GLOBAL ATTRACTORS OF NONAUTONOMOUS DYNAMICAL SYSTEMS AND ALMOST PERIODIC LIMIT REGIMES SOME CLASS OF EVOLUTION EQUATIONS.

D.N.Cheban

Abstract. One special class of the nonautonomous dynamical systems with the global attractor is studied in the paper. These systems model the properties of differential equations with the convergence, i.e. the equations having the global limit regime.

Introduction

In this paper we study limit regimes of almost periodic equations x^′ = f(t, x), (0.1) where x ∈ E((E, | · |) is a space of Banach ), f : R × E → E is a closed mapping and for any t_0 ∈ R and x_0 ∈ E the equation (0.1) admits a unique solution x(t; t_0, x_0) defined for all t ≥ t_0 and satisfying the initial condition x(t; t_0, x_0) = x_0.

A bounded (compact) solution p : R → E is said to be limit regime if it is globally asymptotically stable ( see, for example [1]). There are many works [1-4], where one studied systems with convergence, i.e. systems which admit the limit regime. Majority of these works are devoted to the study of periodic equations and only in the last 15-20 years one starts to study systematically the nonperiodic systems with convergence (see, for example [5-13]). It is necessary to underline that the notion of system with convergence is not satisfactory in the nonperiodic case.

In this paper we propose a more general point of view of the notion of system with convergence (0.1). We study the systems with convergence within the framework of general nonautonomous dynamical systems admitting the global compact attractor with special property.

§ 1. Nonautonomous dynamical systems with convergence.

Let (X.ρ) and (Y, d) be complete metric spaces, R(Z) is a group of real (integer) numbers, S = R or Z, S_+ = {t ∈ S|t ≥ 0} and T(S_+ ⊆ T) is a subgroup of group S .

By (X, T, π) we denote a dynamical system on the X and xt = π(t, x) = π^tx.

1991 Mathematics Subject Classification. 34C35;34C27;34C28;34D40;34K15;58F12. Key words and phrases. nonautonomous dynamical systems, global attractors, almost periodic limit regimes.

Typeset by AMS-TEX 1

The dynamical system (X, T, π) is called [14-17] compact dissipative, if there exists a nonempty compact K ⊆ X such that lim t→+∞ ρ(xt, K) = 0 (1.1) for all x ∈ X, moreover equality (1.1) holds uniformly with respect to x ∈ X on each compact from X. In this case the set K is called attractor of family of all compacts C(X) from space X .

We assume, that J = Ω(K) = ⋂ t≥0 ⋃ τ ≥t π^τ K, then [14-17] set J does not depend of choice of attractor K and is characterized by the properties of dynamical system (X, T, π) . The set J is called [18] Levinson’s center of dynamical system (X, T, π).

Let us mention some facts, which we will need below.

Will say that a space X has property (S), if for any compact K ⊆ X there exists a connected set M ⊆ X such that K ⊆ M.

Theorem 1.1 [14-17]. If (X, T, π) is compact dissipative dynamical system and J is its Levinson’s center, then:

1.J is invariant, i.e. π^tJ = J for all t ∈ T ;

2. J is orbitally stable, i.e. for all ε > 0 there exists δ(ε) > 0 such that ρ(x, J) < δ implies ρ(xt, J) < ε for all t ≥ 0;

3. J is attractor for a family of all compact subsets of X; 4. Jis maximal compact invariant set of (X, T, π); 5. J is connected, if the space X possesses the (S)-property.

Let Y be a compact metric space and (X, T_1, π)((Y, T_2, σ)) be a dynamical system on X(Y ), (T_1 ⊆ T_2) and h : X → Y is a homomorphism (X, T_1, π) onto

(Y, T2, σ), then the triple < (X, T1, π), (Y, T2, σ), h > is called [13,19-20] a nonau-

tonomous dynamical system.

Let W and Y be complete metric spaces, (Y, S, σ) is a group dynamical system on Y and < W, φ, (Y, S, σ) > is a skew product [21] (cocycle [22-23]) over (Y, S, σ) with the fibre W , i.e. φ is a continuous mapping W × Y × T into W , satisfying the following conditions: φ(0, w, y) = w and φ(t + τ, w, y) = φ(t, φ(τ, w, y), σ(τ, y)) for all t, τ ∈ T, w ∈ W and y ∈ Y . We denote by X = W × Y and define on X a dynamical system (X, T, π) by equality π = (φ, σ) i.e. π(t, (w, y)) = (φ(t, w, y), σ(t, y)) for all t ∈ T and (w, y) ∈ W × Y ,then the triple < (X, T, π), ((Y, S, σ), h >, where h = pr_2, is a nonautonomous dynamical system.

For any two bounded subsets A and B from X we denote by β(A, B) semideviation of A to B , i.e. β(A, B) = sup{ρ(a, B)|a ∈ A} and ρ(a, B) = inf{ρ(a, b)| b ∈ B}. The skew product over (Y, S, σ) with the fibre W is called [16] compact dissipative, if there exists a nonempty compact K ⊆ W such that lim t→+∞ sup{β(U(t, y)M, K) : y ∈ Y } = 0 (1.2) for all M ∈ C(W ), where U(t, y) = φ(t, ·, y).

Lemma 1.2. In order to skew product < W, φ, (Y, S, σ) > over (Y, T, σ) with fibre W were compact dissipative, it is necessary and sufficiently that the autonomous dynamical system (X, T, π) (X = W × Y and π = (φ, σ)) be compact dissipative.

By entire trajectory of semi-group dynamical system (X, T, π) (of skew product < W, φ, (Y, S, σ) > over (Y, T, σ) with fibre W ), passing through point x ∈ X ( (u, y) ∈ W × Y ) is called continuous mapping γ : S → X(ν : S → W ) satisfying conditions : γ(0) = x(ν(0) = w) and γ(t + τ) = π^tγ(τ) (γ(t + τ) = φ(t, ν(τ), yτ)) for all t ∈ T and τ ∈ S.

Theorem 1.3 [16]. Let Y be compact, < W, φ, (Y, S, σ) > is compactly dissipative and K is non-empty compact, appearing in equality (1.2), then:

1. I_y = Ω_y(K) ≠ ∅, is compact, I_y ⊆ K and lim t→+∞ β(U(t, y^{−t})K, I_y ) = 0 for every y ∈ Y , where

Ω_y(M) = ⋂ t≥0 ⋃ τ ≥t U(τ, y^{−τ} )M

and y^{−τ} = σ(−τ, y); 2. U(t, y)I_y = I_{yt} for all y ∈ Y and t ∈ T; 3. lim t→+∞ β(U(t, y^{−t})M, I_y) = 0 (1.3) for all M ∈ C(W ) and y ∈ Y ; 4. lim t→+∞ sup{β(U(t, y^{−t})M, I) : y ∈ Y } = 0 whatever is M ∈ C(W ), where I = ⋃ {I_y : y ∈ Y } ; 5. I = pr_1J and I_y = pr_1J_y, where J is a center of Levinson of (X, T, π) and J_y = J ⋂ X_y;

6. the set I is compact ;

7. the set I is connected if the space W × Y has property (S).

A nonautonomous dynamical system < (X, T_1, π), (Y, T_2, σ), h > is said to be convergent, if the following conditions are valid:

a. dynamical systems (X, T_1, π) and (Y, T_2, σ) are compact dissipative; b. the set J_X ⋂ X_y contains not more than one point for all y ∈ J_Y , where X_y = h^{−1}(y) = {x|x ∈ X, h(x) = y} and J_X (J_Y ) is a Levinson’s centre of dynamical system (X, T_1, π)((Y, T_2, σ)).

Let M ⊆ X and M ˙×M = {(x_1, x_2)|x_1, x_2 ∈ M, h(x_1) = h(x_2)}.

Lemma 1.4. Let < (X, T_1, π), (Y, T_2, σ), h > be a nonautonomous dynamical system, K ⊆ X is a compact invariant set and M = h(K). If the equality lim t→+∞ sup (x1,x2)∈K ˙×K ρ(x_1t, x_2t) = 0, (1.4) takes place, then set K_y = K ⋂ X_y contains a single point for all y ∈ M.

Proof. Suppose that there exists y_0 ∈ M such that K_{y0} contains at least two points x̄_1 and x̄_2(x̄_1 ≠ x̄_2). Since set K is invariant, then there exists a trajectory φ_i, passing trough the point x̄_i(i = 1, 2) and such that φ_i(S) ⊆ K. Let 0 < ε <^{ρ(x̄1,x̄2)}_2 and L(ε) > 0 so that ρ(x_1t, x_2t) < ε for all t ≥ L(ε) and (x_1, x_2) ∈ K ˙×K. Thus, we have

ρ(x̄_1, x̄_2) = ρ(π^tφ_1(−t), π^tφ_2(−t)) < ε (1.5)

for all t ≥ L(ε). The contradiction obtained shows that K_y contain a single point for all y ∈ M. The lemma is proved.

A dynamical system (X, T, π) is said to be satisfying condition (A) if the set ⋃ {π^tK|t ≥ 0} is relatively compact for every K ∈ C(X) = {K|K ⊆ X and K is compact }.

