SOME REMARKS ABOUT THE PERRON CONDITION

FOR C0-SEMIGROUPS

Constantin BUŞE and Dorel BARBU^� y

Abstract

We prove the following. Let T = {T (t)}_{t≥0} be a bounded C_0- semigroup on a Banach space X and A its infinitesimal generator. Then ℜσ(A) < 0 if and only if

sup_{t>0} || t∫ 0 e^{iμξ}T (ξ)dξ|| < ∞, ∀μ ∈ R, ∀x ∈ X.

In particular we obtain that a strongly continuous and exponentially bounded family of bounded linear operators U on X is uniformly exponentially stable if and only if the spectrum of the infinitesimal generator of the evolution semigroup associated to U , is lying in C_− := {z ∈ C : ℜ(z) < 0}.

1.INTRODUCTION

In 1930 Oscar Perron found an interesting connection between the property of uniform exponential stability of differential systems and a certain condition (called the Perron condition). For the reader’s convenience we will

�1991 Mathematics Subject Classification: 93D05, 47D03 yKeywords and phrases: operator semigroup, evolution family, growth bound, exponentially stable.

briefly present Perron’s condition for linear nonautonomous finite dimensional differential systems. We consider the system ẋ(t) = A(t)x(t) (A) where x(t) ∈ R^n and A(t) is a real n-dimensional matrix. We suppose that the mapping t → A(t) is measurable. We would say that the system (A) satisfies the Perron condition if for every bounded and continuous function f : R_+ = [0, ∞) → R^n, the solution of the Cauchy problem

ẋ(t) = A(t)x(t) + f(t), x(0) = 0

is bounded on R_+,, that is

sup_{t>0} || t∫ 0 P (t)P^{−1}(ξ)f(ξ)dξ|| < ∞. Here P (t) is the solution of the operatorial Cauchy problem U̇ (t) = A(t)U(t), U(0) = I and I is the identity operator on R^n.

It is well known that the system (A) is uniformly exponentially stable if and only if it satisfies the Perron’s condition. This is more or less folklore; a proof can be found in [DK].

Some remarks about this result in the general case when A(t) = A is a unbouned linear operator, will be made in the present paper.

2.DEFINITIONS. NOTATIONS. MAIN RESULT

Let T = {T (t)}_{t≥0} be a C_0-semigroup on a Banach space X, ω(T) be its growth bound (i.e.

ω(T) = lim_{t→∞} ln ||T (t)|| t = inf_{t>0} ln ||T (t)|| t ) and A its infinitesimal generator. We denote by L(X) the Banach space of all linear operators acting on X. We also denote by || · ||, the norms of vectors and operators. Let C_+ = {z ∈ C : ℜ(z) > 0} and iR = {iμ : μ ∈ R}. With ρ(A) we denote the resolvent set of A and with σ(A) := C \ ρ(A) we denote the spectrum of A. It is known that ρ(A) is an open set in C. If A ∈ L(X) then σ(A) is a compact subset of C. The following result has been proved in [RB].

Proposition 1 If

sup_{t>0} || t∫ 0 e^{iμξ}T (ξ)xdξ|| < ∞, ∀x ∈ X, ∀μ ∈ R (1)

then σ(A) ⊂ C_−.

If T is a uniformly continuous semigroup, i.e. the function t → T (t) : R_+ → L(X) is normic continuous, then A ∈ L(X) and from (1) it follows ω(T) < 0. This is not true in the general case of a strongly continuous semigroup, even if X is a complex Hilbert space (cf. [RB, Example 3.1]). However if T is bounded, i.e. there is M > 0, such that sup_{t≥0} ||T (t)|| ≤ M (2) then the converse statement of Proposition 1, holds. More precisely, we have:

Proposition 2 Let T = {T (t)}_{t≥0} be a bounded C_0- semigroup on the Banach space X. If σ(A) ⊂ C_− then (1) holds.

Proof. With previous notations we have (iR∪C_+) ⊂ ρ(A). Let λ ∈ ρ(A) and R(λ, A) := (λI − A)^{−1} the resolvent operator of A. From (2) it follows ω(T) ≤ 0. Then it is well known, see e.g. [Pa]) that R(λ, A)x = ∞∫ 0 e^{−λt}T (t)xdt, ∀x ∈ X, ∀λ ∈ C_+. (3)

Let μ ∈ R and z_n ∈ C_+ with z_n → (−iμ) as n → ∞. From (3), it follows s∫ 0 e^{−tzn} T (t)xdt =^∞ ∫ 0 e^{−tzn} T (t)xdt −^∞ ∫ 0 e^{−(s+u)zn} T (s + u)xdu = R(z_n, A)x − e^{−szn} T (s)R(z_n, A)x.

Using the dominated convergence theorem, we obtain s∫ 0 e^{iμt}T (t)xdt = R(−iμ, A)x − e^{iμs}T (s)R(−iμ, A)x. (4) But ||e^{isμ}T (s)R(−iμ, A)x|| = ||T (s)R(−iμ, A)x|| → 0, as s → ∞. For the proof of last result, see [AB]. From (4) and (5), it results:

sup_{s>0} ||^s ∫ 0 e^{iμt}T (t)xdt|| ≤ ||R(−iμ, A)x|| + sup_{s>0} ||T (s)R(−iμ, A)x|| = M(μ, x) < ∞. The proof of Proposition 2 is finished.

Corollary 1 Let T = {T (t)}_{t≥0} be a bounded C_0-semigroup on the Banach space X and A its infinitesimal generator. Then σ(A) ⊂ C_+ if and only if (1) holds.

Let us consider the Banach function spaces

E_p := { L^p(R_+, X), if 1 ≤ p < ∞ C_{00}(R_+, X), if p = ∞.

