ASYMPTOTIC PROPERTIES OF MILD SOLUTIONS OF NONAUTONOMOUS EVOLUTION EQUATIONS WITH APPLICATIONS TO RETARDED DIFFERENTIAL EQUATIONS

GABRIELE GÜHRING AND FRANK RÄBIGER

Abstract. We investigate asymptotic properties of mild solutions of the inhomogeneous nonautonomous evolution equation^d_{dt} u(t) = (A+B(t))u(t)+f(t), t ∈ R, where (A, D(A)) is a Hille-Yosida operator on a Banach space X, B(t), t ∈ R, is a family of operators in L(D(A), X) satisfying certain boundedness and measurability conditions, and f ∈ L^1_{loc}(R, X). The mild solutions of the corresponding homogeneous problem are represented by an evolution family (UB (t, s))t≥s. For various function spaces F we derive conditions on (UB (t, s))t≥s and f which ensure the existence of a unique mild solution u contained in F. In particular, if (UB (t, s))t≥s is p-periodic and f is bounded there is a unique bounded mild solution u subject to certain spectral assumptions on UB (p, 0), f, and u. We apply our results to discuss asymptotic properties of nonautonomous retarded differential equations. For certain p-periodic retarded differential equations we derive a characteristic equation which makes it easier to verify the spectral conditions on the operator UB (p, 0).

1. Introduction

Consider the inhomogeneous nonautonomous evolution equation (INP )^′_f d dt u(t) = A(t)u(t) + f(t), t ∈ R, where A(t), t ∈ R, are (unbounded, linear) operators on a Banach space X and f ∈ L^1_{loc}(R, X). Assume that the homogeneous equation (NP )^′ d dt u(t) = A(t)u(t), t ∈ R, is well-posed in the sense that the solutions of (NP )^′ define a uniquely determined evolution family (U(t, s))_{t≥s} of bounded operators on X. In that case solutions u :

R → X of the integral equation (I) u(t) = U(t, s)u(s) + ∫_t s U(t, σ)f(σ) dσ, t ≥ s, can be interpreted as mild solutions of (INP )^′_f . It has been shown in [5], [22], [23] that for each f ∈ C_b(R, X) resp. C_0(R, X) equation (INP )^′_f has a unique mild solution u ∈ C_b(R, X) resp. C_0(R, X) if and only if the evolution family (U(t, s))_{t≥s} has an exponential dichotomy (see also [10], [24] when the operators A(t), t ∈ R, are bounded). For a detailed account of the numerous other results in this direction we refer to [22]

1991 Mathematics Subject Classification. 34C25, 34C27, 34G10, 34K15, 34K30, 35B10, 35B15, 35B40, 47D06, 47H15.

Key words and phrases. Inhomogeneous, semilinear, nonautonomous, periodic, almost periodic, Hille-Yosida operator, retarded differential equation, mild solution.

Most of the work on this paper was done while the authors were visiting the Department of Mathematics at the University of Missouri-Columbia. The authors are most grateful for the warm hospitality they experienced during their visit. Support of the first author by ”Friedrich-Ebert-Stiftung” is gratefully acknowledged. 1

and [7].

