ASYMPTOTIC STABILITY AND PERRON CONDITION FOR PERIODIC EVOLUTION FAMILIES ON THE HALF LINE

Constantin BUŞE^� y

Abstract

Extending earlier results of Datko, Pazy and Neerven on C_0-semigroups, we prove the following. Let U be a q-periodic evolution family on a Banach space X and E be a normed function space over R_+ with the property that lim_{t→∞} |χ_{[0,t]}|_E = ∞. If for any x ∈ X, the map t → ||U(t, 0)x|| : R_+ → R_+ belongs to E, then U is exponentially stable. On the other hand we prove that if

sup_{t>0} ‖ ‖ ‖ ‖ ‖ t∫ 0 U(t, ξ)e^{iμξ}f(ξ)dξ ‖ ‖ ‖ ‖ ‖ = M(μ, f) < ∞

for all μ ∈ R and f ∈ P_q(R_+, X), (that is f is a q-periodic and continuous function on R_+), then U is exponentially stable.

�1991 Mathematics Subject Classification: 47A10, 93D05, 47D03, 46A30 yKeywords and phrases: spectral radius of bounded operator, normed function spaces, operator semigroup, q-periodic evolution family, growth bound, exponentially stable.

1.INTRODUCTION

Let T = {T (t)}_{t≥0} be a C_0-semigroup on a Banach space X, and ω(T) be its growth bound. It is well known theorem of Datko [Da1], that if ∞∫ 0 ||T (t)x||^2dt < ∞ ∀x ∈ X, then ω(T) < 0. This result was generalized by Pazy [Pa], who showed that the exponent p = 2, may be replaced by 1 ≤ p < ∞, and by Datko [Da2], who showed the following result:

Let U be an evolutionary process of class C(0, e) on a Banach space X. If there exists a real number p ≥ 1 such that

sup_{s≥0} ∞∫ s ||U(t, s)x||^pds < ∞ ∀x ∈ X, then U is uniformly exponentially stable.

Let s ≥ 0 and x ∈ X. We consider the function

t → U^x_s (t) : R_+ → R_+,

given by

U^x_s (t) = { ||U(t, s)x||, t ≥ s 0, 0 ≤ t < s. Recently in [Bus1, Theorem 0.1] it is shown that the evolutionary process U of class C(0, e) on X is uniformly exponentially stable if for any x ∈ X and every s ≥ 0, the map U^x_s belongs to E and

sup_{s≥0} ‖U^x_s ‖_E = M(x) < ∞.

Here E is a normed function space over R_+ with Ψ_E(∞) = ∞, (see [Ne1], [Bus1], [Bus3] or section 2 for the exact definitions in the present context), which satisfies the condition

(C1) ‖ ‖ ‖χ_{[0,t]} ‖ ‖ ‖ E ≤ ‖ ‖ ‖χ_{[τ,t+τ ]} ‖ ‖ ‖ E ∀t ≥ 0, ∀τ ≥ 0.

χ_A is the characteristic function of the set A. For example in L^p(R_+, C) the condition (C1) it is verified with equality, so Datko result is an immediate corollary of Theorem 0.1 in [Bus1]. The hypothesis (C1) is essential, see [Bus1, Example 3.2], but he may be except in the autonomous case, see [Ne1, Theorem 4.2] or [Bus3, Theorem 0.1]. In this paper we prove that the condition (C1) may be except also in the case when U is a q-periodic evolution family of linear and bounded operators on X.

The concept of exponential dichotomy of linear differential equations was introduced by O. Perron is concerned with the problem of conditional stability of system ẋ = A(t)x + f(t). After seminal researches of O. Perron, relevant results concerning the extension of Perron’s problem in the general framework of functional Banach space were obtained by M.G.Krein, R.Bellman, J.L.Massera and J.J. Schäffer in the period 1948-1966. In the last three decades a great number of paper about stability and calitative behaviour of C_0-semigroups was published.

Let X be a complex Banach space. We denote by L(X) the Banach space of all linear operators acting on X. We also denote by || · ||, the norms of vectors and operators. Let A ∈ L(X) and R_+, the set of the non-negative real numbers. The following results is due to M.G.Krein, see also [Ba].

If the Cauchy problem

ẋ(t) = Ax(t) + e^{iμt}x_0, x(0) = 0, x_0 ∈ X, μ ∈ R

has a bounded solution on R_+ for every μ ∈ R, then the homogenous system ẋ = Ax, is uniformly exponentially stable.