Here L^p(R_+, X), with 1 ≤ p < ∞ are the usual Lebesgue-Bochner spaces and C_{00}(R_+, X) is the space of all continuous functions f : R_+ → X such that f(0) = lim_{t→∞} f(t) = 0. Let U = {U(t, s)}_{t≥s≥0} be a strongly continuous and exponentially bounded family of bounded linear operators on the Banach space X, that is U satisfies the following conditions: • (i) U(t, s) = U(t, r)U(r, s) for all t ≥ s ≥ r ≥ 0; • (ii) U(t, t)x = x, for all t ≥ 0 and any x ∈ X; • (iii) for all x ∈ X, the map (t, s) → U(t, s)x is continuous; • (iv) there exist ω > 0 and K ≥ 1 such that ||U(t, s)|| ≤ Ke^{ω(t−s)}, ∀t ≥ s ≥ 0. It is clear that if U(t, s) = U(t − s, 0) for all t ≥ s ≥ 0 then the family T := {U(t, 0)}_{t≥0} is a C_0-semigroup of bounded linear operators on X. The evolution semigroup T_p = {T_p(t)}_{t≥0} associated with the family U on E_p, is defined by

(T_p(t)f(s) = { U(s, s − t)f(s − t), s ≥ t U(s, 0)f(0), 0 ≤ s < t. For more details about evolution semigroups and their connection with asymptotic properties of the evolution families, we refer to [AM], [LRS], [MRS], [Mi], [RS1], [RS2] and the literature cited therein. Let G_p the infinitesimal generator of T_p. It is known the spectral mapping theorem for T_p, that is: e^{tσ(Gp)} = σ(T_p(t)) \ {0}, ∀t ≥ 0 and σ(G_p) = {λ ∈ C : ℜ(λ) ≤ s(G_p)} where s(G_p) = sup{ℜ(z) : z ∈ σ(G_p)}.

For the proof of this result we refer to [MRS, Theorem 2.2, Corollary 2.4], for the case p = ∞, and to [LMR, Theorem 2.2, Corollary 2.3], for the cases 1 ≤ p < ∞. Corollary 2 Let U = {U(t, s)}_{t≥s≥0} be a strongly and exponentially bounded family on X and T_p = {T_p(t)}_{t≥0}, the evolution semigroup associated with U. The following statements are equivalent:

• (i) there exist ω < 0 and N > 0 such that ||U(t, s)|| ≤ Ne^{ω(t−s)} ∀t ≥ s ≥ 0; • (ii) ω(T_p) < 0;

• (iii) σ(G_p) ⊂ C_−;

• (iv) sup_{t>0} ||^t ∫ 0 e^{iμξ}T_p(ξ)f(ξ)dξ|| < ∞, for all μ ∈ R and all f ∈ E_p. Proof. The implications (i) ⇒ (ii) ⇒ (iii) are obvious. The implication (iii) ⇒ (ii) follows from the spectral mapping theorem. The equivalence (iii) ⇔ (iv) follows from Proposition 1 and Proposition 2. For the proof of (ii) ⇒ (i), see e.g. [RS2].

References

[AB] Arendt W. and Batty C.J.K., Tauberian theorems and stability of oneparameter semigroups, Trans.Amer.Math.Soc. 306 (1988), 837-852.

[AM] Aulbach B. and Nguyen Van Minh, Nonlinear semigroups and the existence and stability of semiliniar nonautonomous evolution equations, Tübinger Berichte zur Funktionalanalysis, 5 (1996) 1-32.

[B] Buşe C., On the Perron-Bellman theorem for evolutionary processes with exponential growth in Banach spaces, preprint in Tübinger Berichte zur Funktionalanalysis (1997), to appear in New-Zeeland Journal of Mathematics.

[DK] Daleckii Ju. L., Krein M.G., Stability of Solutions of Differential Equations in Banach spaces, Amer. Math. Soc., Providence RI, 1974.

[LRM] Latushkin Y., Montgomery-Smith S., Randolph T., Evolution semigroups and robust stability of evolution operators on Banach spaces, preprint

[LRS] Latushkin Y., Randolph T., and Schnaubelt R., Exponential dichotomy and mild solutions of nonautonomous equations in Banach spaces, Tübinger Berichte zur Funktionalanalysis, 5, (1996), 227-243.

[MRS] Minh N.V., Räbiger F., and Schnaubelt R., Exponential stability, exponential expansiveness and exponential dichotomy of evolution equations on the half line, Tübinger Berichte zur Funktionalanalysis (1997).

[Mi] Minh N.V., On the proof of characterizations of the exponential dichotomy, to appear.

[Pa] Pazy A., Semigroups of linear operators and applications to partial differential equations, Springer-Verlag, Berlin, Heidelberg, New-York, Tokyo, (1983).

[RS1] Räbiger F., Schnaubelt R., The spectral mapping theorem for evolution semigroups on spaces of vector valued functions, Semigroup Forum, 48, 225-239.

[RS2] Räbiger F., Schnaubelt R., A spectral characterization of exponentially dichotomic and hiperbolic evolution families, Tübinger Berichte zur Funktionalanalysis 3, (1994).

[RB] Reghiş M., and Buşe C., On the Perron-Bellman theorem for C_0- semigroups and periodic evolutionary processes in Banach spaces, to appear, Rivista Di Mathematica Pura and Aplicada, Udine, Italy (in No.23).

DEPARTMENT OF MATHEMATICS, WEST UNIVERSITY OF TIMIŞOARA, Bd. V. PARVAN 4, 1900, TIMIŞOARA, ROMÂNIA E-mail address: buse@tim1.uvt.ro