We denote by L_Y = {x|x ∈ X, so that at least one entire trajectory of dynamical system (X, T, π) passes through x}.

Remark 1.5. For compact dissipative system (X, T, π) we have L_X = J_X , where J_X is a Levinson’s centre of (X, T, π) .

Theorem 1.6. Let (X, T, π) be a dynamical system satisfying the condition (A) and (Y, T, σ) be compact dissipative, then the following conditions are equivalent:

1. the set L_X ⋂ X_y contains not more than one point for all y ∈ J_Y ;

2. every semi-trajectory Σ^+_x = {xt| t ≥ 0} is asymptotically stable, i.e. 2.a. for all ε > 0 and p ∈ X there exists δ(ε, p) > 0 so that ρ(x, p) < δ(h(x) = h(p)) implies ρ(xt, pt) < ε for any t ≥ 0.

2.b. there exists γ(p) > 0 such that ρ(x, p) < γ(p)(h(x) = h(p)) implies lim t→+∞ ρ(xt, pt) = 0. 3. a. for all ε and K ∈ C(X) there exists δ(ε, K) > 0 such that ρ(x_1, x_2) < δ(h(x_1) = h(x_2), x_1, x_2 ∈ K) implies ρ(x_1t, x_2t) < ε for all t ≥ 0.

b. lim_{t→+∞} ρ(x_1t, x_2t) = 0 for all (x_1, x_2) ∈ X ˙×X

4. the equality (1.4) takes place for all K ∈ C(X).

Proof. We will prove that condition 1. implies 2.. Really, if we suppose that it is not correctly, then there are p_0 ∈ X, ε_0 > 0, p_n → p_0(h(p_n) = h(p_0)) and t_n → +∞ so that ρ(p_nt_n, p_0t_n) ≥ ε_0. (1.6)

Since (X, T, π) satisfies the condition (A), then we may suppose that the sequences {p_nt_n} and {p_0t_n} are convergent. Letting p̄ = lim_{n→+∞} p_nt_n, p̄_0 = lim n→+∞ p_0t_n and taking into consideration (1.6) we will have p̄ ≠ p̄_0. On the other

hand h(p̄) = lim_{n→+∞} h(p_n)t_n = lim_{n→+∞} h(p_0)t_n = h(p̄_0) = ȳ ∈ J_Y and according to

the lemma 4 [10] p̄, p̄_0 ∈ L_X ⋂ X_ȳ, but in virtue of condition 1. we have p̄ = p̄_0.

The contradiction obtained proves the necessary affirmation.

Now we will note that 1. implies 2.b.. To prove this implication it is sufficient to show that lim t→+∞ ρ(x 1t, x_2t) = 0 (1.7) for all (x_1, x_2) ∈ X ˙×X. Assuming the contrary we obtain

ρ(x^0_1t_n, x^0_2t_n) ≥ ε_0. (1.8)

A dynamical system (X, T, π) satisfies the condition (A) and, consequently, we may assume that sequences {x^0_i t_n}(i = 1, 2) and {y_0t_n}(y_0 = h(x^0_1) = h(x^0_2)) are convergent. We note by x̄^0_i = lim_{n→+∞} x^0_i t_n and ȳ_0 = lim_{n→+∞} y_0t_n, then x̄^0_1, x̄^0_2 ∈ L_X ⋂ X_{ȳ0} and according to condition 1. x̄^0_1 = x̄^0_2. The last equality and inequality (1.8) are contradictory. This contradiction proves the necessary affirmation.

We will show that 2. implies 3. . Note that lim t→+∞ ρ(xt, pt) = 0 (1.9) for all p ∈ X and x ∈ X_q(q = h(p)). In fact, we denote by G_q = {x|x ∈ X, such that the equality (1.9) takes place } and suppose that G_q ≠ X_q . In virtue of condition 2. set G_q is open in the X_q . Let Γ_q = ∂G_q (∂G_q - is a boundary of G_q ) and p̄ ∈ Γ_q , then B(p̄, γ(b̄)) ⋂ (X_q \G_q) ≠ ∅(B(p̄, γ(b̄)) = {x|h(x) = h(p̄), ρ(x, p̄) < γ(p̄)}. It is easy to see that the last relations can not satisfy simultaneously and, consequently, Γ_q = ∅ for all q ∈ Y , i.e. X_q = G_q. Let K ∈ C(X) and ε > 0, then there exists δ(ε, K) > 0 such that ρ(x_1, x_2) < δ(h(x_1) = h(x_2), x_1, x_2 ∈ K) implies ρ(x_1t, x_2t) < ε for any t ≥ 0. Assuming the contrary we obtain K_0 ∈ C(X), ε_0 > 0, δ_n → 0(δ_n > 0), {x^i_n} ⊆ K_0(i = 1, 2) and t_n → +∞ such that ρ(x^1_n, x^2_n) < δ_n and

ρ(x^1_nt_n, x^2_nt_n) ≥ ε_0 (1.10)

Since K_0 is a compact we may suppose that sequences {x^i_n}(i = 1, 2) are convergent and we denote by x̄ = lim_{n→+∞} x^1_n = lim_{n→+∞} x^2_n(x̄ ∈ K_0). According to condition 2. for ε_0 > 0 and x̄ ∈ K_0 there exists δ(^{ε0}_3 , x̄) > 0 so that ρ(x, x̄) < δ(^{ε0}_3 , x̄)(h(x) = h(x̄)) implies ρ(xt, x̄t) <^{ε0}_3 for all t ≥ 0. Since x^i_n → x̄(i = 1, 2), then there exists n̄ such that ρ(x^i_n, x̄) < δ(^{ε0}_3 , x̄)(n ≥ n̄) and, consequently, ρ(x^1_nt, x^2_nt) ≤ 2ε_0 3 (1.11)

for all t ≥ 0 and n ≥ n̄. But the inequalities (1.10) and (1.11) are contradictory. Thus we showed that 2. implies 3. .

We will prove that 3. implies 4.. If we suppose the contrary, then there exist ε_0 > 0, K_0 ∈ C(X), t_n → +∞ and {x^i_n} ⊆ K_0(i = 1, 2; h(x^1_n) = h(x^2_n)) such that the inequality (1.10) takes place. We may assume without loss of generality that sequences {x^i_n}(i = 1, 2) are convergent because set K_0 is compact. Let x^i = lim_{n→+∞} x^i_n, 0 < ε < ε_0 and δ(^ε_3 , K_0) > 0 are chosen according to condition 3.a..

Since h(x^1) = h(x^2) and x^1, x^2 ∈ K_0, then for^ε_3 there exists L(^ε_3 , x^1, x^2) > 0 so that ρ(x^1t, x^2t) <^ε_3 for all t ≥ L(^ε_3 , x^1, x^2) and, consequently,

ρ(x^1_nt_n, x^2_nt_n) ≤ ρ(x^1_nt_n, x^1t_n) + ρ(x^1t_n, x^2t_n) + ρ(x^2t_n, x^2_nt_n) < ε (1.12) for sufficiently large n. The inequalities (1.12) and (1.10) are contradictory. Thus the necessary affirmation is proved.

Finally, we note that 4. implies 1. . In fact, if we suppose that there exists y_0 ∈ J_Y such that L_X ⋂ X_{y0} contains at least two points x_1 and x_2(x_1 ≠ x_2) and denoting by K a compact invariant set such that x_1, x_2 ∈ K we will have x_1, x_2 ∈ K_{y0} = K ⋂ X_{y0} . On the other hand according to lemma 1.4 K_{y0} contains not more than one point. The obtained contradiction proves the theorem 1.2 .

Corollary 1.7. Let (X, T, π) and (Y, T, σ) are two compact dissipative dynamical systems, then the following conditions are equivalent:

1. a nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > is convergent; 2. every semi-trajectory

∑_+ x (x ∈ X) is asymptotically stable;

3. 3.a and 3.b from theorem 1.6 are fulfilled; 4. the equality (1.4) takes place for all K ∈ C(X).

Theorem 1.8. Let < (X, T, π), (Y, T, σ), h > be a nonautonomous dynamical system, (Y, T, σ) is compact dissipative and its Levinson’s centre J_Y is minimal ( i.e. every semi-trajectory

∑_+

y (y ∈ J_Y ) is dense in J_Y ), then the following conditions are equivalent:

1. nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > is convergent; 2. dynamical system (X, T, π) satisfies condition (A) and for every K ∈ C(X) the equality (1.4) takes place.