Now assume that equation (NP )^′ is p-periodic, i.e., A(t + p) = A(t), t ∈ R. It has been shown in [30], [19], [27], [6] that under a certain spectral condition (nonresonance condition) on the monodromy operator U(p, 0) and the inhomogeneity f there is a pperiodic resp. almost periodic mild solution of (INP )^′_f provided that f has the same property. Moreover, u is unique subject to certain spectral assumptions. If (U(t, s))_{t≥s} has an exponential dichotomy, then the nonresonance condition is always satisfied and we obtain existence and uniqueness of a p-periodic resp. almost periodic mild solution of (INP )^′_f for every p-periodic resp. almost periodic inhomogeneity f. We point out that in [11], [31] related results are discussed for Volterra equations (see also [32]). In the present paper we study the equation (INP )_f d dt u(t) = (A + B(t))u(t) + f(t), t ∈ R, where (A, D(A)) is a Hille-Yosida operator on the Banach space X, B(t), t ∈ R, is a family of operators in L(D(A), X), and f ∈ L^1_{loc}(R, X). We stress that, in general, X_0 = D(A) is a proper subspace of X from which the main difficulties arise. Our approach is based on the theory of extrapolation spaces associated with the operator A (see Section 2 and [26]). In particular, it is used in our definition of mild solutions of (INP )_f . Moreover, it allows to show that under a certain boundedness and measurability condition on the family B(t), t ∈ R, there is a (unique) evolution family (U_B(t, s))_{t≥s} on X_0 associated with the homogeneous equation (NP ) d dt u(t) = (A + B(t))u(t), t ∈ R (cf. [9], [33]). The evolution family (U_B(t, s))_{t≥s} is used to derive another representation of the mild solutions of (INP )_f (see Theorem 2.2). This representation is crucial for the investigations in Section 3. There we extend the above-mentioned results on the existence and uniqueness of mild solutions of (INP )^′_f satisfying a particular asymptotic behavior to mild solutions of (INP )_f . We point out that in the autonomous case, i.e., B(t) = B, similar results are obtained in [2]. In Section 4 we discuss asymptotic properties of mild solutions of the semilinear nonautonomous equation (SNP ) d dt u(t) = (A + B(t))u(t) + F (t, u(t)), t ∈ R, where the nonlinearity F : R × X_0 → X satisfies a standard Lipschitz condition. In Section 5 the advantage of our approach becomes visible when we study inhomogeneous nonautonomous retarded differential equations (RINP )_h d dt w(t) = Cw(t) + K(t)w_t + h(t), t ∈ R, on a Banach space Y . A standard procedure (see e.g. [16], [33], [40]) allows to transform (RINP )_h into an equation of the form (INP )_f on a different Banach space. Now the results of Section 3 can be applied to investigate asymptotic properties of mild solutions of (RINP )_h. For a special periodic retarded differential equation we derive a characteristic equation which makes it easier to verify the spectral conditions in our results (see Theorem 5.9). We point out that in finite dimensions asymptotic properties of solutions of inhomogeneous retarded differential equations have been studied in [38] under the assumption that the corresponding homogeneous equation admits an exponential dichotomy (see also [17, Section 6.6.2], [29]). Finally, we refer to [36], [34] and the references therein for other results on asymptotic behaviour of (nonlinear) retarded differential equations. 2

2. Mild Solutions and Extrapolation Spaces

We first recall some properties of Hille-Yosida operators and extrapolation spaces. For more details we refer to [26] and the references therein. Throughout the whole paper X denotes a Banach space and (A, D(A)) is a Hille-Yosida operator on X, i.e., A is linear and the resolvent set ρ(A) of A contains a half-line (ω, ∞) such that M = sup{‖(λ − ω)^nR(λ, A)^n‖ : λ > ω; n ∈ N} < ∞, where R(λ, A) = (λ − A)^{−1} is the resolvent of A at λ. It is well-known that the part A_0 of A in X_0 = D(A) generates a C_0-semigroup (T_0(t))_{t≥0} on X_0 and that ‖T_0(t)‖ ≤ Me^{ωt}, t ≥ 0. For λ ∈ ρ(A_0) the resolvent R(λ, A_0) is the restriction of R(λ, A) to X_0. Typical examples of Hille-Yosida operators appearing in partial differential equations can be found e.g. in [12], see also Section 5. On X_0 we introduce the norm ‖x‖_{−1} = ‖R(λ_0, A_0)x‖ where λ_0 ∈ ρ(A) is fixed. A different choice of λ_0 ∈ ρ(A) leads to an equivalent norm. The completion X_{−1} of X_0 with respect to ‖ · ‖_{−1} is called the extrapolation space of X_0 with respect to A. The extrapolated semigroup (T_{−1}(t))_{t≥0} consists of the unique continuous extensions T_{−1}(t) of the operators T_0(t), t ≥ 0, to X_{−1}. The semigroup (T_{−1}(t))_{t≥0} is strongly continuous and its generator A_{−1} is the unique continuous extension of A_0 to L(X_0, X_{−1}). Moreover, X is continuously embedded in X_{−1} and R(λ, A_{−1}) is the unique continuous extension of R(λ, A) to X_{−1} for λ ∈ ρ(A). Finally, A_0 and A are the parts of A_{−1} in X_0 and X, respectively. It follows from [26, Proposition 3.3], that for f ∈ L^1_{loc}(R, X) and t ≥ s ∫_t s T_{−1}(t − σ)f(σ) dσ ∈ X_0, (t, s) → ∫_t s T_{−1}(t − σ)f(σ) dσ is continuous, and ‖ ‖ ‖ ∫_t s T_{−1}(t − σ)f(σ) dσ ‖ ‖ ‖ ≤ M1 ∫_t s e^{ω(t−σ)}‖f(σ)‖ dσ for a constant M_1 ≥ 1.

