·, s)x is locally integrable, and U_B(t, s)x = U(t, s)x + ∫_t s U(t, τ)B(τ)U_B (τ, s)x dτ (4.3) for all x ∈ X and (t, s) ∈ D. Observe that if U solves the Cauchy problem (CP), then by (4.3) the function u(·) = U_B(·, s)x can be interpreted as a mild solution of the perturbed problem_d dt u(t) = (A(t) + B(t)) u(t), t > s, u(s) = x. We now assume that U has exponential dichotomy with projections P (s) and constants N, δ > 0. If I = R_+ , we extend U to the time interval I = R. To that purpose set R := Q(0) − P (0) = Id − 2P (0) and Ũ(t, s) := U(t, s), t ≥ s ≥ 0, U(t, 0)e^{−sδR}, t ≥ 0 > s, e^{(t−s)δR}, 0 > t ≥ s, cf. [4, p.109]. This defines an hyperbolic evolution family Ũ on X with the same constants N, δ and projections P̃ (t) := P (t) for t ≥ 0 and P̃ (t) := P (0) for t ≤ 0. Further, suppose that (M) holds for U and operators B(t), t ≥ 0. Let B̃(t) := B(t) for t ≥ 0 and B̃(t) := 0 for t < 0. Then (M) is satisfied for Ũ and B̃(·). Since B(t)U_Q(t, s)Q(s)x = B(t)U_Q(t, r)Q(r)y for y = U_Q(r, s)Q(s)x and r ≤ s, we see that B(·)U_Q(·, s)Q(s)x ∈ L^1_{loc}(R, X) for x ∈ X and s ∈ R. Using this fact, we can now formulate our robustness theorem. For bounded perturbations our approach was already 12

used in [15] and [16]. For a smaller class of perturbations and U(s + t, s) = e^{tA} a similar result was shown in [6, Thm. 4.1] in the context of linear skew product flows.

Theorem 4.1. Assume that (M) holds for an exponentially bounded evolution family U on X and operators (B(t), D(B(t))), t ∈ I. Let U be hyperbolic with projections P (t) and constants N, δ > 0. Suppose that there are constants α > 0 and β_P , β_Q ≥ 0 such that ∫_α 0 ‖B(s + t)U_P (s + t, s)P (s)x‖ dt ≤ β_P ‖x‖ , (4.4) ∫_α 0 χ_I (s − t) ‖B(s − t)U_Q(s − t, s)Q(s)x‖ dt ≤ β_Q ‖x‖ (4.5) for s ∈ I and x ∈ X, where β_Q = 0 if P (·) ≡ Id. Let b :=^{N(βP +βQ)}_{1−e}�_{αδ} for α < ∞ and b := β_P + β_Q if α = ∞. If b < 1, then the perturbed evolution family U_B is hyperbolic.

Proof. Using the extension introduced above, we may assume I = R. Let G be the generator of the evolution semigroup T on E = L^1(R, X) induced by U and B = B(·) be multiplication operator on E with maximal domain. Notice that B is closed. The operator G is invertible by Theorem 3.2 with corresponding spectral projection P = P (·). Set Q = Id − P and denote by T_P (t) and T_Q(t) the restrictions of T (t) to PE and QE, respectively. It is easy to see that −G^{−1}f = ∫_∞ 0 T_P (t)Pf dt − ∫_∞ 0 T^{−1}_Q (t)Qf dt and T^{−1}_Q (t)Qf = U_Q(·, · + t)Q(· + t)f(· + t) for f ∈ E. Due to [28, Thm. 3.4], there exists a perturbed evolution family U_B on X and the induced evolution semigroup (T_B(t))_{t≥0} on E is generated by G_B = G + B with D(G_B) = D(G) ⊆ D(B). For Y_t = X, we define as in Lemma 1.1 a dense subspace D ⊆ D(G). We claim that ‖BG^{−1}f‖ ≤ b‖f‖ for f ∈ D. (4.6) Since BG^{−1} is bounded, (4.6) yields ‖Bg‖ ≤ b‖Gg‖ for g ∈ D(G). Due to [13, IV.1.16], the condition b < 1 implies that G_B is invertible. Then the assertion follows from Theorem 3.2.