Proof. In virtue of corollary 1.7 the condition 1. implies 2. . We will show the inverse assertion. Let K ∈ C(X), then

∑_+ K = ⋃ { ∑_+ x |x ∈ K} is relatively compact and according to lemma 4 [10] a set

Ω(K) = ⋂ t≥0 ⋃ τ ≥t π^τ K

is nonempty, compact, invariant and, consequently, h(Ω(K)) ⊆ Ω(h(K)) ⊆ J_Y because set J_Y is maximal compact invariant set in Y . Thus J_Y is minimal, then the equality h(Ω(K)) = J_Y (1.13)

takes place. We note that Ω(K_1) = Ω(K_2) for all K_1 and K_2 from C(X). In fact, since M = Ω(K_1) ⋃ Ω(K_2) is compact and invariant and in virtue of minimality J_Y we have h(M) = J_Y . On the other hand according to lemma 1.4 the set M_y = M ⋂ X_y contains a single point for every y ∈ J_Y . We have Ω(K_i) ⋂ X_y ⊆ M ⋂ X_y(i = 1, 2) and Ω(K_1) ⋂ X_y = Ω(K_2) ⋂ X_y = M ⋂ X_y for any y ∈ J_Y and, consequently, Ω(K_1) = Ω(K_2) for all K_1 and K_2 from C(X). From this follows that (X, T, π) is compact dissipative and according to theorem 1.6 < (X, T, π),

(Y, T, σ), h > is convergent.

Corollary 1.9. Let < (X, T, π), (Y, T, σ), h > be a nonautonomous dynamical system, (Y, T, σ) be compact dissipative, J_Y is minimal and (X, T, π) satisfies the condition (A), then the conditions 1.-4. from corollary 1.7 are equivalent.

Theorem 1.10. Suppose that the following conditions are fulfilled:

1. let < (X, T, π), (Y, T, σ), h > be a nonautonomous dynamical system ; 2. (Y, T, σ) is compact dissipative;

3. (X, T, π)is locally compact, i.e. for all x ∈ X there exist δ = δ_x > 0 and l = l_x > 0 such that π^lB(x, δ_x) is relatively compact.

In order to that nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > were convergent one, it is necessary and sufficiently that every semi-trajectory

∑_+ x of dynamical system (X, T, π) be relatively compact and that system < (h^−(J_Y ), T, π), (J_Y , T, σ), h > be convergent, where J_Y is Levinson’s centre of system (Y, T, σ).

Proof. The necessity of theorem is evident. Now we will show that under conditions of theorem system (X, T, π) is point dissipative. To this end it is sufficient to show that set Ω_X = ⋃ {ω_x|x ∈ X} is compact. We note that h(ω_x) ⊆ ω_{h(x)} ⊆ J_Y and, consequently, ω_x ⊆ h^{−1}(J_Y ). Since ω_x is compact and invariant, then ω_x ⊆ J̄, where J̄ is the Levinson’s centre of dynamical system (h−1(J_Y ), T, π). Thus Ω_X ⊆ J̄ and, consequently, Ω_X is compact. In virtue of theorem 1.3.1 [13] the point dissipativeness and compact dissipativeness for the locally compact dynamical systems are equivalent and, consequently,(X, T, π) is compact dissipative. Let J_X be a Levinson’s center of (X, T, π) , then h(J_X ) ⊆ J_Y and, consequently, J_X ⊆ h^{−1}(J_Y ). Since J̄ is a maximal compact invariant set in h^{−1}(J_Y ), then J_X ⊆ J̄. From this results that J_X ⋂ X_y ⊆ J̄ ⋂ X_y for all y ∈ J_Y and, consequently, J_X ⋂ X_y contains not more than one point for any y ∈ J_Y . The theorem is proved.

Theorem 1.11. Suppose that the following conditions are fulfilled:

1. let < (X, T, π), (Y, T, σ), h > be a nonautonomous dynamical system ; 2. (Y, T, σ) is compact dissipative;

3. there exists a point y_0 ∈ Y such that Y = H^+(y_0). A nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > will be convergent if and only if the following conditions are fulfilled:

a. dynamical system (X, T, π) satisfies the condition (A); b. set L_X ⋂ X_y contains not more than one point for any y ∈ J_Y = ω_{y0} .

Proof. The necessity of theorem is evident. Let x_0 ∈ X_{y0} , then h(H^+(x_0)) = H^+(y_0) and h(ω_{x0} ) = ω_{y0} . We denote that h(Ω_X ) ⊆ Ω_Y ⊆ J_Y = ω_{y0} and since ω_{x0} ⊆ Ω_X , then h(Ω_X ) = ω_{y0} . Since Ω_X ⊆ L_X and L_X ⋂ X_y contains not more than one point for every y ∈ J_Y = ω_{y0} , we have ω_{x0} ⋂ X_y = Ω_X ⋂ X_y for all y ∈ J_Y and, consequently, Ω_X = ω_{x0} . Thus set Ω_X = ω_{x0} is compact and, consequently, the dynamical system (X, T, π) is point dissipative. We have that (X, T, π) is point dissipative and satisfies the condition (A) and according to the theorem 1.5 [24]

(X, T, π) is compact dissipative. We denote by JX a Levinson’s centre of dynamical

system (X, T, π) , then J_X ⊆ L_X and, consequently, J_X ⋂ X_y contains not more than one point for any y ∈ J_Y . The theorem is proved.

A point y_0 ∈ Y is called [24-26] asymptotically stationary (asymptotically ωperiodic, asymptotically almost periodic, asymptotically recurrent) if there exists a stationary ( ω− periodic , almost periodic, recurrent ) point q ∈ Y such that lim t→+∞ d(y_0t, qt) = 0. (1.14)

Remark 1.12. a. Let Y = H^+(y_0) = {y_0t|t ≥ 0} be compact, then dynamical system (Y, T, σ) is compact dissipative and J_Y = ω_{y0} (ω_{y0} = ⋂ ⋃ τ ≥t σ^τ y_0).

b. Let y_0 be asymptotically stationary (asymptotically ω- periodic, asymptotically almost periodic, asymptotically recurrent) and Y = H^+(y_0), then (Y, T, σ) is compact dissipative and set J_Y = ω_{y0} is minimal.

A point x ∈ X is called [25,26] comparable with regard to the recurrence property in the limit with a point y ∈ Y if the inclusion L_y ⊆ L_x takes place, where L_y = {{t_n}|t_n → +∞ and {yt_n} is convergent}.

It is known [25,26] that, if L_y ⊆ L_x, then the point x possesses the same character of recurrence property in the limit as a point y ∈ Y. In particular, if the point y ∈ Y is asymptotically stationary (asymptotically ω- periodic, asymptotically almost periodic, asymptotically recurrent) and L_y ⊆ L_x, then the point x will be asymptotically stationary (asymptotically ω- periodic, asymptotically almost periodic, asymptotically recurrent) .

Theorem 1.13. Let y ∈ Y is asymptotically stationary (asymptotically ω- periodic, asymptotically almost periodic, asymptotically recurrent) and Y = H^+(y_0), then the nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > will be convergent if and only if the following conditions are fulfilled:

a. the dynamical system (X, T, π) satisfies condition (A);

b. every point x ∈ X is comparable with regard to the recurrence property in the limit with a point y = h(x) and, in particular, x is asymptotically stationary (asymptotically ω- periodic, asymptotically almost periodic, asymptotically recurrent);

c. for any ε > 0 and K ∈ C(X) there exists δ = δ(ε, K) > 0 such that ρ(x_1, x_2) < δ(h(x_1) = h(x_2); x_1, x_2 ∈ K) implies ρ(x_1t, x_2t) < ε for all t ≥ 0.

d. the equality lim_{t→+∞} ρ(x_1t, x_2t) = 0 takes place for all (x_1, x_2) ∈ X ˙×X;

Proof. The necessity of conditions a.,c. and d. is assured by corollary 1.7 . Now, we will show that under the conditions of theorem the condition b. takes place. Let x ∈ X and y = h(x), then according to the convergence of nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > the set H^+(x) = {xt|t ≥ 0} is compact. We note that ω_x ⋂ X_q ⊆ J_X ⋂ X_q for all q ∈ ω_y and since < (X, T, π), (Y, T, σ), h > is convergent, then ω_x ⋂ X_q contains a single point. According to theorem 1 [27] the point x is comparable with regard to the recurrence property in the limit with point y. If y ∈ H^+(y_0), then it is evident that point y will be asymptotically stationary (asymptotically ω- periodic, asymptotically almost periodic, asymptotically recurrent) and, consequently, the point x possesses the same character of recurrence property in the limit as point y.

