Local operator methods and time dependent parabolic equations on non-cylindrical domains

Günter Lumer and Roland Schnaubelt

Abstract:

We investigate time dependent parabolic problems of diffusion type on open subsets of R^{N+1} and on networks, where the domains are possibly unbounded or non-cylindrical. The coefficients are assumed to be continuous and may be singular or degenerate at the boundary. We are looking for solutions which belong locally to suitable Sobolev spaces and vanish at the boundary. The well-posedness of the homogeneous linear problem is characterized by a barrier condition which is verified for a large class of highly singular domains. Using this result, we solve the inhomogeneous linear equation and obtain global solutions for Lipschitz nonlinearities of, e.g., logistic type. These applications are based on an abstract approach in the framework of local operators. In this context we derive maximum principles and characterize the well-posedness of the Cauchy problem by excessive barriers and Cauchy barriers. In the parabolic case, we construct a ‘variable space propagator’ using an associated ‘space-time semigroup’. The propagator then allows to solve the above mentioned problems.

AMS Subject Classification: 35B50, 35K10, 35K65, 47D06. Keywords and Phrases: local operator, maximum principle, Cauchy barrier, excessive barrier, space-time semigroup, evolution semigroup, variable space propagator, non-cylindrical domain, parabolic, degenerate coefficients, network, logistic equation.

1The second author was supported by the Deutsche Forschungsgemeinschaft DFG.

1 Introduction and general information

1.1 Introduction

In this work we investigate time dependent, inhomogeneous, linear and semilinear parabolic problems of diffusion type with Dirichlet boundary conditions. In our principal applications the problems are given on open subsets of R^N × [S, T ] and on networks. Here we allow for unbounded and non-cylindrical domains with possibly irregular boundaries and consider elliptic operators with continuous coefficients which may be singular or degenerate on the boundary.

Our approach is based on the following idea which we describe in the case of a linear, homogeneous equation on a cylindrical domain V ×[0, T ] for an open, bounded subset V of R^N . We are looking for solutions of the problem ∂ ∂t u(x, t) = A(x, t, D)u(x, t), (x, t) ∈ V × (0, T ], = N∑ k,l=1 a_{kl}(x, t) ∂^2 ∂x_k∂x_l u(x, t) + N∑ k=1 b_k(x, t) ∂ ∂x_k u(x, t) + c(x, t)u(x, t), u(x, t) = 0, (x, t) ∈ ∂V × [0, T ], u(·, 0) = f ∈ C_0(V ). (1.1)

We want to transform (1.1) into an abstract autonomous Cauchy problem. To that purpose, we set L(x, t, D) = A(x, t, D) −^∂_{∂t} and F (t) = f, 0 ≤ t ≤ T, and let L be a suitable realization of L(x, t, D) in C_0(V × [0, T ]). We then study the Cauchy problem d dσ v(σ) = L v(σ), σ > 0, v(0) = F (1.2)

in C_0(V ×[0, T ]). This problem is well-posed if and only if L generates a semigroup^1 on C_0(V × [0, T ]). Given a solution v of (1.2), we define u(x, t) = (v(t)) (x, t) = v(t, x, t) for (x, t) ∈ V × [0, T ]. The function u satisfies the initial and boundary conditions of (1.1) and we have, formally, ∂ ∂t u(x, t) = ∂ ∂σ v(σ, x, t) | |_{σ=t} + ∂ ∂τ v(t, x, τ) | |_{τ =t} = A(x, t, D)v(t, x, t) − ∂ ∂τ v(t, x, τ) | |_{τ =t} + ∂ ∂τ v(t, x, τ) | |_{τ =t} = A(x, t, D)u(x, t). 1\Semigroup" always means \strongly continuous one-parameter semigroup of bounded linear operators".

(See also [26] and [53, p.290].) Of course, this heuristic computation can only be justified under strong regularity assumptions. Therefore we proceed in a somewhat different and more abstract way. First, we have to define L in a precise way. Second, we give conditions for L to be a generator. Third, we look for a representation of the semigroup generated by L. Using this representation, we then obtain solutions of (1.1) (and the more general equations indicated above). All this will be done in the framework of the theory of local operators as introduced in [29, 30, 31]. We point out that this approach allows to treat diffusion problems on networks at the same time.

We briefly outline the contents of the present paper, see also the sketch given in [39]. In Section 2.1 and 2.2 we recall the definition and basic properties of (parabolic) local operators. A local operator A is, roughly speaking, a collection of linear operators A^V acting in C(V ) for open subsets V of a metric space Ω such that the operators A^V respect restriction to subsets. Parabolic local operators are defined on ‘space-time’ V ⊂ Ω × J for an interval J ⊂ R. We construct several extensions of a given local operator A, in particular the ‘local closure’ Ā (cf. Theorem 2.12), where we assume a condition of ‘local dissipativity’. Then we establish maximum and comparison principles for locally dissipative, parabolic, local operators in Section 2.3 generalizing results from [40].

In Chapter 3 we show that the Cauchy problem for the part Ā_V of Ā in C_0(V ) is well-posed if and only if V possesses a ‘Cauchy barrier’ in the sense of Definition 3.1. This notion of a barrier is tailored to the Cauchy problems considered in this work. To obtain this characterization, we assume that the local operator A is locally dissipative and ‘real’, that Ā_Ω is a generator, and that the domains of A^V are ‘large enough’. Our arguments rely on methods from potential and semigroup theory and make heavy use of the concepts of ‘excessive barriers’, cf. [15], and ‘local semigroups’, cf. [54, 55]. Our main result Theorem 3.25 is a counterpart of the results in [29, 30, 31] where somewhat different hypotheses were supposed, compare Theorem 3.14 and 3.27. The present formulation is suited to parabolic problems on non-cylindrical domains. However, in the applications to degenerate problems we will use both types of results.

In a third step we investigate the semigroup generated by L̄_V for a parabolic local operator L. It turns out, Section 4.2, that this so-called ‘space-time semigroup’ is induced by a variable-space propagator which satisfies the homogeneous equation. Using this representation, we then solve the corresponding inhomogeneous problem in Section 4.3 extending [41]. In the cylindrical case, similar results were obtained by L. Paquet [46, 47, 49]. Space-time semigroups were introduced by J. Howland, [26], in 1974 for an L^2–setting, see also [16, 43]. More recently, they have been used to study well-posedness and perturbation theory of non-autonomous Cauchy problems, see e.g. [37, 38, 50, 51], and asymptotic properties of solutions, see e.g. [27, 52, 56].

Combining these facts we can establish existence and uniqueness of solutions of L̄u = F on V , u(x, t) = 0 on the ‘lateral boundary’ of V , u(·, S) = f on the ‘bottom’ of V , if V ⊂ Ω × [S, T ] possesses a Cauchy barrier with respect to L̄, see Theorem 4.15, 4.16, and 4.24. Based on this result, we then show existence and uniqueness of global solutions of

L̄u + Φ ∘ F = 0 on V , u(x, t) = 0 on the ‘lateral boundary’ of V , u(·, S) = f on the ‘bottom’ of V ,

where 0 ≤ f ≤ 1 and Φ is locally Lipschitz and satisfies a sign condition, see Section 5.

This theory is used in Chapter 6 to solve parabolic problems on open subsets

of R^N × [S, T ] and networks. Here we assume that the coefficients are real, con-

tinuous, and elliptic, but not necessarily bounded or uniformly elliptic. We allow for unbounded and non-cylindrical domains with possibly irregular boundaries. The class of admissible non-linearities contains, for instance, the logistic equation. By determining L̄ explicitely, we can show that the solutions belong locally to suitable Sobolev spaces. In Section 6.1 we construct Cauchy barriers for several problems

in R^N × [S, T ]. This is done in the uniformly elliptic case for finite intersections of

C^2–domains. For degenerate coefficients we consider regular boundaries, but also degeneracies taking place on irregular parts like isolated points or ‘entering faces’.

For convenience of the reader we add a detailed table of contents and lists of hypotheses and notation.

1.2 Table of contents

1. Introduction and general information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2. Table of contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.3. List of hypotheses and definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.4. List of symbols and notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2. Local operators in general and parabolic local operators . . . . . . . . . . . . . . . 6 2.1. Basic notations, closure and completion of local operators . . . . . . . . . . . . . . . . 6 2.2. Parabolic extension of local operators in space-time . . . . . . . . . . . . . . . . . . . . . 13 2.3. Maximum principles for parabolic local operators . . . . . . . . . . . . . . . . . . . . . . . 17

3. Localization and well-posedness of Cauchy problems . . . . . . . . . . . . . . . . . . 22 3.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.2. Excessive barriers and approximate solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3.3. Spatial parabolic extension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 3.4. Local Feller semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 3.5. Cauchy barriers and well-posedness of Cauchy problems . . . . . . . . . . . . . . . . . 35

4. Time dependent parabolic problems on non-cylindrical domains . . . . . 40 4.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 4.2. Parabolic operators and space-time semigroups. . . . . . . . . . . . . . . . . . . . . . . . . .42

4.3. Well-posedness of parabolic problems on non-cylindrical domains . . . . . . . . 47 4.4. Parabolic and standard parabolic problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .55

5. Semilinear parabolic problems on non-cylindrical domains. . . . . . . . . . . .57 6. Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 6.1. Parabolic partial differential equations of second order . . . . . . . . . . . . . . . . . . 60 6.2. Diffusion problems on networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 1.3 List of hypotheses and definitions

(A) 6 (closed) parabolic boundary 17 Cauchy barrier 23 parabolic extension 14, 16 closed completed parabolic extension 16 (standard) parabolic local operator 13 complete 7 (standard) parabolic operator 42 completion 8 partition 14 (regular) excessive barrier 25 real 8 extension 8 (S), (S1), (S2) 9 (H), (H1), (H2) 24, 35, 52 semi-complete 8 local closure 12 space-time semigroup 42 local operator 7 spatial parabolic extension 29 local semigroup 32 tangent semigroup 32 locally closed (u.c.) 8 translation invariant 17 locally dissipative 8 uniformly well-posed 53 locally excessive (K, η) (or in V ) 24 variable space propagator 46 (LS), (OE) 35 weakly A–Dirichlet regular 23

1.4 List of symbols and notation

A 6 J 13 A 13 L_p 14, 16 A^V (or A), D(A, V ) 7 L¯_{^p} 16 (A_V , D(A_V )) 7 M(t), M(t), M_t 13 A ⊂ A^′ 8 Ω 6 Â 8 O(Ω), O_c(Ω) 6 Ā 12 Ω, Ω_0, Ω_{00} 13, 40, 60 A_λ 25 Ω^∗, Ω^∗, Ω^∗(t), Ω^∗_0 17, 40 A_p , A_{pV} 29 P_+(t) 25 C(V ), C_b(V ), C_0(V ), C_c(V ) 6 Q^#(·), Q^{∗#}(·) 41 CR(V ) 6 T_τ , F_τ , V_τ 17 D̃_L(S) 55 U_σ(t) 25 δ_pV , ∂_pV 17 U(t, s), U^#(t, s), U^{∗#}(t, s) 45

Δ_I 45 Ũ(t, s), Ũ^#(t, s), Ũ^{∗#}(t, s) 46 Ĕ 40 Ǔ(t, s) 30, 50 f^+, f^− 6 V_n ↑ V 6 f|M 6 V , V_0, V_{00} 13, 40, 60 f^#, f^∗ 24, 40 V^∗, V^∗, ∂V^∗, V^∗, V^∗, ∂V^∗ 17 ‖f‖_K 32 x 13 F (t), F̃ (t) 40 X, X_0, X̆_0 40 φ̃_σ 43 X(t), X̃(t), X^#(t), X^{∗#}(t) 40, 45 Γ, Γ^s, Γ^′_s, Γ(s + 0) 41 X^#, X^{∗#}, X^#, X^{∗#}, X^#_0 , X^{∗#}_0 40 I_M , S_M , T_M 13 X_s(T ), X_s(T )^{∗#} 58 I_k, V_k, Ω_k, 14, 16 Z_V 17 J, J_0, J̃ 13, 40

2 Local operators in general and parabolic local operators

2.1 Basic notations, closure and completion of local operators

Here (and in the following section) we introduce basic concepts and notation related to local operators which are used throughout this work.

By Ω we denote a locally compact Hausdorff space having a countable base. Let O(Ω) be the collection of non empty, open subsets V of Ω and let O_c(Ω) consist of those V ∈ O(Ω) being relatively compact. For V ∈ O(Ω), we consider the spaces C(V ), C_b(V ), C_0(V ), C_c(V ) of continuous functions f : V → C which are bounded, vanish at infinity, or have compact support, respectively. The space C_b(V ) is endowed with the sup-norm ‖f‖ = sup_V |f|. We designate by CR(V ) the space of real valued f ∈ C(V ) and analogously for the other function spaces. Also, f^+ (f^−) is the positive (negative) part of f ∈ CR(V ). By f|M we denote the restriction of a function f to a set M. If V_n ⊂ V_{n+1} for n ∈ N and ⋃ n∈N V^n = V , then we write V^n ↑ V .

Notice that Ω is metrizable and that there are sets Ω_n ∈ O_c(Ω) such that Ω_n ↑ Ω and Ω_n ⊂ Ω_{n+1}. Further, if V_n, V ∈ O(Ω) and V_n ↑ V , then for each compact K ⊂ V we have K ⊂ V_n for n ≥ n_0(K). Thorughout, A denotes a base of O(Ω). We use the the following assumption.

(A) If V, W ∈ A, then V ∩ W ∈ A.

For each compact K ⊂ V ∈ A, there is W ∈ A ∩ O_c(Ω) with K ⊂ W ⊂ W ⊂ V .

Lemma 2.1. Let (A) hold and V, V_n ∈ A satisfy V_n ↑ V . Then there are W_k ∈ A ∩ O_c(Ω) such that W_k ↑ V , W_k ⊂ W_{k+1} and W_k ⊂ V_{nk} for a subsequence (n_k).

Proof. There exist sets G_n ∈ O_c(Ω) such that G_n ↑ V and G_n ⊂ G_{n+1}. Take n_1 with G_1 ⊂ V_{n1} . Using (A), we find W_1 ∈ A ∩ O_c(Ω) with G_1 ⊂ W_1 ⊂ W_1 ⊂ V_{n1} . Next choose k_2 and n_2 such that W_1 ⊂ G_{k2} ⊂ G_{k2} ⊂ V_{n2} and proceed inductively.

Our approach relies on the concept of a local operator defined as follows, see e.g. [29], [30], [31], [35].

Definition 2.2. A local operator A defined on a base A of O(Ω) is a collection of linear operators A^V : D(A, V ) ⊂ C(V ) → C(V ) for V ∈ A such that 0 ∈ D(A, V ) and for V, W ∈ A with W ⊂ V and f ∈ D(A, V ) we have f|W ∈ D(A, W ) and A^W (f|W ) = (A^V f)|W . If it causes no confusion, we omit the superscript “V ” and write f instead of f|V .

By (A_V , D(A_V )) we denote the part of A^V in C_0(V ), that is,

A_V f = A^V f for f ∈ D(A_V ) = {f ∈ C_0(V ) ∩ D(A, V ) : A^V f ∈ C_0(V )}.

We give some examples of local operators in order to illustrate the above definition. These operators will be used below to discuss some of our basic notions.

Example 2.3. For Ω = R^n and V ∈ O(R^n ) set A_k = Δ for k = 1, 2, 3, and D(A_1, V ) = C^2(V ), D(A_2, V ) = {f ∈ W^{2,p}(V ) : Δf ∈ C(V )}, D(A_3, V ) = {f ∈ W^{2,p}_{loc} (V ) : Δf ∈ C(V )}, where W^{2,p}_{loc} (V ) is the usual Sobolev space and p > n is fixed.

We note that D(A_3, V ) = {f ∈ C(V ) : Δf ∈ C(V )} for the Laplacian in the sense of distributions, cf. [10, II.3, Prop. 6, 8].

Example 2.4. For Ω = R, V ∈ O(R), and a unbounded function m ∈ C(R) define A_4f = mf and D(A_4, V ) = {f ∈ C(V ) : mf ∈ C_b(V )}.

Example 2.5. Let Ω = {z ∈ C : 1 < |z| < 2}. Let V ⊂ Ω be a generic open rectangle with sides parallel to the real and imaginary axis. Let A consist of Ω and of finite unions of such V . Also, for a compact K ⊂ C we denote by P (K) the uniform closure of the polynomials p(z) defined on K. We set A_5f = f^′ and D(A, W ) = {f ∈ C(W ) : f|K ∈ P (K) for all compact K ⊂ W } for W ∈ A. Notice that (A) holds.

In many applications, local operators are given by a partial differential operator on an open subset Ω of R^n . We refer to [32], [45], and the papers cited above concerning elliptic operators and to [39], [47], [48], and Section 6.1 concerning parabolic operators. However, local operators can also be used to study evolution equations on networks and ramified spaces, see e.g. [33], [34], [36], and Section 6.2. Moreover, the concept of a local operator turns out to be the appropriate framework for various extensions of a given local operator A which we construct in this and the following section. These extensions will be essential for our work.

Next, we introduce classes of local operators for which, in some sense, A^V is determined by A^W for W ⊂ V .

Definition 2.6. Let A be a local operator on A.

1. A is called complete if, for V ∈ A, a function f ∈ C(V ) belongs to D(A, V ) provided that for all x ∈ V there is V_x ∈ A such that x ∈ V_x ⊂ V and f|V_x ∈ D(A, V_x).

2. A is called semi-complete if, for V ∈ A, a function f ∈ C(V ) belongs to D(A, V ) provided that there are A ∋ V_n ↑ V such that f|V_n ∈ D(A, V_n).

Of course, the operator A_1 in Example 2.3 is complete and, a fortiori, semicomplete. The operator A_5 in Example 2.5 is semi-complete but not complete. In fact, it is easy to see that A_5 is semi-complete. On the other hand, take g(z) =^1_z for z ∈ Ω and K = {z ∈ C : |z| = r} ⊂ Ω. Then g /∈ P (K) since ∫ K g(z) dz ≠ 0 whereas ∫ K z^n dz = 0 for n ∈ N. Hence, g /∈ D(A, Ω). However, g|V belongs to D(A, V ) for each sufficiently small rectangle V ⊂ Ω since g|V is given by a power series.

We say that a local operator A^′ on A^′ extends a local operator A defined on A if A ⊂ A^′ and, for f ∈ D(A, V ) and V ∈ A, we have f ∈ D(A^′, V ) and Af = A^′f on V . In this case we write A ⊂ A^′. We recall that for each local operator A defined on A there exists the smallest complete extension of A, the completion Â, defined on O(Ω) which is given by D(Â, V ) = {f ∈ C(V ) : ∀ x ∈ V ∃ V_x ∈ A with x ∈ V_x ⊂ V, f|V_x ∈ D(A, V_x)}, (Â^V f)(x) = (A^{Vx} f|V_x)(x) for V ∈ O(Ω),

cf. [29, p.412]. It is easy to see that ^A_2 = A_3 in Example 2.3. In the remainder of this section we focus on the definition of a ‘local closure’.

Definition 2.7. Let A be a local operator on A.

1. We say that A is locally closed if the part of A^V in C_b(V ) is closed for all V ∈ A; that is, if f_n → f and A^V f_n → g in C_b(V ) for f_n ∈ D(A, V ) ∩ C_b(V ), then f ∈ D(A, V ) and A^V f = g.

2. A is locally closed u.c. if, for V ∈ A and f, g ∈ C(V ), the existence of A ∋ V_n ↑ V and f_n ∈ D(A, V_n) such that f_n → f and Af_n → g uniformly on compact subsets of V (u.c.) implies that f ∈ D(A, V ) and A^V f = g.

3. A is called locally dissipative if, for all V ∈ A, compact K ⊂ V , and f ∈ D(A, V ) with sup_{V \K} |f| < sup_V |f|, there exists x_0 ∈ V such that |f(x_0)| = sup_V |f| and Re ((Af)(x_0) f(x_0)) ≤ 0 (where sup_∅ |f| := −∞).

4. A is a real local operator if f ∈ D(A, V ) for V ∈ A implies that f ∈ D(A, V ) and Af = Af on V .

It is obvious that if A is real, then the part A_V in C_0(Ω) (or the part in C_b(Ω)) is a real operator, i.e., for f ∈ D(A_V ) we have f ∈ D(A_V ) and A_V f = A_V f. A straightforward application of Lemma 2.1 shows

Lemma 2.8. Let A be a local operator on A. If A is locally closed u.c., then A is locally closed and semi-complete. The converse holds if (A) is satisfied.

It can be shown that the local operator A_3 defined in Example 2.3 is locally closed u.c., see [32], [45], and also Section 6.1. Notice that A_1 is a (semi-)complete local operator which is not locally closed if n ≥ 2, cf. [10, II.3, Rem. 5]. On the other hand, A_4 from Example 2.4 is locally closed but not semi-complete.

The next lemma shows that local dissipativity is equivalent to a maximum modulus principle provided that some mild seperation assumptions hold for the local operator A on A. In the following conditions, we denote by A_0 a base of O(Ω) which is contained in A.

(S) For W ∈ A_0 ∩ O_c(Ω) and x_0 ∈ W , there is h ∈ D(A, W ) ∩ C(W ) such that h(x_0) > sup_{∂W} |h| and Ah ∈ C_b(W ) if ∂W ≠ ∅ and h(x_0) > 0 if ∂W = ∅.

(S1) For W ∈ A_0 and x_0 ∈ W , there is h ∈ D(A_W ) ⊂ C_0(W ) such that h(x_0) > 0.

(S2) D(A_W ) is dense in C_0(W ) for W ∈ A_0.

By h ∈ D(A, W ) ∩ C(W ) we mean that the function h ∈ D(A, W ) has a continuous extension to W usually denoted by the same symbol. Clearly, (S2) ⇒ (S1) ⇒ (S) and each extension of A satisfies the same separation assumption.

Lemma 2.9. Let A be a local operator on A. If, for V ∈ A, the local maximum modulus principle

f ∈ D(A, V ), x_0 ∈ V, |f(x_0)| = sup_V |f| =⇒ Re ((Af)(x_0) f(x_0)) ≤ 0 (2.1)

holds, then A is locally dissipative. The converse is true provided that (S) is satisfied.

Proof. 1.) Assume that (2.1) holds. Let V ∈ A, K be a compact subset of V , and f ∈ D(A, V ) satisfy sup_{V \K} |f| < sup_V |f|. Then there exists x_0 ∈ K such that |f(x_0)| = sup_V |f|. Thus, (2.1) yields Re (Af(x_0) f(x_0)) ≤ 0, i.e., A is locally dissipative.

2.) Now assume that A is locally dissipative and that (S) holds. Let V, x_0, f be as in (2.1) and suppose that Re (Af(x_0) f(x_0)) > 0. Then we can find W ∈ A ∩ O_c(Ω) and h_0 satisfying (S) such that x_0 ∈ W ⊂ W ⊂ V and

Re (Af(x) f(x)) ≥ α > 0 (2.2)

for x ∈ W . If ∂W = ∅, then W = W is compact and, by local dissipativity, there is x_1 ∈ W such that Re (Af(x_1) f(x_1)) ≤ 0. This contradicts (2.2). So assume ∂W ≠ ∅. We have f(x_0) = λ |f(x_0)| for some λ ∈ C with |λ| = 1. Set h = λh_0 and g_σ = f + σh for σ > 0. The functions f, h, g_σ have continuous extensions to W which are denoted by the same symbols. From (S) and f(x_0) = sup_V |f| we derive

|g_σ (x_0)| = | λ |f(x_0)| + σλh_0(x_0)| = |f(x_0)| + σh_0(x_0) > β > |f(x)| + σ|h(x)| ≥ |g_σ(x)| for x ∈ ∂W and a constant β. In particular, the set K = {x ∈ W : |g_σ(x)| ≥ β} ≠ ∅ is compact in W . Since A is locally dissipative, there is x_2 = x_2(σ) ∈ W such that Re (Ag_σ (x_2) g_σ (x_2)) ≤ 0. (2.3) On the other hand, (S) and (2.2) imply

Re ((Ag_σ ) g_σ ) = Re ((Af) f) + σ Re ((Af) h) + σ Re ((Ah) f) + σ^2 Re ((Ah) h) = Re ((Af) f) + O(σ) ≥^α_2 > 0 on W for σ > 0 small enough. This contradicts (2.3), and thus (2.1) holds. We note some consequences of the above result.

Corollary 2.10. Let A be a local operator on A which satisfies (S).

1. If A is locally dissipative, then the part A_V of A in C_0(V ) is dissipative for V ∈ A. 2.. Let A be real. Then, A is locally dissipative if and only if the local positive maximum principle f ∈ D(A, V ) ∩ CR(V ), x_0 ∈ V, 0 < f(x_0) = sup_V f =⇒ (Af)(x_0) ≤ 0 (2.4) holds for all V ∈ A.

Proof. 1.) For f ∈ D(A_V ) ⊂ C_0(V ) there is x_0 ∈ V such that |f(x_0)| = ‖f‖. So the dissipativity of A_V follows by considering the functional φ_f = f(x_0) δ_{x0} .

2.) Let A be real. First, assume that (2.4) holds. Let V ∈ A, f ∈ D(A, V ), and x_0 ∈ V such that |f(x_0)| = sup_V |f|. We may assume that |f(x_0)| > 0. There is

λ ∈ C such that |λ| = 1 and |f(x0)| = λf(x0). Let u = Re (λf) and v = Im (λf) .

Hence, 0 < u(x_0) = sup_V u and v(x_0) = 0. Since A is real, we have u, v ∈ D(A, V ) and Au, Av are real. Now (2.4) implies

Re (Af(x_0) f(x_0)) = Re (A(λf)(x_0) λf(x_0)) = Re (Au(x_0) u(x_0) + iAv(x_0) u(x_0)) = Au(x_0) u(x_0) ≤ 0.

Second, assume that A is locally disipative. Let 0 < f(x_0) = sup_V f for f ∈ D(A, V )∩ CR(V ) and V ∈ A. Suppose that Af(x_0) > 0. Choose W ∈ A such that x_0 ∈ W ⊂ V and f ≥ 0 on W . An application of (2.1) shows that Af(x_0)f(x_0) ≤ 0 which is impossible.

As a consequence, the operator A_1 from Example 2.3 is locally dissipative due to the classical (strong) maximum principle. In fact, more general elliptic or parabolic operators yield locally dissipative local operators, see [32], [45] for the elliptic case and [39], [47], Chapter 6 for the parabolic case.

It is well known that a densely defined, dissipative operator possesses a dissipative closure. In the sequel, we show an analogue of this result for local operators using the mild seperation condition (S). Here we generalize [31, Thm. 3] where (S2) was used.

Lemma 2.11. Assume that A is a locally dissipative, local operator on A which satisfies (S). Let V, V_n ∈ A and f_n ∈ D(A, V_n) such that V_n ↑ V and f_n → f, Af_n → g u.c. in C(V ) as n → ∞.

1. If there is x_0 ∈ V with |f(x_0)| = sup_V |f|, then Re (g(x_0)f(x_0)) ≤ 0. 2. If f = 0, then g = 0.

Proof. Let V, V_n, f, f_n, g be as in the statement.