The hypothesis of the above results can be write in the form:

sup_{t>0} ‖ ‖ ‖ ‖ ‖ t∫ 0 e^{iμξ}e^{ξA}x_0dξ ‖ ‖ ‖ ‖ ‖ < ∞, ∀μ ∈ R, ∀x_0 ∈ X.

This result cannot be extended for C_0-semigroups, cf. [RB, Example 3.1]. However, Neerven in [Ne3, Corollary 5] has been shown that if

sup_{μ∈R} sup_{t>0} ‖ ‖ ‖ ‖ ‖ ‖ t∫ 0 e^{iμξ}T (ξ)x_0dξ ‖ ‖ ‖ ‖ ‖ ‖ < ∞, ∀x_0 ∈ X, (1) then ω_1(T) < 0. For details concerning ω_1(T), we refer to [Neu] or [Na, Theorem A IV.1.4]. Moreover under the hypothesis (1) it results that the resolvent R(z, A_T) = (z − A_T)^{−1} of the infinitesimal generator of T, exists and is uniformly bounded on C_+ := {λ ∈ C : Re (λ) > 0}. Combining this with a result of Gearhart in [Ge], it results that if X is a complex Hilbert space and (1) holds, then ω(T) < 0. In the general case, when X is a Banach space the last results is not true, see e.g. [Bus2, Example 2] or [GVW]. On the other hand in [Ne2, Corollary 2.3] it is been shown that if

sup_{t>0} ‖ ‖ ‖ ‖ ‖ t∫ 0 T (ξ)f(ξ)dξ ‖ ‖ ‖ ‖ ‖ < ∞, ∀f ∈ AP (R_+, X) then ω(T) < 0. Here AP (R_+, X) is the linear closed hull in BUC(R_+, X) of the set of all functions {e^{iμ(·)}x, μ ∈ R, x ∈ X}, and BUC(R_+, X) is the space of all X-valued bounded uniformly continuous functions on R_+, with sup-norm. For the variants of this result in the non-autonomous case, see [RB, Theorem 3.3], [Bus2, Theorem 2] or [MRS, Theorem 2.2]. A version of this result is proved in the present paper.

2.DEFINITIONS

Let q > 0 and Δ = {(t, s) ∈ R^2 : t ≥ s ≥ 0}. A mapping U : Δ → L(X) would be called q-periodic evolution family of bounded linear operators on X, iff: • (i) U(t, s) = U(t, r)U(r, s) for all t ≥ s ≥ r ≥ 0; • (ii) U(t, t) = Id, (Id is the identity on X), for all t ≥ 0;

• (iii) for all x ∈ X, the map (t, s) → U(t, s)x : Δ → X, is continuous;

• (iv) U(t + q, s + q) = U(t, s) for all t ≥ s ≥ 0.

The operator U(t, s) we denoted by U(t, s).

Let (R_+, L, m) be the Lebesgue measure space and let M be the linear space of all measurable functions f : R_+ → C, identifiyng functions which are equal a.e.. Consider a function ρ : M → [0, ∞] with the following properties:

• (n1) ρ(f) = 0 if and only if f = 0;

• (n2) ρ(af) = |a|ρ(f) for any scalar a ∈ C and any f ∈ M, with ρ(f) < ∞; • (n3) ρ(f + g) ≤ ρ(f) + ρ(g) for all f, g ∈ M.

Let F = F_ρ be the set of all f ∈ M such that |f|_F := ρ(f) < ∞. It is clear that (F, | · |) is a normed linear space. The normed linear subspace E of F is called normed function space if the following two conditions hold: • (n4) if f ∈ M, g ∈ E and |f| ≤ |g| a.e., then f ∈ E and |f|_E ≤ |g|_E; • (n5) χ_{[0,t]} ∈ E for all t > 0.

Let E be a normed function space. For all t > 0, we define Ψ_E(t) := ‖ ‖ ‖χ_{[0,t]} ‖ ‖ ‖ E and Ψ_E(∞) = lim_{t→∞} Ψ_E(t). With σ(T ) we denote the spectrum of an operator T ∈ L(X) and with r(T ) we denote the spectral radius of T. We recall that r(T ) = lim_{n→∞} ||T^n||^{1n} = sup{|z| : z ∈ σ(T )}, see e.g. [V, Ex. 1.7.23].