We will show that the conditions a., b., c. and d. imply the convergence of nonautonomous dynamical system < (X, T, π), (Y, T, σ), h >. First of all, according to condition b. we have that ω_x ≠ ∅ is compact, minimal and h(ω_x) = ω_{y0} for all x ∈ X. We note that ω_x ⋂ X_q contains a single point for every q ∈ ω_{y0} . In the opposite case opposite there exist q_0 ∈ ω_{y0} , p_1, p_2 ∈ ω_x ⋂ X_{q0} (p_1 ≠ p_2) and t^i_n → +∞(i = 1, 2) such that xt^i_n → p_i(i = 1, 2) as n → +∞. We note that yt^i_n → q_0(i = 1, 2) as n → +∞, where y = h(x). Let t̄_{2n−1} = t^1_n and t̄_{2n} = t^2_n for every n ∈ N, then {t̄_n} ∈ L_y and, consequently, {t̄_n} ∈ L_x, i.e. {xt_n} is convergent, therefore p_1 = p_2. The last equality contradicts to the choice of points p_1 and p_2. The obtained contradiction proves the necessary assertion. Now we will prove that ω_{x1} ⋂ X_q = ω_{x2} ⋂ X_q for all x_1, x_2 ∈ X and q ∈ ω_{y0} . Let q ∈ ω_{y0} , {p_i} = ω_{xi} ⋂ X_q (i = 1, 2) and {t_n} ∈ L_q such that qt_n → q. In virtue of condition c. and minimality of ω_{xi} (i = 1, 2) we have ρ(p_1t_n, p_2t_n) → 0 as n → +∞ and, consequently, p_1 = p_2. Thus,ω_{x1} = ω_{x2} for all x_1, x_2 ∈ X and, consequently,

(X, T, π) is point dissipative and since (X, T, π) satisfies the condition (A), then

according to the theorem 1.5 [24] (X, T, π) is compact dissipative. To finish the proof of the theorem it is sufficient to apply the theorem 1.6 and remark 1.5 .

Corollary 1.14. Under the conditions of theorem 1.10 if the space X is locally compact, then the condition a. results from conditions b., c. and d. .

Theorem 1.15. Let (Y, T, σ) be compact dissipative and h(L_X ) = J_Y . In order that nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > be convergent it is necessary and if J_Y = Y , then it is also sufficiently that the following conditions be fulfilled: 1. ∑_+

x is relatively compact for all x ∈ X; 2. L_X is relatively compact; 3. L_X ⋂ X_y contains a single point for every y ∈ Y ;

4. for any ε > 0 there exists δ(ε) > 0 so that ρ(x, x_y ) < δ({x_y} = L_X ⋂ X_y and h(x) = y ∈ J_Y ) implies ρ(xt, x_{yt}) < ε for all t ≥ 0 and x ∈ X.

Proof. Necessity. Let < (X, T, π), (Y, T, σ), h > be convergent, then (X, T, π) is compact dissipative and J_X = L_X . It is evident that the conditions 1.,2. and 3. are fulfilled. We will prove that the condition 4. takes place. Suppose that it is not true, then there are ε_0 > 0, δ_n → 0(δ_n > 0), {x_n}, {y_n} ⊆ J_Y and t_n → +∞ such that ρ(x_n, x_{yn} ) < δ_n(y_n = h(x_n)) and ρ(x_nt_n, x_{yntn} ) ≥ ε_0. (1.15) Thus J_Y and J_X are compacts, then we may assume without loss of generality that sequences {y_n} and {x_{yn} } are convergent. Let y_0 = lim_{n→+∞} y_n, then x_{y0} = lim n→+∞ x_{yn} = lim_{n→+∞} x_n.In virtue of compact dissipativeness of dynamical system

(X, T, π) we may suppose that the sequence {xntn} is convergent. We denote by

x̄ = lim_{n→+∞} x_nt_n . Since J_Y is compact, then we may suppose that the sequence

{y_nt_n} ⊆ J_Y is convergent and then we denote by ȳ = lim_{n→+∞} y_nt_n . We note

that h(x̄) = lim_{n→+∞} h(x_n)t_n = lim_{n→+∞} y_nt_n = ȳ, x̄ ∈ J_X and, consequently, x̄ ∈ J_X ⋂ X_ȳ = {x_ȳ}, i.e. x̄ = x_ȳ. On the other hand passing to the limit in (1.15) as n → +∞ we have ρ(x̄, x_ȳ ) ≥ ε_0. This contradiction proves the necessary assertion.

Sufficiency. Suppose that conditions 1.-4. are fulfilled. In order that nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > be convergent under the conditions of theorem 1.15 it is sufficient that the dynamical system (X, T, π) be compact dissipative. In virtue of conditions of theorem 1.15 dynamical system

(X, T, π) is point dissipative and ΩX ⊆ LX . We note that set LX is closed. We

will show that L_X is orbitally stable. Suppose that this assertion is not true, then there are ε_0 > 0, x_n → x_0 ∈ L_X and t_n → +∞ such that

ρ(x_nt_n, L_X ) ≥ ε_0. (1.16)

Since y_n → y_0 = h(x_0)(y_n = h(x_n)) then under the conditions of theorem 1.15 x_{yn} → x_{y0} = x_0 and, consequently, ρ(x_n, x_{yn} ) → 0. From the last relation and the condition 4. of theorem 1.15 results that ρ(x_nt_n, x_{yntn} ) → 0 as n → +∞. But the last relation contradicts the inequality (1.16). Thus, L_X is compact, invariant and orbitally stable. Taking into account that Ω_X ⊆ L_X , we have J^+(Ω_X ) ⊆ L_X . We will show that J^+(Ω_X ) = L_X . Really, let x̄ ∈ L_X and φ : S → L_X be the whole trajectory of dynamical system (X, T, π) passing through the point x̄. We denote by α^φ_{x̄} = ⋂ t≤0 ⋃ τ ≤t φ(τ), then Ω_X ⋂ α^φ_{x̄} ≠ ∅. Let p ∈ Ω_X ⋂ α^φ_{x̄} and t_n → −∞ such that

φ(t_n) → p, then π^{−tn} φ(t_n) = φ(0) = x̄, i.e. x̄ ∈ J^+_p ⊆ J^+(Ω_X ) and, consequently, L_X = J^+(Ω_X ) is compact and orbitally stable and in virtue of theorem 2.5 [28] dynamical system (X, T, π) is compact dissipative. The theorem is proved.

Theorem 1.16. Let < (X, T, π), (Y, ,σ), h > be a nonautonomous dynamical system and Y is a compact minimal set, then the following conditions are equivalent:

1. < (X, T, π), (Y, T, σ), h > is convergent; 2. every semi-trajectory

∑_+ x (x ∈ X) is relatively compact and asymptotically stable;

3. a. every semi-trajectory

∑_+

x (x ∈ X) is relatively compact .

b. lim_{t→+∞} ρ(x_1t, x_2t) = 0 for all (x_1, x_2) ∈ X ˙×X .

c. for any ε > 0 and K ∈ C(X) there exists δ(ε, K) > 0 such that ρ(x_1, x_2) < δ(h(x_1) = h(x_2); x_1, x_2 ∈ K) implies ρ(x_1t, x_2t) < ε for all t ≥ 0.

4. every semi-trajectory

∑_+ x (x ∈ X) is relatively compact and the equality (1.4) takes place for all K ∈ C(X).

Proof. In [27,29] is proved the equivalence of conditions 1., 2. and 3. . According to the theorem 1.2 the condition 1. implies 4. . To finish the proof of theorem is sufficient to establish that the condition 4. implies, for example, 3. . We note that from the condition 4. follow 3.a and 3.b . We will show that from the condition 4. results condition 3.c . In fact, if we suppose that it is not true, then there are ε_0 > 0, K_0 ∈ C(X), δ_n → 0, {x^i_n} ⊆ K_0(i = 1, 2; h(x^1_n) = h(x^2_n)) and t_n → +∞ such that ρ(x^1_n, x^2_n) < δ_n and

ρ(x^1_nt_n, x^2_nt_n) ≥ ε_0. (1.17)

According to the equality (1.4) for compact K_0 ∈ C(X) there exists L(^{ε0}_2 , K_0) > 0 such that ρ(x^1_nt, x^2_nt) < ε_0 2 . (1.18)

for all t ≥ L(^{ε0}_2 , K_0). But the inequalities (1.17) and (1.18) are contradictory. The obtained contradiction proves the theorem.

Theorem 1.17. Let < (X, T, π), (Y, T, σ), h > be a nonautonomous dynamical system, M ≠ ∅ is compact and positive invariant. Suppose that the following conditions are fulfilled:

1. h(M) = Y ; 2. M ⋂ X_y contains a single point for all y ∈ Y ;

3. M is globally asymptotically stable, i.e. for any ε > 0 there exists δ(ε) > 0 such that ρ(x, p) < δ(x ∈ X_y, p ∈ M_y = M ⋂ X_y) implies ρ(xt, pt) < ε for all t ≥ 0 and lim_{t→+∞} ρ(xt, M_{h(x)t}) = 0 for all x ∈ X.

Then the nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > is convergent.

Proof. We note that under the conditions of theorem dynamical system (X, T, π) is point dissipative and Ω_X ⊆ M. We will show that set M is orbitally stable in

(X, T, π) . Suppose that it is not true, then there are ε0 > 0, δn → 0, xn ∈ B(M, δn)

and t_n → +∞ such that ρ(x_nt_n, M) ≥ ε_0. (1.19)

Since M is compact, then we may suppose that sequence {x_n} is convergent. Let x_0 = lim_{n→+∞} x_n, x_{yn} ∈ M_{yn} , ρ(x_n, M) = ρ(x_n, x_{yn} ) and y_0 = h(x_0), then x_0 = lim n→+∞ x y_n and x0 ∈ My0 . Let qn = h(xn) and we note that

ρ(x_n, x_{qn} ) ≤ ρ(x_n, x_{yn} ) + ρ(x_{yn} , x_{qn} ) → 0 (1.20)

as n → +∞, because q_n → y_0 and x_{qn} → x_0. Taking into account (1.20) and the asymptotical stability of set M we have ρ(x_nt_n, x_{qntn} ) = ρ(x_nt_n, x_{qn} t_n) → 0. (1.21) But the equality (1.21) and inequality (1.19) are contradictory. Hence, the set M is orbitally stable in (X, T, π) and in virtue of lemma 7 [29] the dynamical system

(X, T, π) is compact dissipative and JX ⊆ M. For finishing the proof of theorem is

sufficient to note that h(J_X ) = J_Y and for all y ∈ J_Y we have J_X ⋂ X_y ⊆ M ⋂ X_y and, consequently, J_X ⋂ X_y contains a single point for any y ∈ J_Y . The theorem is proved.