1.) Let |f(x_0)| = sup_V |f| for some x_0 ∈ V . We may assume that |f(x_0)| > 0. Suppose that Re (g(x_0)f(x_0)) > 0. Then there exists W ∈ A ∩ O_c(Ω) such that Re gf ≥ α > 0 on W for some constant α and there is h̃ satisfying (S) for x_0 ∈ W ⊂ W ⊂ V . Without loss of generality, let W ⊂ V_1. Set λ = f(x_0) |f(x_0)|^{−1} and h = λh̃. Define h_σ = σh for σ > 0 and φ_n = f_n −f and ψ_n = Af_n −g on W . Then φ_n, ψ_n → 0 in C(W ). For each ε > 0, we estimate Re(A(f_n + h_σ) (f_n + h_σ)) = Re(g + ψ_n + σAh) (f + φ_n + σh)) = Re(gf) + Re(gφ_n) + Re(ψ_nf) + Re(ψ_nφ_n) + σ^2Re(hAh) + σ[Re(gh) + Re(ψ_nh) + Re(fAh) + Re(φ_nAh)] ≥ Re(gf) + O(σ) − ε ≥ α + O(σ) − ε on W for n large enough. Therefore we can find σ_0 > 0 and n_0 ∈ N such that Re (A(f_n + h_σ ) (f_n + h_σ )) ≥^α_2 > 0 (2.5) on W for n ≥ n_0 and σ ∈ (0, σ_0]. On the other hand, for fixed σ ∈ (0, σ_0] condition (S) yields

|(f_n + h_σ)(x_0)| = | λ |f(x_0)| + φ_n(x_0) + λσh̃(x_0)| ≥ |f(x_0)| + σh̃(x_0) − |φ_n(x_0)| > β > γ > |f(x)| + σh̃(x) for x ∈ ∂W , constants β, γ > 0, and n ≥ n_1 ≥ n_0. Moreover, |(f_n + h_σ )(x)| ≤ |f(x)| + |φ_n(x)| + σh̃(x) ≤ γ on ∂W for n ≥ n_2 ≥ n_1. Fix n ≥ n_2. Notice that the set K = {x ∈ W : |f_n(x) + h_σ (x)| ≥ β} ≠ ∅ is compact in W . Since A is locally dissipative, we find x_1 ∈ W such that Re (A(f_n + h_σ ) (f_n + h_σ))(x_1) ≤ 0 This violates (2.5), and so the first assertion is established.

2.) Let f = 0. Suppose that |g(x_0)| > 0 for some x_0 ∈ V . Then there is W ∈ A ∩ O_c(Ω) such that |g(x)| > 0 for x ∈ W (2.6) and there is h satisfying (S) for x_0 ∈ W ⊂ W ⊂ V . Choose x_1 ∈ W with |h(x_1)| = sup_W |h| > 0. Without loss of generality, let W ⊂ V_1. We have f_n + λσh → λσh and A(f_n + λσh) → g + λσAh in C(W ) as n → ∞ for all σ > 0 and λ ∈ C . Also, σ|λh(x_1)| = sup_W |σλh|. So the first part of the proof shows

0 ≥ Re ((g + λσAh)(x_1) σλh(x_1)) = σ [ Re (λg(x_1)h(x_1)) + σ|λ|^2 Re (h(x_1)Ah(x_1)) ] . Dividing by σ and letting, σ → 0 yields Re (λg(x_1)h(x_1)) ≤ 0 for all λ ∈ C . Taking λ = g(x_1)h(x_1), we obtain g(x_1)h(x_1) = 0. Thus, g(x_1) = 0. This contradicts (2.6), and hence g = 0.

Given a local operator A on A, we set

D(Ā, V ) = {f ∈ C(V ) : there are V_n ∈ A, f_n ∈ D(A, V_n), g ∈ C(V ) such that V_n ↑ V, f_n → f, Af_n → g u.c. in C(V )}, Ā^V f = g on V ∈ A, (2.7)

see [31]. To show that Ā^V is well defined, we assume that A is locally dissipative and that (A) and (S) hold. Let f, g, g^′ ∈ C(V ), V_n, V^′_n ∈ A, f_n ∈ D(A, V_n), and f^′_n ∈ D(A, V^′_n) such that V_n ↑ V , V^′_n ↑ V , and f_n → f, f^′_n → f, Af_n → g, Af^′_n → g^′ u.c. in C(V ). Then V_n ∩ V^′_n ≠ ∅ for n large enough and W_n = V_n ∩ V^′_n ∈ A. Since W_n ↑ V and f_n − f^′_n → 0, A(f_n − f^′_n) → g − g^′ u.c. in C(V ), Lemma 2.11 yields that g = g^′. Similarly, one verifies that Ā^V is linear and that Ā is a local operator. Moreover, we have

Theorem 2.12. Let A be a locally dissipative, local operator defined on A satisfying (A) and (S). Then Ā is a locally dissipative, local operator on A and the smallest semi-complete and locally closed extension of A. If A is real, then Ā is also real.

Proof. By Lemma 2.11 and 2.9, Ā is locally dissipative. Let D(Ā, V_n) ∋ f_n → f and Āf_n → g u.c. in C(V ), where V, V_n ∈ A and V_n ↑ V . We may assume that V_n is compact and contained in V_{n+1} due to Lemma 2.1. There exist V_{nk} ∈ A and f_{nk} ∈ D(A, V_{nk} ) such that V_{nk} ↑ V_n and f_{nk} → f_n, Af_{nk} → Āf_n u.c. in C(V_n) as k → ∞. For n ∈ N, there is k_n such that V_{n−1} ⊂ V_{nkn} , sup_{V n−1} |f_n − f_{nkn} | ≤ 1 n , and sup_{V n−1} |Āf_n − Af_{nkn} | ≤ 1 n . Now set W_n := V_{nkn} and h_n := f_{nkn} ∈ D(A, W_n). Then W_n ↑ V and h_n → f, Ah_n → g u.c. in C(V ). That is, f ∈ D(Ā, V ) and Āf = g. As a result, A is locally closed u.c. and hence, by Lemma 2.8, semi-complete and locally closed. The other assertions are clear.

Definition 2.13. Let A be a local operator defined on a base A. If (2.7) defines a local operator on A, then we call it the local closure Ā of A.

We can combine the completion and the local closure of A.

Theorem 2.14. Let A be a locally dissipative, local operator defined on A satisfying (A) and (S). Then ^̄A exists and is a locally dissipative, locally closed, and semicomplete extension of A defined on O(Ω). If A is real, then ^̄A is also real.

Proof. In view of Theorem 2.12 we only have to show that Â (which always exists) is locally dissipative. To apply Lemma 2.9, let f ∈ D(Â, V ), V ∈ O(Ω), and x_0 ∈ V with |f(x_0)| = sup_V |f|. Then there is W ∈ A such that Â^V f(x_0) = A^W f(x_0). We conclude Re (Âf(x_0) f(x_0)) ≤ 0 by the local dissipativity of A.

2.2 Parabolic extension of local operators in space-time

At first, we recall the concept of a parabolic local operator as introduced in [39], [40], [47], [48], see also [37], [38], [41], [49]. For the remainder of this chapter we let J ∈ { ]S, T [ , ]S, T ], [S, T ]}, where S = −∞ and T = +∞ is possible if S /∈ J and T /∈ J, respectively. The collection of non empty, open subintervals of J is designated by J . Set Ω = Ω × J . We denote by V a generic non empty, open subset of Ω and by x = (x, t) a generic element of Ω. Further, A = {V = V × I : V ∈ O(Ω), I ∈ J } is a base of O(Ω) satisfying (A). For M ⊂ Ω and t ∈ J, define M(t) = {x ∈ Ω : (x, t) ∈ M}, M(t) = M(t) × {t}, M_t = {(x, s) ∈ M : s > t} I_M = {t ∈ J : M(t) ≠ ∅}, S_M = inf{t ∈ R : t ∈ I_M }, T_M = sup{t ∈ R : t ∈ I_M }. Note that S_V < T_V and I_V and V (t) are open in J and V , respectively, for V ∈ O(Ω).

The following definition is motivated by the properties of the local operator given by L = Δ_x −^d_{dt} on D(L, V ) = C^{2,1}(V ) with V ∈ O(R^n × R).

Definition 2.15. A local operator L defined on A (or O(Ω)) is called parabolic if, for F ∈ D(L, V ), V ∈ A (or V ∈ O(Ω)), and φ ∈ C^1(I_V ) with φ^′(S) = 0 if S ∈ I_V , we have φF ∈ D(L, V ) and L(φF ) = φ LF − φ^′F . If S ∈ J and, in addition, LF = 0 on V (S) for all F ∈ D(L, V ), then we say that L is standard parabolic.

Here, φF ∈ C(V ) is defined by (φF )(x) = φ(t)F (x, t). Examples of parabolic local operators are discussed in the above references and in Chapter 6. We first show that parabolicity is preserved under completion and local closure.

Proposition 2.16. Assume that L is a (standard) parabolic local operator defined on A (or O(Ω)). Then the local operators L̂ and L̄ (if the latter exists) are also (standard) parabolic.

Proof. Assume that L̄ exists. Let F ∈ D(L̄, V ), V ∈ A (or V ∈ O(Ω)), and φ ∈ C^1(I_V ) with φ^′(S) = 0 if S ∈ I_V . There exist V_n ↑ V , V_n ∈ A (or V_n ∈ O(Ω)), and F_n ∈ D(L, V_n) such that F_n → F and LF_n → L̄F u.c. in C(V ). Denote the restriction of φ to I_{V n} by φ_n ∈ C^1(I_{V n} ). Then φ_nF_n → φF u.c. in C(V ), φ_nF_n ∈ D(L, V_n), and L(φ_nF_n) = φ_nLF_n − φ^′_nF_n → φL̄F − φ^′F u.c. in C(V ). Hence, L̄ is parabolic. The other claims can be verified similarly.

The following construction will be crucial for our characterization of the solvability of Cauchy problems of diffusion type in Chapter 3. Let I = ]a, b[ for possibly infinite a, b and K ⊂ Z. A set {s_k, k ∈ K} ⊂ Ī is called a partition of I if s_k < s_{k+1} for k ∈ K, {s_k, k ∈ K} is locally finite, and ⋃ k ]s_k, s_{k+1}[ = I. We set I_k = ]s_k, s_{k+1}[ and V_k = V × I_k. Obviously, if I is bounded, then K has to be finite and s_0 = a and s_n = b (where we let 0 = min K and n = max K). If I = R, then K = Z and lim_{k→±∞} s_k = ±∞; and similarly for semibounded intervals. In the following definition we consider a local operator L defined on A. The analogous concept for a local operator on O(Ω) is introduced in Definition 2.24.

Definition 2.17. Let L be a local operator on A, where J = ]S, T [ . The parabolic extension L_p of L is defined by

D(L_p, V ) = {F ∈ C(V ) : there is a partition {s_k, k ∈ K} of I and G ∈ C(V ) such that F_k = F |V_k ∈ D(L, V_k) and LF_k = G|V_k for k ∈ K}, L_pF = G on V = V × I ∈ A. The union of two partitions of I is a refinement of both partitions. In view of this fact, it is easy to see that L^Vp is a well-defined linear operator in C(V ) for all V ∈ A. Similarly, a partition of I induces a partition of any open subinterval I^′ ⊂ I. This implies that L_p is a local operator on A. Thus we have

Proposition 2.18. Definition 2.17 yields a local operator L_p on A extending L. If L is real, then L_p is also real.

At first, we consider permanence properties of the parabolic extension.

Proposition 2.19. Let L be a parabolic local operator on A with J = ]S, T [ . Then L_p is parabolic.

Proof. Let V = V × I ∈ A, F ∈ D(L_p, V ) with a partition {s_k}, and φ ∈ C^1(I). Then, (φF )_k = (φ|I_k ) F_k ∈ D(L, V_k) and L(φF )_k = (φ|I_k ) LF_k − (φ|I_k )^′ F_k = (φ L_pF − φ^′F )|V_k since L is parabolic. So φF ∈ D(L_p, V ) and L_p(φF ) = φ L_pF − φ^′F .

Proposition 2.20. Let L be a locally disspative, parabolic, local operator on A with J = ]S, T [ . Then L_p is locally dissipative.

Proof. Let V = V × I ∈ A, 0 ≠ F ∈ D(L_p, V ) with a partition {s_k}, K̂ ⊂ V be compact, and |F (x)| ≤ β < sup_V |F | = ‖F ‖ for x ∈ V \ K̂ and a constant β. Clearly, ‖F ‖ = max_{K̂} |F | and V is not compact since I is open. Define V^′_k = V_k ∪ (V × {s_{k+1}}) and M = {x ∈ V : |F (x)| = ‖F ‖}. Then M is compact, not empty and contained in K̂. Since the partition is locally finite, there is a lowest index m with V^′_m ∩ M ≠ ∅. Notice that |F (x_n)| → ‖F ‖ for x_n ∈ V implies that a subsequence x_k converges to x_0 ∈ M since x_n ∈ K̂ for large n. Therefore, there is a constant β < α < ‖F ‖ and a compact set K ⊂ K̂ such that M ⊂ K, |F (x)| ≤ α < sup_V |F | = ‖F ‖ for x ∈ V \ K, (2.8) and K ∩ V^′_k = ∅ for k < m. Set K_m = K ∩ V^′_m. For every sufficiently small ε > 0, there exists s̄_1 ∈ ]s_m, s_{m+1}[ such that sup x∈V_m\(V ×]s̄1,s_m+1[) |F (x)| ≥ ‖F ‖ − ε > α. (2.9) Choose s̄_2 ∈ ]s̄_1, s_{m+1}[ and φ ∈ C^1[s_m, s_{m+1}] with support in [s_m, s̄_2[ satisfying 0 ≤ φ ≤ 1, φ^′ ≤ 0, and φ = 1 on [s_m, s̄_1]. Set K̃_m = K ∩ (V × ]s_m, s̄_2]) ⊂ K_m. (We note that s̄_1, s̄_2, φ, K̃_m may depend on ε.) From K ∩ (V × {s_m}) = ∅ follows that K̃_m is compact in V_m. On V_m \ K̃_m = (V_m \ K) ∪ (V × ]s̄_2, s_{m+1}[) we have either |F | ≤ α, by (2.8), or φ = 0; thus |φF | ≤ α on V_m \ K̃_m. So (2.9) yields sup_{K̃m} |φF | > α ≥ |(φF )(x)| for x ∈ V_m \ K̃_m. (2.10) By (2.9), (2.10), and the local dissipativity of L, there exists x_ε = (x_ε, t_ε) ∈ K̃_m satisfying ‖F ‖ ≥ |(φF_m)(x_ε)| = sup_{V m} |φF_m| ≥ ‖F ‖ − ε and (2.11) Re (L(φF_m)(x_ε) (φF_m)(x_ε)) ≤ 0, (2.12)

where F_m = F |V_m. We may assume that x_ε → x_0 ∈ K_m as ε → 0. Then (2.11) gives 1 − ε ‖F ‖ ≤ φ(t_ε) |F_m(x_ε)| ‖F ‖ ≤ φ(t_ε) ≤ 1, and therefore φ(t_ε) → 1 and |F_m(x_ε)| → |F (x_0)| = ‖F ‖ as ε → 0. From (2.12) and the parabolicity of L we infer

0 ≥ Re [ (φ^2F̄_m LF_m)(x_ε) − (φφ^′|F_m|^2)(x_ε) ] ≥ φ(t_ε)^2 Re [ (LF_m)(x_ε) F_m(x_ε) ] . Finally, LF_m(x_ε) = L_pF (x_ε) → L_pF (x_0) and the assertion follows.

An inspection of the above proof shows the following result which is needed in Section 6.1.

Corollary 2.21. Let L be a parabolic local operator on O(Ω× ]S, T ]). Assume that the restriction L_0 of L to O(Ω× ]S, T [) is locally dissipative. Then L is locally dissipative.

Combining Theorem 2.12, Proposition 2.16, 2.18, 2.19, 2.20, and Theorem 2.14, we obtain

Theorem 2.22. Let L defined on A (with J = ]S, T [) be a parabolic, locally dissipative, local operator satisfying (S). Then there exists the local operator ((L̄)_p)^)^− which is a locally dissipative, parabolic, locally closed, semi-complete extension of L on O(Ω). If L is real, then ((L̄)_p)^)^− is real.

Definition 2.23. Let L be a local operator defined on A (with J = ]S, T [). If the local operator L¯_{^p} := ((L̄)_p)^)^− exists, then it is called the closed completed parabolic extension of L.

Next, we consider the parabolic extension of an operator defined on O(Ω). For I_k ∈ J and V ∈ O(Ω), we set Ω_k = Ω × I_k and V_k = V ∩ Ω_k .

Definition 2.24. Let L be a local operator on O(Ω), where J = ]S, T [ . The parabolic extension L_p of L is defined by

D(L_p, V ) = {F ∈ C(V ) : there is a partition {s_k, k ∈ K} of I_V and G ∈ C(V ) such that F_k = F |V_k ∈ D(L, V_k) and LF_k = G|V_k for k ∈ K}, L_pF = G on V ∈ O(Ω). As in the case of Definition 2.17, one checks that L_p is a well-defined local operator extending L. Also, one sees that L_p is parabolic if L is parabolic as in Proposition 2.19. The next result relates both definitions of the parabolic extension.

Proposition 2.25. Let L be a parabolic, locally dissipative, local operator on O(Ω) (with J = ]S, T [) which satisfies (S) on a base A_0 whose intersection with A is still a base of O(Ω). Then the local operator (L̄_p)^− on O(Ω) exists and is parabolic, locally dissipative, locally closed, and semi-complete. Further, (L_0)¯_{^p} extends (L̄_p)^−, where L_0 is the restriction of L to A.

Proof. First, notice that L_0 satisfies the assumptions of Theorem 2.22. Let V ∈ A and F ∈ D(L̄, V ). We find V_n ∈ A and F_n ∈ D(L, V_n) such that V_n ↑ V and F_n → F , LF_n → L̄F u.c. in C(V ). Thus, F ∈ D(L_0, V ) and L_0F = L̄F on V . Using the definition of the parabolic extension, we then derive

L̄_p ⊂ “ (L_0)_p ⊂ (L_0)¯_{^p}.

In particular, L̄_p is locally dissipative. So the local closure of L̄_p exists and has the asserted properties.

We will need the concept of a ‘translation invariant’ local operator on space-time in the next chapter. To that purpose, we define the set V_{−τ} = {(x, t) ∈ Ω : (x, t+τ) ∈ V } for τ ∈ R and V ∈ O(Ω) and the continuous function (T_τ F )(x, t) = F_τ (x, t) = F (x, t + τ) for (x, t) ∈ V_{−τ} and F ∈ C(V ), where J = R.

Definition 2.26. Let L be a local operator defined on A (or O(Ω)), where J = R. We say that L is translation invariant if, for V ∈ A (or V ∈ O(Ω)), τ ∈ R, and F ∈ D(L, V ), one has F_{−τ} ∈ D(L, V_τ ) and LF_{−τ} = (LF )_{−τ} on V_τ .

A standard example for this notion is furnished by the local operator L = Δ_x −^d_{dt} on C^{2,1}(V × I), V ∈ O(R^n ). We note the following permanence properties.

Proposition 2.27. Let L be a translation invariant, local operator defined on A or O(Ω) (where J = R). Then the local operators L̄, L̂, L_p and L¯_{^p} are also translation invariant (if they exist).

Proof. Let τ ∈ R, F ∈ D(L_p, V ) and F_k = F |V_k , where V_k are the sets given by the partition {s_k} for F . We denote by the subscript k also the kth subdivision of the translated partition {s_k + τ} of V_τ . Then, (F_{−τ} )_k = (F_k)_{−τ} ∈ D(L, (V_k)_τ ) and L(F_{−τ} )_k = (LF_k)_{−τ} = (L_pF )_{−τ} on (V_k)_τ = (V_τ )_k by the translation invariance of L. As a result, F_{−τ} ∈ D(L_p, V_τ ) with partition {s_k + τ} and L_p(F_{−τ} ) = (L_pF )_{−τ} ; that is, L_p is translation invariant. The other claims can be verified in the same way.

2.3 Maximum principles for parabolic local operators

In this section we prove one of the most important features of parabolic, locally dissipative, local operators: they satisfy a parabolic maximum principle. Among other things, we will use this fact in Chapter 4 to show uniqueness of solutions to Cauchy problems of diffusion type on non-cylindrical domains V .

Let L be a local operator defined on O(Ω), V ∈ O(Ω), and V ∈ O(Ω). Since V is not required to be relatively compact, we have to consider the one point compactification Ω^∗ = Ω ∪ {∞} of Ω and the set Ω^∗ = Ω^∗ × J. We identify V (or V ) with a subset V^∗ (or V^∗) of Ω^∗ (or Ω^∗). Further, V^∗ (or V^∗) is the closure of V (or V ) in Ω^∗ (or Ω^∗). The boundaries are given by ∂V^∗ = V^∗ \ V^∗ and ∂V^∗ = V^∗ \ V^∗, respectively. Also, for F ∈ C(V^∗), we denote the restriction of F to V by the same symbol and write F ∈ C(V^∗)∩D(L, V ) if the restriction belongs D(L, V ). Recall that J ∈ { ]S, T [ , ]S, T ], [S, T ] } with possibly infinite S < T if S /∈ J or T /∈ J. Therefore, V^∗ is compact in Ω^∗ if S_V and T_V are finite and belong to J.

In order to define a ‘parabolic boundary’, we always assume that S_V and T_V are finite and S_V ∈ J for a given V ∈ O(Ω). Set Ω^∗(t) = Ω^∗ × {t} for t ∈ R, and let Z_V be the largest subset of Ω^∗(T_V ) ∩ ∂V^∗ which is open in ∂V^∗. Then we define by

δ_pV = (∂V^∗ \ Z_V ) ∪ V (S) and ∂_pV = (∂V^∗ \ Ω^∗(T_V )) ∪ V (S) (2.13) the (maximal) closed parabolic boundary δ_pV and the (maximal) parabolic boundary ∂_pV , respectively, where V (S) = ∅ if S = −∞. Of course, Z_V or V (S) may be empty and the unions in (2.13) need not to be disjoint. However, ∂_pV ≠ ∅ since either V (S) = V (S_V ) ≠ ∅ or there is (x, S_V ) ∈ ∂V^∗ due to S_V ∈ J. To illustrate the above notions, let V = V × ]S, T [ and V^′ = V × [S, T ] belong to O(Ω × [S, T ]). Then δ_pV = δ_pV^′ = (V ×{S})∪(∂V^∗ ×[S, T ]) and ∂_pV = ∂_pV^′ = (V ×{S})∪(∂V^∗ ×[S, T [ ). Since δ_pV is the closure of ∂_pV in ∂V^∗, we have

sup_{δpV} |F | = sup_{∂pV} |F | (2.14)

for F ∈ C_b(δ_pV ). Observe that δ_pV is compact in Ω^∗ if T_V ∈ J.

For relatively compact V , the following results are essentially contained in [40]. There, however, a somewhat smaller ‘parabolic boundary’ is used, namely the set of those x ∈ ∂_pV “which can be reached from below”, cf. [19, §2.1]. The next lemma provides the essential step in the proofs of our main theorems below. Lemma 2.28. Let V ∈ O(Ω) with finite S_V , T_V ∈ J. Let L be a locally dissipative, parabolic, local operator defined on O(Ω). Assume that F ∈ C(V^∗) ∩ D(L, V ). If LF = 0 on V , then

sup_{δpV} |F | = sup_V |F | . (2.15)

Moreover, if F > 0 and LF ≥ 0 on V , then

sup_{δpV} F = sup_V F . (2.16)

Proof. 1.) Let F ∈ C(V^∗) ∩ D(L, V ) and LF = 0 on V . We may assume that ‖F ‖ = sup_V |F | > 0. Suppose that (2.15) does not hold. Choose φ ∈ C^1[S_V , T_V ] such that 0 < φ ≤ 1, φ^′(S_V ) = 0, φ^′(s) < 0 for S_V < s ≤ T_V , and φ(T_V ) ‖F ‖ > φ(S_V ) sup_{δpV} |F |. In particular, F_1 = φF ∈ C(V^∗) ∩ D(L, V ) also violates (2.15). Set K = {x ∈ V^∗ : |F_1(x)| = ‖F_1‖} ≠ ∅. Then K ∩ δ_pV = ∅, and we have either

(a) K ∩ (∂V^∗ ∪ V (S)) = ∅ or (b) ∅ ≠ K ∩ (∂V^∗ ∪ V (S)) ⊂ Z_V .

First, suppose that (a) holds. For ‖F_1‖ > α > sup_{∂V} ∗_{∪V (S)} |F_1|, we define K_α = {x ∈ V^∗ : |F_1(x)| ≥ α} ≠ ∅. Observe that K_α ⊂ V and K_α is closed in V^∗. Therefore, K_α is compact in V . Using local dissipativity of L, we find x_1 = (x_1, t_1) ∈ K_α satisfying |F_1(x_1)| = ‖F_1‖ and Re ((LF_1)(x_1)F_1(x_1)) ≤ 0. Since L is parabolic and LF = 0, this implies

0 ≥ Re (−φ^′F F_1)(x_1) = −φ^′(t_1)φ(t_1)|F (x_1)|^2.

Due to K_α ∩ (∂V^∗ ∪ V (S)) = ∅, we have t_1 > S_V and, hence, −φ^′(t_1)φ(t_1) > 0. Consequently, |F (x_1)| = ‖F_1‖ = 0, which is impossible.

Second, suppose that (b) holds. There exists β > 0 with

‖F_1‖ > β > sup_{δpV} |F_1|. (2.17)

Define K_β = {x ∈ V^∗ : |F_1(x)| ≥ β} ≠ ∅. Let 0 < ε < ‖F_1‖ − β. Since F_1 ∈ C(V^∗) and V is open, there is x_2 = (x_2, t_2) ∈ V (depending on ε) such that |F_1(x_2)| ≥ ‖F_1‖ − ε and S_V < t_2 < T_V . Take t_3 ∈ ]t_2, T_V [ and ψ_ε ∈ C^1[S_V , T_V ] satisfying 0 ≤ ψ_ε ≤ 1, ψ^′_ε ≤ 0, ψ_ε = 1 on [S_V , t_2], and ψ_ε = 0 on [t_3, T_V ]. The set K^′_β = {(x, t) ∈ K_β : t ≤ t_3} ≠ ∅ is closed in V^∗ and K^′_β ∩ Z_V = ∅. Therefore, (2.17) implies that K^′_β is a compact subset of V . Also,

sup_K′_β |ψ_εF_1| ≥ |F_1(x_2)| ≥ ‖F_1‖ − ε > β > 0. (2.18)

On the other hand, V \ K^′_β = (V \ K_β) ∪ ((K_β ∩ V ) \ K^′_β). On V \ K_β we have |ψ_εF_1| ≤ |F_1| < β, while on K_β \ K^′_β the function ψ_ε vanishes. As a result,

sup_{V \K}′_β |ψ_εF_1| ≤ β < sup_K′_β |ψ_εF_1| . (2.19)

By local dissipativity of L, there exists x_ε = (x_ε , t_ε) ∈ K^′_β such that |ψ_εF_1(x_ε)| = ‖ψ_εF_1‖ and

0 ≥ Re [ L(ψ_εF_1)(x_ε) (ψ_εF_1)(x_ε) ]

= Re [ (ψ^2_ε F_1LF_1)(x_ε) − (ψ^′_εψ_ε |F_1|^2)(x_ε) ] = −ψ^2_ε (t_ε)φ^′(t_ε)φ(t_ε) |F (x_ε)|^2 − ψ^′_ε(t_ε)ψ_ε(t_ε) |F_1(x_ε)|^2

≥ −ψ^2_ε (t_ε) φ^′(t_ε) φ(t_ε) |F_1(x_ε)|^2 , (2.20)

where we have used that L is parabolic and LF = 0. Further, by (2.17), there exists a constant γ > 0 such that t_ε ≥ S_V + γ for all ε > 0. Hence, −^{φ′(tε)}_{φ(tε)} ≥ δ > 0 for some constant δ. Moreover, we infer from (2.18) that

‖F_1‖ − ε ≤ |(ψ_εF_1)(x_ε)| ≤ ‖F_1‖, and so 1 − ε ‖F_1‖ ≤ ψ_ε(t_ε)

|F_1(x_ε)| ‖F_1‖ ≤ ψ_ε(t_ε) ≤ 1. Thus, ψ_ε(t_ε) → 1 as ε → 0, and (2.20) implies F_1(x_ε) = 0 for small ε > 0. This contradicts x_ε ∈ K_β and so the first assertion is established.

2.) Now assume that F > 0 and LF ≥ 0 on V and that (2.16) does not hold. Then, sup_{δpV} F = sup_{δpV} |F | < sup_V |F | = sup_V F .

We proceed as in the first part of the proof and consider F_1 = φF and the alternatives (a) and (b). Observe that F_1 LF_1 = −φ^′φ F^2 + φ^2F LF ≥ −φ^′φ F^2 > 0 (2.21) on V \ V (S_V ) since L is parabolic and F > 0, LF ≥ 0.