3.THE MAIN RESULTS

We shall prove several lemas which would be used later.

Lemma 1 The q-periodic evolution family U on X has exponential growth, (i.e. there are ω ∈ R and M > 1 such that ||U(t, s)|| ≤ Me^{ω(t−s)} ∀t ≥ s ≥ 0. (2)) Proof. The function t → U(t, 0)x is continuous on [0, q] for any x ∈ X, so there exists M(x) > 1 such that ||U(t, 0)x|| ≤ M(x). Hence, using uniform boundedness principle it results that there exists M_q > 1 such that ||U(t, 0)|| ≤ M_q for any t ∈ [0, q]. Let ξ = mq + s with m ∈ {1, 2, · · ·} and s ∈ [0, q). Then ||U(ξ, 0)|| ≤ ||U(ξ, mq)||||U(mq, (m − 1)q)|| · · · ||U(q, 0)|| ≤ M^{m+1}_q = M_qe^{1q (mq) ln Mq} ≤ M_qe^{1q (ln Mq)ξ}.

Now, it is not hard to see, that there are ω = ω(q) > 0 and M_q > 1 such that ||U(ξ, 0)|| ≤ M_qe^{ωξ}, ∀ξ ≥ 0. (3) On the other hand, the function (t, s) → U(t, s)x is continuous on the set {(t, s) ∈ R^2 : 0 ≤ s ≤ t ≤ q} for any x ∈ X, so there exists N_q > 1 such that ||U(t, s)|| ≤ N_q, ∀(t, s) ∈ [0, q] × [0, q], t ≥ s. (4) Let v ≥ ξ + q and ξ = nq + u, with n ∈ N and u ∈ [0, q). Then from (3) and (4), it follows: ||U(v, ξ)|| ≤ ||U(v, (n + 1)q)U((n + 1)q, ξ)|| ≤ ||U(v − nq − q, 0)||||U(q, u)|| ≤ M_qN_qe^{ω(v−ξ)}. We recall that the evolution family U is called exponentially stable if there are ω < 0 and M > 1 such that (2) holds. Let V = U(q, 0) ∈ L(X).

Lemma 2 The q-periodic evolution family U is exponentially stable if and only if r(V ) < 1.

Proof. Let ν > 0 such that r(V ) < e^{−ν} < 1. Then r(e^νV ) < 1, so there is K > 0 such that ||e^{νn}V^n|| ≤ K, for any n = 1, 2, · · · . It follows ||U(nq, 0)|| ≤ Ke^{−νn}. Let t ≥ q, m = 1, 2, · · · and ρ ∈ [0, q) such that t = mq + ρ. Then ||U(t, 0)|| ≤ ||U(t, mq)||||U(mq, 0)|| ≤ Me^{ωq}||U(mq, 0)|| ≤ K_1e^{−ν1t}, where ν_1 =^ν_q , and K_1 = MKe^{ωq}e^{νρq} .

Let t ∈ [0, q). Then: ||U(t, 0)|| ≤ K_2e^{−ν1t}, where K_2 = Me^{(ω+ν1)q}. Let ξ ≥ 0 and t ≥ ξ + q. It is clear that there are p ∈ N and s ∈ [0, q), such that ξ = pq + s. Then: ||U(t, ξ)|| ≤ ||U(t, (p + 1)q)||||U((p + 1)q, s)|| ≤ Me^{ωq}(K_1 + K_2)e^{−ν1(t−ξ)}.

We present without proof a result in the theory of linear and bounded operators. We will denote by c_0 the Banach space of all sequences (a_n) of complex numbers which are convergent to 0, endowed with the norm ||(a_n)|| = sup_n |a_n|.

Lemma 3 Let T ∈ L(X) with r(T ) ≥ 1 and ε ∈ (0, 1). For all sequences (a_n) ∈ c_0 with ||(a_n)|| = 1, there exists x_0 ∈ X with ||x_0|| = 1, such that: ||T^nx_0|| ≥ ε|a_n|, n ∈ N.

The result contained in Lemma 3, was been proved by V. Müller in [M] and by J. van Neerven in [Ne4, Theorem 1.2].