Remark 1.18. If there exists y_0 ∈ Y such that Y = H^+(y_0) , then it is evident that the theorem 1.17 is invertible. To this end we may take the set H^+(x_0), where x_0 ∈ X_{y0} in quality a set M, which figure in the theorem.

Theorem 1.19. Let (X, T, π) and (Y, T, σ) are two compact dissipative dynamical systems, then the following conditions are equivalent:

1. nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > is convergent ; 2. there exists a continuous function V : X ˙×X → R_+ which satisfies the following conditions:

2.a. V is positive definite, i.e. V (x_1, x_2) = 0 if and only if x_1 = x_2; 2.b. V (x_1t, x_2t) ≤ V (x_1, x_2) for all t ≥ 0 and (x_1, x_2) ∈ X ˙×X; 2.c. V (x_1t, x_2t) = V (x_1, x_2) for any t ≥ 0 if and only if x_1 = x_2; 3. there exists a continuous function V : X ˙×X → R_+ which satisfies the following conditions:

3.a. V is positive definite;

3.b. V (x_1t, x_2t) < V (x_1, x_2) for all t > 0 and (x_1, x_2) ∈ X ˙×X \ Δ_X , where Δ_X = {(x, x)|x ∈ X}. In the case when J_Y is minimal the theorem 1.19 is proved in [12]. In general case the same type argument that in [12] proves the theorem 1.19 utilizing the results given above.

Theorem 1.20. Suppose that the following conditions are fulfilled:

1. (X, T, π) and (Y, T, σ) are two compact dissipative dynamical systems; 2. there exists a continuous function V : X ˙×X → R_+ which satisfies the following conditions:

2.a. V is positive definite;

2.b. V (x_1t, x_2t) ≤ ω(V (x_1, x_2), t) for all t ≥ 0 and (x_1, x_2) ∈ X ˙×X, where

ω : R+ × R+ → R+ is a non-decreasing function with respect to first variable and

ω(x, t) → 0 as t → +∞ for every x ∈ R_+ .

Then < (X, T, π), (Y, T, σ), h > is convergent.

Proof. According to corollary 1.7 in order that the nonautonomous dynamical system < (X, T, π), (Y, T, σ), h > be convergent it is necessary and sufficiently that the equality (1.4) to take place for all K ∈ C(X). First of all we will show that lim t→+∞ sup (x1,x2)∈K ˙×K V (x_1t, x_2t) = 0 (1.22)

for any K ∈ C(X). In fact, in virtue of compactness K there exists α > 0 so that V (x_1, x_2) ≤ α for all (x_1, x_2) ∈ K ˙×K and V (x̄_1, x̄_2) = α for certain (x̄_1, x̄_2) ∈ K ˙×K and, consequently,

V (x_1t, x_2t) ≤ ω(V (x_1, x_2), t) ≤ ω(α, t). (1.23)

Taking into account that ω(α, t) → 0 as t → +∞ we note that (1.23) implies (1.22). We will show that (1.22) implies (1.4). If we suppose that it is not true, then there are K ∈ C(X), ε_0 > 0, {x^i_n} ⊆ K(i = 1, 2) and t_n → +∞ such that

ρ(x^1_nt_n, x^2_nt_n) ≥ ε_0. (1.24)

Without loss of generality we may assume that the sequences {x^i_nt_n}(i = 1, 2) are convergent because (X, T, π) is compact dissipative. Let x̄_i = lim_{n→+∞} x^i_nt_n,

then according to (1.24) we have x̄_1 ≠ x̄_2. On the other hand according to (1.23) we have 0 ≤ V (x^1_nt_n, x^2_nt_n) ≤ ω(α, t_n) → 0 as n → +∞ and, consequently, V (x̄_1, x̄_2) = lim_{n→+∞} V (x^1_nt_n, x^2_nt_n) = 0. Therefore the equality x̄_1 = x̄_2 takes place. The contradiction obtained proves the theorem.

Remark 1.21. a. Let V (x_1t, x_2t) ≤ Ne^{−νt}V (x_1, x_2) for all t ≥ 0 and (x_1, x_2) ∈ X ˙×X, then the condition 2. of theorem 1.20 is fulfilled and in this case ω(x, t) = Nxe^{−νt}. b. If the inequality V (x_1t, x_2t) ≤ (V^{2−α}(x_1, x_2)+(α−2)t)^{12}�^α (α > 2) takes place for all (x_1, x_2) ∈ X ˙×X and t ≥ 0, then the condition 2. of theorem 1.20 is satisfied with function ω(x, t) = (x^{2−α} + (α − 2)t)^{12}�^α .

c. All the results from § 1 are true also in the case when spaces X and Y are not metric, but pseudometric.

d. The nonautonomous dynamical systems with convergence are the simplest among nonautonomous dissipative dynamical systems. If < (X, T, π), (Y, T, σ), h > is a nonautonomous dynamical systems with convergence and J_X (J_Y ) is a Levinson’s centre of dynamical system (X, T, π)((Y, T, σ)), then J_X and J_Y are homeomorphic. In spite of the fact that Levinson’s centre J_X of nonautonomous dynamical system with convergence admits a complete description it is necessary to note that the structure of J_X may be very complicated ( for example J_X may be a strange attractor [12]).

§ 2. The periodic, almost periodic and recurrent limit regimes of some class of nonautonomous differential equations.

2.1 Let (E, | · |) be a Banach space, C(R × E, E) is a space of all continuous mappings from R × E into E equipped by the topology of convergence on every compact (open-compact topology ). For f ∈ C(R × E, E) and τ ∈ R we denote by f_τ the τ translation of f with respect to t, i.e. f_τ (t, x) = f(t + τ, x), H^+(f) = {f_τ |τ ∈ R_+ } and ω_f = {g|∃τ_n → +∞, g = lim_{n→+∞} f_{τn} }. Consider the differential equation x^′ = f(t, x), (2.1) where f ∈ C(R × E, E), and a family of equations

y^′ = g(t, y) (2.2)

with g ∈ H^+(f) or ω_f . Throughout this section we suppose that function f ∈

C(R × E, E) is regular, i.e. for all g ∈ H^+(f) and x ∈ E the equation (2.2) admits

a unique solution φ(t, x, g) defined on R_+ with condition φ(0, x, g) = x and the mapping φ : R_+ × E × H^+(f) → E is continuous.

The solution φ(t, x_0, f) is called uniformly stable, if for any ε > 0 there exists δ(ε) > 0 so that |φ(t_0, x, f) − φ(t_0, x_0, f)| < δ implies |φ(t, x, f) − φ(t, x_0, f)| < ε for all t ≥ t_0 ≥ 0.

The solution φ(t, x_0, f) is called globally asymptotically stable, if φ(t, x_0, f) is uniformly stable and for all ε > 0 and K ∈ C(X) there is T (ε, K) > 0 so that |φ(t, x, f) − φ(t, x_0, f)| < ε for all t ≥ t_0 + T (ε, K)(φ(t_0, x, f) ∈ K). We will call the equation (2.1) convergent if it admits at least one compact solution on R_+ which is globally asymptotically stable.

Remark 2.1. We note that the notion of convergence generalized above is the well known concept of convergence ( see, for example [1]). We note that the equation x^′ = −x + e^{−t} is convergent according to our definition, but is not convergent by usual definition [1].

Lemma 2.2. If the equation (2.1) is convergent, then for all g ∈ ω_f the equation (2.2) admits a single compact solution defined on R, which is globally asymptotically stable.

The proof of lemma 2.2 is similar to the proof theorem A (see [30, p.176-177]).

Example 2.3. Let Y = H^+(f) and (Y, R_+ , σ) is a dynamical system of translations, i.e. σ(g, τ) = g_τ . Let X = E×Y and we will define on X the dynamical system

(X, R+ , π) in the following way: π = (φ, σ) ,i.e. π(< x, g >, τ) =< φ(τ, x, g), gτ >

for all τ ∈ R_+ , x ∈ X and g ∈ H^+(f), then the triple < (X, R_+ , π), (Y, R_+ , σ), h >, where h = pr_2 : X → Y is a nonautonomous dynamical system, generated by equation (2.1).

Applying the theorems 1.6, 1.17 and the lemma 2.2 to the so-constructed nonautonomous dynamical system we will obtain the following assertion.