We now show (4.6). Let f ∈ D be given by f(s) = ∑_n k=1 φ_k(s) U(s, s_k)x_k. Observe that BT_P (t)Pf = BG^{−1} T_P (t)PGf and BT_Q(t)^{−1}Qf = BG^{−1} T_Q(t)^{−1}QGf. Therefore the functions BT_P (·)Pf and BT_Q(·)^{−1}Qf are continuous. First, we obtain ∫_α 0 ‖BT (t)Pf‖ dt = ∫_α 0 ∫ R ‖ ‖ ‖ ‖ n∑ k=1 φ_k(s − t)B(s)U(s, s_k)P (s_k)x_k ‖ ‖ ‖ ‖ ds dt

= ∫ R ∫_α 0 ‖ ‖ ‖ ‖ B(s + t)U(s + t, s) n∑ k=1 φ_k(s) U(s, s_k)P (s_k)x_k ‖ ‖ ‖ ‖ dt ds = ∫ R ∫_α 0 ‖B(s + t)U(s + t, s)P (s)f(s)‖ dt ds ≤ β_P ‖f‖ 13

by Fubini’s theorem and (4.4). Second, notice that

(T^{−1}_Q (t)Qf)(s) = n∑ k=1 φ_k(s + t) U_Q(s, s_k)Q(s_k)x_k for t ≥ 0. Thus, (4.5) implies ∫_α 0 ‖BT^{−1}_Q (t)T^{−1}_Q (r)Qf‖ dt = ∫_α 0 ∫ R ‖ ‖ ‖ ‖ B(s) n∑ k=1 φ_k(s + r + t) U_Q(s, s_k)Q(s_k)x_k ‖ ‖ ‖ ‖ ds dt

= ∫ R ∫_α 0 ‖ ‖ ‖ ‖ B(s − t)U_Q(s − t, s)Q(s) n∑ k=1 φ_k(s + r) U_Q(s, s_k)Q(s_k)x_k ‖ ‖ ‖ ‖ dt ds ≤ β_Q ‖T^{−1}_Q (r)Qf‖ for t, r ≥ 0. So we conclude for finite α > 0 that ‖BG^{−1}f‖ ≤ ∫_∞ 0 ‖BT (t)Pf‖ dt + ∫_∞ 0 ‖BT^{−1}_Q (t)Qf‖ dt ≤ ∞∑ k=0 ∫_α 0 ( ‖BT_P (t)(T_P (kα)Pf)‖ + ‖BT^{−1}_Q (t)(T^{−1}_Q (kα)Qf)‖ ) dt

≤ ∞∑ k=0 ( β_P ‖T_P (kα)Pf‖ + β_Q‖T^{−1}_Q (kα)Qf‖ )

≤ N (β_P + β_Q) ∞∑ k=0 e^{−αδk} ‖f‖ = b ‖f‖ , which is (4.6). For α = ∞ the assertion follows in a similar way.

We give some applications of Theorem 4.1. First we consider bounded perturbations, see e.g. [5, Thm. 2.5], [7, §4], [8, Thm. IV.5.1, Remark 5.1], [15, §5], and [16, Thm. 3.9] for similar results. We denote by L^p_{loc,u}(I), 1 ≤ p < ∞, the space of uniformly locally p– integrable functions endowed with the norm ‖ψ‖_{p,loc,u} := sup_{s∈I} ‖χ_{[s,s+1]}ψ‖_p. Let^1_p +^1_q = 1.

Corollary 4.2. Let (U(t, s))_{(t,s)∈D} be an exponentially bounded evolution family on X and let B(t) ∈ L(X) such that B(·)x is measurable and ‖B(t)‖ ≤ ψ(t) for a.e. t ∈ I, where ψ ∈ L^p_{loc,u}(I) for 1 < p ≤ ∞. Assume that U is exponentially dichotomic (stable) with constants N, δ > 0. If ‖ψ‖_{p,loc,u} < 1 − e^{−δ} 2N ( ‖ψ‖_{p,loc,u} < 1 − e^{−δ} N ) , then the perturbed evolution family U_B is exponentially dichotomic (stable). In the case p = ∞ we can replace 1 − e^{−δ} by δ in the above estimates.