Lemma 4 Let U be a q-periodic evolution family on the Banach space X and V = U(q, 0). If r(V ) ≥ 1 then there is C > 0 such that for all γ ∈ C_0(R_+, C), (the space of all continuous functions with lim_{t→∞} γ(t) = 0), of norm one, there exists x_0 ∈ X with ||x_0|| = 1, such that ||U(t, 0)x_0|| ≥ C|γ(t)|, ∀t ≥ 0.

Proof. Let α ∈ C_0(R_+) be a decreasing function of norm one such that α(s) ≥ |γ(s)| for all s ≥ 0 and let β ∈ C_0(R_+), the function defined by β(t) = { α(0), 0 ≤ t < q α(t − q), t ≥ q. Let t > q, k ∈ N and r ∈ [0, q) such that t = nq + r. From Lemma 3 it follows that for some x_0 ∈ X, ||x_0|| = 1 we have: 1 2 |γ(t)| ≤^1_2 α(t) ≤^1_2 α(kq) =^1_2 β((k + 1)q) ≤ ||V^{k+1}x_0|| = ||U((k + 1)q, 0)x_0|| ≤ Me^{ω1q}||U(t, 0)x_0||.

Remark. The proof of Lemma 4 follows some ideas which was used in [Ne1, Lemma 4.6].

The following result it is a strongly generalization of Datko-Pazy’s theorem.

Theorem 1 Let U be a q-periodic evolutionary process on the Banach space X and V = U(q, 0). Let also E be a normed function space over R_+, with Ψ_E(∞) = ∞. If for every x ∈ X, the function t → ||U(t, 0)x|| belongs to E, then r(V ) < 1, i.e. U is exponentially stable.

Proof. The proof of Theorem 1 in the autonomous case is given in [Bus3, Theorem 0.1]. For reasons of self-containedness we give the proof in some detail. Firstly it is proves by induction that there exists a strictly increasing sequence (t_n) such that ‖ ‖χ_{[tn,tn+1)} ‖ ‖ E ≥ (n + 1)^2, n = 0, 1, · · · .

This follows because Ψ_E(∞) = ∞. Suppose that r(V ) ≥ 1. Let γ ∈ C_0(R_+) such that γ(t) ≥^1_n for any t ∈ [t_{n−1}, t_n) and any n = 1, 2, · · · . Let C and x_0 as in Lema 4. Then we have: ‖||U(·, 0)x_0||‖_E ≥ ‖ ‖ ‖χ_{[tn}�_{1,tn)}||U(·, 0)x_0|| ‖ ‖ ‖ E ≥ C ‖ ‖ ‖χ_{[tn}�_{1,tn)}γ ‖ ‖ ‖ E ≥^C_n ‖ ‖χ_{[tn}�_{1,tn)} ‖ ‖ E ≥ Cn for all n = 1, 2, · · · . It follows ‖||U(·, 0)x_0||‖_E = ∞. This contradiction concludes the proof.

Theorem 1 can be applied to various ”weighted” normed function spaces.

Corollary 1 Let α ∈ L^1_{loc}(R_+) such that^∞ ∫ 0 α(t)dt = ∞, 1 ≤ p < ∞ and U be a q-peridic evolution family on X. If ∞∫ 0 α(t)||U(t, 0)x||^pdt < ∞, ∀x ∈ X then U is exponentially stable.

Corollary 2 Let ϕ ∈ L^1_{loc}(R_+) such that sup_{t≥0}^{t+1} ∫ t ϕ(s)ds = ∞ and U be a

q-periodic evolution family on X. If

sup_{t>0} t+1∫ t ϕ(s)||U(s, 0)x||ds < ∞, ∀x ∈ X then U is exponentially stable.

The following result is a generalization of Littman-Neerven’s theorem, see [Li] and [Ne1]. For the general non-autonomous case, see [Rol] or [Bus5].

Theorem 2 Let ϕ : R_+ → R_+ be a increasing function with ϕ(0) = 0 and ϕ(u) > 0 for all u > 0. If U is a q-periodic evolution family on X such that_∞ ∫ 0 ϕ(||U(t, 0)x||)dt < ∞, ∀x ∈ X, then U is exponentially stable.

Proof. It follows as in [Ne1, Theorem 4.4, p.307] using Lemma 4 in this paper.