In case (a), we define K_α as before and obtain by local dissipativity a point x_1 ∈ V \ V (S_V ) such that F_1(x_1) LF (x_1) ≤ 0 which violates (2.21).

In case (b), we consider again ψ_ε, K^′_β , and x_ε ∈ V \ V (S_V ) for 0 < ε < ‖F_1‖ − β. The same arguments as above yield 0 ≥ (L(ψ_εF_1))(x_ε) (ψ_εF_1)(x_ε)

= ψ^2_ε (t_ε)(F_1 LF_1)(x_ε) − ψ^′_ε(t_ε)ψ_ε(t_ε)F_1(x_ε)^2 ≥ ψ^2_ε (t_ε)(F_1 LF_1)(x_ε).

As in the first part of the proof, we obtain ψ_ε(t_ε) > 0 for sufficiently small ε > 0. This leads to a contradiction with (2.21).

Theorem 2.29. Let V ∈ O(Ω) with finite S_V ∈ J and T_V . Let L be a locally dissipative, parabolic, local operator defined on O(Ω). Assume that F ∈ C_b(V^∗ ∪ ∂_pV ) ∩ D(L, V ) and LF = 0 on V . Then, sup_V |F | = sup_{∂pV} |F | . Proof. Since V is open, for all ε ∈ ]0, T_V − S_V [ there is t_ε ∈ ]T_V − ε, T_V [ such that V (t_ε) ≠ ∅. Set V_ε = {(x, t) ∈ V : t < t_ε} and Y_ε = ∂V^∗_ε ∩ Ω^∗(t_ε).

Then, ∂V^∗_ε ⊂ ∂_pV_ε ∪ Y_ε and ∂_pV_ε ⊂ ∂_pV . Further, Y_ε ∩ Ω^∗(T_V ) = ∅, Y_ε ∩ V (S) = ∅, and V^∗_ε ⊂ V^∗_ε ∪ ∂_pV_ε ∪ Y_ε ⊂ V^∗ ∪ ∂_pV .

Hence, F ∈ C(V^∗_ε ). As a consequence of Lemma 2.28 and (2.14), we obtain sup_{V ε} |F | = sup_{∂pV ε} |F | ≤ sup_{∂pV} |F | ≤ sup_V |F |. The theorem now follows from sup_{ε>0} sup_{V ε} |F | = sup_V |F |.

Theorem 2.30. Let V ∈ O(Ω) with finite S_V ∈ J and T_V . Let L be a locally dissipative, parabolic, local operator defined on O(Ω). Assume that F ∈ CR_b (V^∗ ∪ ∂_pV ) ∩ D(L, V ) and LF ≥ 0 on V . Then, sup_V F ≤ sup_{∂pV} F^+ .

Proof. Consider t_ε and V_ε as in the proof of the preceding theorem. Again we have F ∈ C(V^∗_ε ). Suppose that sup_{V ε} F > α > sup_{∂p V ε} F^+ ≥ 0 (2.22) for some constant α. Then the set W_ε = {x ∈ V_ε : F (x) > α} is open and non empty. Moreover, F ∈ C(W^∗_ε ) and F > 0 on W_ε. Since ∂W^∗_ε ∩ ∂_pV_ε = ∅, we have F = α on ∂_pW_ε . So Lemma 2.28 and (2.14) imply F ≤ α on W_ε which contradicts the definition of W_ε. Therefore, (2.22) is false and

sup_V F = sup_{ε>0} sup_{V ε} F ≤ sup_{ε>0} sup_{∂pV ε} F^+ = sup_{∂p V} F^+ . � For parabolic operators L defined on A we immediately obtain the following result by considering the completion L̂ defined on O(Ω).

Corollary 2.31. Let L be a locally dissipative, parabolic, local operator defined on A with J = [S, T ]. Let V = V × ]s, t[ for V ∈ O(Ω) and S < s < t < T . Assume that F ∈ C(V^∗ × [s, t]) ∩ D(L, V ). If LF = 0 on V , then sup_V |F | = sup_{∂pV} |F | . Moreover, if F is real and LF ≥ 0 on V , then sup_V F ≤ sup_{∂pV} F^+ .

We conclude this chapter with a comparison principle for semilinear equations which is needed in Chapter 5.

Theorem 2.32. Let V ∈ O(Ω) with finite S_V ∈ J and T_V . Let L be a locally dissipative, parabolic, local operator defined on O(Ω) and Φ : R → R be locally Lipschitz. Assume that F, G ∈ CR_b (V^∗ ∪ ∂_pV ) ∩ D(L, V ) satisfy LF + Φ ∘ F ≤ LG + Φ ∘ G on V and F ≥ G on ∂_pV . Then F ≥ G on V .

Proof. Define u = G − F . Suppose that the open set V^0 = {x ∈ V : u(x) > 0} is not empty. Clearly, V^0(S) = ∅ and u ≤ 0 on ∂_pV^0. Set e_λ(t) = e^{−λt} for λ > 0 and t ∈ I_V 0 . The parabolicity of L yields e_λu ∈ D(L, V^0) and L(e_λu) = e_λ Lu + λe_λu ≥ e_λ (λu − (Φ ∘ G − Φ ∘ F )). There is a constant k ≥ 0 (depending on max{‖F ‖, ‖G‖}) such that |Φ(G(x)) − Φ(F (x))| ≤ k |G(x) − F (x)| = k u(x) for x ∈ V^0 . Combining these inequalities, we obtain for fixed λ ≥ k

L(e_λu) ≥ (λ − k)u ≥ 0 on V_0.

Therefore, Theorem 2.30 implies

sup_V 0 e_λu ≤ sup_{∂pV} 0 (e_λu)^+ = 0.

This violates the definition of V^0. As a result, F ≥ G on V .

3 Localization and well-posedness of Cauchy problems

3.1 Introduction

Let A be a real, locally dissipative, local operator defined on O(Ω) which satisfies (S). Then the local closure Ā exists by Theorem 2.12. Given a set V ∈ O(Ω), we study the Cauchy problem

(CP_V ) {_d dt u(t) = Ā_V u(t), t ≥ 0, u(0) = f ∈ D(Ā_V )

in C_0(V ), where (Ā_V , D(Ā_V )) is the part of Ā in C_0(V ). The Cauchy problem (CP_V ) is called well-posed if for all f ∈ D(Ā_V ) there is a unique C^1–function u = u(·, f) such that u(t) ∈ D(Ā_V ) and u satisfies (CP_V ) for all t ≥ 0 and if u(t, f_n) → 0 uniformly for 0 ≤ t ≤ T as D(Ā_V ) ∋ f_n → 0 in C_0(V ). By the closedness of Ā_V , the Cauchy problem is well-posed if and only if Ā_V generates a semigroup (e^{tĀV} )_{t≥0} on C_0(V ); and then u(t, f) = e^{tĀV} f. However, much more can be said in our situation since Ā_V is dissipative and satisfies a positive maximum principle by virtue of Corollary 2.10: Ā_V generates a Feller semigroup, i.e., et^¯AV is a positive contraction on C_0(V ) for t ≥ 0, if and only if D(Ā_V ) and (λ − Ā_V )D(Ā_V ) are both dense in C_0(V ) for some λ ≥ 0, see e.g. [8, Thm. 2.2]. The latter condition can be checked for a large class of elliptic operators A and sufficiently regular V . In fact, in this case one has:

(∗) There is an exhaustive base B ⊂ O_c(Ω) of O(Ω) such that D(Ā_W ) and (λ − Ā_W )D(Ā_W ) are dense in C_0(W ) for some λ ≥ 0 and all W ∈ B,

cf. [32] and [45]. Here “exhaustive” means that for each compact subset K of V ∈ O(Ω) there exists G ∈ B such that K ⊂ G ⊂ Ḡ ⊂ V . Further, if (∗) holds, then the well-posedness of (CP_V ) is equivalent to the density of D(Ā_V ) and the existence of a ‘Cauchy barrier’ for V , [31, Thm. 6] (see also [29], [30], [35], [47], [54], Theorem 3.14 and 3.27 for similar results). Here we use the following definition.

Definition 3.1. Let A be a local operator defined on O(Ω). A set V ∈ O(Ω) possesses a Cauchy barrier h (with respect to A) if there exists a compact subset K of V and a function h ∈ D(A, V \ K) satisfying h > 0 and (A − λ)h ≤ 0 on V \ K for some λ ≥ 0 and for all ε > 0 there is a compact set K_ε such that K ⊂ K_ε ⊂ V and 0 ≤ h ≤ ε on V \ K_ε. We refer to [29, §6], [42, §6,7], [48], and Section 6.1 for examples and applications of this concept, in particular to degenerate problems. The main purpose of this chapter is to characterize well-posedness of (CP_V ) by the existence of a Cauchy barrier without assuming (∗). Instead, in Theorem 3.25, we will suppose that Ā_Ω is a generator on C_0(Ω) and that Ā satisfies some mild additional conditions.

Before proceeding, let us briefly discuss the concept of a Cauchy barrier. First, let h ∈ CR(V̄ ) ∩ D(A, V ) satisfy (A − λ)h ≤ 0 for V ∈ O_c(Ω) and λ ≥ 0. Then h is a ‘barrier’ in the sense that, for u ∈ CR(V̄ ) ∩ D(A, V ) with Au = λu and u ≤ h on ∂V , we have u ≤ h on V , see [29, Thm. 5.3] or [30, Thm. 2.9]. For later use we state the easy part of the above mentioned characterization of well-posedness.

Proposition 3.2. Let B be the generator of a bounded, positive semigroup (P (t))_{t≥0} on C_0(Ω). Then, for each λ > 0, there exists h ∈ D(B) such that h(x) > 0 and (B − λ)h(x) < 0 for x ∈ Ω.

Proof. An application of Urysohn’s lemma (in the version of [14, Cor. VII.4.2]) to the G_δ –set {∞} yields a strictly positive function f ∈ C_0(Ω). Let h = (λ − B)^{−1}f for a given λ > 0. Since h(x) = ∫_∞ 0 e^{−λt}(P (t)f)(x) dt and P (t)f ≥ 0, we have h(x) > 0 for x ∈ Ω. Moreover, (B − λ)h(x) = −f(x) < 0 for x ∈ Ω.

We further want to relate Cauchy barriers with the classical notion of ‘local barriers’ used in partial differential equations and potential theory. To that purpose, we introduce the following concepts.

Definition 3.3. Let A be a local operator defined on O(Ω) and V ∈ O_c(Ω).

1. V is called weakly (A-)Dirichlet regular if for all f ∈ C(∂V ) there is unique u ∈ C(V̄ ) ∩ D(A, V ) such that Au = 0 on V and u|∂V = f (i.e., u solves the Dirichlet problem).

2. A function h_x is a local barrier for A at x ∈ ∂V if there is a neighbourhood U ∈ O(Ω) of x such that h_x ∈ D(A, V ∩ U) ∩ C(V ∩ U), h_x > 0 on V ∩ U \ {x}, h_x(x) = 0, and Ah_x ≤ λh_x for some λ ≥ 0.

For sufficiently regular elliptic problems, V ∈ O_c(R^n ) is weakly Dirichlet regular if and only if there exists a local barrier h_x for all x ∈ ∂V , see e.g. [6, Chap. VIII], [10, §II.4], [20], [21]. In [6, Chap. VIII] or [19, §3.4] one can find analogous results for parabolic equations. Moreover, for A = Δ it is not necessary to require strict positivity of h_x on ∂(V ∩ U) \ {x} due to [21, Thm. 8.18, 8.22], cf. [6, Chap. VII]. Note that a Cauchy barrier is a local barrier in this weakened sense.

In case of unbounded domains this equivalence needs some modifications, compare [21, p.193]. In particular, there can exist a Cauchy barrier (and local barriers) for A and V , but the corresponding Dirichlet problem is not solvable for all f ∈ C(∂V^∗) as can be seen by the following example taken from [29, p.423]. Let Ω = ] − 1, ∞[ , V = ]0, ∞[ , and A be the second derivative. Then h(x) = x for 0 < x < 1 and h(x) = e^{−x} for x > 1 is a Cauchy barrier for V . But there is no function u ∈ C^2]0, ∞[ ∩ C[0, ∞] such that u^{′′} = 0 and u(0) ≠ u(∞).

On the other hand, for uniformly elliptic operators in divergence form the well– posedness of (CP_V ) is equivalent to the existence of local barriers for V ∈ O(Ω) by [1, Thm. 4.1]. Together with Theorem 3.25 or 3.27 this shows, roughly speaking, that the existence of local barriers and Cauchy barriers are equivalent in this case. However, our main interest is directed to parabolic problems in Chapter 6. Moreover, we point out that Cauchy barriers allow to handle degenerate problems, see [29], [42], [48], and Section 6.1.

Finally, we observe that under mild conditions weak Dirichlet regularity implies well-posedness of (CP_V ). We denote by f^# ∈ C_0(Ω) the extension by 0 of a function f ∈ C_0(V ).

Proposition 3.4. Let A be a locally dissipative, local operator defined on O(Ω) satisfying (S). Assume that Ā_Ω is a generator on C_0(Ω). If V ∈ O_c(Ω) is weakly (Ā − 1)– Dirichlet regular and D(Ā_V ) is dense, then Ā_V is a generator on C_0(V ) and, by Proposition 3.2, V possesses a Cauchy barrier.

Proof. It suffices to show that 1 − Ā_V is surjective. For f ∈ C_0(V ), set g_1 = (Ā_Ω − 1)^{−1}f^# and g = g_1|V̄ . Since V is weakly Dirichlet-regular, there exists h ∈ D(A, V )∩ C(V̄ ) such that (Ā − 1)h = 0 on V and h = g on ∂V . Then, u = h − g ∈ D(A, V ) ∩ C(V̄ ), u ∈ C_0(V ), and (1 − Ā)u = f on V .

3.2 Excessive barriers and approximate solutions

Throughout the remainder of this chapter we make use of the following hypothesis.

(H) A is a real, locally dissipative, local operator defined on O(Ω) such that (S) holds and Ā_Ω generates a (Feller) semigroup (P (t))_{t≥0} on C_0(Ω).

In order to characterize well-posedness of (CP_V ), we will work to a large extend with a ‘barrier’ for P (t) rather than for A itself; see [15] for a similar concept in the context of Markov processes.

Definition 3.5. Assume that (H) holds.

1. Let K ⊂ Ω be compact and η > 0. A function 0 ≤ h ∈ C_0(Ω) is called locally excessive (K, η) (with respect to P (t) or A) if P (t)h(x) ≤ h(x) for x ∈ K and 0 ≤ t ≤ η.

2. Let V ∈ O(Ω). A function 0 ≤ h ∈ C_0(Ω) is said to be locally excessive in V (w.r.t. P (t) or A) if for all compact K ⊂ V there is η_K > 0 such that h is locally excessive (K, η_K ).

3. Let V ∈ O(Ω). A function h ∈ C_0(V ) is an excessive barrier for V (w.r.t. P (t) or A) if it is strictly positive on V and h^# ∈ C_0(Ω) is locally excessive in V for e^{−λt}P (t) = e^{t(ĀΩ−λ)} and some λ ≥ 0. If we can take λ = 0, then h is a regular excessive barrier for V (w.r.t. P (t) or A).

Let A_λ = A − λ for λ ∈ C . Notice that (A_λ)_V = Ā_V − λ for V ∈ O(Ω). Thus, V has an excessive barrier w.r.t. A if and only if V admits a regular excessive barrier w.r.t. A_λ for some λ ≥ 0. We will see in Remark 3.20 and Lemma 3.24 that a Cauchy barrier is also an excessive barrier under weak additional conditions.

Given a compact subset K of Ω and a function h being locally excessive (K, η), we define the spaces C = {f ∈ CR_0 (Ω) : −h ≤ f ≤ h}, C^K = {f ∈ CR_0 (Ω) : −h(x) ≤ f(x) ≤ h(x) for x ∈ K}, N^K = {f ∈ CR_0 (Ω) : f(x) = 0 for x ∈ K},

and the (nonlinear) mappings S(t), Δ(t) : CR_0 (Ω) → CR_0 (Ω) given by S(t)f = sup{−h, inf{h, P (t)f}} ∈ C and Δ(t) = S(t) − P (t) for t ≥ 0 and f ∈ CR_0 (Ω). The positivity of P (t) implies

P (t) : C → C^K and Δ(t) : C → N^K for 0 ≤ t ≤ η_K , and so (3.1) Δ(t − [^t_σ ]) S^{[ tσ ]}(σ)f ∈ N^K for 0 < σ ≤ η_K , f ∈ CR_0 (Ω), t ≥ σ. (3.2)

Here, [^t_σ ] is the integer part of^t_σ . Fix σ > 0 and write t = kσ + τ for t ≥ 0, where k = [^t_σ ] and 0 ≤ τ < σ. We define a mapping

U_σ (t) : CR_0 (Ω) → C by U_σ(t) = S(τ) S(σ)^k . (3.3)

Observe that U_σ(·) is strongly continuous on [0, ∞[. This map can be expanded in the following way. We set P_+(t) = P (t) for t ≥ 0 and P_+(t) = 0 for t < 0. Lemma 3.6. For U_σ(t) defined in (3.3), we have

U_σ(t) = P (t) + Δ(t − [^t_σ ]σ) S^{[ tσ ]}(σ) + ∞∑ n=1 P_+(t − nσ) Δ(σ) S^{n−1}(σ) (3.4)

for t ≥ 0 and σ > 0, where we have used the notation introduced above.

Proof. For 0 ≤ t < σ, we have P_+(t − nσ) = 0 for n = 1, 2, · · · , and thus (3.4) follows from S(t) = P (t) + Δ(t). Further, from S(σ) = Δ(σ) + P (σ) one easily derives by induction that

S(σ)^k = P (σ)^k + k∑ l=1 P (σ)^{l−1} Δ(σ) S(σ)^{k−l} for k = 1, 2, · · · . This yields, for kσ ≤ t < (k + 1)σ and τ = t − kσ,

U_σ(t) = (Δ(τ) + P (τ)) S(σ)^k

= P (τ + kσ) + Δ(τ)S(σ)^k + k∑ l=1 P (τ + (l − 1)σ) Δ(σ) S(σ)^{k−l} ,

which is (3.4).

We will use the operators U_σ(t) to construct ‘approximate solutions’ of an ‘extension’ of (CP_V ). To that purpose, let J = R and define a local operator L on A by setting D(L, V ) = {F ∈ C(V ) : F (·, t) ∈ D(Ā, V ) for t ∈ I, F (x, ·) ∈ C^1(I) for x ∈ V, V ∋ (x, t) → G(x, t) := (ĀF (·, t))(x) − (^d_{dt} F (x, ·))(t) is continuous}, LF = G on V = V × I ∈ A . (3.5)

Lemma 3.7. If (H) holds, then (3.5) defines a real, parabolic, translation invariant, locally dissipative, local operator L on A satisfying (S).

Proof. Clearly, L is a real, parabolic, translation invariant, local operator. To check (S), let x_0 = (x_0, t_0) ∈ W = W × I ∈ A , where I is bounded and (S) holds for A, h, and x_0 ∈ W ∈ O_c(Ω). Choose φ ∈ C^1_c (I) with 0 ≤ φ ≤ 1 and φ(t_0) = 1. It is easy to see that F = φh satisfies (S) for x_0 ∈ W . So we can use Corollary 2.10 to show local dissipativity of L. Let V = V × I ∈ A and F ∈ D(L, V ) be real with 0 < F (x_0) = sup_V F for some x_0 = (x_0, t_0) ∈ V . Since t → F (x_0, t) has a maximum at t = t_0, we have (^d_{dt} F (x_0, ·))(t_0) = 0. Simlarly, ĀF (x_0, t_0) ≤ 0 because Ā is locally dissipative and real. As a result, LF (x_0) ≤ 0.

By virtue of Theorem 2.22, there exists the closed completed parabolic extension M of L, i.e.,

M = L¯_{^p} = ((L̄)_p)^)^− defined on O(Ω), (3.6)

and M is real. Since L is translation invariant, the local operator M is transalation invariant by Proposition 2.27. In view of the expansion (3.4), the next result turns out to be useful.

Lemma 3.8. Assume that (H) holds. Define the local operator M as above. Let I = ]a, b[ , V ∈ O(Ω), and f ∈ C_0(Ω) with f|V = 0. Set F (x, t) = (P_+(t − s)f)(x) for (x, t) ∈ V × I = V and some s ∈ R. Then, F ∈ D(M, V ) and MF = 0 on V . If s /∈ I, the lemma holds for all f ∈ C_0(Ω).

Proof. First, let s ≤ a and f ∈ D(Ā_Ω). Then, F (·, t) ∈ D(Ā, V ) and

(ĀF (·, t)) (x) = (Ā_ΩP (t − s)f) (x) = [^d_{dt} (P (· − s)f(x))] (t) = [^d_{dt} F (x, ·)] (t)

for all x ∈ V and t ∈ I. Hence, F ∈ D(L, V ) and LF = 0 in this case. For f ∈ C_0(Ω) and s ≤ a, approximate f in C_0(Ω) by f_n ∈ D(Ā_Ω). Setting F_n(x, t) = (P (t−s)f_n)(x) on V , we obtain F_n → F in C_b(V ) and LF_n = 0 on V . Therefore, F ∈ D(L̄, V ) and L̄F = 0 on V . Further, F = 0 if s ≥ b. So we have shown the lemma for the case s /∈ I. Now, let s ∈ I and f|V = 0. For the partition {a, s, b} of I, set I_1 = ]a, s[ , I_2 = ]s, b[ , and V_k = V × I_k for k = 1, 2. By the first part of the proof, F_2 = F |V_2 ∈ D(L̄, V_2) and L̄F_2 = 0. Also, F_1 = F |V_1 = 0. Since f|V = 0, we have lim_{t↘s} F_2(t, ·) = f = 0 in C_b(V ), and so F ∈ C(V ). Consequently, F ∈ D(L̄_p, V ) and L̄_pF = 0.

Corollary 3.9. Set V = V × I for an open interval I ⊂ ]0, ∞[ with s = inf I and V ∈ O(Ω). Let h be locally excessive in V with respect to P (t). Take f ∈ CR_0 (Ω) with −h ≤ f ≤ h, G ∈ O_c(Ω) with G ⊂ Ḡ ⊂ V , and 0 < σ ≤ η¯_G. Define u_σ(x, t) = (U_σ (t − s)f)(x) for (x, t) ∈ V × Ī, cf. (3.3). Then, u_σ ∈ D(M, G) ∩ C(V × Ī) satisfies

Mu_σ = 0 on G := G × I, |u_σ(x, t)| ≤ h(x) for (x, t) ∈ V × I, u_σ (x, s) = f(x) for x ∈ V. (3.7)

Proof. Obviously, −h ≤ u_σ ≤ h and u_σ (·, s) = S(0)f = f. By (3.1) and (3.2), the second term in the expansion (3.4) vanishes on G. Similarly, Δ(σ)S^{n−1}(σ)f = 0 on G for n = 1, 2 · · · . So Lemma 3.8 shows that the summands in (3.4) belong to the kernel of M^G. If I is bounded, the sum in (3.4) is finite and so u_σ ∈ D(M, G) and Mu_σ = 0 on G. For unbounded I, take bounded intervals I_n such that I_n ↑ I and s = inf I_n. Then u_σ ∈ ker M^G by the semi-completeness of M.

We remark that the above computations motivated the construction of the closed completed parabolic extension in Section 2.2. We use u_σ to approximate the solutions of the problem

Mu = 0 on V × ]0, ∞[ , u(x, t) = 0 for x ∈ ∂V^∗ and t ≥ 0, u(x, 0) = f(x) for x ∈ V, (3.8)

where f ∈ C_0(V ) and V ∈ O(Ω). Here we say that a function u solves (3.8) if u belongs to C(V^∗ × [0, ∞[) ∩ D(M, V × ]0, ∞[) and satisfies (3.8).

Proposition 3.10. Let (H) hold and let h be a regular excessive barrier for V ∈ O(Ω) with respect to P (t). Then, for all f ∈ CR_0 (V ), there is unique solution u ∈ C(V^∗ × [0, ∞[) ∩ D(M, V × ]0, ∞[) of (3.8) and |u| ≤ ‖f‖ on V × [0, ∞[ . Proof. (a) First, let f ∈ CR_c (V ). After replacing h by αh for a suitable constant α > 0, we can assume that −h ≤ f ≤ h. Choose G_n ∈ O_c(Ω) with G_n ⊂ G_{n+1} and G_n ↑ V . There are η_n := η_{Gn} such that h is locally excessive (G_n, η_n). Set U_n(t) = U_{ηn} (t), and u_n(x, t) = (U_n(t)f^#)(x) for (x, t) ∈ V = V × ]0, ∞[ and n ∈ N. Corollary 3.9 shows that u_n ∈ C(V × [0, ∞[) ∩ D(M, G_n× ]0, ∞[) satisfies (3.7) for G_n = G_n× ]0, ∞[. Let K ⊂ V be compact and T > 0. Then, K ⊂ G_N for some N. For m, n ≥ ñ ≥ N, we have

u_n − u_m = 0 on G_ñ × {0}, |u_n − u_m| ≤ 2 max_{∂Gñ} h on ∂G_ñ × [0, T ],

M(u_n − u_m) = 0 on G_ñ.

Therefore the parabolic maximum principle, Theorem 2.29, implies sup_{Gñ×[0,T ]} |u_n − u_m| ≤ 2 max_{∂Gñ} h. Due to h ∈ C_0(V ), for a given ε > 0 we can choose a sufficiently large ñ such that sup_{K×[0,T ]} |u_n − u_m| ≤ ε for n, m ≥ ñ. That is, u_n converges u.c. in C(V × [0, ∞[) to a function u ∈ C(V × [0, ∞[). Since Mu_n = 0 on G_n and M is locally closed u.c., we derive u ∈ D(M, V × ]0, ∞[) and Mu = 0 on V × ]0, ∞[. Further, u(·, 0) = f and −h ≤ u(·, t) ≤ h for t ≥ 0. Hence we can extend u by 0 to a function u ∈ C(V^∗ × [0, ∞[). Another application of Theorem 2.29 gives |u| ≤ ‖f‖ on V × [0, ∞[ .

(b) For arbitray f ∈ CR_0 (V ), take f_k ∈ CR_c (V ) which converge to f in C_0(V ). In part (a) we have constructed a solution u^k of (3.8) with intial value f_k. By Theorem 2.29, |u^k −u^l| ≤ ‖f_k −f_l‖ on V ×[0, ∞[ and so (u^k) converges in C_b(V ×[0, ∞[) to a function u. This shows that u ∈ C(V^∗ × [0, ∞[) ∩ D(M, V × ]0, ∞[) solves (3.8) and |u| ≤ ‖f‖ on V ×[0, ∞[ . Uniqueness is an immediate consequence of Theorem 2.29.

We want to prove that the solutions of (3.8) are given by a Feller semigroup on C_0(V ). To construct this semigroup, we suppose that (H) holds and that (3.8) has a solution (x, t) → u(x, t; f) for all f ∈ C_0(V ). The latter condition is satisfied if V possesses a regular excessive barrier due to Proposition 3.10; but it will be important later on that we do not make this assumption.

First, observe that the maximum principle, Theorem 2.29, yields uniqueness of solutions of (3.8). We define a linear operator on C_0(V ) by Q(t)f = u(·, t; f) for t ≥ 0. Again by Theorem 2.29, Q(t) is a contraction. An application of the positive maximum principle Theorem 2.30 to −u yields positivity of Q(t). Since u ∈ C(V^∗ × [0, ∞[), Q(·) is strongly continuous. Also, Q(0) = Id. For τ ≥ 0 and f ∈ C_0(V ), define v(x, t) = u(x, t + τ; f) = (Q(t + τ)f)(x) on V × [0, ∞[ .

Observe that v is the restriction of u_τ to V × [0, ∞[ . Thus, the translation invariance of M implies that v is a solution of (3.8) with initial value Q(τ)f, i.e., v(·, t) = Q(t)Q(τ)f. So we have shown

Proposition 3.11. Let (H) hold and V ∈ O(Ω). Assume that there is a solution u(·, ·; f) of (3.8) for all f ∈ C_0(V ). (The latter holds if V has a regular excessive barrier by Proposition 3.10.) Then there is a Feller semigroup Q(t) = e^{tEV} on C_0(V ) such that u(·, t; f) = Q(t)f for t ≥ 0.