Proof. From Hölder’s inequality and the exponential boundedness of U we derive ∫_α 0 ‖B(s + t)U(s + t, s)x‖ dt ≤ C ‖x‖ ‖ψ‖_{p,loc,u} α^{1q} 14

for α ∈ (0, 1], a constant C, s ∈ I, and x ∈ X. Letting α → 0 we obtain (M). Further, ∫_∞ 0 ‖B(s + t)U(s + t, s)P (s)x‖ dt ≤ ∞∑ k=0 N ‖x‖ ∫_{k+1} k ψ(s + t)e^{−δt} dt ≤ N ‖ψ‖_{p,loc,u} (1 − e^{−δ})^{−1} ‖x‖ for x ∈ X. Analogously one determines β_Q. The case p = ∞ is treated in the same way.

In the matrix case and for uniformly bounded perturbations refinements of the above estimates are known to be optimal in certain situations, see [26] and the references therein.

Next we apply Theorem 4.1 to parabolic equations, where we use a condition introduced by P. Acquistapace and B. Terreni.

(P2) Let (A(t), D(A(t))), t ∈ I, be generators of analytic semigroups on X of the same type (ϕ, K, w). For A_w(t) = A(t) − w, we assume ‖A_w(t)R(λ, A_w(t)) (A_w(t)^{−1} − A_w(s)^{−1})‖ ≤ L |t − s|^μ |λ|^{−ν} for λ ∈ Σ, t, s ∈ I, and constants L ≥ 0 and μ, ν ∈ (0, 1] with μ + ν > 1.

Due to [1, Thm. 2.3] there is a unique exponentially bounded evolution family U solving the Cauchy problem corresponding to A(·) on X which is exponentially bounded by [10, Thm. 2.3]. For 0 ≤ θ ≤ 1 and t ∈ I, let Z_t be the domain of the fractional power (−A_w(t))^θ endowed with the norm ‖x‖_{Zt} := ‖(−A_w(t))^θx‖. It is shown in [10, Thm. 2.3] that U(t, s)Z_s ⊆ X, t > s, and ‖(−A_w(t))^θU(t, s)‖ ≤ C(t − s)^{−θ} (4.7) for 0 < t − s ≤ 1 and a constant C. Condition (P2) holds for a large class of elliptic operators with mixed boundary conditions, see e.g. [1], [2, §IV.2.6, IV.3.1], [10], and the references therein. On the perturbations B(·) we impose the following condition. (B) Let (B(t), D(B(t))), t ∈ I, be closed operators in X and Z_t ⊆ D(B(t)). Assume that there are 0 ≤ θ < 1 and 1 < p ≤ ∞ such that p(1 − θ) > 1, B(t) ∈ L(Z_t, X), ‖B(t)‖_{L(Zt,X)} ≤ ψ(t) for a.e. t ∈ I, and ψ ∈ L^p_{loc,u}(I). Finally, let B(·)U(·, s)x be measurable for s ∈ I and x ∈ X.

By [28, Lemma 4.1] conditions (P2) and (B) imply (M). In [28, §5] condition (B) was verified for first order perturbations B(t) with singular coefficients of an elliptic second order operator A(t).

Corollary 4.3. Assume (P2) and (B). Let U be hyperbolic with constants M, ε > 0 and projections P (s). If ‖ψ‖_{p,loc,u} < 1 NC ( (1 − θq)^{− 1q} + 1 + e^{−δ} 1 − e^{−δ} )_{−1} , then the perturbed evolution family U_B has exponential dichotomy. If P (s) ≡ Id and ‖ψ‖_{p,loc,u} < 1 NC ( (1 − θq)^{− 1q} + 1 1 − e^{−δ} )_{−1} , then U_B is exponentially stable. In the case p = ∞ we can replace 1 − e^{−δ} by δ in the above estimates. 15

Proof. Using (B), (4.7), exponential dichotomy of U, and Hölder’s inequality, we calculate ∫_∞ 0 ‖B(s + t)U(s + t, s)P (s)x‖ dt ≤ ∫_1 0 ψ(s + t)Ct^{−θ}‖P (·)‖_∞ ‖x‖ dt + ∫_∞ 1 ψ(s + t)C ‖U(s + t − 1, s)P (s)x‖ dt ≤ C ‖ψ‖_{p,loc,u} ‖x‖ ( ‖P (·)‖_∞ (∫_1 0 t^{−θq} dt )^1_q + Ne^δ ∞∑ k=1 (∫_{k+1} k e^{−δqt} dt )^1_q )