Theorem 3 Let U be a q-periodic evolution family on the Banach space X and E_1, E_2 be two normed function spaces over R_+, with Ψ_{E2} (∞) = ∞. If U is (E_1, E_2)-stable ( i.e. the function t → ‖ ‖ ‖ ‖ ‖ ‖ t∫ 0 U(t, ξ)f(ξ)dξ ‖ ‖ ‖ ‖ ‖ ‖ belongs to E_2 for all f ∈ L^1_{loc}(R_+, X) with ||f(·)|| ∈ E_1), then U is exponentially stable.

Proof. Let h > 0, x ∈ X and f = χ_{[0,h]}(·)U(·, 0)x. It is clear that ||f(t)|| ≤ Me^{ωh}χ_{[0,h]}(t)||x|| ∀x ∈ X, so ||f(·)|| ∈ E_1. Moreover, t∫ 0 U(t, ξ)f(ξ)dξ = hU(t, 0)x, ∀t ≥ h. Then: ||U(t, 0)x|| ≤ h^{−1} ‖ ‖ ‖ ‖ ‖ t∫ 0 U(t, ξ)f(ξ)dξ ‖ ‖ ‖ ‖ ‖ + Me^{ωh}χ_{[0,h]}(t)||x||, so ||U(·, 0)x|| ∈ E_2. We apply Theorem 1 and it results that U is exponentially stable.

For the slightly variants of Theorem 3, see [Bus4, Theorems 2.5 and 2.6].

Remark. Let 1 ≤ p < ∞ and T_p = {T_p(t)}_{t≥0} the evolution semigroup asociated with the q-periodic evolution family U, on the usual Lebesgue- Bochner space L^p(R_+, X). Precisely, T_p(t) is given by

(T_p(t)f(s) = { U(s, s − t)f(s − t), s ≥ t U(s, 0)f(0), 0 ≤ s < t. For more details about evolution semigroups and its connection with asymptotic properties of the evolution families, we refer to [AM], [LRS], [MRS], [Mi], [RS1], [RS2], and the literatur cited therein. Using Theorem 3 it can be proved, as in [MRS, Corollary 2.4], the spectral mapping theorem for T_p, that is: e^{tσ(Gp)} = σ(T_p(t)) \ {0}, ∀t ≥ 0 and σ(G_p) = {λ ∈ C : Re (λ) ≤ s(G_p)} where s(G_p) = sup{ Re (z) : z ∈ σ(G_p)}.

Let X be a complex Banach space, T = {T (t)}_{t≥0} be a C_0-semigroup on X and A_T the infinitesimal generator of T. In [RB, Proposition 3.3] it is been shown that if

sup_{t>0} ‖ ‖ ‖ ‖ ‖ t∫ 0 e^{iμξ}T (ξ)dξ ‖ ‖ ‖ ‖ ‖ < ∞, ∀x ∈ X, ∀μ ∈ R then σ(A_T) ⊂ C_− := {z ∈ C : Re (z) < 0}.

The discret version of this result is the following:

Lemma 5. Let T ∈ L(X). If

sup_{n∈N} ‖ ‖ ‖ ‖ n∑ k=0 e^{iμk}T^k ‖ ‖ ‖ ‖ = M_μ < ∞ ∀μ ∈ R, then r(T ) < 1.

Proof. We will use the identity: n∑ k=0 e^{iμk}T^k(e^{iμ}T − Id) = e^{iμ(n+1)}T^{n+1} − Id. (5) From (5) it follows: ||e^{iμ(n+1)}T^{n+1}|| ≤ 1 + M_μ(1 + ||T ||) ∀n ∈ N, (6) that is r(T ) ≤ 1. Suppose that 1 ∈ σ(T ). Then for all m = 1, 2, · · · , there exists x_m ∈ X with ||x_m|| = 1 and (Id − T )x_m → 0 as m → ∞, (see [Na, Proposition 2.2, p. 64]). From (6) it results that T^k(Id − T )x_m → 0 as m → ∞, uniformly for k ∈ N. Let N ∈ N, N > 2M_0 and m ∈ N such that ||T^k(Id − T )x_m|| ≤ 1 2N , k = 0, 1, · · · N. Then M_0 ≥ ‖x_m +^N ∑ k=1 (x_m +^{k−1} ∑ j=0 T^j(T − Id)x_m)‖ = ‖(N + 1)x_m +^N ∑ k=1 k−1∑ j=0 T^j(T − Id)x_m‖ ≥ (N + 1) −^{N (N +1)}_{4N} >^N_2 > M_0.

This contradiction concludes that 1 /∈ σ(T ). Now, it is easy to show that e^{iμ} /∈ σ(T ) for μ ∈ R, that is r(T ) < 1.