3.3 Spatial parabolic extension

Of course, we now have to determine the generator E_V of the semigroup obtained in Proposition 3.11. In the sequel, we identify E_V with the ‘spatial parabolic extension’ A_{pV} of Ā. Then, in Theorem 3.14 and the next section, we give conditions implying that Ā_V = A_{pV} = E_V which yields the well-posedness of (CP_V ).

To construct the local operator A_p on O(Ω), we assume that (H) holds. Let M = L¯_{^p} be given by (3.5) and (3.6). Set (f ⊗ 1)(x, t) = f(x) for (x, t) ∈ V = V × R, V ∈ O(Ω), and f ∈ C_0(V ). If f ⊗1 ∈ D(M, V ), then we have (M(f ⊗1))_t = M(f ⊗1) for t ∈ R since M is translation invariant and f ⊗ 1 = (f ⊗ 1)_t. In particular,

(M(f ⊗ 1))(·, t) = (M(f ⊗ 1))(·, 0) =: g ∈ C(V )

for t ∈ R. So we can define a local operator on O(Ω) by setting D(A_p, V ) = {f ∈ C(V ) : f ⊗ 1 ∈ D(M, V × R)}, A_pf = g, where M(f ⊗ 1) = g ⊗ 1.

We call A_p the spatial parabolic extension of Ā and write A_{pV} for (A_p)_V .

Lemma 3.12. Assume that (H) holds. Then A_p is a real, locally dissipative, locally closed u.c. extension of Ā.

Proof. It is clear that A_p is a real local operator. For f ∈ D(Ā, V ) and V ∈ O(Ω), we have f ⊗ 1 ∈ D(L, V × R) ⊂ D(M, V × R) and M(f ⊗ 1) = Āf ⊗ 1 because of (3.5) and L ⊂ M. Hence, A_p extends Ā and satisfies (S). Now, local dissipativity of A_p is an immediate consequence of Lemma 2.9 and the local dissipativity of M. Further, consider O(Ω) ∋ V_n ↑ V and f_n ∈ D(A_p, V_n) such that f_n → f and A_pf_n → g u.c. in C(V ). Then, f_n ⊗ 1 → f ⊗ 1 and M(f_n ⊗ 1) → g ⊗ 1 u.c. in C(V × R). Since M is locally closed u.c., we infer f ⊗ 1 ∈ D(M, V × R) and M(f ⊗ 1) = g ⊗ 1; that is, A_p is locally closed u.c..

Now assume that (3.8) has a solution (x, t) → u(x, t; f) = (e^{tEV} f)(x) for all f ∈ C_0(V ). To relate A_{pV} and E_V , we define on X = C_0(R, C_0 (V )) the operator

D(E_V ) = {F ∈ C^1(R, C_0 (V )) ∩ X : F (t) ∈ D(E_V ) for t ∈ R; F^′, E_V F (·) ∈ X }, E_V F = E_V F (·) − F^′, and the ‘space-time semigroup’ given by (Q(t)F )(s) = e^{tEV} F (s − t) for t ≥ 0, F ∈ X , s ∈ R, compare Section 4.2 and the references given in the introduction. Clearly, (Q(t))_{t≥0} is a Feller semigroup on X generated by the closure of E_V (notice that Q(·) is the product of two commuting Feller semigroups on X ). Further, set Ǔ(t, s) = e^{(t−s)EV} for t ≥ s and Ǔ(t, s) = Id for t < s. We use the space Z = lin {F ∈ X : F (t) = φ(t)Ǔ (t, s)f for t, s ∈ R, φ ∈ C^1_c (R), supp φ ⊂ ]s, ∞[ , f ∈ D(E_V )}. (3.9)

Then, Z is dense in X , Q(t)Z ⊂ Z ⊂ D(E_V ) and

(E_V F )(t) = − ∑_n k=1 φ^′_k (t)Ǔ(t, s_k)f_k for F ∈ Z, see [49, Thm. 2.3] or [27, Prop. 2.9]. In particular, the generator E_V is the closure of (E_V , Z).

On the other hand, let s, φ, f be given as in (3.9). Define u(x, t) = (Ǔ(t, s)f)(x) for (x, t) ∈ V = V × R. By Proposition 3.11 and the translation invariance of M, we have u ∈ D(M, V × ]s, ∞[) and Mu = 0 on V × ]s, ∞[. So we can find V_n× ]s_n, t_n[ ∈ A and u_n ∈ D((L̄_p)^, V_n× ]s_n, t_n[) satisfying V_n ↑ V , s_n ↓ s, t_n ↑ ∞, and u_n → u, (L̄_p)^u_n → 0 u.c. in C(V × ]s, ∞[). Fix n_0 ∈ N such that supp φ ⊂ ]s_n, t_n[ for n ≥ n_0. Set V_n = V_n × R and F_n(x, t) = { φ(t)u_n(x, t), (x, t) ∈ V_n× ]s_n, t_n[ , 0, (x, t) ∈ V_n × (] − ∞, s_n] ∪ [t_n, ∞[). Clearly, F_n ∈ C(V_n) for n ≥ n_0. Using parabolicity, we obtain

φu_n ∈ D(^L̄_p , V_n× ]s_n, t_n[) and ^L̄_p (φu_n) = φ ^L̄_p u_n − φ^′u_n on V_n× ]s_n, t_n[ .

Also, F_n(x, t) = 0 for x ∈ V_n and t /∈ supp φ. Hence, from the completeness of (L̄_p)^ follows that F_n ∈ D((L̄_p)^, V_n) and

(^L̄_p F_n)(x, t) = { φ(t) (^L̄_p u_n)(x, t) − φ^′(t)u_n(x, t), (x, t) ∈ V_n× ]s_n, t_n[ , 0, x ∈ V_n, t /∈ supp φ. Thus, F_n → φu and MF_n → −φ^′u u.c. in C(V ). Since M is locally closed u.c., we have φu ∈ D(M, V ) and M(φu) = −φ^′u on V . After identifying X with C_0(V ) ⊂ C(V ), we see that M_V extends (E_V , Z). This implies that

E_V ⊂ M_V (3.10) since M_V is a closed operator in C_0(V ).

Next, let f ∈ D(E_V ) and ψ_n ∈ C^1_c (R) with 0 ≤ ψ_n ≤ 1 and ψ_n = 1 on [−n, n]. Set (f ⊗ ψ_n)(x, t) = f(x)ψ_n(t) for (x, t) ∈ V . Then, f ⊗ ψ_n ∈ D(E_V ) ⊂ D(M, V ) and

M(f ⊗ ψ_n) = E_V (f ⊗ ψ_n) = (E_V f) ⊗ ψ_n − f ⊗ ψ^′_n on V

due to (3.10). Using that M is locally closed u.c., we obtain f ⊗ 1 ∈ D(M, V ) and M(f ⊗ 1) = (E_V f) ⊗ 1; that is, E_V ⊂ (A_p)_V = A_{pV} . By Lemma 3.12 and Corollary 2.10, A_{pV} is dissipative in C_0(V ), and hence E_V = A_{pV} . Summarizing we have

Proposition 3.13. Let (H) hold and A_p be the spatial parabolic extension of Ā. If, for some V ∈ O(Ω), the problem (3.8) has solutions for all f ∈ C_0(V ), then A_{pV} = (A_p)_V coincides with the generator E_V obtained in Proposition 3.11. In particular, the latter assumption is satisfied if V admits an excessive barrier w.r.t. P (t).

Proof. By the above considerations, it remains to show the last assertion. The excessive barrier w.r.t. Ā is a regular excessive barrier w.r.t. to A_λ = Ā_λ for some λ ≥ 0. Let M_λ be the closed completed parabolic extension of L_λ = Ā − λ −^d_{dt} , cf. (3.5), and let e^{tEλV} solve the problem (3.8) corresponding to M_λ. We have (A_λ)_{pV} = E_{λV} by Proposition 3.11 and the first assertion. Moreover, it is easy to see that M_λ = M − λ, and thus (A_λ)_p = A_p − λ. Since M is parabolic, e^{λt}e^{tEλV} solves (3.8) corresponding to M. As a consequence, E_V − λ = E_{λV} and E_V = A_{pV} .

From Lemma 3.12 we know that Ā ⊂ A_p. We can show equality if there is a base of weakly Dirichlet regular sets, cf. Definition 3.3.

Theorem 3.14. Assume that (H) holds and that Ā is complete. If there is a base B ⊂ O_c(Ω) of weakly Ā_λ–Dirichlet regular sets for some λ > 0, then A_p = Ā. If, in addition, V ∈ O(Ω) has an excessive barrier, then Ā_V = A_{pV} = E_V is a generator on C_0(V ) and (CP_V ) is well-posed.

Proof. By Lemma 3.12 and Proposition 3.13, it suffices to show that D(A_p, V ) ⊂ D(Ā, V ) for V ∈ O(Ω). So let f ∈ D(A_p, V ) for some V ∈ O(Ω). Take G ∈ B with Ḡ ⊂ V . Choose ψ ∈ C_c(V ) such that 0 ≤ ψ ≤ 1 and ψ = 1 on Ḡ. Set g_1 = [ψ(A_p − λ)f]^#. Due to (H) and Ā ⊂ A_p, we find f_1 ∈ D(Ā_Ω) such that g_1 = (Ā − λ)f_1 = (A_p − λ)f_1. Thus, (A_p − λ)(f − f_1) = 0 on G. By assumption, there exists u ∈ D(Ā, G) ∩ C(Ḡ) with (Ā − λ)u = 0 on G and u|∂G = (f − f_1)|∂G. Hence, (A_p − λ)(f − f_1 − u) = 0 on G and f − f_1 − u = 0 on ∂G. Since A_{pV} is dissipative in C_0(V ), this implies f = f_1 + u ∈ D(Ā, G). Using completeness of Ā, we can now derive f ∈ D(Ā, V ).

3.4 Local Feller semigroups

We now give another condition which allows to characterize well-posedness of (CP_V ) by the existence of an excessive barrier, see Theorem 3.19. This will lead to our final result, Theorem 3.25, in the next section. The following concepts were introduced by J.P. Roth, [54]. We remark that Definition 3.15(1) gives a condition of Lindeberg type which is closely related to the continuity of trajectories of associated Markov processes, cf. [17, p.333]. We set ‖f‖_K = ‖f|K‖_{C(K)} = sup_{x∈K} |f(x)| for f ∈ C(Ω) and a compact subset K of Ω.

Definition 3.15. Let (Q(t))_{t≥0} be a semigroup on C_0(Ω) and V ∈ O(Ω).

1. (Q(t))_{t≥0} is called local if for each compact K ⊂ Ω and f ∈ C_0(Ω) vanishing in a neighbourhood of K, we have ‖Q(t)f‖_K = o(t) as t ↘ 0.

2. A semigroup (Q_1(t))_{t≥0} on C_0(V ) is tangent to (Q(t))_{t≥0} if for all f ∈ C_0(V ) and compact K ⊂ V we have

‖Q_1(t)f − Q(t)f^#‖_K = o(t) as t ↘ 0. (3.11)

Observe that if a semigroup Q_1(·) on C_0(V ) is tangent to a local semigroup Q(·) on C_0(Ω), then Q_1(·) is local in C_0(V ) since

‖Q_1(t)f‖_K ≤ ‖Q_1(t)f − Q(t)f^#‖_K + ‖Q(t)f^#‖_K = o(t)

for f ∈ C_0(V ) vanishing near K ⊂ V . In Theorem 3.21 and Lemma 3.22 we give conditions for the locality of a Feller semigroup which are rather easy to verify in applications. First, we apply the new concepts to the situation of Proposition 3.11.

Lemma 3.16. Let (H) hold and let (3.8) have solutions for some V ∈ O(Ω) and each f ∈ C_0(V ). Suppose that P (·) = (e^{tĀΩ} )_{t≥0} is local. Then the semigroup (e^{tEV} )_{t≥0} is tangent to P (·) and, hence, local in C_0(V ).

Proof. It suffices to verify (3.11) for (e^{tEV} )_{t≥0}, P (·), 0 ≤ f ∈ C_0(V ), and a compact subset K of V . Choose G ∈ O_c(Ω) with K ⊂ G ⊂ Ḡ ⊂ V . Take φ ∈ C_c(Ω) satisfying 0 ≤ φ ≤ 1, φ = 1 on ∂G, and φ = 0 on a neighbourhood of K. Define u(x, t) = (P (t)f^#)(x) and u_1(x, t) = (e^{tEV} f)(x) for (x, t) ∈ V × ]0, T [ = V and some T > 0. By Lemma 3.8 and Proposition 3.11 both functions belong to the kernel of M^V . Then, v = u − u_1 ∈ D(M, V ) ∩ C(V^∗ × [0, T ]) satisfies Mv = 0 on V , v = 0 on V × {0}, and v = u ≥ 0 on ∂V^∗ × [0, T ]. As a consequence of the positive maximum principle, Theorem 2.30, we obtain v ≥ 0; that is,

0 ≤ (P (t)f^#)(x) − (e^{tEV} f)(x) for (x, t) ∈ V × [0, T ].

By Lemma 3.8, the function w = (P (·)φ)|V −v belongs to D(M, V ) and Mw = 0. We have w = φ ≥ 0 on G × {0}. Moreover, v(·, t) converges to 0 in C_b(V ) and (P (t)φ)(x) tends to 1 uniformly for x ∈ ∂G as t ↘ 0. Therefore, w ≥ 0 on ∂G × [0, T ] if we choose T > 0 small enough. Another application of Theorem 2.30 gives w ≥ 0 on G × [0, T ]. As a result,

0 ≤ (P (t)f^#)(x) − (e^{tEV} f)(x) ≤ (P (t)φ)(x) for (x, t) ∈ G × [0, T ].

This establishes (3.11) since P (·) is local.

Proposition 3.17. Let (H) hold and let (3.8) have solutions for some V ∈ O(Ω) and each f ∈ C_0(V ). Suppose that P (·) = (e^{tĀΩ} )_{t≥0} is local. Then, E_V = A_{pV} = Ā_V . The Feller semigroup on C_0(V ) generated by this operator is tangent to P (·) and, hence, local.

Proof. In view of Proposition 3.11, Lemma 3.12, Proposition 3.13, and Lemma 3.16, it remains to show that A_{pV} ⊂ Ā_V . So let f ∈ D(A_{pV} ). By Proposition 3.13 we have A_{pV} = E_V , and so Lemma 3.16 yields 1 t ‖(P (t)f^# − f^#) − (e^{tApV} f − f)‖_K → 0 as t ↘ 0 for compact subsets K of V . As a consequence,

lim_{t↘0} ‖^1_t (P (t)f^# − f^#) − A_{pV} f‖_K = 0.

Set f^#_t =^1_t ∫_t 0 P (s)f^# ds ∈ D(Ā_Ω) for t > 0. Notice that f^#_t tends to f^# in C_0(Ω) as t ↘ 0. Moreover, Ā_Ω f^#_t =^1_t (P (t)f^# − f^#)

and (Āf^#_t )|K converges to (A_pf)|K in C(K) as t ↘ 0. Take O_c(Ω) ∋ G_n ↑ V with G_n ⊂ V . Since Ā is locally closed, the above argument shows that f ∈ D(Ā, G_n) and Āf = A_pf on G_n. Thus, f ∈ D(Ā, V ) and Āf = A_pf on V because Ā is semi-complete.

In the next corollary we collect some consequences of the above result.

Corollary 3.18. Assume that (H) holds and that P (·) = (e^{tĀΩ} )_{t≥0} is local. Each of the following two conditions implies that E_V = A_{pV} = Ā_V generates a local Feller semigroup on C_0(V ) being tangent to P (·).

1. V admits an excessive barrier with respect to P (t).

2. Ā_V is a generator on C_0(V ).

Proof. The first case was proved in Proposition 3.13 and 3.17. If Ā_V is a generator, then one shows as in Lemma 3.8 that the function (x, t) → (e^{tĀV} f)(x) solves (3.8) on V × [0, ∞) for f ∈ C_0(V ). Again, Proposition 3.17 implies the assertion.

The main result of this section now follows easily.

Theorem 3.19. Assume that (H) holds and that P (·) = (e^{tĀΩ} )_{t≥0} is local. For V ∈ O(Ω), the Cauchy problem (CP_V ) is well-posed if and only if V has an excessive barrier. In this case the solutions of (CP_V ) are given by the Feller semigroup generated by Ā_V on C_0(V ).

Proof. The last assertion is clear. Sufficieny follows from Corollary 3.18. Conversely, if Ā_V is a generator, then there exists a Cauchy barrier h ∈ D(Ā_V ) for V satisfying h(x) > 0 and (Ā − 1)h(x) < 0 for x ∈ V , see Proposition 3.2. Set P_{1V} (t) = e^{t(ĀV −1)}. Let K ⊂ V be compact. Then, (Ā_V − 1)h ≤ α < 0 on K for a constant α. Hence, there are constants −β, η > 0 such that P_{1V} (s)(Ā_V −1)h ≤ β < 0 on K for 0 ≤ s ≤ η. This implies P_{1V} (t)h(x) − h(x) = ∫_t 0 P_{1V} (s)(Ā_V − 1)h(x) ds ≤ tβ for x ∈ K and 0 ≤ t ≤ η. Moreover, by Corollary 3.18 the semigroups (e^{−t}P (t))_{t≥0} and P_{1V} (·) are tangent. Therefore,

(e^{−t}P (t)h^# − h^#) (x) ≤ ‖e^{−t}P (t)h^# − P_{1V} (t)h‖_K + βt = (ε_K (t) + β) t

for x ∈ K and 0 ≤ t ≤ η, where ε_K (t) → 0 as t ↘ 0. Since β < 0, we can find η_1 = η_1(K) > 0 such that e^{−t}P (t)h^# ≤ h^# on K for 0 ≤ t ≤ η_1.

Remark 3.20. In the above proof we have shown that a Cauchy barrier with K = ∅ is an excessive barrier provided that (H) holds and P (·) is local.

Concluding this section, we give a sufficient condition for locality of P (·) in terms of D(Ā_Ω), see [55].

For all compact K_1, K_2 ⊂ Ω with K_1 ∩ K_2 = ∅ there is 0 ≤ φ ∈ D(Ā_Ω) such that φ|K_1 > 0 and φ|K_2 = 0. (3.12)

Theorem 3.21. If (H) and (3.12) hold, then P (·) is local.

Proof. Let K be a compact subset of Ω and let 0 ≤ f ∈ C_0(Ω) vanish on a set G ∈ O_c(Ω) containing K. By (3.12), there is 0 ≤ φ ∈ D(Ā_Ω) such that φ > 0 on ∂G and φ = 0 on a neighbourhood of K. Define u(x, t) = (P (t)φ)(x) − (P (t)f)(x) for (x, t) ∈ G × [0, T ]. Let M be given by (3.6). Then, by Lemma 3.8, we have u ∈ D(M, G× ]0, T [) and Mu = 0 on G× ]0, T [ for T > 0. Further, u(·, 0) ≥ 0 on G and u ≥ 0 on ∂G × [0, η] for η > 0 small enough, see the proof of Lemma 3.16. As a result, u ≥ 0 on G × [0, η] by Theorem 2.30. This implies

0 ≤^1_t (P (t)f) (x) ≤^1_t (P (t)φ) (x) → (Ā_Ωφ) (x) = 0

uniformly for x ∈ K.

3.5 Cauchy barriers and well-posedness of Cauchy problems

In order to verify (3.12), we strengthen our standing hypothesis.

(OE) For V ∈ O(Ω) and f ∈ C_c(V ) ∩ D(A, V ), we have f^# ∈ D(A, Ω) and A^Ωf^# = (A^V f)^#.

(LS) For V ∈ O(Ω), x ∈ V , and 0 ≤ f ∈ D(A, V ), there exists 0 ≤ f_1 ∈ D(A, V ) ∩ C_c(V ) such that f = f_1 on a neighbourhood of x in V .

(H1) In addition to (H), assume that Ā satisfies (OE) and (LS).

These assumptions of ‘0-extendability’ and ‘localization of support’ are often quite easy to check in applications, see Chapter 6.

Lemma 3.22. Assumption (H1) implies (3.12) with φ ∈ C_c(Ω).

Proof. Let K_1, K_2 ⊂ Ω be compact and disjoint. For x ∈ K_1, take V_x ∈ O_c(Ω) with x ∈ V_x and V_x ∩ K_2 = ∅. By Proposition 3.2, there exists 0 < ψ ∈ D(Ā_Ω). Using (LS), we can find a function 0 ≤ φ_x ∈ D(Ā, V_x) ∩ C_c(V_x) such that φ_x = ψ > 0 on a neighbourhood W_x ⊂ V_x of x. Moreover, the extension φ^#_x belongs to D(Ā_Ω) by (OE). We can cover K by W_{x1} , · · · , W_{xn} . Then φ = ∑_n k=1 φ^#_{xk} satisfies (3.12).

Lemma 3.23. Let (H1) hold. Then, for V ∈ O(Ω), x ∈ V , and f ∈ CR_c (Ω)∩D(Ā, V ), there exists g ∈ CR_c (Ω) ∩ D(Ā_Ω) such that g ≥ f on Ω and g = f on a neighbourhood W ∈ O_c(V ) of x.

Proof. Let V, x, f be as in the statement of the lemma. We have 0 < ψ ∈ D(Ā_Ω) by Proposition 3.2. There exists a constant α such that f + αψ > 0 on V . Using (LS) and (OE), we construct positive functions ψ_1, f_1 ∈ D(Ā_Ω) with compact support in V satisfying ψ_1 = ψ and f_1 = f + αψ on a neighbourhood G ∈ O_c(V ) of x. The function f_2 = f_1 − αψ_1 ∈ D(Ā_Ω) has compact support in V and f_2 = f on G. Let K be a compact set containing Ḡ and the supports of f and f_2. Set K_1 = K \ G and K_2 = W̄ for an open neighbourhood W of x with W̄ ⊂ G. Due to Lemma 3.22, there is a function 0 ≤ φ ∈ D(Ā_Ω) ∩ C_c(Ω) such that φ|K_1 ≥ 1 and φ|K_2 = 0. Finally, let c = ‖f_2‖ + ‖f‖ and define g = f_2 + cφ ∈ D(Ā_Ω) ∩ C_c(Ω). Then, g = f on W and g = f + cφ ≥ f on G. On K \ G, we have g ≥ cφ − ‖f_2‖ ≥ c − ‖f_2‖ = ‖f‖ ≥ f. Also, g = cφ ≥ 0 = f off K.

The following lemma improves Remark 3.20 and provides the essential step of the proof of Theorem 3.25.

Lemma 3.24. Assume that (H1) holds. Let W ∈ O_c(Ω), K_0 be a compact subset of W , G ∈ O_c(Ω) with K_0 ⊂ G ⊂ Ḡ ⊂ W , and let h ∈ D(Ā, W \K_0)∩C(W̄ \K_0) satisfy h > 0 and Ā_λh < 0 on W \ K_0 for some λ > 0. Then there exists a positive function h_W ∈ C_c(Ω) such that h_W > 0 on W and h_W ≤ h on W \ Ḡ which is locally excessive in W w.r.t. Ā_λ. Moreover, if h vanishes on ∂W , then h_W |W is an excessive barrier for Ā and W .

Proof. Let W , K_0, h, and G =: G_1 be as in the statement.

(1) Choose G_0, G_2 ∈ O_c(Ω) with

K_0 ⊂ G_0 ⊂ G_0 ⊂ G_1 ⊂ G_1 ⊂ G_2 ⊂ G_2 ⊂ W.

Take a function 0 ≤ h_1 ∈ C_c(Ω) satisfying h_1 = h on W \ G_0, where h_1 = 0 on Ω \ W if h = 0 on ∂W . There exists 0 < ψ ∈ D(Ā_Ω) with (Ā_Ω − λ)ψ < 0 by Proposition 3.2. Since h > 0 on the compact set G_2 \ G_1, there is a constant β > 0 such that h ≥ βψ =: ψ_1 on G_2 \ G_1. We now define

h_W (x) = { inf{h_1(x), ψ_1(x)}, x ∈ Ω \ G_1 , ψ_1(x), x ∈ G_2 .

On the open set G_2 \ G_1 we have h_1 = h ≥ ψ_1 and so h_W is a well-defined positive element of C_c(Ω).

(2) Let K be a compact subset of W . For x ∈ K, we find a neighbourhood W_x ∈ O_c(Ω) of x such that either

(a) h_W = inf{ψ_1 , h_1} on W_x and W_x ⊂ W \ G_1 or

(b) h_W = ψ_1 on W_x and W_x ⊂ G_2 .

(2a) In case (a), we have h = h_1 ≥ h_W on W_x . The positive function (h − h_W )|W_x can be extended to a function 0 ≤ k_x ∈ C_c(Ω). Hence h_x = k_x + h_W ∈ C_c(Ω) coincides with h on W_x and dominates h_W on Ω. In particular, h_x ∈ D(Ā, W_x). Due to Lemma 3.23, there exist W^′_x ∈ O_c(Ω) and g_x ∈ D(Ā_Ω) satisfying

x ∈ W^′_x ⊂ W^′_x ⊂ W_x ⊂ W_x ⊂ W \ G_1 , g_x ≥ h_x ≥ h_W on Ω, g_x = h_x = h on W^′_x .

In the same way, we construct a function ĝ_x ∈ D(Ā_Ω) such that

ĝ_x ≥ h_W on Ω and ĝ_x = ψ_1 on W^′_x

(where we have replaced W^′_x by an open subset containing x if necessary). Set P_λ(t) = e^{−λt}P (t). Notice that

P_λ(t)g_x − g_x = ∫_t 0 P_λ(s)Ā_λ g_x ds.

Since g_x = h on W^′_x and Ā_λh < 0, there is a constant η_x > 0 such that P_λ(s)Ā_λ g_x ≤ 0 on W^′_x for 0 ≤ s ≤ η_x . Hence,

P_λ(t)h_W ≤ P_λ(t)g_x ≤ g_x = h on W^′_x for 0 ≤ t ≤ η_x .

The same argument yields (after replacing η_x if necessary)

P_λ(t)h_W ≤ P_λ(t)ĝ_x ≤ ĝ_x = ψ_1 on W^′_x for 0 ≤ t ≤ η_x .

As a result, for case (a) we have shown

P_λ(t)h_W ≤ inf{h, ψ_1} = h_W on W^′_x for 0 ≤ t ≤ η_x . (3.13)

(2b) In the case (b), we have h_W = ψ_1 on W_x . By Lemma 3.23, there exist a neighbourhood W^′_x ∈ O_c(Ω) of x with W^′_x ⊂ W_x and a function g_x ∈ D(Ā_Ω) satisfying g_x ≥ h_W on Ω and g_x = ψ_1 on W^′_x . (Note that we have used the same symbols as in step (2a) although the designated objects may differ.) As in (2a), we derive

P_λ(t)h_W ≤ P_λ(t)g_x ≤ g_x = ψ_1 = h_W on W^′_x for 0 ≤ t ≤ η_x (3.14)

for a constant η_x > 0.

(3) By (3.13) and (3.14), for all x ∈ K we have found η_x > 0 and a relatively compact neighbourhood W^′_x such that P_λ(t)h_W ≤ h_W on W^′_x for 0 ≤ t ≤ η_x. Now cover K by finitely many W^′_{xk} and set η_K = min_k η_{xk} > 0. Thus, P_λ(t)h_W ≤ h_W on K for 0 ≤ t ≤ η_K ; that is, h_W is locally excessive in W . Moreover, h_W is strictly positive on W since ψ_1 > 0 on Ω and h_1 = h > 0 on W \ G_0 . Further, on G_2 \ G_1 we have h_W ≤ ψ_1 ≤ h, while h_W ≤ h_1 = h on W \ G_2. That is, h_W ≤ h on W \ G. Finally, h_W = 0 on Ω \ W if h is a Cauchy barrier, and h_W is an excessive barrier in this case.

We now come to main theorem of this chapter. Similar results can be found in [29], [30], [31], [47], and [54]. In these papers, it was always assumed that there exists a base of ‘regular’ sets in O_c(Ω). Below we replace this type of condition by supposing that Ā_Ω is a generator in C_0(Ω) (besides the mild hypotheses (OE) and (LS)).