≤ NC ‖ψ‖_{p,loc,u} ‖x‖ ( (1 − θq)^{− 1q} + (1 − e^{−δ})^{−1} ) for x ∈ X. Similarly, ∫_∞ 0 χ_I (s − t) ‖B(s − t)U_Q(s − t, s)Q(s)x‖ dt ≤ ∫_∞ 0 χ_I (s − t) ψ(s − t) ‖(−A_w(s − t))^θU(s − t, s − t − 1)‖ ‖U_Q(s − t − 1, s)Q(s)x‖ dt ≤ CNe^{−δ}‖x‖ ∫_∞ 0 χ_I (s − t) ψ(s − t)e^{−δt} dt ≤ CNe^{−δ}(1 − e^{−δ})^{−1}‖ψ‖_{p,loc,u} ‖x‖. Now the corollary follows from Theorem 4.1.

For a more specific class of parabolic equations a variety of results concerning robustness of dichotomy can be found in [12, §7.6]. In [17] perturbations B(t) defined on D(A(t)) are considered, where it is assumed that D(A(t)) and certain interpolation spaces are time invariant.

5. Appendix: The spectral bounds of A(t) do not determine the growth bound of U

The following examples were jointly developped with G. Nickel and F. Räbiger. Fix M > 1 and let d :=^1_2 +^1_{2M} . Set J := [0, d] and let h : J → R be defined by h(ξ) = 1 for 0 ≤ ξ <^1_2 and h(ξ) = M for^1_2 ≤ ξ ≤ d. Set μ := hλ, where λ is the Lebesgue measure on J. Then (J, μ) is a probability space and there exists the product space (Ω, ν) := ⨂ n∈N(J, μ) and the space X := L^1(Ω, ν). On X we define for each k ∈^N a nilpotent right–translation semigroup by ( e^{τAk} f ) (ξ_1, · · · ) := { f(ξ_1, · · · , ξ_{k−1}, ξ_k − τ, ξ_{k+1} , · · · ), ξ_k − τ ∈ J, 0, ξ_k − τ /∈ J. The following lemma shows that these semigroups are strongly continuous. A proof can be found in [25, Lemma 3.1] or [33, Lemma 3.9]. We denote the generator of (e^{τAk} )_{τ≥0} by (A_k, D(A_k)). Formally, we have A_kf = −^∂_{∂ξk} f.

Lemma 5.1. Let X and (e^{τAk} )_{τ≥0} , k ∈ N , be defined as above. Then we have: (a) The semigroups (e^{τAk} )_{τ≥0} are strongly continuous and positive, and commute pairwise. Moreover, ‖e^{τAk} ‖ ≤ M for τ ≥ 0 and e^{τAk} = 0 for τ ≥ d.

(b) We have ‖e^{τnAn} · · · e^{τmAm} ‖ = M^{n−m+1} for 0 < τ_k ≤^1_{2M} and m ≤ k ≤ n. 16

(c) The space Y := {f ∈ ∩_{k∈}ND(A_k) : sup_{k∈}N ‖A_kf‖ < ∞} endowed with the norm ‖f‖_Y := max{‖f‖, sup_k ‖A_kf‖} is continuously and densely embedded in X.

We remark that the first example can easily be changed into sup_{0≤t<t0} ‖U(t, 0)‖ = ∞ for some 0 < t_0 < ∞, see [25]. Further, observe that the proofs of Example 5.2 and 5.3 yield the following result: For each given sequence (c_n) ⊆ R_+ there are operators A(t), t ≥ 0, fulfilling the assumptions stated below such that the corresponding evolution family satisfies ‖U(n + 1, n)‖ ≥ c_n for n ∈ N .

Example 5.2. There is a family (A(t))_{t≥0} of generators of commuting, positive C_0– semigroups (e^{τA(t)})_{τ≥0} on X such that ‖e^{τA(t)}‖ ≤ M and Y ⊆ D(A(t)) for t, τ ≥ 0, A(·) ∈ C^1_b (R_+ , L(Y, X)), the corresponding Cauchy problem (CP ) is well–posed on Y , and s(A(t)) = −∞, t ≥ 0, except for a sequence (t_k) where A(t_k) = 0. However, the corresponding evolution family U satisfies ω(U) = ∞.