(2.1)

We consider the inhomogeneous nonautonomous evolution equation (INP )_f d dt u(t) = (A + B(t))u(t) + f(t), t ∈ R, f ∈ L^1_{loc}(R, X), where (A, D(A)) is a Hille-Yosida operator on the Banach space X and B(t) ∈ L(X_0, X),

t ∈ R, is a family of operators such that t → B(t)x is strongly measurable for every

x ∈ X_0 and ‖B(·)‖ ≤ b(·) for a function b ∈ L^1_{loc}(R). For our purposes the notion of a mild solution of equation (INP )_f is most useful. We point out that our definition of a mild solution coincides with that given in [8], the F -solutions in [12], the weak solutions in [13] and the integral solutions in [40].

Definition 2.1. If f ∈ L^1_{loc}(R, X) and T ≥ s, then u = u(·, f) ∈ C([s, T ], X_0) is called a mild solution of (INP )_f on [s, T ] if

u(t) = T_0(t − s)u(s) + ∫_t s T_{−1}(t − σ) ( B(σ)u(σ) + f(σ) ) dσ for t ∈ [s, T ]. (2.2)

A function u = u(·, f) ∈ C(R, X_0 ) that satisfies (2.2) for all t ≥ s in R is called a mild solution on R of (INP )_f .

Under our assumptions on A and B(t), t ∈ R, it follows that for f ∈ L^1_{loc}(R, X) and

s ∈ R there is a unique mild solution u = u(·, f, s, x) ∈ C([s, ∞), X_0) of (INP )_{f,s,x} {_d dt u(t) = (A + B(t))u(t) + f(t), t ≥ s, u(s) = x ∈ X_0

(see e.g. [15] or Theorem 2.2). Mild solutions of the homogeneous equation

(NP ) d dt v(t) = (A + B(t))v(t), t ∈ R, have another representation. For that we need the following notion. A family (U(t, s))_{t≥s} in L(X_0) is called an evolution family on X_0 if U(t, t) = Id, U(t, r)U(r, s) = U(t, s) for t ≥ r ≥ s and (t, s) → U(t, s)x is continuous for t ≥ s and x ∈ X_0. It is known (see for example [9, Theorem 2.3,], [33, Theorem 2.3], where a slightly more special situation is considered) that there exists a unique evolution family (U_B(t, s))_{t≥s} on X_0 that satisfies the variation-of-parameters formula

U_B(t, s)x = T_0(t − s)x + ∫_t s T_{−1}(t − σ)B(σ)U_B (σ, s)x dσ, t ≥ s, x ∈ X_0. (2.3)

Thus t → U_B(t, s)x is the unique mild solution on [s, ∞) of the initial value problem

(NP )_{s,x} {_d dt u(t) = (A + B(t))u(t), t ≥ s, u(s) = x ∈ X_0. Gronwall’s inequality (see for example [1, Corollary II.6.2]), the estimate in (2.1), and (2.3) imply ‖U_B(t, s)‖ ≤ Me^{ω(t−s)+M1 R ts b(σ) dσ}, t ≥ s, (2.4)

for the constants M, M_1 ≥ 1. In particular, if ‖B(·)‖ is bounded from above by a function b ∈ L^1_{loc,u}(R), i.e., ‖b‖_{1,loc,u} = sup_{t∈}R ∫_t t−1 |b(σ)| dσ < ∞, then the evolution family (U_B(t, s))_{t≥s} is exponentially bounded, i.e., ‖U_B(t, s)‖ ≤ Ne^{β(t−s)} for t ≥ s and constants N ≥ 1, β ∈ R. In the following result we give a representation of mild solutions of (INP )_f in terms of the evolution family (U_B(t, s))_{t≥s}. A special case has been discussed in [16, Theorem 3.6].