Theorem 3.25. Assume that (H1) holds. The following assertions are equivalent for V ∈ O(Ω). 1. The Cauchy problem (CP_V ) is well-posed.

2. The set V possesses a Cauchy barrier with respect to Ā.

3. The set V possesses an excessive barrier with respect to e^{tĀΩ} .

If one of these conditions hold, the solutions of (CP_V ) are given by the Feller semigroup generated by Ā_V .

Proof. The last assertion follows from the discussion in Section 3.1. The equivalence “1. ⇔ 3.” was proved in Theorem 3.19, Theorem 3.21, and Lemma 3.22. Proposition 3.2 yields “1. ⇒ 2.”. To show “2. ⇒ 1.”, let h be a Cauchy barrier. This means that h ∈ D(Ā, V \ K_0) satisfies h > 0 and Ā_λh < 0 on V \ K_0 for a compact subset K_0 of V and, for each ε > 0, there is a compact set K_ε such that K_0 ⊂ K_ε ⊂ V and 0 ≤ h ≤ ε on V \ K_ε. For relatively compact V , assertion 3., and hence 1., is a consequence of Lemma 3.24. In the general case, take G_0, G_1, G_2, W_n ∈ O_c(Ω) such that W_n ↑ V and

K_0 ⊂ G_0 ⊂ G_0 ⊂ G_1 ⊂ G_1 ⊂ G_2 ⊂ G_2 ⊂ W_n ⊂ W_n ⊂ W_{n+1}

for n ∈ N. Let h_{Wn} =: h_n be a function satisfying the assertions of Lemma 3.24 for G := G_1 and W := W_n. Notice that for the construction of h_{Wn} in the proof of Lemma 3.24 we can use the same sets K_0 , G_0 , G_1, G_2 and the same function ψ_1 for all n ∈ N. Further, the functions h_1 = h_1(n) defined in the proof of Lemma 3.24 are equal to h on W_n \ G_0 . Therefore,

h_n(x) = { inf{h(x), ψ_1(x)}, x ∈ W_n \ G_1 , ψ_1(x), x ∈ G_2 .

We now solve (3.8) for M_λ = M − λ, compare the proof of Proposition 3.13. First, let f ∈ CR_c (V ) and supp f ⊂ W_n for n ≥ n_0. Then there is a constant α > 0 (depending on f) such that −αh_n ≤ f ≤ αh_n on V for n ≥ n_0. So the assumptions of Corollary 3.9 hold for W_n ⊂ W_n ⊂ W_{n+1} and the function αh_{n+1} being locally excessive in W_{n+1} for Ā_λ. As a result, there exists an approximate solution u_n := u_{σn} of (3.7); that is, u_n ∈ D(M, W_n× ]0, ∞[) ∩ C(W_{n+1} × [0, ∞[) satisfying

M_λu_n = 0 on W_n× ]0, ∞[ , |u_n(x, t)| ≤ αh_{n+1}(x) for (x, t) ∈ W_{n+1}× ]0, ∞[ , u_n(x, 0) = f(x) for x ∈ W_{n+1}.

Therefore the parabolic maximum principle, Theorem 2.29, implies

‖u_k − u_l‖_{C(Wm×[0,T ])} ≤ α max_{∂Wm} (h_{k+1} + h_{l+1}) = 2α max_{∂Wm} h (3.15)

for k, l ≥ m and T ≥ 0. Hence, u_n → u u.c. in C(V × [0, ∞[). Consequently, u ∈ D(M, V × ]0, ∞[) and M_λu = 0 since M is locally closed u.c.. Also, u(·, 0) = f and |u(x, t)| ≤ αh(x) for x ∈ V \ Ḡ and t ≥ 0. Thus, u(·, t) ∈ C_0(V ) and u ∈ C(V^∗ × [0, ∞[). So we have solved problem (3.8) for f ∈ C_c(V ) and M_λ.

If f ∈ C_0(V ), take f_k ∈ C_c(V ) converging to f in C_0(V ). For the solutions u^k of (3.8) with initial value f_k we obtain the estimate sup_{V ×[0,T ]} |u^k − u^l| ≤ ‖f_k − f_l‖ by Theorem 2.29. It is now easy to see that u = lim_k u^k solves (3.8) for f and M_λ.

Finally, Proposition 3.17, Lemma 3.22, and Theorem 3.21 imply that (A_λ)_V = Ā_V − λ is a generator in C_0(V ) and, hence, (CP_V ) is well-posed.

Corollary 3.26. Assume that (H1) holds. Let V, V_k ∈ O(Ω) such that V = ⋂_n k=1 V_k and V_k admits a Cauchy barrier w.r.t. Ā. Then the Cauchy problem (CP_V ) is wellposed.

Proof. By Theorem 3.25 each V_k has an excessive barrier h_k. It is easy to see that h = inf_k h_k|V is an excessive barrier for V .

A result similar to Corollary 3.26 was shown in [30, Thm. 3.3] using a weaker notion of a Cauchy barrier. There it was also noted that a Cauchy problem need not to be well-posed on V ∪ W if it is well-posed on V and W .

We conclude with a characterization of well-posedness in the case that V is the union of regular sets V_n without assuming that Ā_Ω is a generator. In particular, we do not suppose (H1). This result is useful for problems with degenerate coefficients, see [29, §6] and Section 6.1. Our argument is an adoption of the proof of [29, Thm. 5.4].

Theorem 3.27. Let V ∈ O(Ω) and A be a real, locally dissipative, local operator on O(Ω) satisfying (S). Assume there exist V_n ∈ O_c(Ω) such that V_n ↑ V and Ā_{Vn} is a generator on C_0(V_n). Then (CP_V ) is well-posed if and only if D(Ā_V ) is dense and V has a Cauchy barrier w.r.t. Ā.

Proof. Necessity is clear due to Proposition 3.2. For sufficiency, we have to find for a given 0 ≤ g ∈ C_c(V ) a function f ∈ D(Ā_V ) with (1 − Ā)f = g. Let K̃ = supp g and let the Cauchy barrier h be defined outside the compact set K. We may assume that (K ∪ K̃) ⊂ V_1 ⊂ V_1 ⊂ V_2 ⊂ · · · ⊂ V. By assumption there exist 0 ≤ f_n ∈ D(Ā_{Vn} ) with

(1 − Ā)f_n = g on V_n. (3.16)

Define h_1 = ‖g‖ (inf_{∂V1} h)^{−1} h on V \ K. Then we obtain 0 ≤ f_n ≤ h_1 on ∂(V_n \ V_1) = ∂V_n ∪ ∂V_1. Using (1 − Ā)f_n = g = 0 on V_n \ V_1, we now derive from [29, Thm. 5.3] that 0 ≤ f_n ≤ h_1 on V_n \ V_1 and thus

0 ≤ f^#_n ≤ h_1 on V \ V_1 . (3.17)

We further have (1 − Ā)(f_n − f_m) = 0 on V_k for n, m ≥ k. So the maximum principle [29, Thm. 5.3’] shows that

sup_{Vk} |f_n − f_m| ≤ max_{∂Vk} |f_n − f_m| ≤ 2 max_{∂Vk} h_1 .

Hence, f_n converge u.c. in C(V ) to a function f ∈ C(V ) since h_1 ∈ C_0(V \ V_1). Moreover, f ∈ C_0(V ) due to (3.17). The assertion now follows from (3.16) and the local closedness u.c. of Ā.

4 Time dependent parabolic problems on non-cylin-drical domains

4.1 Introduction

The results of the previous chapter are now applied to parabolic problems of the type

L̄u = F on V_s, u(x, t) = 0 on the ‘lateral boundary’ of V_s, u(x, s) = f(x) for x ∈ V (s), (4.1)

where V ∈ O(Ω) may be non-cylindrical (i.e., not of the form V × I), F is continuous, and L is a parabolic, real, locally dissipative, local operator. In our applications to partial differential equations in Chapter 6, L̄ can be calculated explicitely and so we obtain that the solution u belongs to appropriate Sobolev spaces.

At first, we specify the setting of the problem (4.1) more precisely. In this chapter, we consider V ∈ O(Ω) with finite S ≤ S_V and T_V = T ∈ J. So we have the possibilities

(I) J_0 = ]S, T ] and Ω_0 = Ω × J_0 or (II) J = [S, T ] and Ω = Ω × J with V (S) ≠ ∅.

To avoid trivial situations, we always assume that V (s) ≠ ∅ for S_V < s ≤ T_V . (In later sections we will further assume that S = S_V .) We set V_0 = V ∩ Ω_0 and use the function spaces X = C_0(V ) and X_0 = C_0(V_0). The space X_0 is identified with the subspace X̆_0 of X which consists of functions vanishing on V (S). A linear operator E on X_0 induces a linear operator Ĕ on X̆_0 in an obvious way. Let F (t) = F (t, ·) for F ∈ X or X_0 and t ∈ J or J_0. Notice that F (t) ∈ C_0(V (t)) =: X(t). Given F ∈ X, we define by F̃ (t) = { F (t), S ≤ t ≤ T, F (S), t < S, a function on J̃ = ] − ∞, T ], and analogously for X_0 ∼= X̆_0. Also,

X̃(t) = { X(t), S ≤ t ≤ T, X(S), t < S, where X(S) := {0} in the case J_0.

For a function f in C_0(V ), X, or X_0 we write f^∗ for the canonical extension to a function in C_0(V^∗), C_0(V^∗) =: X^∗, or C_0(V^∗_0) =: X^∗_0, respectively. Also, for these functions the superscript^# designates the extension by 0 to functions defined on Ω, Ω^∗, Ω, Ω^∗ := Ω^∗ × [S, T ], Ω_0, Ω^∗_0 := Ω^∗× ]S, T ]. In this way, C_0(V ), X, X_0 are isometrically identified with subspaces X^#, X^{∗#}, X^#, X^{∗#}, X^#_0 , X^{∗#}_0 of C_0(Ω), C(Ω^∗), C_0(Ω), C(Ω^∗), C_0(Ω_0), C_0(Ω^∗_0), respectively. The canonical extension of an operator Q defined on one of these function spaces is denoted accordingly, e.g., Q^#F^# := (QF )^#. In particular, a semigroup Q(·) on X induces semigroups Q^#(·) and Q^{∗#}(·) on X^# and X^{∗#}, respectively.

Next, we examine various parts of the boundary of V which are relevant to problem (4.1). For S ≤ S_V ≤ s < T_V = T and V ∈ O(Ω) or O(Ω_0), we set Γ = ∂V^∗, Γ^s = ∂V^∗_s \ V (s) , Γ^′_s = {(x, t) ∈ Γ : t ≥ s}, Γ_s = {(x, t) ∈ Γ : t > s}, and Γ(s + 0) = Γ(s) ∩ V^∗_s , where V_s was defind on p.13 and the closures and boundaries are understood in the topology of Ω^∗ and Ω^∗_0, respectively. Observe that for relatively compact V the above sets coincide with the analoguous sets defined in Ω and Ω_0, respectively. Since T_V = T, the set Γ^s can be interpreted as the lateral boundary of V_s. Proposition 4.1. Let V ∈ O(Ω) or O(Ω_0) and S ≤ S_V ≤ s < T_V . Then the following assertions hold (with disjoint unions).

1. ∂V^∗_s = V (s) ∪ (Γ^′_s ∩ V^∗_s ) = V (s) ∪ Γ_s ∪ Γ(s + 0). 2. Γ^s = Γ^′_s ∩ V^∗_s = Γ_s ∪ Γ(s + 0).

3. ∂V^∗_S = V (S) ∪ Γ and Γ = Γ^S = Γ^′_S for s = S = S_V ∈ J and ∂V^∗_{SV} = Γ = Γ^{SV} = Γ^′_{SV} for s = S_V > S.

4. ∂_pV_s ⊂ Γ^s ∪ V (s), where ∂_pV_S = ∂_pV for s = S = S_V ∈ J.

Proof. (a) Let S_V < s < T_V . For (x, s) ∈ V (s) there is an open neigbourhood in V of the form W × ]s − δ, s + δ[ . Thus V (s) ⊂ ∂V^∗_s . Further, Γ^′_s ∩ V^∗_s ⊂ Γ ∩ V^∗_s ⊂ ∂V^∗_s since Γ ∩ V_s ⊂ Γ ∩ V = ∅. Hence, V (s) ∪ (Γ^′_s ∩ V^∗_s ) ⊂ ∂V^∗_s .

Conversely, if (x, t) ∈ ∂V^∗_s with t > s, then (x, t) ∈ ∂V^∗ = Γ and so (x, t) ∈ Γ^′_s ∩ V^∗_s . So let (x, s) ∈ ∂V^∗_s . In each neighbourhood of (x, s) there is a point (y, r) /∈ V_s . If we can always find (y, r) /∈ V , then (x, s) ∈ Γ and, hence, (x, s) ∈ Γ^′_s ∩V^∗_s . Otherwise, (x, s) belongs to V (s). This yields the first equality in the first assertion for s > S_V . Since Γ^′_s ∩ V (s) = ∅, we have Γ^s = Γ^′_s ∩ V^∗_s . (4.2) To show 1. and 2. in the case s > S_V , it remains to verify Γ^s = Γ_s ∪ Γ(s + 0) . (4.3)

If (x, t) ∈ Γ^s with t > s, then (x, t) ∈ Γ, and so (x, t) ∈ Γ_s . Clearly, Γ_s ⊂ Γ^s ∩ Ω^∗_s . Hence, Γ_s = Γ^s ∩ Ω^∗_s . Moreover,

Γ(s + 0) = Γ^′_s ∩ Ω^∗(s) ∩ V^∗_s = Γ^s ∩ Ω^∗(s)

by (4.2). As a consequence,

Γ^s = (Γ^s ∩ Ω^∗_s ) ∪ (Γ^s ∩ Ω^∗(s)) = Γ_s ∪ Γ(s + 0) .

(b) We now let s = S_V > S. Then, V_s = V and V (s) = ∅. Hence, Γ = ∂V^∗_s = Γ^s = Γ^′_s and the equations (4.2) and (4.3) hold in this case, too. This yields Assertions 1. and 2. for s = S_V > S and the second part of 3.

Finally, let s = S_V = S ∈ J. Obviously, Γ = Γ^′_S . For points (x, t) with t > S it is clear that (x, t) ∈ Γ if and only if (x, t) ∈ ∂V^∗_S . So consider (x, S) ∈ Γ. There are points (y, t) ∈ V with t > S in each neighbourhood of (x, S) in Ω^∗; that is, (x, S) ∈ ∂V^∗_S . Conversely, if (x, S) ∈ ∂V^∗_S \ V (S), then (x, S) /∈ V and so (x, S) ∈ Γ. This establishes Γ^S = Γ and, since V (S) ⊂ ∂V^∗_S , the third assertion. Further, (4.2) and (4.3), and thus 1., also hold in this case.

(c) The last assertion follows from the previous ones and the definition of ∂_pV .

4.2 Parabolic operators and space-time semigroups

Theorem 3.25 provides us with a characterization of well-posedness of (4.1) for F = 0 in the space C_0(V ). In particular, then the solutions are given by the semigroup Q(·) generated by L̄_V in C_0(V ). We will now represent Q(σ) in terms of a ‘variable space propagator’ U(t, s) ∈ L(C_0(V (s)), C_0(V (t))). By means of this representation, we can solve the inhomogeneous problem (4.1) in the next section and a class of related semilinear equations in Chapter 5.

As in the cases (I) and (II) introduced on p. 40, we throughout consider V ∈ O(Ω), resp. V_0 ∈ O(Ω_0), such that I_V = [S, T ] = J, resp. I_{V 0} = ]S, T ] = J_0 , for finite S, T . First, we recall the following definition from [37], [41], [46], or [49].

Definition 4.2. A linear operator E on X = C_0(V ) is called parabolic if, for F ∈ D(E) and φ ∈ C^1(J) with φ^′(S) = 0, we have φF ∈ D(E) and E(φF ) = φ EF −φ^′F . If, in addition, EF = 0 on V (S) for all F ∈ D(E), then we say that L is standard parabolic.

A linear operator E on X_0 = C_0(V_0) is parabolic if the induced operator Ĕ on X̆_0 is parabolic.

If a parabolic operator E generates a semigroup Q(·), then Q(·) is called space-time semigroup.

Observe that E on X_0 is parabolic if and only if, for F ∈ D(E) and φ ∈ C^1_0 (J) = {φ ∈ C^1(J) : φ(S) = φ^′(S) = 0}, we have φF ∈ D(E) and E(φF ) = φ EF − φ^′F . Some prelimary facts are stated in the following lemmas.

Lemma 4.3. The following assertions hold for F ∈ X.

1. The mapping J → C_0(Ω); t → F^#(t) = F (t)^# is continuous.

2. If F (t) = 0 for t ∈ J, then for all ε > 0 there exists φ ∈ C^1(J) such that φ^′(S) = 0, φ = 0 on a neighbourhood of t in J, and ‖F − φF ‖ = ‖F^# − φF^#‖ ≤ ε.

Proof. 1.) If the first assertion were false, there would exist δ > 0 and J ∋ t_n → t with

|F^#(x_n, t_n) − F^#(x_n, t)| ≥ δ (4.4)

for some x_n ∈ Ω. There is a compact subset K of V such that |F (x)| ≤ δ/4 for x /∈ K. Consequently, for each n, at least one of the points (x_n, t_n) and (x_n, t) is contained in K. So we obtain a subsequence (x_k , t_k) or (x_k, t) converging in K. Hence, x_k → x for some (x, t) ∈ K. On the other hand, (4.4) gives

|F^#(x_k , t_k) − F^#(x_k , t)| ≥ δ,

contradicting the continuity of F^# at (x, t).

2.) Let F (t) = 0 and ε > 0. By the first part, there exists δ > 0 such that ‖F^#(s)‖ ≤ ε for s ∈ J with |t − s| ≤ δ where we can choose δ < t − S if t ≠ S. Take φ ∈ C^1(J) satisfying 0 ≤ φ ≤ 1, φ = 1 on J ∩ (R\ ]t − δ, t + δ[), and φ = 0 on J∩ ]t − δ_0, t + δ_0[ for some 0 < δ_0 < δ. It is easy to see that φ has the properties asserted in 2.

Lemma 4.4. Let t ∈ J and f ∈ C_c(V (t)) for V ∈ O(Ω). Then there exists F ∈ X such that F (t) = f and ‖F ‖ = ‖f‖. If t > S, then we can take F ∈ X̆_0. Moreover, F can be chosen positive if f is positive.

Proof. Let K = supp f ⊂ V (t). Since K × {t} is compact in V , we find sets W_k ∈ O_c(Ω) and I_k = J∩ ]t − δ_k, t + δ_k[ for δ_k > 0 and k = 1, · · · , n such that K × {t} ⊂ ⋃_n k=1 (W_k × I_k ) ⊂ V

Take 0 < δ ≤ min_k δ_k with δ < t−S if t ≠ S. Set W = ⋃ k W_k and I = J∩ ]t−δ, t+δ[ . Choose φ ∈ C^1(J) such that 0 ≤ φ ≤ 1, φ(t) = 1, and supp φ ⊂ I. Define F (x, s) = φ(s)f(x) for s ∈ I and x ∈ W and F (x, s) = 0 on V \ (W × I). Clearly, F ∈ X meets the requirements.

In the proof of the next result we use an idea from [49, Thm. 1.11]. We set φ̃_σ = φ̃(· + σ)|J and φ̃_σ = φ̃(· + σ)|J_0 , respectively, for σ ∈ R.

Theorem 4.5. Let Q(·) be a semigroup on X generated by a parabolic operator E. The following assertions hold for F ∈ X, t ∈ J, and σ ≥ 0.

1. For φ ∈ C(J) we have Q(σ) (φF ) = φ̃_{−σ} Q(σ)F (4.5) 2. If F̃ (t − σ) = 0, then (Q(σ)F )(t) = 0. 3. If, in addition, E is standard parabolic, then (Q(σ)F )(t) = (Q(t − S)F )(t) for t − σ ≤ S. (4.6) Moreover, Assertions 1. and 2. still hold if we replace X by X_0 and consider φ with φ(S) = 0 in 1. In particular, (Q(σ)F )(t) = 0 for t − σ ≤ S and F ∈ X_0 . Proof. We only consider the interval J since the proof for J_0 follows the same lines.

1.) Let φ ∈ C^1(J) with φ^′(S) = 0 and F ∈ D(E). Define u(σ) = Q(σ)(φF ) − φ̃_{−σ} Q(σ)F ∈ X for σ ≥ 0. Then u(0) = 0 and, by parabolicity, u(σ) ∈ D(E) and Eu(σ) = EQ(σ)(φF ) − φ̃_{−σ} EQ(σ)F + φ̃^′_{−σ} Q(σ)F =^d_{dσ} u(σ). Therefore, u(σ) = 0 for σ ≥ 0 since E is a generator. The first assertion now follows by an obvious approximation argument.

2.) If F̃ (t − σ) = 0, then either t − σ > S and F (t − σ) = F̃ (t − σ) = 0 or t − σ ≤ S and F (S) = F̃ (t − σ) = 0. In both cases, by Lemma 4.3 there is φ ∈ C(J) such that F_1 = φF ∈ X, φ̃(t − σ) = 0, and ‖F − F_1‖ ≤ ε for each given ε > 0. Moreover, the first assertion implies (Q(σ)F_1) (t) = 0, and so ‖(Q(σ)F ) (t)‖ = ‖(Q(σ)F ) (t) − (Q(σ)F_1) (t)‖ ≤ ‖Q(σ)‖ ‖F − F_1‖ ≤ ε ‖Q(σ)‖. This establishes 2.

3.) Let E be standard parabolic. For F ∈ D(E) and t ∈ J, we have (Q(σ)F )(t) = F (t) + ∫_σ 0 (Q(τ)EF )(t) dτ. Since (EF )(S) = 0, we obtain (Q(τ)EF )(t) = 0 for t − τ ≤ S by the second assertion. So we conclude that (Q(σ)F )(t) = F (t) + ∫_{t−S} 0 (Q(τ)EF )(t) dτ = (Q(t − S)F )(t) for 0 ≤ t − S ≤ σ, and obtain the third assertion by the density of D(E).

We now express Q(σ) by a propagator U(t, s) using of the above theorem. Set Δ_I = {(t, s) ∈ I^2 : t ≥ s} for an interval I ⊂ R. Define D(s) = {f ∈ X(s) : ∃ F ∈ X with F (s) = f} and U(t, s)f = (Q(t − s)F )(·, t) ∈ X(t) for f ∈ D(s), f = F (s), (t, s) ∈ Δ_J . The linear operator U(t, s) : D(s) → X(t) is well-defined by virtue of Theorem 4.5. Due to Lemma 4.4, C_c(V (s)) is contained in D(s) and for f ∈ C_c(V (s)) there is F ∈ X with F (s) = f and ‖U(t, s)f‖ ≤ ‖Q(t − s)‖ ‖F ‖ = ‖Q(t − s)‖ ‖f‖ ≤ M ‖f‖ for (t, s) ∈ Δ_J and M := sup{‖Q(σ)‖ : 0 ≤ σ ≤ T − S}. Therefore U(t, s) can be extended to a bounded operator U(t, s) : X(s) → X(t). For f ∈ D(s) and F ∈ X with F (s) = f, we have (Q(r − s)F )(·, r) = U(r, s)f, i.e., U(r, s)f ∈ D(r), and U(t, r)U(r, s)f = (Q(t − r)Q(r − s)F ) (·, t) = U(t, s)f. This identity also holds on X(s) since D(s) is dense. As a result, U(t, s) ∈ L(X(s), X(t)), ‖U(t, s)‖ ≤ M, (4.7) U(t, s) = U(t, r)U(r, s), U(s, s) = Id_{X(s)} (4.8) for S ≤ s ≤ r ≤ t ≤ T . If we consider the induced semigroup Q^#(σ) on X^# ⊂ C_0(Ω) and construct operators U^#(t, s) by the same procedure, then it is immediate that U^#(t, s)f^# = (U(t, s)f)^# and that (4.7) and (4.8) hold on X^#(s) := X(s)^#. Moreover, for a parabolic operator E on X_0 we define U(t, s) and U^#(t, s) in the same way and derive (4.7) and (4.8) on Δ_{J0} . Finally, we obtain the analogous results for the operators U^{∗#}(t, s) on X^{∗#}(s) := X(s)^{∗#} by considering the induced semigroup Q^{∗#}(·) on X^{∗#} and X^{∗#}_0 . Next, we study the continuity of the operators U(t, s) with respect to t and s. Lemma 4.6. Let U(t, s), (t, s) ∈ Δ_J , be as constructed above and f ∈ X(s) for s ≥ S. Then the functions u : (x, t) → (U(t, s)f) (x) and u^{∗#} : (x, t) → (U^{∗#}(t, s)f^{∗#}) (x) belong to C_0(V_s ∪ V (s)) and C(Ω^∗ × [s, T ]), respectively. For s > S, the same is true with J replaced by J_0.

Proof. Let s ≥ S, f ∈ D(s), and F ∈ X with F (s) = f. Then u^{∗#}(x, t) = (Q^{∗#}(t − s)F^{∗#})(x, t) on Ω^∗ × [s, T ].

For (x, t), (x^′, t^′) ∈ Ω^∗ with t, t^′ ≥ s, we estimate |u^{∗#}(x^′, t^′) − u^{∗#}(x, t)| ≤ ‖Q^{∗#}(t^′ − s)F^{∗#} − Q^{∗#}(t − s)F^{∗#}‖ + |Q^{∗#}(t − s)F^{∗#}(x^′, t^′) − Q^{∗#}(t − s)F^{∗#}(x, t)|. Since Q^{∗#}(·) is strongly continuous on X^{∗#} and Q^{∗#}(t−s)F^{∗#} ∈ X^{∗#}, both terms on the right hand side tend to 0 as (x^′, t^′) → (x, t). Further, u^{∗#} vanishes off V_s ∪ V (s). Thus the assertions concerning J are verified for f ∈ D(s). Due to the uniform boundedness of U(t, s) and U^{∗#}(t, s), the assertions for f ∈ X(s) follow by approximation. The last claim can be shown in the same way.

Lemma 4.7. Let U(t, s), (t, s) ∈ Δ_J , be as constructed above and F ∈ X. Then the functions Δ_J ∋ (t, s) → U^#(t, s)F^#(s) ∈ C_0(Ω) and Δ_J ∋ (t, s) → U^{∗#}(t, s)F^{∗#}(s) ∈ C(Ω^∗) are continuous. The same is true with J and X replaced by J_0 and X_0. Proof. Let (t, s), (t^′, s^′) ∈ Δ_J and F ∈ X. Then the estimate ‖U^#(t, s)F^#(s) − U^#(t^′, s^′)F^#(s^′)‖

= ‖(Q^#(t − s)F^#)(t) − (Q^#(t^′ − s^′)F^#)(t^′)‖ ≤ ‖(Q^#(t − s)F^#)(t) − (Q^#(t − s)F^#)(t^′)‖ + ‖Q^#(t − s)F^# − Q^#(t^′ − s^′)F^#‖ yields the first claim. The other ones can be proved analogously.

We collect the above properties in the following definition.

Definition 4.8. Let I be an interval in R and Y (t), t ∈ I, be Banach spaces which are isomorphic to subspaces Y^#(t) of a fixed Banach space Y^#. A family of operators U(t, s) ∈ L(Y (s), Y (t)), (t, s) ∈ Δ_I , is called variable space propagator if U(s, s) = Id_{Y (s)}, U(t, r)U(r, s) = U(t, s), and Δ_I ∋ (t, s) → (U(t, s)F (s))^# is continuous in Y^# for t ≥ r ≥ s in I and all functions t → F (t) ∈ Y (t) such that I ∋ t → F^#(t) ∈ Y^# is continuous. If ‖U(t, s)‖ ≤ M, then the propagator is called bounded.