Theorem 2.4. Let f ∈ C(R × E, E)be a regular function and H^+(f) is compact. In order that equation (2.1) be convergent it is necessary and sufficiently that the nonautonomous dynamical system < (X, R_+ , π), (Y, R_+ , σ), h >, generated by equation (2.1) (see example 2.1 ) be convergent.

A function f ∈ C(R × E, E) is called stationary ( ω− periodic, almost periodic, recurrent, asymptotically stationary, asymptotically ω− periodic, asymptotically almost periodic, asymptotically recurrent ) with respect to t ∈ R uniformly with respect to x on every compact from E, if the motion σ(f, τ) possess as the same property in the dynamical system (C(R × E, E), R, σ) of translations, i.e. σ(f, τ) = f_τ . Applying the results from § 1 to the constructed in example 2.3 nonautonomous dynamical system we obtain the following results.

Theorem 2.5. Let E be a finite dimensional space, f ∈ C(R × E, E) is a regular function and is asymptotically stationary ( asymptotically ω− periodic, asymptotically almost periodic, asymptotically recurrent) with respect to t ∈ T uniformly with respect to x on every compact from E, then the following conditions are equivalent:

1. the equation (2.1) is convergent;

2. all the solutions of equation (2.1) are bounded on R_+ and for any g ∈ ω_f the equation (2.2) admits a single bounded solution defined on R which is globally asymptotically stable;

3. for all g ∈ H^+(f) every solution of equation (2.2) is bounded on R_+ and is asymptotically stable.

Theorem 2.6. If the function f ∈ C(R × E, E) is regular and almost periodic ( recurrent ) with respect to t ∈ R uniformly with respect to x on every compact from E, then the following conditions are equivalent:

1. the equation (2.1) is convergent;

2. for any g ∈ H^+(f) = ω_f the equation (2.2) admits a single compact solution , defined on R which is asymptotically stable;

3. for all g ∈ H^+(f) = ω_f every solution of equation (2.2) is defined on R_+ , compact and is asymptotically stable.

2.2.Let (H, < ·, · >) be a Hilbert space and f ∈ C(R × H, H)be a function satisfying the condition

Re < x_1 − x_2, f(t, x_1) − f(t, x_2) >≤ −κ|x_1 − x_2|^α (2.3)

for all t ∈ R_+ and x ∈ H(κ > 0 and α > 2). We note that every function g ∈ H^+(f) satisfies the condition (2.3) with the same constants κ and α. According to the results of [31] if the function f satisfies condition (2.3), then it is regular.

Lemma 2.7. If the function f ∈ C(R × H, H) satisfies the condition (2.3) and set H^+(f) is compact, then :

1. for every u ∈ H the solution φ(t, u, f) of equation (2.1) is compact on R_+ , i.e. the set φ(R_+ , u, f) is relatively compact in H;

2. for any t ≥ 0 and x_1, x_2 ∈ H we have

|φ(t, x_1, f) − φ(t, x_2, f)| ≤ (|x_1 − x_2|^{2−α} + (α − 2)t)^{12}�^α (2.4).

Proof. Suppose that the conditions of lemma 2.7 are fulfilled and f ∈ C(R × H, H) , then we will define the function F ∈ C(R × H, H) in the following way F (t, x) = { f(t, x) if (t, x) ∈ R_+ × H f(0, x) if (t, x) ∈ R_+ × H

It is easy to see that the function F possesses the following properties:

a. {F_τ |τ ∈ R} is relatively compact in C(R × H, H);

b. Re < x_1 − x_2, F (t, x_1) − F (t, x_2) > ≤ −κ|x_1 − x_2|^α for all t ∈ R and x_1, x_2 ∈ H.

In virtue of theorem 2.2.3.1 [31] the equation x^′ = F (t, x) admits a single solution φ(t, x_0, F ) compact on R and for all x_1, x_2 ∈ H and t ≥ 0 we have

|φ(t, x_1, F ) − φ(t, x_2, F )| ≤ (|x_1 − x_2|^{2−α} + (α − 2)t)^{12}�^α (2.5).

and, consequently, lim_{t→+∞} |φ(t, x, F ) − φ(t, x_0, F )| = 0 for all x ∈ H. From the last

relation follows that every solution of equation (2.1) is compact on R_+ , because φ(t, x, f) = φ(t, x, F ) for all t ≥ 0. The lemma is proved.

Corollary 2.8. Under the conditions of lemma 2.7 we have

|φ(t, x_1, g) − φ(t, x_2, g)| ≤ (|x_1 − x_2|^{2−α} + (α − 2)t)^{12}�^α (2.6)

for all g ∈ H^+(f), t ∈ R_+ and x_1, x_2 ∈ H.

Theorem 2.9. If a function f ∈ C(R × H, H) satisfies the condition (2.3) and H^+(f) is compact, then the equation (2.1) is convergent.

Proof. According to lemma 2.7 all solutions of equation (2.1) are compact on R_+ and in virtue of corollary 2.8 every solution φ(t, x, f) of equation (2.1) is uniformly asymptotically stable.

Corollary 2.10. If the function f ∈ C(R × H, H) satisfies the condition (2.3) and is asymptotically stationary (asymptotically ω− periodic, asymptotically almost periodic, asymptotically recurrent ) with respect to t ∈ R uniformly with respect to x on every compact from H, then any solution of equation (2.1) is asymptotically stationary (asymptotically ω− periodic, asymptotically almost periodic, asymptotically recurrent ) and for all t ≥ 0 and x_1, x_2 ∈ H the inequality (2.4) takes place.

Example 2.11 . Consider the equation x^′ = −x|x| + p(t), (2.7) where p ∈ C(R, H). It is easy to see that function f(t, x) = −x|x| + p(t) satisfies the condition (2.3) with κ =^1_2 and α = 3. In fact,

< x_1 − x_2, f(t, x_1) − f(t, x_2) >=< x_1 − x_2, −x_1|x_1| + x_2|x_2| >

=< x_1 − x_2, −x_1(|x_1| + |x_2|) + x_2(|x_1| > +|x_2|) > + < x_1 − x_2, x_1|x_2| − x_2|x_1| >

= −|x_1 − x_2|^2(|x_1| + |x_2|) + 1 2 (|x_1| + |x_2|)(2|x_1||x_2| − 2 < x_1, x_2 > . (2.8)

In virtue of Schwart’s inequality < x_1 −x_2, x_1|x_2|−x_2|x_1| >≤^1_2 |x_1 −x_2|^2(|x_1|+|x_2|) and, consequently, we have < x_1 − x_2, f(t, x_1) − f(t, x_2) >≤ − 1 2 |x_1 − x_2|^2(|x_1| + |x_2|) ≤ − 1 2 |x_1 − x_2|^3. (2.9)

Thus, the theorem 2.9 and corollary 2.10 are applicable for equation (2.7) . Remark 2.12. We note that in the case when α = 2 the convergence of equation (2.1) is proved in [8].

2.3 Let H be a real Hilbert space. Recall [31-33] that an operator A : D(A) → H(D(A) ⊆ H) is called uniformly monotone if there exists α > 0 so that < Au − Av, u − v > ≥ α|u − v|^2 (2.10) for all u, v ∈ D(A). Example 2.13 Consider the differential equation

x^′ + Ax = f(t), (2.11)

where f ∈ C(R, H) and A is an maximal monotone operator. It is known [33] that for all x_0 ∈ D(A) there exists a unique weak solution φ(t, x_0, f) of equation (2.11) satisfying the condition φ(0, x_0, f) = x_0 and defined on R_+ . Let Y = H^+(f) and

(Y, R+ , σ) be dynamical system of translations on Y . We denote by X = D(A) × Y

and by (X, R_+ , π) a dynamical system on X where π(< v, g >, t) =< φ(t, v, g), g_t >, then the triple < (X, R_+ , π), (Y, R_+ , σ), h > (h = pr_2 : X → Y ) is a nonautonomous dynamical system [34], generated by equation (2.11). Applying the results from § 1 to so-constructed nonautonomous dynamical system we will obtain the following results for equation (2.11).

Theorem 2.14. Let H^+(f) be compact, then the equation (2.11) is convergent, i.e. the equation (2.11) admits at least one compact solution on R_+ which is globally asymptotically stable.

Proof. Modifying the results from [8,34] we obtain that under the conditions of theorem 2.14 all solutions of equation (2.11) are compact on R_+ . On the other hand, in virtue of condition (2.10) we have |φ(t, x_1, f) − φ(t, x_2, f)| ≤ e^{−αt}|x_1 − x_2| (2.12) for all t ≥ 0 and x_1, x_2 ∈ H. And what is more, if g ∈ H^+(f), than for the solutions of equation y^′ + Ay = g(t) (2.13)

the following estimation |φ(t, y_1, g) − φ(t, y_2, g)| ≤ e^{−αt}|y_1 − y_2| (2.14) takes place for all t ≥ 0 and y_1, y_2 ∈ H. From inequality (2.12) follows that every solution of equation (2.11) is globally asymptotically stable. The theorem is proved. Remark 2.15. We note that the equation (2.1) is convergent if and only if the nonautonomous dynamical system < (X, R_+ , π), (Y, R_+ , σ), h > constructed in the example 2.13 possesses the same property of convergence.