Let P_q(R_+, X) the set of all continuous functions f : R_+ → X such that f(t + q) = f(t), for any t ≥ 0. In the following we prove a result which is an improvement of a results of Neerven, see [Ne2, Corollary 2.3].

Theorem 4. Let U = {U(t, s)}_{t≥s≥0} be a q-periodic evolution family on

the Banach space X. If

sup_{t>0} ‖ ‖ ‖ ‖ ‖ ‖ t∫ 0 e^{iμξ}U(t, ξ)f(ξ)dξ ‖ ‖ ‖ ‖ ‖ ‖ < ∞, ∀μ ∈ R, ∀f ∈ P_q(R_+, X), (7) then U is exponentially stable.

Proof. Let V = U(q, 0), x ∈ X, n = 0, 1, · · · and g ∈ P_q(R_+, X), such

that g(ξ) = ξ(q − ξ)U(ξ, 0)x, ∀ξ ∈ [0, q]. From (7), for t = (n + 1)q, we obtain:

sup_{n∈N} ‖ ‖ ‖ ‖ ‖ ‖ ‖ n∑ k=0

(k+1)q ∫ kq U((n + 1)q, ξ)e^{−iμξ}g(ξ)dξ ‖ ‖ ‖ ‖ ‖ ‖ ‖ < ∞, ∀μ ∈ R. (8)

For every k = 0, 1, · · · , we have: (k+1)q∫ kq U((n + 1)q, ξ)e^{−iμξ}g(ξ)dξ = V^{n−k (k+1)q} ∫ kq U((k + 1)q, ξ)e^{−iμξ}g(ξ)dξ = V^{n−k q} ∫ 0 U((k + 1)q, u + kq)e^{−iμ(u+kq)}g(u)du = M(μ, q)e^{−iμ(n+1)}e^{iμ(n−k+1)}V^{n−k+1}x, where M(μ, q) = q∫ 0 u(q − u)e^{−iμu}du ≠ 0. We return in (8) and obtain

sup_{n∈N} ‖ ‖ ‖ ‖ ‖ ‖ n+1∑ j=0 e^{iμj}V^j ‖ ‖ ‖ ‖ ‖ ‖ < ∞, that is r(V ) < 1 and U is exponentially stable.

In the end of this paper we formulate two open problems.

Problem 1 Let U be a q-periodic evolution family on the Hilbert space H. Is it true that if 1 ≤ p < ∞, and ∞∫ 0 | < U(t, 0)x, y > |^p < ∞, ∀x, y ∈ H then U is exponentially stable?

A similar results for C_0-semigroups holds and was been shown by Weiss in [W] and by Huang in [Hu].

Problem 2. Let U be a q-periodic evolution family on the Hilbert space H. Is it true that if

sup_{μ∈R} sup_{t>0} ‖ ‖ ‖ ‖ ‖ ‖ t∫ 0 U(t, ξ)e^{iμξ}xdξ ‖ ‖ ‖ ‖ ‖ ‖ < ∞, ∀x ∈ H then U is exponentially stable?

ACKNOWLEDGMENTS

I thank Nguyen Van Minh for a number of stimulating discussions and D. Barbu for critically reading the manuscript.

References

[AM] Aulbach B. and Nguyen Van Minh, Nonlinear semigroups and the existence and stability of semiliniar nonautonomous evolution equations, Tübinger Berichte zur Funktionalanalysis, 5 (1996) 1-32.

[Ba] Balint S., On the Perron-Bellman theorem for systems with constant coeficients, Ann. Univ. Timişoara, 21, fasc. 1-2, (1983), 3-8.

[Bus1] Buşe C., Asymptotic stability of evolutors and normed function space, to appear in Rend. Sem. Mat. Univ. Pol. Torino.

[Bus2] Buşe C., On the Perron-Bellman theorem for evolutionary processes with exponential growth in Banach spaces, as preprint in Tübinger Berichte zur Funktionalanalysis (1997), to appear in New-Zeeland Journal of Mathematics.

[Bus3] Buşe C., A generalization of Datko-Pazy theorem for C_0-semigroups, submitted.

[Bus4] Buşe C., Admissibility and exponential stability of evolution operators, Ann. Univ. Timişoara, 33 (1),(1995), 3-17.