We further extend a given variable space propagator U with parameter set Δ_J or Δ_{J0} to the index set Δ_{J̃} by setting Ũ(t, s) = U(t, s), S ≤ s ≤ t ≤ T, U(t, S), s < S ≤ t ≤ T, Id_{X(S)}, s ≤ t < S, and Ũ(t, s) = { U(t, s), S < s ≤ t ≤ T, 0, s ≤ S, on X̃(s) for J and J_0, respectively. It is easy to see that Ũ(t, s) is a variable space propagator on X̃(s). One defines the propagators Ũ^#(t, s) and Ũ^{∗#}(t, s) in the same way. The main theorem of this section is now an immediate consequence of the previous results.

Theorem 4.9. Let Q(·) be a semigroup on X (on X_0) generated by a standard parabolic (parabolic) operator E. Then there is a bounded variable space propagator U(t, s) such that

(Q(σ)F )(t) = Ũ(t, t − σ)F̃ (t − σ) and (4.9)

(Q^{∗#}(σ)F^{∗#})(t) = Ũ^{∗#}(t, t − σ)F̃^{∗#}(t − σ)

for t ∈ J and F ∈ X (t ∈ J_0 and F ∈ X_0) and σ ≥ 0.

Remark 4.10. 1. In this section we have extended results from [41] to sets V which are not relatively compact. For cylindrical domains V = V × I and the intervals J = ]S, T ], ]S, ∞[ , R, analogous results can be found in [16], [43], [46], and [49]. In [16], [26], [43], [50], and [51] the same problem was investigated in an L^p–context. In these papers, as well as in [37] and [38], applications to perturbation theory and well-posedness of non-autonomous Cauchy problems were given, see also the next section.

2. Clearly, (4.9) implies (4.5) (and (4.6) in the standard parabolic case). Further it is easy to see that (4.5) (and (4.6)) imply (standard) parabolicity of the generator E. See also the references cited in the first item for analogous characterizations.

4.3 Well-posedness of parabolic problems on non-cylindrical domains

At first, we apply the results of the preceding section to solve Cauchy problems of the type (4.1) supposing that L̄_V is a generator. The latter assumption can then be characterized by means of the results presented in Chapter 3. For relatively compact V , Theorems 4.11, 4.12, and 4.13 below are contained in [41], see also [46], [47], [49] for the cylindrical case.

We start with the standard parabolic case J = [S, T ], i.e., case (II) from p.40. For V ∈ O(Ω) and a parabolic, locally dissipative, local operator L on O(Ω), we define a standard parabolic operator E on X = C_0(V ) by setting

EF = LF for F ∈ D(E) = {F ∈ D(L_V ) : (LF )(S) = 0}. (4.10)

Therefore, if E is generator, then Q(σ) = e^{σE} is given by a variable space propagator U(t, s) by virtue of Theorem 4.9. In the following two results we only consider the initial time s = S as the case s > S can be treated using Theorem 4.13 and 4.14.

Theorem 4.11. Let V ∈ O(Ω) with V (s) ≠ ∅ for s ∈ J = [S, T ], f ∈ C_0(V (S)), and L be a parabolic, locally dissipative, local operator on O(Ω). Assume that the operator E defined in (4.10) is a generator on X = C_0(V ). Then there is a unique solution u ∈ D(E) ∩ C(V^∗) of the problem

Eu = 0 on V , u(·, S) = f on V (S), u|Γ = 0, (4.11)

where Γ = Γ^S . Further, u is given by u(x, t) = (U(t, S)f)(x) on V for the variable space propagator obtained in Theorem 4.9, and |u| ≤ ‖f‖.

Proof. The function u : (x, t) → (U(t, S)f)(x) belongs to X by Lemma 4.6. Clearly, u(·, S) = f. Moreover, ∂V^∗ = Γ = Γ^S by Proposition 4.1. So u extends continuously to V^∗ with u|Γ = 0. Using the representation of the semigroup Q(σ) = e^{σE} given in Theorem 4.9, we derive (Q(σ)u)(t) = Ũ(t, t − σ)ũ(t − σ) = { U(t, t − σ)U(t − σ, S)f, t − σ ≥ S, U(t, S)f, t − σ < S, = U(t, S)f = u(t) for t ∈ J and σ ≥ 0. This implies u ∈ D(E) and Eu = 0. Finally, uniqueness and the asserted estimate are immediate consequences of the parabolic maximum principle Theorem 2.29 since ∂_pV ⊂ Γ ∪ V (S) by Proposition 4.1.

Notice that the condition F (S) = 0 is necessary for the solvability of (4.12) in the next result.

Theorem 4.12. Let V , f, L, E be as in Theorem 4.11 and F ∈ C_0(V_0). Then there is a unique solution u ∈ D(E) ∩ C(V^∗) of the problem Eu = F on V , u(·, S) = f on V (S), u|Γ = 0, (4.12)

where Γ = Γ^S . Further, the solution u and its extension u^{∗#} ∈ C(Ω^∗) are given by u(x, t) = (U(t, S)f)(x) − ∫_t S (Q(t − τ)F )(x, t) dτ on V and u^{∗#}(t) = U^{∗#}(t, S)f^{∗#} − ∫_t S U^{∗#}(t, τ)F^{∗#}(τ) dτ for t ∈ [S, T ] and the variable space propagator obtained in Theorem 4.9.

Proof. By Lemma 4.7 the function

Δ_J ∋ (t, s) → U^{∗#}(t, s)F^{∗#}(s) = (U(t, s)F (s))^{∗#} ∈ C(Ω^∗) is continuous. So we can define

G^{∗#}(t) = ∫_t S U^{∗#}(t, τ)F^{∗#}(τ) dτ and G^{∗#}(x, t) = (G^{∗#}(t))(x)

for (x, t) ∈ Ω^∗. Clearly, G^{∗#} ∈ X^{∗#} and G := G^{∗#}|V ∈ X. We obtain (Q^{∗#}(σ)G^{∗#})(t) = Ũ^{∗#}(t, t − σ)G̃^{∗#}(t − σ) = { ∫_{t−σ} S U^{∗#}(t, τ)F^{∗#}(τ) dτ, t − σ ≥ S, 0, t − σ < S, because G̃^{∗#}(t) = 0 for t ≤ S. Since also F̃^{∗#}(t) = 0 for t ≤ S, this yields 1 σ (Q^{∗#}(σ)G^{∗#} − G^{∗#})(t) = { −^1_σ ∫_t t−σ U^{∗#}(t, τ)F^{∗#}(τ) dτ, t − σ ≥ S, −^1_σ ∫_t S U^{∗#}(t, τ)F^{∗#}(τ) dτ, t − σ < S, = −^1_σ ∫_t t−σ Ũ^{∗#}(t, τ)F̃^{∗#}(τ) dτ for t ∈ J. So Lemma 4.7 implies 1 σ (Q^{∗#}(σ)G^{∗#} − G^{∗#})(t) → −F̃^{∗#}(t) = −F^{∗#}(t) as σ → 0 in X(t)^{∗#} uniformly for t ∈ J. As a consequence, G ∈ D(E) and EG = −F . Thus, by Theorem 4.11, the function u : V ∋ (x, t) → (U(t, S)f)(x) − G(x, t) belongs to D(E) and Eu = F . Clearly, u(S) = f and u extends continuously to V^∗ = V ∪Γ with u|Γ = 0. Uniqueness follows again from Theorem 2.29 and Proposition 4.1. Finally, by Theorem 4.9 we have

U^{∗#}(t, τ)F^{∗#}(τ) = (Q(t − τ)F )^{∗#}(t) ∈ X(t)^{∗#} for S ≤ τ ≤ t ≤ T . This easily implies the asserted representations of u.

We now study the case J_0 = ]S, T ], cf. (I) from p.40. Notice that the local operator L on O(Ω_0) in the two following theorems could be the restriction of a local operator L^′ defined on O(Ω).

Theorem 4.13. Let V_0 ∈ O(Ω_0) with V (t) ≠ ∅ for t ∈ J_0, S < s < T , and f ∈ C_0(V (s)). Let L be a semi-complete, locally dissipative, parabolic, local operator on O(Ω_0). Assume that the part L_{V 0} of L in X_0 = C_0(V_0) is a generator. Then there is a unique solution u ∈ D(L, V_s) ∩ C(V^∗_s ) of the problem Lu = 0 on V_s, u(·, s) = f on V (s), u|Γ^s = 0.

(4.13)

Further, u is given by u(x, t) = (U(t, s)f)(x) on V_s ∪ V (s) for the variable space propagator obtained in Theorem 4.9, and |u| ≤ ‖f‖.

Proof. For the induced propagator U^{∗#}(t, s) : X^{∗#}(s) → X^{∗#}(t), we define

Ǔ^{∗#}(t, s) = { U^{∗#}(t, s), S < s ≤ t ≤ T, U^{∗#}(s, s), −∞ < t ≤ s ≤ T. Take φ ∈ C^1] − ∞, T ] with support in ]s, T ]. Then the function u^#_φ : ] − ∞, T ] ∋ t → φ(t)Ǔ^{∗#}(t, s)f^{∗#} ∈ C(Ω^∗) is continuous by Lemma 4.7. The restriction to J_0 is denoted by the same symbol. We set u_φ(x, t) = (u^#_φ (t))(x) for (x, t) ∈ V_0. Notice that u_φ ∈ X_0. Theorem 4.9 yields

(Q^{∗#}(σ)u^{∗#}_φ )(t) = Ũ^{∗#}(t, t − σ)u^#_φ (t − σ) = { φ(t − σ) U^{∗#}(t, t − σ)U^{∗#}(t − σ, s)f^{∗#}, t − σ ≥ s, 0, t − σ < s, = φ(t − σ)Ǔ^{∗#}(t, s)f^{∗#} for −∞ < t ≤ T and σ ≥ 0. Since U^{∗#}(t, s) is uniformly bounded, we obtain that 1 σ (Q^{∗#}(σ)u^{∗#}_φ − u^{∗#}_φ ) (t) → −φ^′(t) Ǔ^{∗#}(t, s)f^{∗#} as σ → 0 in C(Ω^∗) uniformly for t ∈ J_0 . As a consequence,

u_φ ∈ D(L_{V 0} ) and Lu_φ (x, t) = −(φ^′(t)U(t, s)) (x)f on V_s . On the other hand, we define the function Ω^∗_s ∋ (x, t) → u^{∗#}(x, t) = (U^{∗#}(t, s)f^{∗#})(x) = (U(t, s)f)^{∗#}(x). By Lemma 4.6, u^{∗#} is continuous and vanishes off V (s) ∪ V_s. In particular, the restriction u to V^∗_s is continuous and u|Γ^s = 0. Clearly, u(s) = f. For small ε > 0, choose φ ∈ C^1 ]−∞, T ] with support in ]s, T ] and φ = 1 on [s+ε, T ]. Then, u|V_{s+ε} = u_φ|V_{s+ε} ∈ D(L, V_{s+ε}) and Lu = 0 on V_{s+ε}. Letting ε → 0, we obtain u ∈ D(L, V_s) and Lu = 0 on V_s by the semi-completeness of L. Finally, uniqueness and the asserted estimate are immediate consequences of Theorem 2.29 and Proposition 4.1. Theorem 4.14. Let V_0, s, f, and L be as in Theorem 4.13 and F ∈ C(V^∗_s ) with F |Γ^s = 0. In addition, assume that L is locally closed u.c.. Then there is a unique solution u ∈ D(L, V_s) ∩ C(V^∗_s ) of the problem Lu = F on V_s, u(·, s) = f on V (s), u|Γ^s = 0.

(4.14)

Further, u is the restriction of the continuous function u^{∗#}(·, t) = U^{∗#}(t, s)f^{∗#} − ∫_t s U^{∗#}(t, τ)F^{∗#}(τ) dτ on Ω^∗_s . (4.15) If F_0 ∈ C_0(V_0) is an extension of F to V_0, then u(x, t) = (U(t, s)f)(x) − ∫_t s (Q(t − τ)F_0)(x, t) dτ on V_0 , (4.16) where Q(σ) and U(t, s) are given by Theorem 4.9. Proof. The set W^∗_0 = (Ω^∗_0 \ V^∗_0) ∪ V^∗_s = (Ω^∗_0 \ V^∗_0) ∪ ∂V^∗_0 ∪ V^∗_s is closed in Ω^∗_0. Extend F to a function F_1 on W^∗_0 by setting F_1(x) = 0 for x ∈ ∂V^∗_0\V^∗_s and x ∈ Ω^∗_0 \ V^∗_0. Using Proposition 4.1, it is easy to see that F_1 is continuous on W^∗_0. So we can extend F_1 to a continuous function F^{∗#}_0 on Ω^∗_0 with support in Ω^∗_r for some S < r < s. Clearly, the restriction F_0 to V_0 belongs to C_0(V_0). The function (t, τ) → (Q^{∗#}(t − τ)F^{∗#}_0 ) (t) = U^{∗#}(t, τ)F^{∗#}(τ) ∈ C(Ω^∗) is continuous for s ≤ τ ≤ t ≤ T by Lemma 4.7. So we can define

G^{∗#}(t) = ∫_t s U^{∗#}(t, τ)F^{∗#}(τ) dτ = ∫_t s (Q^{∗#}(t − τ)F^{∗#}_0 )(t) dτ ∈ X(t)^{∗#} (4.17) for s ≤ t ≤ T and G^{∗#}(x, t) = (G^{∗#}(t))(x) for (x, t) ∈ Ω^∗ × [s, T ]. Let G be the restriction to V^∗_s . Notice that G^{∗#} and G are continuous, G(s) = 0, and G|Γ^s = 0.

For small ε > 0, choose φ ∈ C^1] − ∞, T ] with support in ]s, T ] and φ = 1 on [s + ε, T ], and set G^{∗#}_φ (t) = ∫_t s U^{∗#}(t, τ)φ(τ)F^{∗#}(τ) dτ for s < t ≤ T and G^{∗#}_φ (t) = 0 for S < t ≤ s. Define G^{∗#}_φ (x, t) = (G^{∗#}_φ (t))(x) on Ω^∗_0. Then G^{∗#}_φ ∈ X^{∗#}_0 and

(Q^{∗#}(σ)G^{∗#}_φ )(t) = Ũ^{∗#}(t, t − σ)G̃^{∗#}_φ (t − σ) = { ∫_{t−σ} s U^{∗#}(t, τ)φ(τ)F^{∗#}(τ) dτ, t − σ ≥ s, 0, t − σ < s, for t ∈ J_0 and σ ≥ 0. Subsequently, 1 σ (Q^{∗#}(σ)G^{∗#}_φ − G^{∗#}_φ ) (t) = −^1_σ ∫_t t−σ Ũ^{∗#}(t, τ) φ(τ)F̃^{∗#}_0 (τ) dτ

→ −φ(t)F^{∗#}_0 (t) as σ → 0

uniformly in t ∈ J_0 by Lemma 4.7. Hence, the restriction G_φ belongs to D(L, V_s) and LG_φ = −φF on V_s. So we obtain G ∈ D(L, V_s) and LG = −F on V_s since L is locally closed u.c.. Finally, set u(x, t) = (U(t, s)f)(x) − G(x, t) on V_s ∪ V (s) and u^{∗#}(x, t) = (U^{∗#}(t, s)f^{∗#})(x) − G^{∗#}(x, t) on Ω^∗_s .

By the previous results and Theorem 4.13, we have u^{∗#}|V_s = u, u^{∗#} is continuous, and u ∈ D(L, V_s) ∩ C(V^∗_s ) satisfies (4.14). Equalities (4.15) and (4.16) follow from (4.17). Theorem 2.29 and Proposition 4.1 yield uniqueness.

We now combine the above results with Corollary 3.26 using the following assumption.

(H2) Let L be a real, locally dissipative, (standard) parabolic, local operator defined on O(Ω_0) (on O(Ω)) such that (S) holds and L̄ satisfies (OE) and (LS). Assume that L̄_{Ω0} (L̄_Ω) is a generator on X_0 (on X).

Recall that L̄ exists and is real, (standard) parabolic, locally disspative, and locally closed u.c.. In the standard parabolic case, L̄_V coincides with the operator E given by (4.10). It is easy to see that (H2) for Ω implies (H2) for Ω_0. In particular, L̄_{V 0} is a generator on X_0 if L̄_V is a generator on X for some V ∈ O(Ω). In fact, in this case there exists G ∈ D(L̄_V ) with (1 − L̄)G = F for a given F ∈ X_0 ∼= X̆_0. Hence, G(S) = F (S) + (L̄G)(S) = 0 and G ∈ D(L̄_{V 0} ). Moreover, for F ∈ X_0 there are F_n ∈ D(L̄_V ) converging to F . Choosing suitable functions φ_n ∈ C^1_c ]S, T ] with 0 ≤ φ_n ≤ 1 and φ_n = 1 for t ≥ S + δ_n, one sees that φ_nF_n ∈ D(L̄_{V 0} ) and φ_nF_n → F in X_0.

Theorem 4.15. Assume that (H2) holds for J_0 = ]S, T ]. Let s ∈ ]S, T [ , V_0 ∈ O(Ω_0) with V (t) ≠ ∅ for t ∈ J_0, f ∈ C_0(V (s)), and F ∈ C(V^∗_s ) with F |Γ^s = 0. Suppose that V_0 = ⋂_n k=1 W_k for sets W_k ∈ O(Ω_0) admitting a Cauchy barrier with respect to L̄. Then there exists a unique function u ∈ C(V^∗_s ) satisfying the conclusions of Theorem 4.14 with L replaced by L̄. If f and −F are positive, then u is positive.

Proof. By virtue of Corollary 3.26 and Theorem 4.14, we only have to show the last assertion which is verified by an application of Theorem 2.30 to the function −u.

A similar result was shown in [47] for cylindrical V . Further Corollary 3.26, Theorem 4.12, Theorem 4.14, and Theorem 2.30 yield

Theorem 4.16. Assume that (H2) holds for J = [S, T ]. Let s ∈ [S, T [ , V ∈ O(Ω) with V (t) ≠ ∅ for t ∈ J, and f ∈ C_0(V (s)). Suppose that V = ⋂_n k=1 W_k for sets W_k ∈ O(Ω) admitting a Cauchy barrier with respect to L̄. If S < s < T , let F ∈ C(V^∗_s ) with F |Γ^s = 0; if s = S, let F ∈ C_0(V_0). Then there exists a unique function u ∈ C(V^∗_s ) belonging to D(L̄, V_s) and, if s = S, to D(L̄, V ) such that

L̄u = F on V_s (on V if s = S), u(·, s) = f on V (s), u|Γ^s = 0 (Γ = Γ^S if s = S).

(4.18)

Further, u is given as in Theorem 4.12 if s = S and as in Theorem 4.14 if s > S. If f and −F are positive, then u is positive.

We conclude this section with a characterization of ‘well-posedness’ of the homogeneous Cauchy problem

L̄u = 0 on V_s (on V if s = S), u(·, s) = f on V (s), u|Γ^s = 0 (Γ = Γ^S if s = S),

(4.19)

where we require that the solution u = u(·; s, f) is contained in C(V^∗_s ) ∩ D(L̄, V_s) if S < s < T , resp. in C(V^∗) ∩ D(L̄, V ) if s = S. Throughout, we assume that L satisfies (H2) and consider f ∈ C_0(V (s)) and V ∈ O(Ω) or V_0 ∈ O(Ω_0) with V (t) ≠ ∅ for t ∈ J or t ∈ J_0, respectively.

Definition 4.17. The Cauchy problem (4.19) is called uniformly well-posed on V_0 (or V ) if, for I = J_0 or J,

1. for all s ∈ I \ {T } and f ∈ C_0(V (s)) there exists a unique solution u : (x, t) → u(x, t; s, f); 2. ‖u(·, t; s, f)‖ ≤ M ‖f‖ for (t, s) ∈ Δ_I and f ∈ C_0(V (s)); 3. Δ_I ∋ (t, s) → u^#(·, t; s, F (s)) ∈ C_0(Ω) is continuous for F ∈ X_0 (or F ∈ X).

If L̄_{V 0} (or L̄_V ) is a generator, then Theorem 4.13 (or 4.11) in combination with Lemma 4.7 yield uniform well-posedness of (4.19), where M = 1 and u(·, t; s, f) = U(t, s)f. Conversely, if (4.19) is uniformly well-posed, set U(t, s)f = u(·, t; s, f) for f ∈ X(s) and (t, s) ∈ Δ_{J0} (or (t, s) ∈ Δ_J ), where U(T, T ) := Id_{X(T )}. Then we have

Proposition 4.18. Assume that (4.19) is well-posed on V_0 (or V ). Let (H2) hold and L̄ be complete. Then the operators U(t, s) defined above yield a variable space propagator on X(s) and the space-time semigroup given by (4.9) on X_0 (or X) is generated by L̄_{V 0} (or L̄_V ).

Proof. We only consider V since V_0 can be treated in the same way. It is straightforward to see that uniform well-posedness implies that U(t, s) ∈ L(X(s), X(t)) is a variable space propagator. Define (Q(σ)F ) (t, x) = (Ũ(t, t − σ)F̃ (t − σ)) (x) on V for F ∈ X and σ ≥ 0. Notice that t → (Q(σ)F )^# (t) is continuous in C_0(Ω) by Definition 4.17(3). Moreover, (Q(σ)F )(t) ∈ C_0(V (t)) and

|(Q(σ)F )^#(x^′, t^′) − (Q(σ)F )^#(x, t)|

≤ |(Q(σ)F )^#(x^′, t^′) − (Q(σ)F )^#(x^′, t)| + |(Q(σ)F )^#(x^′, t) − (Q(σ)F )^#(x, t)| ≤ ‖(Q(σ)F )^#(t^′) − (Q(σ)F )^#(t)‖ +|ũ^#(x^′, t; t − σ, F̃ (t − σ)) − ũ^#(x, t; t − σ, F̃ (t − σ))| → 0 as (x^′, t^′) → (x, t) in Ω, where ũ(·, t; s, f) = u(·, t; s, f) for t ≥ s ≥ S and ũ(·, t; s, f) = u(·, t; S, f) for t ≥ S > s. Hence, Q(σ)F ∈ C_0(V ). Also, Q(0) = Id, Q(τ + σ) = Q(τ)Q(σ), ‖Q(σ)‖ ≤ M, and |(Q(σ)F ) (t, x) − F (t, x)| ≤ ‖ũ^#(·, t; t − σ, F̃ (t − σ)) − F̃^#(t)‖ → 0 as σ → 0 uniformly for t ∈ J. That is, Q(σ) is a semigroup.

It remains to show that the generator E of Q(·) is equal to L̄_V . To this end, we consider the subspace Z of X, cf. p.30, spanned by the functions V ∋ (x, t) → φ(t) (Ǔ(t, s)f)(x) =: φ(t) u(x, t), where s ∈ J, f ∈ X(s), and φ ∈ C^1(J) with support in ]s, T ] if s > S and φ^′(S) = 0 if s = S. Notice that u ∈ D(L̄, V_s), resp. u ∈ D(L̄, V ) if s = S, and L̄u = 0. Since L̄ is parabolic, we obtain that L̄(φu) = −φ′u on V_s or V . For s = S, this yields φu ∈ D(L̄_V ). For s > S, we have φu(x) = 0 for (x, t) ∈ V with t ≤ s + ε for small ε > 0. Therefore, φu ∈ D(L̄_V ) due to the completeness of L̄. In both cases we have L̄_V (φu) = −φ′u. Moreover, Z ⊂ D(L̄_V ).

On the other hand, we have Q(σ)(φu) = φ̃_{−σ} u. This implies Q(σ)Z ⊂ Z ⊂ D(E) and E(φu) = −φ^′u. As in [49, Thm. 2.3] or [27, Prop. 2.9] one sees that Z is dense in X. As a result, Z is a core of E and L̄_V = E on Z. The closedness of L̄_V yields E ⊂ L̄_V . Since L̄_V is dissipative and λ − E is surjective for large λ > 0, we derive E = L̄_V .

Now the above results and Theorem 3.25 imply Theorem 4.19. Assume that (H2) holds and that L̄ is complete. For V_0 ∈ O(Ω_0) (or V ∈ O(Ω)) with V (t) ≠ ∅ for t ∈ J_0 (t ∈ J), the following assertions are equivalent.

1. The Cauchy problem (4.19) is uniformly well-posed. 2. The operator L̄_{V 0} (or L̄_V ) is a generator on X_0 (or X). 3. The set V_0 (or V ) admits a Cauchy barrier with respect to L̄.

4.4 Parabolic and standard parabolic problems

In applications it is much easier to check condition (LS) and to construct Cauchy barriers in the (general) parabolic situation, i.e., J_0 = ]S, T ], than for standard parabolic problems, i.e., J = [S, T ], see Chapter 6. So the question arises whether the semigroup generated by L̄_{V 0} on C_0(V_0) = X_0 can be extended to a semigroup on C_0(V ) = X. To study this problem, let V ∈ O(Ω) with V (t) ≠ ∅ for t ∈ J and let L be a local operator on Ω_0 such that (H2) holds and L̄_{V 0} is a generator on X_0. Recall that X_0 is identified with the subspace X̆_0 of X. We work with the operator on X given by

D( ~L̄_{V 0} ) = {F ∈ X ∩ D(L̄, V_0) : L̄F ∈ X_0}, ~L̄_{V 0} F = {¯ LF on V_0 , 0 on V (S).

It is easy to see that ~L̄_{V 0} is a standard parabolic, dissipative, closed operator on X. Moreover, we have the following fact.

Lemma 4.20. Under the above assumptions, ~L̄_{V 0} generates a semigroup on X if and only if D( ~L̄_{V 0} ) is dense in X.

Proof. It suffices to show that the range of 1 − ~L̄_{V 0} is dense in X provided that D( ~L̄_{V 0} ) is dense in X. So consider a finite regular Borel measure μ on V such that ∫ V (1 − ~L̄_{V 0} )F dμ = 0 for all F ∈ D( ~L̄_{V 0} ). (4.20)

Since (1 − L̄_{V 0} )D(L̄_{V 0} ) = X_0, this implies that μ vanishes on V_0. Due to ~L̄_{V 0} F = 0 on V (S), equation (4.20) thus reduces to ∫ V (S) F dμ = 0 for all F ∈ D( ~L̄_{V 0} ).

The denseness of D( ~L̄_{V 0} ) now yields μ = 0.

Thus we shall examine conditions ensuring that D( ~L̄_{V 0} ) is dense in X. To that purpose, we introduce the set

D̃_L(S) = {f ∈ C_c(V (S)) : ∃ F ∈ C_c(V ) such that F (S) = f, supp F ⊂ V \ V (T ), F |V_0 ∈ D(L̄, V_0), L̄F ∈ C_b(V_0)}. (4.21)

We will also make use of the fact that the operator pL̄_{V 0} is again a dissipative generator on X_0, see [13] and [28, Thm. 2], where p(t) = t − S. We write (t − S)L̄_{V 0} for pL̄_{V 0} . Further, define the local operator (t − S)L̄ given by D((t − S)L̄, W ) = D(L̄, W ) and ((t − S)L̄)F = pL̄F on W for W ∈ O(Ω_0). Note that the local operator (t − S)L̄ is locally disspative, and so ((t − S)L̄)_{V 0} is dissipative in X_0. Actually, the following holds. Lemma 4.21. Under the above assumptions, we have (t − S)L̄_{V 0} = ((t − S)L̄)_{V 0} so that the latter is a generator in X_0.

Proof. It suffices to show (t − S)L̄_{V 0} ⊂ ((t − S)L̄)_{V 0} . So take F_n ∈ D(L̄_{V 0} ) such that F_n → F ∈ D((t − S)L̄_{V 0} ) and ((t − S)L̄_{V 0} )F_n → G = (t − S)L̄_{V 0} F in X_0. Thus, L̄F_n →^1_{t−S} G on V_{S+ε} for ε > 0. This gives F ∈ D(L̄, V_{S+ε}) and (t − S)L̄F = G on V_{S+ε}. Since L̄ is semi-complete, we infer that F ∈ D(L̄, V_0) and (t − S)L̄F = G on V_0 . As a result, F ∈ D(((t − S)L̄)_{V 0} ) and ((t − S)L̄)_{V 0} F = (t − S)L̄_{V 0} F .

Next, let f ∈ D̃_L(S) and F as in (4.21). Take 0 < α < 1 and define, for F_0 = F |V_0, the function G_0 ∈ X_0 by G_0(t) = −(t − S)^α (L̄F_0)(t) on V_0 .