Proof. Let (t_k)_{k≥0} := (0, 1, 2,^5_2 , 3,^{10}_3 ,^{11}_3 , 4, . . . ). Take functions α_k ∈ C^1(R_+ ) such that α_k(t) = α^′_k(t) = 0 for t /∈ (t_{k−1}, t_k), α_k > 0 on (t_{k−1}, t_k), and ‖α_k‖_∞ , ‖α^′_k‖_∞ ≤ C for k ∈ N . We set a_k := ∫_{tk} t_k�1 αk(r) dr. By choosing C > 0 sufficiently small, we can also

assume that a_k ≤^1_{2M} for k ∈ N . Now define A(t) := α_k(t)A_k and D(A(t)) := D(A_k) for t_{k−1} < t < t_k and A(t_k) := 0 for k ∈ N . Due to Lemma 5.1, we only have to check well-posedness and the last assertion. For t_{k−1} < s ≤ t_k ≤ t_l ≤ t < t_{l+1} we set U(t, s) := ( e R_{ttl αl+1(r)dr Al+1} ) (_{ealAl} )_{· · ·} (_{eak+1Ak+1} ) (_eR_{tks αk(r)dr Ak} )_{. (5.1)} This defines an evolution family (U(t, s))_{t≥s≥0} on X. Since the operators e^{τAk} commute, U leaves Y invariant and solves the Cauchy problem (CP ) on Y . Finally, ‖U(n+1, n)‖ ≥ M^n for n ∈ N by Lemma 5.1(b).

Example 5.3. There is a family (A(t))_{t≥0} of bounded, commuting operators on X such that ‖e^{τA(t)}‖ ≤ M for t, τ ≥ 0, A(·) ∈ C^1(R_+ , L(X)), and ω(U) = ∞ , where U is the evolution family corresponding to A(·).

Proof. Define t_k, α_k, and a_k for k ∈ N as in Example 5.2 . For λ > 0 we consider the Yosida approximations A_{λ,k} := λ A_k R(λ, A_k). Note that we have ‖e^{τAλ,k} ‖ ≤ M for τ ≥ 0. Moreover, finite products ∏ e^{akAλ,k} converge strongly to ∏ e^{akAk} as λ → ∞ . Therefore, by Lemma 5.1(b), there are positive numbers λ_n such that ‖ ‖ ‖ ‖ m∏ k=l+1 e^{akAλn,k} ‖ ‖ ‖ ‖ ≥ N^n (5.2)

for a constant N ∈ (1, M), where l and m are chosen such that t_l = n and t_m = n+1. Now set A(t) := α_k(t) A_{λn,k} for t_{k−1} ≤ t < t_k and n < t_k ≤ n + 1. Clearly, the corresponding Cauchy problem (CP) is well-posed, and the solving evolution family (U(t, s))_{t≥s≥0} is given as in (5.1). However, from (5.2) follows that ‖U(n + 1, n)‖ ≥ N^n .

References

[1] Acquistapace, P.: Evolution operators and strong solutions of abstract linear parabolic equations.

Differential Integral Equations 1 (1988), 433–457 17

[2] Amann, H.: Linear and Quasilinear Parabolic Problems. Volume 1: Abstract Linear Theory.

Birkhäuser, Basel 1995 [3] Baskakov, A.G.: Some conditions for invertibility of linear differential and difference operators.

Russian Acad. Sci. Dokl. Math. 48 (1994), 498–501 [4] Ben-Artzi, A., Gohberg, I.: Dichotomy of systems and invertibility of linear ordinary differential operators. Oper. Theory Adv. Appl. 56 (1992), 90–119 [5] Chow, S.N., Leiva, H.: Existence and roughness of the exponential dichotomy for skew product semiflow in Banach space. J. Differential Equations 120 (1995), 429–477 [6] Chow, S.N., Leiva, H.: Unbounded perturbation of the exponential dichotomy for evolution equations. J. Differential Equations 129 (1996), 509–531 [7] Coppel, W.A.: Dichotomies in Stability Theory. Springer–Verlag, Berlin 1978 [8] Daleckij, J.L., Krein, M.G.: Stability of Solutions of Differential Equations in Banach Spaces. Amer.

Math. Soc., Providence (RI) 1974.

[9] Davies, E.B.: Spectral Theory and Differential Operators. Cambridge University Press, Cambridge 1995.

[10] Furuya, K., Yagi, A.: Linearized stability for abstract quasilinear equations of parabolic type. Funkcial. Ekvac. 37 (1994), 483–504 [11] Graser, T.: Operator multipliers, strongly continuous semigroups, and abstract extrapolation spaces.