[Bus5] Buşe C., Nonuniform exponential stability and Orlicz functions, Annales Societatis Math. Polonae, Comm. Math. Poznan, Poland, 36, (1996), 47-55.

[Da1] Datko R., Extending a theorem of A.M. Liapunov to Hilbert space, J.

Math. Anal. Appl., 32, (1970), 610-616.

[Da2] Datko R., Uniform asymptotic stability of evolutionary processes in a Banach space, SIAM J. Math. Analysis, 3, (1973), 428-445.

[Ge] Gearhart L., Spectral theory for contraction semigroups on Hilbert spaces, Trans. Amer. Math. Soc. 236, (1978), 385-394.

[GVW] Greiner G., Voight G. and Wolff M.P., On the spectral bound of generator of positive semigroups, J. Operator Theory, 5, (1981), 245- 256.

[Hu] Huang F., Characteristic conditions for exponential stability of linear dynamical systems in Hilbert spaces, Ann. Diff. Eq. 1, (1985), 43-56.

[LRS] Latushkin Y., Randolph T., and Schnaubelt R., Exponential dichotomy and mild solutions of nonautonomous equations in Banach spaces, Tübinger Berichte zur Funktionalanalysis, 5, (1996), 227-243.

[Li] Littman W., A generalization of a theorem of Datko and Pazy, in ” Lecture Notes in Control and Inform Sci. ”, Springer-Verlag Berlin 130, (1989), 318-323.

[MRS] Minh N.V., Räbiger F., and Schnaubelt R., Exponential stability, exponential expansiveness and exponential dichotomy of evolution equations on the half line, Tübinger Berichte zur Funktionalanalysis (1997).

[Mi] Minh N.V., On the proof of characterizations of the exponential dichotomy, to appear in Bull. Amer. Math. Soc.

[M] Müller V., Local spectral radius formula for operators on Banach spaces, Czech. Math. J. 38, (1988), 726-729.

[Na] Nagel R. (ed.), One-parameter semigroups of positive operators, Springer Lect. Notes in Math. 1184 (1986).

[Ne1] J.M.A.M. van Neerven, Exponential stability of operators and operator semigroups, J. Funct. Analysis, 130, (2), (1995), 293-309.

[Ne2] J.M.A.M. van Neerven, Characterization of exponential stability of a semigroup of operators in terms of its action by convolution on vectorvalued function spaces over R_+, J. Diff. Eq. 124, (1996), 324-342.

[Ne3] J.M.A.M. van Neerven, Individual stability of C_0-semigroups with uniformly bounded local resolvent, Semigroup Forum, 53, (1996), 155-161.

[Ne4] J.M.A.M. van Neerven, On the orbits of an operator with spectral radius one, Czech. Math. J., 45, (120), 1995, 405-502.

[Neu] Neubrander F., Laplace transform and asymptotic behaviour on strongly continous semigroups, Houston Math. J., 12, 549-561, (1986).

[Pa] Pazy A., Semigroups of linear operators and applications to partial differential equations, Springer-Verlag, Berlin, Heidelberg, New-York, Tokyo, (1983).

[RS1] Räbiger F., Schnaubelt R., The spectral mapping theorem for evolution semigroups on spaces of vector valued functions, Semigroup Forum, 48, 225-239.

[RS2] Räbiger F., Schnaubelt R., A spectral characterization of exponentially dichotomic and hiperbolic evolution families, Tübinger Berichte zur Funktionalanalysis 3, (1994).

[RB] Reghiş M., and Buşe C., On the Perron-Bellman theorem for C_0- semigroups and periodic evolutionary processes in Banach spaces, to appear, Rivista Di Mathematica Pura and Aplicada, Udine, Italy (in No. 23).

[Rol] Rolewicz S., Functional Analysis and Control Theory, Linear Systems, Mathematics and its Applications, (East European Series), 1986.

[V] Vasilescu F.H., Introducere in teoria operatorilor liniari (in rumenien), Editura Tehnică, Bucureşti, 1987.

[W] Weiss G., Weak L^p- stability of a linear semigroup on a Hilbert space implies exponential stability, J. Diff. Eq. 76, (1988), 269-285.

DEPARTMENT OF MATHEMATICS, WEST UNIVERSITY OF TIMI- ŞOARA, Bd. V. PARVAN 4, 1900, TIMIŞOARA, ROMÂNIA E-mail address: buse@tim1.uvt.ro