By Lemma 4.21, there exists G_1 = [ ((t − S)L̄)_{V 0} − (1 − α) ]_{−1} G_0 ∈ D(L̄_{V 0} ).

Define a function G ∈ X by setting G = { (t − S)^{1−α} G_1 + F_0 on V_0, f on V (S). Due to the parabolicity of L̄, we obtain G ∈ D(L̄, V_{S+ε}) and L̄G = (t − S)^{1−α} L̄G_1 − (1 − α)(t − S)^{−α} G_1 + L̄F_0 = (t − S)^{−α} [(t − S)L̄ − (1 − α)]G_1 + L̄F_0 = 0 on V_{S+ε} for ε > 0. Therefore, G ∈ D( ~L̄_{V 0} ) and D̃_L(S) ⊂ {G|V (S) : G ∈ D( ~L̄_{V 0} )} =: D(S). (4.22) The importance of this fact relies on Lemma 4.22. Under the above assumptions, D( ~L̄_{V 0} ) is dense in X if and only if D(S) in (4.22) is dense in C_0(V (S)).

Proof. Necessity is clear. So assume that D(S) is dense in C_0(V (S)). Let μ be a finite Borel measure being orthogonal to D( ~L̄_{V 0} ). Since L̄_{V 0} is a generator, μ has to vanish on V_0. But then μ = 0 since D(S) is dense.

The next result is an immediate consequence of (4.22), Lemma 4.20, and Lemma 4.22.

Proposition 4.23. Assume that L satisfies (H2) on O(Ω_0) and that L̄_{V 0} is a generator on X_0. If D̃_L(S) is dense in C_0(V (S)), then ~L̄_{V 0} is a generator on X.

Since ~L̄_{V 0} is standard parabolic, we can derive the main result of this section in the same way as Theorem 4.16. Observe that ~L̄_{V 0} coincides with L̄ on V_0.

Theorem 4.24. Assume that L satisfies (H2) on O(Ω_0). Let V ∈ O(Ω) with V (t) ≠ ∅ for t ∈ J, f ∈ C_0(V (S)), and F ∈ C_0(V_0). Suppose that D̃_L(S) is dense in C_0(V (S)) and that V_0 = ⋂_n k=1 W_k for sets W_k ∈ O(Ω_0) admitting a Cauchy barrier with respect to L̄. Then the conclusions of Theorem 4.16 hold for s = S and ~L̄_{V 0} instead of L̄.

5 Semilinear parabolic problems on non-cylindrical domains

We now use the results on linear problem (4.14) to solve a certain class of semilinear equations containing, e.g., the logistic equation with diffusion, see Section 6.1. To that purpose, let L satisfy (H2) for Ω_0 = Ω× ]S, T ] and finite S < T and let V_0 ∈ O(Ω_0) satisfy V (t) ≠ ∅ for t ∈ J_0 = ]S, T ]. We also assume that L̄_{V 0} is a generator on X_0 = C_0(V_0), that is, V_0 = ⋂_n k=1 W_k for sets W_k ∈ O(Ω_0) admitting a Cauchy barrier relative to L̄, cf. Theorem 3.25 and Corollary 3.26. Let U(t, s), S < s ≤ t ≤ T be the variable space propagator corresponding to e^{tL̄V} 0 , see Theorem 4.9. For the nonlinearity we require

Φ : R → R is locally Lipschitz, Φ(0) = 0, and Φ(ξ) < 0 for ξ > 1. (5.1)

In particular, these conditions are satisfied by Φ(ξ) = cξ(1 − ξ) for c > 0. For v ∈ C(V_0) we define Nv ∈ C(V_0) by setting

(Nv)(x) = Φ(Re v(x)) + iΦ(Im v(x))

for x ∈ V_0. We are looking for solutions u ∈ D(L̄, V_s) ∩ C(V^∗_s ) of the semilinear problem

(L̄ + N)u = 0 on V_s, u(·, s) = f on V (s), u|Γ^s = 0,

(5.2)

where f ∈ C_0(V (s)) and S < s < T . It will be necessary to consider (5.2) also on time intervals J^′_0 = ]S, T^′] for S < T^′ < T . To this end, let Ω^′_0 = Ω × J^′_0 and

W^′_{00} = W^′_0 \ W^′_0(T^′) for W^′_0 ∈ O(Ω^′_0). Notice that ∂(W^′_0)^∗ ⊂ ∂W^∗_0 if W^′_0 = W_0 ∩ Ω^′_0 for some W_0 ∈ O(Ω_0). We define

D(L̄^′, W^′_0) = {F ∈ C(W^′_0) : F |W^′_{00} ∈ D(L̄, W^′_{00}), L̄F = G on W^′_{00} for G ∈ C(W^′_0)}, L̄^′F = G on W^′_0 ∈ O(Ω^′_0).

(We let L̄^′ = L̄ if T^′ = T .) Clearly, L̄^′ is a real, parabolic, local operator on O(Ω^′_0). Corollary 2.21 implies the local dissipativity of L̄^′. It is straightforward to see that L̄′ is locally closed u.c.. Further, take G ∈ C_0(V^′_0) and extend it to a function G_1 ∈ C_0(V_0). Then there exists F_1 = (1−L̄_{V 0} )^{−1}G_1. Thus, F = F_1|V^′_0 ∈ D(L̄^′, V^′_0)∩ C_0(V^′_0) and (1 − L̄^′)F = G. Given a function F ∈ C_0(V^′_0), we can approximate an extension F_1 on V_0 in C_0(V_0) by G_n ∈ D(L̄_{V 0} ) so that D(L̄^′_V ′_0 ) is dense. As a result, L̄′_{V ′0} generates a semigroup Q′(·) on C_0(V^′_0). Due to the uniqueness of solutions of

(4.13), Q^′(·) is given by the restriction of U(t, s) to the index set Δ_{]S,T} ′_].

We further need the Banach space (with sup-norm)

X_s = X_s(T^′) = {v ∈ C((V^′_s)^∗) : v|Γ^s = 0} for S < s < T^′ ≤ T.

which is canonically identified with the subspace X_s(T^′)^{∗#} of C(Ω^∗ ×[s, T^′]) consisting of continuous functions vanishing off V^′_s ∪ V (s). An application of Theorem 4.14 with F = −Nu ∈ X_s(T^′) shows that u solves (5.2) if and only if u satisfies the integral equation

u^{∗#}(t) = U^{∗#}(t, s)f^{∗#} + ∫_t s U^{∗#}(t, τ)(Nu)^{∗#}(τ) dτ (5.3)

in X_s(T^′)^{∗#}. Motivated by this fact, we define a mapping S^{∗#} on X_s(T^′)^{∗#} by setting

(S^{∗#}v^{∗#})(t) = ∫_t s U^{∗#}(t, τ)(Nv)^{∗#}(τ) dτ for v^{∗#} ∈ X_s(T^′)^{∗#}. (Use Lemma 4.7 to see that indeed S^{∗#}v^{∗#} ∈ X_s(T^′)^{∗#}.) We remark that if u ∈ X_s(r) and v ∈ X_r(T^′) with s < r < T^′ satisfy (5.3) on [s, r] with initial value f and on [r, T^′] with initial value u(r), respectively, then the function w(t) = { u(t), s ≤ t ≤ r, v(t), r ≤ t ≤ T^′, solves (5.3) in the space X_s(T^′)^{∗#} with initial value f. Our main result reads as follows.

Theorem 5.1. Assume that L satisfies (H2) on O(Ω_0). Let V_0 ∈ O(Ω_0) be given such that V (t) ≠ ∅ for t ∈ J_0 = ]S, T ] and V_0 = ⋂_n k=1 W_k for sets W_k ∈ O(Ω_0) admitting a Cauchy barrier relative to L̄. Suppose that Φ satisfies (5.1). Let f ∈ C_0(V (s)) for S < s < T and 0 ≤ f ≤ 1. Then there is a unique (global) solution u ∈ D(L̄, V_s) ∩ C(V^∗_s ) of (5.2) with 0 ≤ u ≤ 1.

Proof. Since L̄_{V 0} generates a Feller semigroup Q(·), we have 0 ≤ U(t, s)f ≤ 1 for the propagator U(t, s) given by Theorem 4.9 (use Lemma 4.4). Set

w^{∗#}(x, t) = (U^{∗#}(t, s)f^{∗#})(x, t) for (x, t) ∈ Ω^∗_s .

Then, 0 ≤ w^{∗#} ≤ 1. By (5.3), the solution u is given by (1 − S^{∗#})u^{∗#} = w^{∗#}. We first solve this equation for T^′ ∈ ]s, T ] sufficiently close to s.

(a) Fix 0 < δ < 1. For v ∈ X_s(T ) with −δ ≤ v ≤ 1 + δ we have ‖Nv‖ ≤ M̃_δ := sup_{−δ≤ξ≤1+δ} |Φ(ξ)|. Consequently, ‖S^{∗#}v^{∗#}‖ ≤ (T^′ − s)M̃_δ for s < T^′ and v ∈ Y_s(T^′) := {v ∈ X_s(T^′) : −δ ≤ v ≤ 1 + δ}. In particular,

‖S^{∗#}v^{∗#}‖ ≤ δ for v ∈ Y_s(T_1) and s < T_1 ≤ s + δ M̃_δ . (5.4)

By (5.1), there is a constant M_δ such that |Φ(ξ) − Φ(η)| ≤ M_δ |ξ − η| for ξ, η ∈ [−δ, 1 + δ]. For v, w ∈ Y_s(T_2) and s < T_2 ≤ T_1, we estimate

‖S^{∗#}v^{∗#} − S^{∗#}w^{∗#}‖ ≤ (T_2 − s) sup_{s≤τ ≤T2} ‖(Nv)^{∗#}(τ) − (Nw)^{∗#}(τ)‖

≤ (T_2 − s) M_δ ‖v^{∗#} − w^{∗#}‖ ≤^1_2 ‖v^{∗#} − w^{∗#}‖ (5.5)

if we choose d := T_2 − s ≤ (2M_δ)^{−1}. Estimates (5.4) and (5.5) imply that S^{∗#} is a strict contraction on Y_s(T_2)^{∗#}. Therefore there exists a unique function u ∈ Y_s(T_2) such that u^{∗#} = w^{∗#} + S^{∗#}u^{∗#} .

(b) Let u, v ∈ X_s(T^′) solve (5.2) on [s, T^′] for some S < s < T^′ ≤ T . Then an application of the comparison principle Theorem 2.32 to L̄^′ shows that u = v. Thus, local and gobal solutions of (5.2) and (5.3) are unique.

(c) We will now show that the local solution u of (5.3) constructed in part (a) satisfies 0 ≤ u(x, t) ≤ 1 for s ≤ t ≤ T_2. Having established this fact, we can apply part (a) to overlapping time intervals I_k = J_0 ∩ [s + kd, s + (k + 1)d] with fixed length d > 0. As observed above, this gives a solution v of (5.3) on J_0, and hence a solution of (5.2).

First, notice that w = 0 is a solution of (5.2) for f = 0 since Φ(0) = 0. So Theorem 2.32 implies that u is positive. Second, suppose that u(x) > 1 for some x = (x, t) ∈ V_s with t ≤ T_2. Since u is positive on V^′_s and smaller than 1 on ∂V^′_s, |u| attains its maximum on V^′_s which strictly larger than 1. Hence, the local dissipativity of L̄^′ yields a point x_0 ∈ V^′_s such that u(x_0) = max_V ′_s |u| and

0 ≥ (L̄^′u)(x_0) u(x_0) = −Φ(u(x_0)) u(x_0) > 0

because Φ(u(x_0)) < 0. This contradiction proves u ≤ 1.

Remark 5.2. The above proof shows that Theorem 5.1 remains valid for T = +∞ provided that L and U(t, s) are defined for J = ]S, ∞[ .

Remark 5.3. Using the same arguments one can treat nonlinearities given by continuous functions Φ : Ω^∗ × R → R satisfying Φ(x, 0) = 0 and Φ(x, ξ) < 0 for x ∈ Ω, 1 < ξ < 1 + δ^′, a constant δ^′ > 0, and |Φ(x, ξ) − Φ(x, η)| ≤ k |ξ − η| for ξ, η ∈ [−a, a], x ∈ Ω and a constant k depending on a. This holds, e.g., if Φ(x, ξ) = m(x)ξ(1 − ξ) for m ∈ C(Ω^∗, R) and m > 0 on Ω.

6 Applications

6.1 Parabolic partial differential equations of second order

We consider the partial differential operator L(x, D) = N∑ k,l=1 a_{kl}(x, t) ∂^2 ∂x_k∂x_l + N∑ k=1 b_k(x, t) ∂ ∂x_k + c(x, t) − ∂ ∂t (6.1)

on Ω = Ω × [S, T ] for an open subset Ω of R^N . We assume that the coefficients a_{kl}, b_k, and c ≤ 0 are real-valued, continuous, and elliptic; that is, N∑ k,l=1 a_{kl}(x, t) y_k y_l > 0 (6.2)

for all y ∈ R^N and (x, t) ∈ Ω. Notice that on every compact subset K of Ω the coeffients are bounded and uniformly continuous and satisfy N∑ k,l=1 a_{kl}(x, t) y_k y_l ≥ μ_K |y|^2 (6.3)

for a constant μ_K > 0 and (x, t) ∈ K. However, the coefficients may be singular or degenerate at the boundary. Set Ω_{00} = Ω× ]S, T [ and V_{00} = V ∩ Ω_{00} for V ∈ O(Ω). As in [39], [47], and [48], we define

D(L, V_0) = {F ∈ C(V_0) ∩ W^{2,1}_{p,loc}(V_0) : L(x, D)F = G a.e. on V_{00} for G ∈ C(V_0)}, D(L, V ) = {F ∈ C(V ) : F |V_0 ∈ D(L, V_0), G = L(x, D)F extends continuously to V (S) by 0}, LF = G on V_0 ∈ O(Ω_0), resp. V ∈ O(Ω). (6.4)

Here, p > N + 2 is fixed and W^{2,1}_{p,loc}(V_0) denotes the space of functions F such that F |W_{00} belongs to the Sobolev space

W^{2,1}_p (W_{00}) = {F ∈ L^p(W_{00}) : ∂F ∂x_k , ∂^2F ∂x_k∂x_l , ∂F ∂t ∈ L^p(W_{00}), k, l = 1, · · · , N} for all W ∈ O_c(V_0).

It is immediate that L is a local operator on O(Ω_0), resp. O(Ω). Moreover, L does not depend on p > N + 2. In fact, it suffices to show that if F ∈ D(L, V_0), then F |W ∈ W^{2,1}_q (W ) for all q > N + 2 and for all sets W ∈ O(Ω_{00}) of the form

W = W × I with W ∈ O_c(Ω), W̄ × Ī ⊂ V_0 and ∂W is of class C^3. (6.5)

(Here the regularity of ∂W is understood in the sense of [23, §IV.4].) For such F and W , let G = LF and let W^′ ⊃ W̄ and I^′ ⊃ I satisfy (6.5) and a := inf I^′ < inf I. Take φ ∈ C^1(I^′) and ψ ∈ C^2_c (W^′) with ψ|W = 1, φ|I = 1, and φ(a) = φ^′(a) = 0. Set F_1 = φψF on W^′ = W^′ × I. Then, G_1 = LF_1 =φψG − φ^′ψF + φF N∑ k=1 b_k ∂ψ ∂x_k + φ N∑ k,l=1 a_{kl} ( ∂F ∂x_k ∂ψ ∂x_l + ∂F ∂x_l ∂ψ ∂x_k + F ∂^2ψ ∂x_k∂x_l ) . (6.6)

By [23, Lemma II.3.3],^{∂F}_{∂xk} is Hölder continuous on W^′ if p > N + 2. Hence, G_1 ∈ C(W^′) ⊂ L^q(W^′) for each q > N + 2. Moreover, F_1 = 0 on ∂_pW^′. Now, Theorem IV.9.1 of the monograph [23] by O.A. Ladyzenskaja, V.A. Solonnikov, and N.N. Ural’ceva yields F_1 ∈ W^{2,1}_q (W^′), and so F ∈ W^{2,1}_q (W ).

Further, it is easy to see that L is real, complete, and (standard) parabolic on O(Ω_0) (O(Ω)). To show that L is locally closed, let F_n ∈ D(L, V_0), G_n = LF_n, and F_n → F , G_n → G in C_b(V_0). Consider W as in (6.5) and W^′ = W^′ × I^′ as above. By virtue of the local a priori estimate [23, IV(10.12)], we have

‖F_n − F_m‖_W 2,1_{p (W )} ≤ C_1 (‖F_n − F_m‖_Lp_{(W} ′_) + ‖G_n − G_m‖_Lp_{(W} ′_))

≤ C_2 (‖F_n − F_m‖_∞ + ‖G_n − G_m‖_∞).

Hence, F_n|W converges in W^{2,1}_p (W ) to F . Further, ‖LF_n − LF ‖_Lp_{(W )} ≤ C_3 ‖F_n − F ‖_W 2,1_{p (W )} which shows that LF = G a.e. on W . As a consequence, F ∈ D(L, V_0) and LF = G. This also implies local closedness of L on O(Ω). In particular, L = L̄ in both cases.

Clearly, L satisfies (OE). We check (LS) and (S2) only for V_0 ∈ O(Ω_0). Extend a given function F ∈ C_c(V_0) to a function F^′ ∈ C_c(V^′_0) for an open subset V^′_0 of Ω× ]S, T^′[ with T^′ > T and V^′_0 ∩ Ω_0 = V_0. Then there are functions F^′_n ∈ C^∞_c (V^′_0) converging to F^′ in C_0(V^′_0). As a result, D(L_{V 0} ) is dense in C_0(V_0). Using [23, Lemma II.3.3], one shows that F_1 = ψF satisfies (LS) for ψ ∈ C^{2,1}_c (V_{00}) with ψ = 1 in a neighbourhood of x ∈ V_{00}, cf. (6.6). A similar argument works if x = (x, T ).

On O(Ω_{00}), local dissipativity is an immediate consequence of the parabolic maximum principle in W^{2,1}_p proved in [12, Thm. VII.28]. So Corollary 2.21 yields local dissipativity on O(Ω_0). On O(Ω) it is then obvious.

It remains to verify that the part L_{Ω0} of L in C_0(Ω_0) is a generator. Since L_{Ω0} is closed, dissipative, and densely defined. we only have to show that the range of L_{Ω0} is dense. In fact, an application of Theorem IV.9.1 of [23] yields that L^p(Ω_0)∩C_0 (Ω_0) is contained in the range provided that the coefficients of L are bounded and satisfy (6.3) on Ω and ∂Ω belongs to C^2, cf. [23, §IV.4], or Ω = R^N . More generally, we have checked the assumptions of Theorem 3.27 for suitable (V_n × J_0) ↑ Ω_0. As a consequence, L_{Ω0} is a generator if and only if there is a Cauchy barrier for L on Ω_0. (See also [29, 30, 31, 47, 54].) In any case, Theorem 4.15 and 4.24 imply

Theorem 6.1. Let L be given as in (6.1) and (6.4) for continuous, real-valued coefficients satisfying c ≤ 0 and (6.2). Assume that L_{Ω0} is a generator on C_0(Ω_0). Let V ∈ O(Ω) with V (t) ≠ ∅ for S ≤ t ≤ T . Suppose that V_0 = ⋂_n k=1 W_k for sets W_k ∈ O(Ω_0) admitting a Cauchy barrier with respect to L. Let S ≤ s < T and f ∈ C_0(V (s)). If S < s < T , let F ∈ C(V^∗_s ) with F |Γ^s = 0; if s = S, let F ∈ C_0(V_0). Finally, assume that D̃_L(S) is dense if s = S. Then there is a unique function u ∈ C(V^∗_s ) ∩ W^{2,1}_{p,loc}(V_s) such that L(x, D)u = F on V_s , u(·, s) = f on V (s), u|Γ^s = 0 (Γ = Γ^S if s = S).

(6.7)

Further, u is given as in Theorem 4.12 for s = S and as in Theorem 4.14 for s > S. If F = 0, then |u| ≤ ‖f‖. If f and −F are positive, then u is positive.

We point out that, in the interior, we have the same regularity as one obtains for regular, cylindrical V and bounded, uniformly elliptic coefficients, cf. [23, §IV.9]. Notice that p ∈ ]N + 2, ∞[ can be chosen arbitrarily large. If the coefficients are Hölder continuous, bounded, and uniformly elliptic, problem (6.7) was solved on noncylindrical domains in [19, Chap. 3] or [57, Chap. VI], see also e.g. [4, 7, 24, 25].

Further, Theorem 5.1 provides a result on the existence and uniqueness of global solutions for a large class of semilinear equations on non-cylindrical domains, containing the logistic equation with diffusion, i.e., Φ(t) = ct(1 − t) for c > 0. Let us mention [5], [18], and [22] among the vast literature on this topic .

Theorem 6.2. Let L be given as in (6.1) and (6.4) for continuous, real-valued coefficients satisfying c ≤ 0 and (6.2). Assume that L_{Ω0} is a generator on C_0(Ω_0). Suppose that V_0 ∈ O(Ω) satisfies V (t) ≠ ∅ for S < t ≤ T and V_0 = ⋂_n k=1 W_k for sets W_k ∈ O(Ω_0) admitting a Cauchy barrier with respect to L. Let S < s < T and f ∈ C_0(V (s)) with 0 ≤ f ≤ 1. Finally, assume that Φ : R → R is locally Lipschitz, Φ(0) = 0, and Φ(ξ) < 0 for ξ > 1 (or, more generally, let Φ satisfy the conditions of

Remark 5.3). Then there is a unique function u ∈ C(V^∗_s ) ∩ W^{2,1}_{p,loc}(V_s) such that L(x, D)u + Φ ∘ u = 0 on V_s u(·, s) = f on V (s), u|Γ^s = 0.

(6.8)

Further, 0 ≤ u ≤ 1 and u is given by (5.3).

The next result is a refinement of Theorem 3.27 which we need below. Theorem 6.3. Let V ∈ O(Ω_0) and L be given as in (6.1) and (6.4) for continuous, real-valued coefficients satisfying c ≤ 0 and (6.2). Assume there is a compact subset K of V and a function H ∈ W^{2,1}_{p,loc}(V \ K) for some p > N + 1 such that H > 0 and L(x, D)H(x) ≤ H(x) on V \ K and H extends continuously by 0 on ∂V^∗. If there are sets V_n ∈ O_c(V_0) such that V_n ↑ V and L_{V n} is a generator on C_0(V_n), then L_V is a generator on C_0(V ).

Proof. We procced as in the proof of Theorem 3.27. Let 0 ≤ G ∈ C_c(V ) and (supp G ∪ K) ⊂ V_1 ⊂ V_1 ⊂ V_2 ⊂ · · · ⊂ V .

By the assumption, there are 0 ≤ F_n ∈ D(L_{V n} ) such that (1 − L)F_n = G on V_n. Set H_1 = ‖G‖ (inf_{∂V 1} H)^{−1} H on V \ K.

Thus 0 ≤ F_n ≤ H_1 on ∂(V_n \ V_1) = ∂V_n ∪ ∂V_1. Suppose that the set W_n = {x ∈ V_n \ V_1 : H_1(x) − F_n(x) < 0} is not empty. Then H_1 − F_n ∈ C_0(W_n) and H_1 − F_n attains a negative minimum x_0 on W_n. Hence, on a cylindrical neighbourhood U ∈ O_c(W_n) of x_0 we have ess lim inf x→x0 L(x, D)(H_1(x) − F_n(x)) ≥ 0

due to [12, Thm. VII.28]. On the other hand,

0 ≥ (L(x, D) − 1)(H_1(x) − F_n(x)) ≥ L(x, D)(H_1(x) − F_n(x)) + δ on U for a constant δ > 0. This contradiction yields H_1 ≥ F_n on V_n. The assertion now follows as in the proof of Theorem 3.27.

In the remainder of the section, we construct Cauchy barriers for the local operator L given as in (6.1) and (6.4) (and for variants of L). For simplicity, we assume (unless explicitly stated) that

V ∈ O_c(R^N × [0, T ]) with V (t) ≠ ∅ for 0 ≤ t ≤ T, a_{kl}, b_k, c ∈ C_b(R^N × [0, T ], R), c ≤ 0, and (6.3) holds on R^N × [0, T ]. (6.9) We start with the regular case, where we suppose that

(R) ∂V is given by x_i = ϕ_k(x_1, · · · , x_{i−1}, x_{i+1}, · · · , , x_n, t) for some 1 ≤ i ≤ n and finitely many C^{2,1} mappings ϕ_k defined on open subsets of R^{N−1} × [0, T ], and V is locally on one side of ∂V .

Notice that in this case no tangent plane of ∂V is given by t = const. Moreover, the set V (t) has the C^2–boundary ∂V (t) = (∂V )(t). Using (the proof of) Lemma 1 in the Appendix of [20], we see that the distance function d(x) = d(x, ∂V (t)) belongs to C^{2,1}_b (W ) for a set W = {x ∈ V : d(x) < d_0} and a suitable constant d_0 > 0. Moreover, |∇_x(d(x))| = 1.

Proposition 6.4. Assume that (6.9) holds and that ∂V satisfies (R). Then V_0 possesses a Cauchy barrier w.r.t. L. In particular, the conclusions of Theorem 6.1 and 6.2 hold for finite intersections of sets V_k satisfying (R).

Proof. We let 0 < ε < 2μ ‖(L−c)d‖^{−1}_{Cb(W )}, ϕ(ξ) = εξ −ξ^2, and W_1 = {x ∈ W : d(x) < ε/2}, where μ > 0 is the ellipticity constant of a_{kl} on R^N × [0, T ]. Take φ ∈ C^1[0, T ] with φ(0) = 0 and φ^′ > 0. We define F (x) = φ(t) ϕ(d(x)) for x ∈ W_1 . Clearly, 0 < F ∈ D(L, (W_1)_0) and F (x) → 0 as x → ∂V_0. We further compute (with obvious notation) LF (x) = −φ^′(t) ϕ(d(x)) − φ(t) (ε − 2d(x)) ∂_td(x) + φ(t)c(x)d(x) + φ(t) (ε − 2d(x)) · (∑ k b_k(x) ∂_kd(x) + ∑ kl a_{kl}(x) ∂_{kl}d(x) ) − 2φ(t) ∑ kl a_{kl}(x) ∂_kd(x) ∂_ld(x) ≤ φ(t) ( ε ‖(L − c)d‖_{Cb(W )} − 2μ |∇_xd(x)|^2 ) ≤ 0. The second assertion is then clear.

We point out that this result applies to a variety of Lipschitz domains. Clearly, the above proof extends to suitable unbounded V .

The following propositions are concerned with degenerate coefficients, compare e.g. [11], [12], and the references therein. The first one is a partial extension of [13] and [28] to the non–autonomous situation. For A(x, D) = L(x, D) +^d_{dt} and 0 ≤ p ∈ C_b(R^N × [0, T ]), we define the local operator L^p induced by p(x)A(x, D) −^d_{dt} as in (6.1) and (6.4).

Proposition 6.5. Assume that (6.9) holds and that ∂V satisfies (R). Let^∂_{∂t} d(x) ≥ 0 and 0 ≤ p ∈ C_b(R^N × [0, T ]) with p > 0 on V . Then V_0 possesses a Cauchy barrier w.r.t. L^p and the conclusions of Theorem 6.1 and 6.2 hold for L^p and V .

Proof. We proceed as in the proof of Proposition 6.4 and define (for a possibly smaller ε > 0) the function F (x) = φ(t) (εd(x) − d(x)^2) for x ∈ W_1 ⊂ V , where V \ W_1 ⊂ V , 0 < F ∈ C^{2,1}_b (W_1), F (x) → 0 as x → ∂V_0, and A(x, D)F (x) ≤ 0. Therefore we obtain L^pF (x) = −φ^′(t) (εd(x) − d(x)^2) − φ(t) (ε − 2d(x))^∂_{∂t} d(x) + p(x)A(x, D)F (x) ≤ 0.