Semigroup Forum 55 (1997), 68–79 [12] Henry, D.: Geometric Theory of Semilinear Parabolic Equations. Springer–Verlag, Berlin 1981 [13] Kato, T.: Perturbation Theory for Linear Operators. Springer–Verlag, Berlin 1966 [14] Latushkin, Y., Montgomery–Smith, S.: Evolutionary semigroups and Lyapunov theorems in Banach spaces. J. Funct. Anal. 127 (1995), 173–197 [15] Latushkin, Y., Montgomery–Smith, S., Randolph, T.: Evolutionary semigroups and dichotomy of linear skew–product flows on locally compact spaces with Banach fibers. J. Differential Equations

125 (1996), 73–116

[16] Latushkin, Y., Randolph, T.: Dichotomy of differential equations on Banach spaces and an algebra of weighted translation operators. Integral Equations Operator Theory 23 (1995), 472–500 [17] Lin, X.B.: Exponential dichotomy and stability of long periodic solutions in predator–prey models with diffusion. In: Partial Differential Equations, Proceedings Edinburg TX 1991 (ed. by J. Hale, J. Wiener), pp. 101–105. Pitman Research Notes in Mathematics 273. Pitman, London 1992 [18] Lizana, M.P.: Exponential dichotomy of singularly perturbed linear functional differential equations with small delays. Appl. Anal. 47 (1992), 213–225 [19] Lunardi, A.: Analytic Semigroups and Optimal Regularity in Parabolic Problems. Birkhäuser, Basel 1995 [20] Nagel, R. (Ed.): One-parameter Semigroups of Positive Operators. Lecture Notes in Mathematics 1184. Springer–Verlag, Berlin 1986 [21] Nakaguchi, E., Saito, S., Yagi, A.: Exponential decay of solutions of linear equations in a Banach space. Math. Japon. 44 (1996), 469–481 [22] Nguyen Van Minh, Räbiger, F., Schnaubelt, R.: Exponential stability, exponential expansiveness, and exponential dichotomy of evolution equations on the half-line. Tübinger Berichte zur Funktionalanalysis 6 (1996), 190–216 [23] Nickel, G.: Evolution semigroups for nonautonomous Cauchy problems. Abstract and Applied Analysis, to appear [24] Nickel, G.: Evolution semigroups and product formula for nonautonomous Cauchy problems.

Tübinger Berichte zur Funktionalanalysis 6 (1996), 228–242 [25] Nickel, G., Schnaubelt, R.: An extension of Kato’s stability condition for nonautonomous Cauchy problems. Taiwanese J. Math., to appear [26] Obert, D.G.: Examples and bounds in the general case of exponential dichotomy roughness. J. Math.

Anal. Appl. 174 (1993), 231–241

[27] Pazy, A.: Semigroups of Linear Operators and Applications to Partial Differential Equations.

Springer-Verlag, Berlin 1983 [28] Räbiger, F., Rhandi, A., Schnaubelt, R., Voigt, J.: Non-autonomous Miyadera perturbations, submitted [29] Räbiger, F., Schnaubelt, R.: A spectral characterization of exponentially dichotomic and hyperbolic evolution families. Tübinger Berichte zur Funktionalanalysis 3 (1994), 222–234 [30] Räbiger, F., Schnaubelt, R.: The spectral mapping theorem for evolution semigroups on spaces of vector–valued functions. Semigroup Forum 52 (1996), 225–239 [31] Rau, R.: Hyperbolic evolution groups and dichotomic evolution families. J. Dynam. Differential Equations 6 (1994), 335–355 [32] Sacker, R., Sell, G.: Dichotomies for linear evolutionary equations in Banach spaces. J. Differential Equations 113 (1994), 17–67 [33] Schnaubelt, R.: Exponential Bounds and Hyperbolicity of Evolution Families. Ph.D. thesis, Tübingen 1996 [34] Tanabe, H.: Equations of Evolution. Pitman, London 1979 [35] Wahl, W.v.: The Equations of Navier–Stokes and Abstract Parabolic Equations. Vieweg, Braunschweig 1985

Mathematisches Institut, Universität Tübingen, Auf der Morgenstelle 10, 72076 Tübingen, Germany.

E-mail address: rosc@michelangelo.mathematik.uni-tuebingen.de