Corollary 2.16. Let f ∈ C(R, H) be asymptotically stationary (asymptotically ω− periodic, asymptotically almost periodic, asymptotically recurrent ), then every solution of equation (2.11) is asymptotically stationary (asymptotically ω− periodic, asymptotically almost periodic, asymptotically recurrent ) and globally asymptotically stable.

Example 2.17 Consider the equation

∂^2u ∂t^2 = Δu − ϕ( ∂u ∂t ) + f(t) (2.15)

in the open set Ω ⊂ R^n with condition u|_{∂Ω} = 0 on the boundary ∂Ω of Ω. Suppose that function ϕ : R → R satisfies the conditions : ϕ(0) = 0 and 0 < c_1 ≤ ϕ^′(ξ) ≤ c_2(ξ ∈ R). Then the equation may be rewritten in the following way ∂u ∂t = v ∂v ∂t = Δu − ϕ(v) + f(t) (2.16)

We denote by H = W^{1,2}_0 (Ω) × L^2(Ω) and we will define on H the scalar product < (u, v), (u^∗, v^∗) >= ∫ Ω [vv^∗ + ΔuΔu^∗ + λuv^∗ + λu^∗v]dx,

where λ is a certain positive constant independent of c_1 and c_2. It is possible to verify (see, for example, [35]) that for the system (2.16) my be applied the theorem 2.14 and corollary 2.16 .

2.4 Let I ⊆ R, D(I, R) be a space of all infinitely differentiable functions φ : I → H with compact support and [H] is the algebra of all linear operators on H.

Consider the equation ∫ R [< u(t), φ^′(t) > + < A(t)u(t), φ(t) > + < f(t), φ(t) >]dt = 0, (2.17) where A ∈ C(R, [H]) and f ∈ C(R, H). A function u ∈ C(I, H) is called the solution of equation (2.17) if the equality (2.17) takes place for all φ ∈ D(I, H).

Let x ∈ H, φ(t, x, A, f) be a solution of equation (2.17) defined on R_+ and satisfying the condition φ(0, x, A, f) = x and ∫ R [< u(t), φ^′(t) > + < B(t)u(t), φ(t) > + < g(t), φ(t) >]dt = 0, (2.18)

is a family of equations, where (B, g) ∈ H^+(A, f) = {(A_τ , f_τ )|τ ∈ R_+ }. We will suppose that the operator-function A ∈ C(R, [H]) is self-adjoined and negative defined, i.e. A(t) = −A_1(t) + iA_2(t) for all t ∈ R, where A_1(t) and A_2(t) are self-adjoined and < A_1(t)u, u > ≥ α|u|^2 (2.19) for all t ∈ R and u ∈ H, where α > 0. Lemma 2.18 [36]. We have 1 2 d dt |φ(t, x, A, f)|^2 = − < A_1(t)φ(t, x, A, f), φ(t, x, A, f) > +Re < f(t), φ(t, x, A, f) > (2.20) for all t > 0.

Lemma 2.19. The following inequality |φ(t, x, A, f)| ≤ |x| + ∫_t 0 |f(t)|dτ (2.21) takes place for all t ≥ 0.

Proof. In virtue of equality (2.20) we have 1 2 d dt |φ(t, x, A, f)|^2 ≤ |f(t)||φ(t, x, A, f)|. Let v(t) = |φ(t, x, A, f)|^2, then^{dv}_{dt} ≤ 2|f(t)| √ v(t) and, consequently, √ v(t) − √ v(τ) ≤ ∫_t τ |f(s)|ds from which follows the inequality (2.21).

Lemma 2.20. Let l, r and β > 0, x_0 ∈ H, A ∈ C(R, [H]) and f ∈ C(R, [H]), then there exists M = M(f, l, r, β, x_0) > such that |φ(t, x, B, g) − φ(t, x_0, A, f)| ≤ |x − x_0|+ M ∫_t 0 ‖B(t) − A(t)‖dτ + ∫_t 0 |g(τ) − f(τ)|dτ (2.22) for all t ∈ [0, l] and x ∈ B(x_0, r) = {x|x ∈ H, |x − x_0| ≤ r} if |g(t) − f(t)| ≤ β and Re < B(t)x, x >≤ 0 for any t ∈ [0, l] and x ∈ H. Proof. We denote by v(t) = φ(t, x, B, g) − φ(t, x_0, A, f), then ∫ R [< v(t), φ^′(t) > + < A(t)v(t), φ(t) > +

< B(t) − A(t))v(t), φ(t) > + < g(t) − f(t), φ(t) >]dt = 0 for any φ ∈ D(R, H). In virtue of lemma 2.18 1 2 d dt |v(t)|^2 = Re < A(t)v(t), v(t) > +Re[< (B(t) − A(t))φ(t, x, B, f), v(t) > + < g(t) − f(t), v(t) >] and according to lemma 2.19 we have |v(t)| ≤ |v(0)| + ∫_t 0 |(B(τ) − A(τ))φ(τ, x, B, g) + g(τ) − f(τ)|dτ

≤ |v(0)| + ∫_t 0 ‖B(τ) − A(τ)‖|φ(τ, x, B, g)|dτ + ∫_t 0 |g(τ) − f(τ)|dτ. (2.23) On the other hand according to lemma 2.19 for φ(t, x, B, g) we have |φ(t, x, B, g)| ≤ |x| + ∫_t 0 |g(τ)|dτ ≤ |x_0| + r + βl +l max_{0≤t≤l} |f(t)| = M(f, l, r, β, x_0). (2.24) Taking into account the inequalities (2.23) and (2.24) we obtain (2.22). The lemma is proved.

Let X̄ = H × H^+(A, f) and we denote by X a set of all < u, (b, g) >∈ X̄ such that through the point u ∈ H passes a solution φ(t, u, B, g) of equation (2.18) defined on R_+ .

Lemma 2.21.. A set X ⊆ H × H^+(A, f) is closed in H × H^+(A, f). Proof. Let < x, (A, f) >∈ X̄, then there exists a sequence < x_k, (B_k, g_k) >∈ X, such that x_k → x in space H, B_k → A in C(R, [H]) and g_k → f in C(R, H). Let l, ε > 0 are such that |x_k − x_m| < ε, |f_k(t) − f_m(t)| < ε and ‖B_k(t) − B_m(t)‖ < ε (2.25) for all t ∈ [0, l] and k, l ≥ k_0. Denote by r = sup{|x_k| : k ∈ N}, then according to lemma 2.20 |φ(t, x_k , B_k, f_k) − φ(t, x_m, B_m, f_m)| ≤ |x_k − x_m| + M ∫_t 0 ‖B_k(τ) − B_m(τ)‖dτ

+ ∫_t 0 |f_k(τ) − f_m(τ)|dτ ≤ ε + Mεl + εl (2.26) for all t ∈ [0, l] and k, m ≥ k_0, where M is a positive constant which is independent of r, l and f. Taking into account that space C(R_+ , H) is complete and inequality (2.26) we conclude that sequence {φ(t, x_k, B_k, f_k)} is convergent in space C(R_+ , H) and according to inequality (2.26) φ(t, x, A, f) = lim_{k→+∞} φ(t, x_k , B_k, f_k). The lemma is proved.

Lemma 2.22. The mapping φ : R_+ × X → H(φ : (t, < u, B, g >) → φ(t, u, G, g)) is continuous.

Proof. Let t_n → t, x_k → x, B_k → B and g_k → g then |φ(t, x_k , B_k, g_k) − φ(t, x, B, g)| ≤ |φ(t, x_k , B_k, g_k) − φ(t_k, x, B, g)| +|φ(t_k, x, B, g) − φ(t, x, B, g)| ≤ max_{0≤t≤l} |φ(t, x_k , B_k, g_k) − φ(t, x, B, g)| +|φ(t_k, x, B, g) − φ(t, x, B, g)|. (2.27) In virtue of inequality (2.27) and lemma 2.20 we obtain the necessary assertion. The lemma is proved.

Lemma 2.23. For all (B, g) ∈ H^+(A, f) and x_1, x_2 ∈ H we have |φ(t, x_1, B, g) − φ(t, x_2, B, g)| ≤ e^{−αt}|x_1 − x_2| (2.28) for any t ∈ R_+ .

Proof. If the operator-function A(t) is negative defined, then every operator-function B ∈ H^+(A) is negative defined and Re < B(t)u, u > ≥ α|u|^2 (t ∈ R, u ∈ H), where α > 0 is the same constant as that one figuring in (2.19) for operator-function A(t). Let ω(t) = φ(t, x_1, B, g)−φ(t, x_2, B, g), then according to lemma 2.18 we have 1 2 d dt |ω(t)|^2 = Re < B(t)ω(t), ω(t) > ≤ −α|ω(t)|^2 (2.29) and, consequently, |ω(t)| ≤ |ω(0)|e^{−αt} for all t ∈ R_+ . The lemma is proved.