Further, there exist sets V_n ∈ O_c(V_0) satisfying (R) and V_n ↑ V_0. Extending p|V_n to a strictly positive, continuous, and bounded function p_n on R^N × [0, T ] = Ω, we see that L^{pn}_{Ω0} is a generator, compare the discussion before Theorem 6.1. Thus, L^p_{V n} is a generator on C_0(V_n) by Proposition 6.4 and Theorem 3.27 yields that L^p_{V 0} is a generator on C_0(V_0). So the second assertion can be shown as Theorem 4.15, 4.24, and 5.1. (Notice that in these results the fact that L_{Ω0} is a generator is only used to derive that L_{V 0} is generator if there is a Cauchy barrier on V_0.)

We remark that^∂_{∂t} d(x) ≥ 0 holds in particular for cylindrical domains V . Next, we present two results where the coefficients vanish on irregular parts of the boundary like isolated points or entering faces, see Example 6.8. Here we (partially) generalize [29, §6] and [42, §7] to the nonautonomous case. We point that our growth conditions on the coefficients cannot be weakened in general, see [29, §6] and [42, §7]. First, the irregularity is of a similar form as in the previous proposition.

Proposition 6.6. Let (6.9) hold and let V be the finite intersection of sets V_k ∈ O_c(R^N × [0, T ]) satisfying (R). Assume that there are sets M = M × [0, T ] ⊂ W = W × [0, T ] ⊂ W ⊂ V with W ∈ O_c(R^N ) such that the coefficients of A(x, D) do not depend on t for x ∈ W and M = {x ∈ W : p_0(x) = 0} for a function 0 ≤ p_0 ∈ C_b(W ). Suppose that p_0(x) ≤ C_K d(x, K)^2 for x ∈ W \ M and all compact subsets K of M. Moreover, let 0 ≤ p ∈ C_b(R^N × [0, T ]) with p = 0 on M, p ≥ δ > 0 off W , and 0 < p(x) ≤ C p_0(x) for x ∈ W \ M and constants C, δ > 0. Then V \ M possesses a Cauchy barrier for L^p and the conclusions of Theorem 6.1 and 6.2 hold for L^p and V \ M. Proof. We may assume that ∂W is of class C^3 (in the sense of [58]). Applying Proposition 6.4, Corollary 3.26, and Proposition 3.2 on V \ W , we see that it suffices to construct a Cauchy barrier for L^p near M in order to find a Cauchy barrier on V \ M. Let A(x, D) = A(x, D) on W and define the local operator A by D(A, U) = {f ∈ W^{2,q}_{loc} (U) : A(x, D)f = g a.e. for g ∈ C(U)}, Af = g on U ∈ O(W ), for some q > N, see [45]. Then A_W generates a contraction semigroup on C_0(W ) by [45] or [58, Thm. 5]. So Theorem 6.4 and 6.3 of [29] show the existence of a Cauchy barrier h for p_0A on W \M which is defined on some open set U ⊂ W \M and satisfies p_0Ah ≤ h. Take φ ∈ C^1[0, T ] with φ(0) = 0 and φ^′ > 0. Set F (x, t) = φ(t) h(x) for (x, t) ∈ U × [0, T ] = U. Clearly, 0 < F ∈ D(L^p, U_0), F (x, t) → 0 as t → 0 or x → M, and L^pF (x, t) = −φ^′(t) h(x) + φ(t) p(x, t) p_0(x) p_0(x)Ah(x) ≤ CF (x, t) on U_0. The second assertion can be established as in Proposition 6.5.

Similarly one can treat the situation that M intersects with a cylindrical, closed and open subset of ∂V . Next, we study a more general degenerate operator under some additional assumptions on the irregular part of the boundary. To that purpose we weaken the assumptions on the coefficients made before Proposition 6.4. The function h used below will be a suitable modification of the distance function d in the applications, see Example 6.8.

Proposition 6.7. Let V ∈ O_c(R^N × [0, T ]) with V (t) ≠ ∅ for 0 ≤ t ≤ T and let ∂V be the disjoint union of closed sets Γ_1 ≠ ∅ and Γ_2, where Γ_2 satisfies (R). Assume there exists a function 0 < h ∈ W^{2,1}_{p,loc}(V_1) ∩ C_b(V_1) for some p > N + 2, an open subset V_1 of V with Γ_1 ⊂ ∂V_1 and Γ_2 ∩ ∂V_1 = ∅ satisfying

lim_{x→Γ1} h(x) = 0, ∂h ∂t (x) ≥ 0, | | | | ∂h ∂x_k (x) | | | | ≤ C^1, | | | | ∂^2h ∂x_k∂x_l (x) | | | | ≤ C_2 h(x) for x ∈ V_1, k, l = 1, · · · , N, and constants C_k > 0. Moreover, we suppose that a_{kl}, b_k, c ∈ C_b(R^N × [0, T ]), (6.3) holds on (R^N × [0, T ]) \ V_1, and |b_k(x)| ≤ C_3 h(x), |a_{kl}(x)| ≤ C_4 h(x)^2, ∑ kl a_{kl}(x) ∂h ∂x_k (x) ∂h ∂x_l (x) ≥ α h(x)^2 for x ∈ V_1, k, l = 1, · · · , N, and constants α, C_k > 0. Then the conclusions of Theorem 6.1 and 6.2 hold for finite intersections of sets V_k of the above type if Γ_1 is a closed and open subset of all ∂V_k and there are relatively compact sets V^n_k ↑ V_k satisfying (R).

Proof. It suffices to contruct a Cauchy barrier near Γ_1 by Proposition 6.4. Set β = NC_1C_3 + N^2C_2C_4 − α. Fix λ ∈ ]0, α + β[ . Then there is a root κ ∈ ]0, 1[ of the polynomial αt^2 + βt − λ. Set F (x) = φ(t)h(x)^κ on V_1, where φ ∈ C^1[0, T ] with φ(0) = 0 and φ^′ > 0. Then 0 < F ∈ W^{2,1}_{p,loc}(V_1), F (x) → 0 as x → Γ_1 or t → 0, and LF (x) = −φ^′(t)h(x)^κ − κφ(t)h(x)^{κ−1} ∂_th(x) + φ(t)c(x)h(x)^κ + κφ(t)h(x)^{κ−1} ∑ k b_k(x) ∂_kh(x) + κφ(t)h(x)^{κ−1} ∑ kl a_{kl}(x) ∂_{kl}h(x) + κ(κ − 1)φ(t)h(x)^{κ−2} ∑ kl a_{kl}(x) ∂_kh(x) ∂_lh(x) ≤ φ(t)h(x)^κ ( κNC_1C_3 + κN^2C_2C_4 + κ(κ − 1)α ) = λF (x) on (V_1)_0. Now the assertion follows as in Proposition 6.5 using Theorem 6.3.

Let us present two examples for the function h used in Proposition 6.7. In these examples the last assumption in Proposition 6.7 can be easily verified.

Example 6.8.

1. V_1 = {(x, t) ∈ R^N × [0, T ] : 0 < |x| < δ}, Γ_1 = {0} × [0, T ], and h(x, t) = |x|.

2. V = {(x, t) ∈ R^N × [0, T ] : 0 < |x| < R(t), x /∈ H_j } for H_j = {x ∈ R^N : x_1 = · · · = x_j = 0, x_N ≥ 0}, j ∈ {1, · · · , N − 1}, and 0 < R ∈ C^1[0, T ] with R^′ ≥ 0; Γ_1 = ∂V , and h(x, t) = { (x^2_1 + · · · + x^2_j )^{1/2} (R(t)^2 − |x|^2), x ∈ V , x_N > 0, (x^2_1 + · · · + x^2_j + x^2_N )^{1/2} (R(t)^2 − |x|^2), x ∈ V , x_N ≤ 0.

6.2 Diffusion problems on networks

The theory of local operators also provides a convenient framework to study diffusion problems on ramified spaces or networks. Using these methods the autonomous case was investigated in [33, 34, 36], see also [3], [44], and the references therein. Here we indicate how to extend these results to time dependent coefficients and non-cylindrical domains in space-time. We refer to [2] for a different approach. For simplicity, we concentrate on one-dimensional networks Ω in R^N . These are given by at most countably many simple C^2-curves connected by a set of ‘ramification nodes’.

More precisely, let I be a finite or countable index set. Consider simple C^2 curves ϕ_i : [0, l_i] → R^N , 0 < l_i < ∞, i ∈ I, with N^1_i := ϕ_i(0) ≠ ϕ_0(l_i) =: N^2_i . We assume that the curves ϕ_i are parametrized by arc length (starting at N^1_i ). Set Ω_i = ϕ_i(0, l_i) and Ω^∗_i = ϕ_i[0, l_i] for i ∈ I. Further, E_i = {N^1_i , N^2_i } and N(Ω) = {N^j_i : i ∈ I, j = 1, 2} denote the sets of the end points or nodes. The network is then determined by the branches Ω_i and a subset N_e(Ω) of N(Ω) containing the exterior nodes. The set of ramification nodes N_r(Ω) is the complement of N_e(Ω) in N(Ω). Finally, define the sets

Ω^′ = ⋃ i∈I Ω^∗_i and Ω = Ω^′ \ N_e(Ω)

endowed with the relative topology induced by R^N . We call Ω a network if the following conditions hold:

1. Ω is a connected subset of R^N ;

2. Ω^∗_i ∩ Ω^∗_j ⊂ E_i ∩ E_j for i ≠ j ∈ I and for each i ∈ I we have Ω^∗_i ∩ Ω^∗_j ≠ ∅ for at most finitely many j ∈ I;

3. if N ∈ E_i for exactly one i ∈ I, then N ∈ N_e(Ω);

4. for each compact K ⊂ R^N we have K ∩ Ω^∗_i ≠ ∅ for at most finitely many i ∈ I.

In other words, a branch can only be joined at the end points with at most finitely many other branches and the network is connected and locally finite. Clearly, Ω is locally compact with respect to the relative topology induced by R^N .

Further, for J = [S, T ] we set Ω = Ω × J and Ω^{(∗)}_i = Ω^{(∗)}_i × J, and analogously for J_0 = ]S, T ]. Define V_i = ϕ^{−1}_i (V ∩ Ω_i) ⊂ (0, l_i) and V_i = {(s, t) ∈ (0, l_i) × J : (ϕ_i(s), t) ∈ V ∩ Ω_i} for V ⊂ Ω, V ⊂ Ω, and i ∈ I. For a function F : V → C and V ∈ O(Ω) with V_i ≠ ∅, let F_i(s, t) = F (ϕ_i(s), t) for (s, t) ∈ V_i. Notice that F is continuous if and only if all the functions F_i are continuous up to the ramification nodes contained in V and coincide on those nodes.

The network is endowed with the analytical structure induced by the arc length s_i on Ω_i. Morover, if f is differentiable near a ramification node N, then the derivative d/dν_{Ni} at N ‘along’ Ω_i is defined by the derivation with respect to the arc length s_{Ni} on Ω_i starting at N and evaluated at s_{Ni} = 0. We say that F ∈ W^{2,1}_{p,loc}(V ) for V ∈ O(Ω) if F_i ∈ W^{2,1}_p ((W_i)_{00}) for all subsets W ∈ O_c(Ω) of V and i ∈ I with W_i ≠ ∅, where (W_i)_{00} = W_i \ (W_i(S) ∪ W_i(T )). For p > 3 and F ∈ W^{2,1}_{p,loc}(V ) the function F (·, t) is continuously differentiable on Ω^∗_i near a ramification node (N, t) ∈ V with t ∈ J due to [23, Lemma II.3.3].

The diffusion on Ω is described by local operators L_i with coefficients a_i, b_i, c_i ∈ CR([0, l_i] × J) for i ∈ I satisfying c_i ≤ 0 and a_i ≥ δ_i > 0 for constants δ_i. Moreover we assume that the functions c_i coincide on ramification nodes. Then L_i, i ∈ I, is defined by (L_iF_i)(s, t) = a_i(s, t) ∂^2 ∂s^2 F_i(s, t) + b_i(s, t) ∂ ∂s F_i(s, t) + c_i(s, t) F_i(s, t) − ∂ ∂t F_i(s, t) on (V_i)_{00} for F ∈ W^{2,1}_{p,loc}(V ), a fixed p > 3, and V ∈ O(Ω). These local operators are connected at the ramification nodes N via the operators

(B_N F )(t) = ∑ i:N∈E_i,(N,t)∈V d_{Ni}(t) d dν_{Ni} F (·, t), t ∈ J_0, (6.10)

where d_{Ni} : J → R is continuously differentiable for N ∈ E_i ∩ N_r(Ω). Finally, for a fixed p > 3 we define D(L, V ) = {F ∈ W^{2,1}_{p,loc}(V ) ∩ C(V ) : ∃ G ∈ C(V ) with G(S) = 0 if S ∈ I_V , L_iF_i = G_i a.e. on (V_i)_{00}, B_N F (t) = 0 for (N, t) ∈ V_0, N ∈ N_r(Ω)}, LF = G on V ∈ O(Ω) (O(Ω_0)). (6.11)

We remark that the condition B_N F = 0 corresponds to Kirchhoff’s law. It is easy to see that L is a real, standard parabolic (parabolic), complete, local operator satisfying (OE). Let V ∈ O(Ω_0) and (x, t) ∈ V . Clearly, (S1) holds if x is not a node. If x ∈ N_r(Ω), then we can find neighbourhoods U ⊂ Ū ⊂ W of x in V (t) containing no other nodes and a smooth function f compactly supported in W such that 0 ≤ f ≤ 1 and f = 1 on U. Choose φ ∈ C^1_c (I) with 0 ≤ φ ≤ 1 and φ(t) = 1. Then F = φf ∈ D(L, V ) since the functions c_i coincide at (N, s), and so F satisfies (S1). The condition (LS) can be verified similarly on Ω_0. We further have

Lemma 6.9. In addition to the above assumptions, assume that

either d_{Ni}(t) > 0 or d_{Ni}(t) < 0 for all i ∈ I. (6.12)

Then the local operator L given by (6.11) is locally closed, locally dissipative, and does not depend on p > 3.

Proof. Clearly, it suffices to consider V ∈ O(Ω_0). First, let F^n → F and LF^n → G in C_b(V ) for F^n ∈ D(L, V ). The results of the preceding section yield F_i ∈ W^{2,1}_{p,loc}(V_i) and L_iF_i = G_i on V_i. Further, if (N, t) ∈ V for a ramification node N, then there are W, W^′ ∈ O_c(V (t)) containing no other node and open subintervals I, I^′ of J_0 such that (N, t) ∈ W ⊂ W ⊂ W^′ ⊂ W^′ ⊂ V , where W = W × I and W^′ = W^′ × I^′. As in [2, §4,7] one can transform the equation LF^n = G^n on W^′ into a boundary value problem for a parabolic system which is well stated in the sense of [23, Chap. VII] or [57]. Therefore the interior a priori estimate proved in [57, Thm. 5.7] yields ∑ i ‖F^n_i − F^m_i ‖_W 2,1_{p (W i )} ≤ c ∑ i ‖G^n_i − G^m_i ‖_Lp_{(W} ′_{i )} + ‖F^n_i − F^m_i ‖_Lp_{(W} ′_{i)}

since B_N F^n = 0. Thus, F^n → F in W^{2,1}_p (W ) which easily implies F ∈ D(L, V ) and LF = G (use [23, Lemma II.3.3] to check B_N F (t) = 0).

We use Corollary 2.10 to check local dissipativity. So let x ∈ V such that 0 < F (x) = sup_V F for a real function F ∈ D(L, V ). If x ∈ Ω_i, then L_iF_i(x) ≤ 0 since L_i is locally dissipative by the results of the preceding section. If x ∈ N_r(Ω) and LF (x) > 0, then d dν_{Ni} F (·, t) < 0 by [9, Prop. 13.2]. But in combination with (6.12) this violates B_N F (t) = 0 so that LF (x) ≤ 0 in this case, too. Hence, L is locally dissipative. The p-independence of L follows from the results of Section 6.1.

Now, the main results of this section are immediate consequences of Theorem 4.15, 4.24, and 5.1. Recall that p ∈ ]3, ∞[ can be chosen arbitrarily large.

Theorem 6.10. Let Ω be a C^2-network with branches Ω^∗_i , i ∈ I, ramification nodes N ∈ N_r(Ω) and connecting operators B_N given by (6.10) with continuously differentiable functions d_{Ni} : J → R satisfying (6.12). Let L be defined by (6.11) for coefficients a_i, b_i, c_i ∈ CR([0, l_i]×J) satisfying c_i ≤ 0 and a_i ≥ δ_i > 0, where the functions c_i coincide on ramification nodes. Assume that L_{Ω0} is a generator on C_0(Ω_0). Let V ∈ O(Ω) with V (t) ≠ ∅ for S ≤ t ≤ T . Suppose that V_0 = ⋂_n k=1 W_k for sets W_k ∈ O(Ω_0) admitting a Cauchy barrier with respect to L. Let S ≤ s < T and f ∈ C_0(V (s)). If S < s < T , let F ∈ C(V^∗_s ) with F |Γ^s = 0; if s = S, let

F ∈ C_0(V_0). Finally, assume that D̃_L(S) is dense if s = S. Then there is a unique function u ∈ C(V^∗_s ) ∩ W^{2,1}_{p,loc}(V_s) such that

L_iu_i = F_i on (V_s)_i , i ∈ I, B_N u(t) = 0 for (N, t) ∈ V_s, u(·, s) = f on V (s), u|Γ^s = 0 (Γ = Γ^S if s = S).

(6.13)

Further, u is given as in Theorem 4.12 for s = S and as in Theorem 4.14 for s > S. If F = 0, then |u| ≤ ‖f‖. If f and −F are positive, then u is positive.

Theorem 6.11. Let Ω and L be given as in Theorem 6.10 Assume that L_{Ω0} is a generator on C_0(Ω_0). Suppose that V_0 ∈ O(Ω) satisfies V (t) ≠ ∅ for S < t ≤ T and V_0 = ⋂_n k=1 W_k for sets W_k ∈ O(Ω_0) admitting a Cauchy barrier with respect to L.

Let S ≤ s < T and f ∈ C_0(V (s)) with 0 ≤ f ≤ 1. Finally, assume that Φ : R → R is locally Lipschitz, Φ(0) = 0, and Φ(ξ) < 0 for ξ > 1. Then there is a unique function u ∈ C(V^∗_s ) ∩ W^{2,1}_{p,loc}(V_s) such that

L_iu_i + Φ ∘ u_i = 0 on (V_s)_i , i ∈ I, B_N u(t) = 0 for (N, t) ∈ V_s u(·, s) = f on V (s), u|Γ^s = 0.

(6.14)

Further, 0 ≤ u ≤ 1 and u is given by (5.3).

We remark that for the analogous elliptic problem Cauchy barriers were constructed for finite unions of connected sets V ∈ O_c(Ω) in [33, Thm. 4.1] and, under a certain growth condition on the coefficients, for arbitrary open subsets V ≠ ∅ of Ω in [36, Thm. 2.1]. The Cauchy problem (6.13) was solved by a reduction to a parabolic system in [2] for Hölder continuous time dependent coefficients on a cylindrical domain.

References

[1] W. Arendt, P. Bénilan, Wiener regularity and heat semigroups on spaces of continuous functions, preprint.

[2] J. v. Below, Classical solvability of linear parabolic equations on networks, J.

Differential Equations, 72 (1988), 316–337.

[3] J. v. Below, S. Nicaise, Dynamical interface transition in ramified media with diffusion, Comm. Partial Differential Equations, 21 (1996), 255–279.

[4] R.M. Brown, W. Hu, G.M. Lieberman, Weak solutions of parabolic equations in non-cylindrical domains, Proc. Amer. Math. Soc., 125 (1997), 1785–1792.

[5] H. Berestycki, L. Nirenberg, Travelling fronts in cylinders, Ann. Inst. H. Poincaré Anal. Non-Linéaire, 9 (1992), 497–572.

[6] J. Bliedtner, W. Hansen, Potential Theory, Springer, Berlin, 1986. [7] P. Cannarsa, G. Da Prato, J.P. Zolesio, Evolution equations in noncylindrical domains, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8), 83 (1989), 72–77.

[8] J.A. v. Casteren, Generators of Strongly Continuous Semigroups, Research Notes in Mathematics 115, Pitman, Boston, 1985.

[9] D. Daners, P. Koch-Medina, Abstract Evolution Equations, Periodic Problems and Applications, Research Notes in Mathematics 279, Longman, Harlow, 1992.

[10] R. Dautray, J.L. Lions, Analyse Mathématique et Calcul Numérique pour les Sciences et les Techniques Vol. 2. L’Opérateur de Laplace, Masson, Paris, 1987.

[11] E. Di Benedetto, Degenerate Parabolic Equations, Springer, Berlin, 1993. [12] G. Dong, Nonlinear Partial Differential Equations of Second Order, Amer. Math.

Soc., Transl. Math. Monographs 95, Providence (RI), 1991.

[13] J.R. Dorroh, Contraction semigroups in a function space, Pacific J. Math., 19 (1966), 35–38.

[14] J. Dugundij, Topology, Allyn and Bacon, Boston, 1966. [15] E.B. Dynkin, Markov Processes. Vol. I,II, Springer, Berlin 1965. [16] D.E. Evans, Time dependent perturbations and scattering of strongly continuous groups on Banach spaces, Math. Ann., 221 (1976), 275–290.

[17] W. Feller, An Introduction to Probability Theory and its Applications. Vol. II, Wiley, New York, 1971.

[18] P.C. Fife, Mathematical Aspects of Reacting and Diffusing Systems, Lecture Notes in Biomathematics 28, Springer, Berlin, 1979.

[19] A. Friedman, Partial Differential Equations of Parabolic Type, Prentice Hall, Englewood Cliffs (NJ), 1964.

[20] D. Gilbarg, N.S.Trudinger, Elliptic Partial Differential Equations of Second Order, Second Edition, Springer, Berlin, 1983.

[21] L.L. Helms, Introduction to Potential Theory, Wiley, New York, 1969. [22] P. Hess, Periodic-parabolic boundary values problems and positivity, Research Notes in Mathematics 247, Longman, Harlow, 1991.

[23] O.A. Ladyzenskaja, V.A. Solonnikov, N.N. Ural’ceva, Linear and Quasilinear Equations of Parabolic Type, Amer. Math. Soc., Providence (RI), 1968.

[24] G.M. Lieberman, Intermediate Schauder theory for second order parabolic equations. I, II, J. Differential Equations, 63 (1986), 1–57.

[25] G.M. Lieberman, Intermediate Schauder theory for second order parabolic equations. III. The tusk conditions, Appl. Anal., 33 (1989), 25–43.

[26] J.S. Howland, Stationary scattering theory for time–dependent Hamiltonians, Math. Ann., 207 (1974), 315–335.

[27] Y. Latushkin, S. Montgomery–Smith, T. Randolph, Evolutionary semigroups and dichotomy of linear skew–product flows on locally compact spaces with Banach fibers, J. Differential Equations, 125 (1996), 73–116.

[28] G. Lumer, Perturbations de générateurs infinitésimaux, du type “changement de temps”, Ann. Inst. Fourier, 23 (1974), 271–279.

[29] G. Lumer, Problème de Cauchy pour opérateurs locaux et “changement de temps”, Ann. Inst. Fourier, 25 (1975), 409–446.

[30] G. Lumer, Problème de Cauchy et fonctions subharmoniques, Séminaire de Théorie du Potentiel Paris, 2 (1976), 202–217.

[31] G. Lumer, Équations d’évolution pour opérateurs locaux non localement fermés, C. R. Acad. Sci. Paris Série I, 284 (1977), 1361–1363.

[32] G. Lumer, Équations d’évolution en norme uniforme pour opérateurs elliptiques.

Régularités des solutions, C. R. Acad. Sci. Paris Série I, 284 (1977), 1435–1437.

[33] G. Lumer, Connecting local operators and evolution equations on networks, in:

Potential Theory (Proc. Copenhagen 1979), C. Berg, G. Forst, B. Fuglede (Eds.), Springer, Berlin, 1980, 219–234.

[34] G. Lumer, Éspaces ramifiés et diffusion sur les réseaux topologiques, C. R. Acad.

Sci. Paris Série I, 291 (1980), 627–636.

[35] G. Lumer, Local operators, regular sets, and evolution equations of diffusion type, in: Functional Analysis and Approximation (Proc. Oberwolfach 1980), P.L. Butzer, B. Sz.-Nagy, E. Görlich (Eds.), Birkhäuser, Basel, 1981, 51–71.

[36] G. Lumer, Équations de diffusion générales sur des réseaux infinis, Séminaire de Théorie du Potentiel Paris, 7 (1984), 230–243.

[37] G. Lumer, Équations d’évolution, semigroupes en espace-temps et perturbations, C.R. Acad. Sci. Paris Série I, 300 (1985), 169–172.

[38] G. Lumer, Opérateurs d’évolution, comparaison de solutions, perturbations et approximations, C.R. Acad. Sci. Paris Série I, 301 (1985), 351–354.

[39] G. Lumer, Local operators, space-time methods, and evolution equations of diffusion type, in: Aspects of Positivity in Functional Analysis (Proc. Tübingen 1985), R. Nagel, U. Schlotterbeck, M.P.H. Wolff (Eds.), North Holland, Amsterdam, 1986, 157–168.

[40] G. Lumer, Principes du maximum paraboliques pour des domaines (x, t) noncylindriques, Séminaire de Théorie du Potentiel Paris, 8 (1987), 105–113.

[41] G. Lumer, Équations de diffusion dans les domaines (x, t) non-cylindriques et semigroupes “espace-temps”, Séminaire de Théorie du Potentiel Paris, 9 (1989), 161–179.

[42] G. Lumer, W. Redheffer, W. Walter, Estimates for solutions of degenerate second-order differential equations and inequalities with applications to diffusion, Nonlinear Analysis, 12 (1988), 1105–1121.

[43] H. Neidhardt, On abstract linear evolution equations I, Math. Nachr., 103 (1981), 283–293.

[44] S. Nicaise, Polygonal Interface Problems, Peter Lang, Frankfurt a.M., 1993.

[45] L. Paquet, Équations d’évolution pour opérateurs locaux et équations aux dérivées partielles, C.R. Acad. Sci. Paris Série I, 286 (1978), 215–218.

[46] L. Paquet, Semi-groupes généralisés, semi-groupes et opérateurs paraboliques, C.R. Acad. Sci. Paris Série I, 286 (1978), 507–510.

[47] L. Paquet, Opérateurs locaux dépendant du temps et problème de Cauchy, C.R.

Acad. Sci. Paris Série I, 286 (1978), 613–616.

[48] L. Paquet, Problème de Cauchy avec valeurs au bords continues dépendant du temps et comportment asymptotique des solutions, C.R. Acad. Sci. Paris Série I, 286 (1978), 819–822.

[49] L. Paquet, Semigroupes géneralisés et équations d’évolution, Séminaire de Théorie du Potentiel Paris, 4 (1979), 243–263.

[50] F. Räbiger, A. Rhandi, R. Schnaubelt, Perturbation and an abstract characterization of evolution semigroups, J. Math. Anal. Appl., 198 (1996), 516–533.

[51] F. Räbiger, A. Rhandi, R. Schnaubelt, J. Voigt, Non-autonomous Miyadera perturbations, submitted.

[52] F. Räbiger, R. Schnaubelt, The spectral mapping theorem for evolution semigroups on spaces of vector–valued functions, Semigroup Forum 52 (1996), 225– 239.

[53] M. Reed, B. Simon, Methods of Modern Mathematical Physics. Vol. II: Fourier Analysis and Self-Adjointness, Academic Press, New York, 1975.

[54] J.P. Roth, Opérateurs dissipatifs et semi-groupes dans les espaces de fonctions continues, Ann. Inst. Fourier, 26 (1976), 1–97.

[55] J.P. Roth, Recollement de semigroupes de Feller locaux, Ann. Inst. Fourier, 30 (1980), 75–89.

[56] R. Schnaubelt, Sufficient conditions for exponential stability and dichotomy of evolution equations, to appear in Forum Math..

[57] V.A. Solonnikov, On boundary value problems for linear parabolic systems of differential equations of general form, Proc. Steklov Inst. Math., 83 (1965).

[58] H.B. Stewart, Generation of analytic semigroups by strongly elliptic operators, Trans. Amer. Math. Soc., 199 (1974), 141–162.