Example 2.24 We will define on X a dynamical system in the following way: π(x, t) = π(< u, (b, g) >, t) =< φ(t, u, B, g), (B_t, g_t) > for all < u, (B, g) >∈ X and R+ . Let Y = H^+(A, f) and (Y, R+ , σ) be a dynamical system of translations

on Y and h = pr_2 : X → Y , then the triple < (X, R_+ , π), (Y, R_+ , σ), h > is a nonautonomous dynamical system, generated by equation (2.17).

We will call the equation (2.17) convergent if it admits a compact solution on

R+ which is globally asymptotically stable. According to results of § 1 the equa-

tion (2.17) will be convergent if and only if the nonautonomous dynamical system < (X, R_+ , π), (Y, R_+ , σ), h >, generated by equation (2.17) ( see example 2.24 ) will be convergent.

Theorem 2.25. Let A ∈ C(R, [H]), f ∈ C(R, H) and H^+(A, f) be compact, then the equation (2.17) is convergent.

Proof. According to results from [8,34] all the solutions of equation (2.17) are compact on R_+ and in virtue of lemma 2.23 every solution of equation (2.17) is globally asymptotically stable.

Corollary 2.26. Let A ∈ C(R, [H]) and f ∈ C(R, H) be asymptotically stationary (asymptotically ω− periodic, asymptotically almost periodic, asymptotically recurrent), then all the solutions of equation (2.17) are asymptotically stationary (asymptotically ω− periodic, asymptotically almost periodic, asymptotically recurrent) and globally asymptotically stable.

We note that in the case when A and F are almost periodic the corollary 2.26 generalizes the results from [36].

Example 2.27 Consider the equation ∂u ∂t = Lu + f(t, x) (u|_{t=0} = φ(x), u|_{∂Ω} = 0), (2.30)

where Lu = ∑_n i,j=1 ∂ ∂x_i (aij (t, x) ∂u ∂x_j ) − a(t, x)u is an uniformly elliptic operator, i.e.

the following inequality λ|ξ|^2 ≤ n∑ i,j=1 a_{i,j} ξ_iξ_j ≤ μ|ξ|^2

(λ, μ > 0) takes place for all ξ ∈ R^n . It is known [36] that the equation (2.30) may be rewritten in form (2.17) if we denote by H = L^2(Ω) , where Ω is a bounded domain

in R^n and ∂Ω is its boundary with operator-function A(t) defined by equality < A(t)u, φ >= − ∫ Ω [ n∑ i,j=1 a_{ij} (t, x) ∂u ∂x_j ∂φ ∂x_i + a(t, x)uφ]dx.

Hence, for equality (2.30) may be applied the theorem 2.25 and corollary 2.26 .

References

[1] B.P.Demidovich, The lectures on the mathematical theory of stability [in Russian]., Nauka, Moscow, 1967.

[2] R.Reissig, G.Sansone, R.Conti, Qualitative theorie nichlinearer differentialgleichungen., Edizioni Gremonese, Roma, 1963.

[3] V.A.Pliss, Nonlocal problems in the theory of oscillations., Academic Press, 1964. [4] J.Hale, Theory of functional differential equations., Springer-Verlag, Berlin-Heidelberg-New York, 1977.

[5] V.I.Zubov, The theory of oscillations [in Russian ]., Nauka, Moscow, 1979. [6] V.N.Schennikov, Study of convergence in the nonautonomous differential systems by vectorial Lyapunov’s function., Differentsial’nye Uravneniya [Differential Equations]. v.20, No11, 1983. p.1902-1907.

[7] V.N.Schennikov, The convergence of composite differential systems, Differentsial’nye Uravneniya [Differential Equations]. v.20, No11, 1983. p.1568-1571.

[8] D.N.Cheban, One test of the convergence of nonlinear systems in the Hilbert spaces., Differential equations and their invariants. Kishinev, ”Shtiintsa”, 1986, p.136-143..

[9] D.N.Cheban, Test of the convergence of nonlinear systems by the first approximation., Differential equations and their invariants. Kishinev, ”Shtiintsa”, 1986, p.144-150..

[10] D.N.Cheban, C-analytic dissipative dynamical systems., Differentsial’nye Uravneniya [Differential Equations] .1986. v.22, No11, p.1915-1922..

[11] D.N.Cheban, Nonautonomous dynamical systems with a convergence., Differentsial’nye Uravneniya [Differential Equations] , 1989. v.25, No9, p.1633-1635..

[12] D.N.Cheban, Some problems of the theory of dissipative dynamical systems,II., Functional methods in the theory of differential equations (Mathematical researches, issue 124). Kishinev, ”Shtiintsa ”, 1992, p.106-122..

[13] Cheban D.N., Nonautonomous dissipative dynamical systems. Thesis of doctor of physicomathematical sciences., Minsk, 1991.

[14] Hale J., Asymptotic behavior of dissipative systems., Mathematical surveys and Monographs, 25, American Math. Soc., Providence, R.I., 1988.

[15] Cheban D.N., Fakeeh D.S., Global attractors of the dynamical systems without uniqueness [in Russian]., ”Sigma”, Kishinev, 1994.

[16] Cheban D.N., Global attractors of the infinite-dimensional nonautonomous dynamical systems, I., Izvestiya AN RM. Matematika, No. 3 (25) 1997 p.42-55.

[17] Cheban D.N., Global attractors of the infinite-dimensional nonautonomous dynamical systems, II., Izvestiya AN RM. Matematika, No. 2 (27) 1998 p.25-28.

[18] V.V.Zhikov, On stability and instability of Levinson’s center, Differentsial’nye Uravneniya [Differential Equations] .1972, v.8, No12, p.2167-2070.

[19] D.N.Cheban, On the stability of Levinson’s center of nonautonomous dissipative dynamical systems, Differentsial’nye Uravneniya [Differential Equations] .1984, v.20, No11, p.2016-2018.

[20] Cheban D.N., Nonautonomous dissipative dynamical systems., Soviet Math. Dokl., v.33, N1, 1986, p.207-210.

[21] G.R.Sell, Lecture on Topological Dynamics and Differential equations, Van-Nostrand-Rein hold, Prinston, N.Y., 1971.

[22] P.E.Kloeden and B.Schmalfuss, Lyapunov functions and attractors under variable time-step discretization., Discrete and Continuous Dynamical Systems. 1996, v.2, No2, p.163-172.

[23] H.Crauel, F.Flandoli, Attractors for random dynamical systems, Probability Theory and Related Fields . 1994, 100, p.365-393.

[24] B.A.Scherbakov and D.N.Cheban, Poisson asymptotic stability of motions of dynamical systems and their comparability with regard to the recurrence property in the limit., Differentsial’nye Uravneniya [Differential Equations] , 1977. v.13, No5, p.898-906..

[25] D.N.Cheban, On the comparability of the points of dynamical systems with regard to character of recurrence property in the limit., Mathematical Sciences, 1977, issue 1, p.66-71..

[26] D.N.Cheban, Poisson asymptotic stability of solutions of operational equations., Differentsi al’nye Uravneniya [Differential Equations] , 1977. v.13, No8, p.978-983..

[27] D.N.Cheban, Global attractors of infinite-dimensional systems,II, Bulletin of Academy of sciences of Republic of Moldova. Mathematics, 1995, No1 (17), p.28-37..

[28] D.N.Cheban, Global attractors of infinite-dimensional systems,I, Bulletin of Academy of sciences of Republic of Moldova. Mathematics, 1994, No2 (15), p.12-21..

[29] D.N.Cheban, On the structure of the Levinson’s centre of dissipative dynamical systems., Differentsial’nye Uravneniya [Differential Equations] , 1988. No9, p.1564-1576..

[30] Z.Artstein, Uniform Asymptotic Stability via the Limiting Equations., Journal of Differential Equations,1978. v.27, no2, p.172-189..

[31] Yu.V.Trubnikov and A.I.Perov, The differential equations with monotone nonlinearity [in Russian], Nauka i Tehnika, Minsk, 1986.

[32] B.M.Levitan and V.V.Zhikov, Almost periodic functions and differential equations, Cambridge Univ.Press, London, 1982.

[33] H.Brezis, Operateurs maximaux monotones et semigroupes de contractions dans les espaces de Hilbert., Math.Studies, North Holland, v.5, 1973.

[34] H.Nacer, Systemes dinamiques nonautonomes contractants et leur applications. These de magister., USTHB, Algerie, 1983.

[35] C.M.Dafermos, Almost periodic process and almost periodic solutions of evolution equations., Dynamical Systems. Proceedings of a University of Florida international symposium. 1977, p.43-58.

[36] B.G.Ararktsyan, The asymptotic almost periodic solutions same linear evolutionary equations, Mathematicheskii sbornik.1988, v.133(175), No1(5), p.3-10.

D.N.Cheban State University of Moldova Faculty of Mathematics and Informatics 60, A.Mateevich str. Chişinău, MD-2009 MOLDOVA

E-mail address: cheban@usm.md