Theorem 2.2. Let f ∈ L^1_{loc}(R, X), s ∈ R, and x ∈ X_0. Then there is a unique mild solution u ∈ C([s, ∞), X_0) of (INP )_{f,s,x} given by

u(t) = U_B(t, s)x + lim_{λ→∞} ∫_t s U_B(t, σ)λR(λ, A)f(σ) dσ for t ≥ s.

Moreover, lim_{λ→∞} ∫_t s U_B(t, σ)λR(λ, A)f(σ) dσ ∈ X_0 exists uniformly for t ≥ s in compact

sets in R.

Proof. Let λ > ω and set

w_λ(t, s) = ∫_t s U_B(t, σ)λR(λ, A)f(σ) dσ, t ≥ s. 4

Then (2.3) leads to

w_λ(t, s) = ∫_t s T_0(t − σ)λR(λ, A)f(σ) dσ + ∫_t s ( ∫ t σ T_{−1}(t − τ)B(τ)U_B (τ, σ)λR(λ, A)f(σ) dτ ) dσ = λR(λ, A_0) ∫_t s T_{−1}(t − σ)f(σ) dσ + ∫_t s ( ∫ τ s T_{−1}(t − τ)B(τ)U_B(τ, σ)λR(λ, A)f(σ) dσ ) dτ = λR(λ, A_0) ∫_t s T_{−1}(t − σ)f(σ) dσ + ∫_t s T_{−1}(t − σ)B(σ)w_λ(σ, s) dσ, t ≥ s.

(2.5)

If z(t, s) = ∫_t s T_{−1}(t − σ)f(σ) dσ, t ≥ s, then by (2.1) for λ, μ > ω ‖w_λ(t, s) − w_μ(t, s)‖ ≤ ‖(λR(λ, A_0) − μR(μ, A_0))z(t, s)‖ + M_1 ∫_t s e^{ω(t−σ)}b(σ)‖w_λ(σ, s) − w_μ(σ, s)‖ dσ. (2.6)

From (2.1) it follows that z is a continuous mapping into X_0. Hence lim λ,μ→∞ ‖(λR(λ, A_0) − μR(μ, A_0))z(t, s)‖ = 0 uniformly for t ≥ s in compact intervals. Thus if ϵ > 0 and I ⊆ R is a compact interval, then by (2.6) there is a constant M̃ depending only on the length of I such that ‖w_λ(t, s) − w_μ(t, s)‖ ≤ ϵ + M̃ ∫_t s b(σ)‖w_λ(σ, s) − w_μ(σ, s)‖ dσ for t ≥ s in I and λ, μ > ω sufficiently large. An application of Gronwall’s inequality (see [1, Corollary II.6.2]) leads to the estimate ‖w_λ(t, s) − w_μ(t, s)‖ ≤ ϵe^{M̃ R ts b(σ) dσ} for t ≥ s in I and λ, μ > ω sufficiently large. Hence w(t, s) = lim_{λ→∞} w_λ(t, s) exists uniformly for t ≥ s in compact intervals.

Since A is a Hille-Yosida operator it follows from the definition of w_λ that sup{‖w_λ(t, s)‖ : λ > ω + 1; t ≥ s in I} < ∞. Hence, by (2.5) and Lebesgue’s Dominated Convergence Theorem, we have w(t, s) = ∫_t s T_{−1}(t − σ)B(σ)w(σ, s) dσ + ∫_t s T_{−1}(t − σ)f(σ) dσ, t ≥ s. (2.7) Now consider the function u(t) = U_B(t, s)x + lim_{λ→∞} ∫_t s U_B(t, σ)λR(λ, A)f(σ) dσ = U_B(t, s)x + w(t, s), t ≥ s. 5

By (2.7) and (2.3), we obtain u(t) = U_B(t, s)x + ∫_t s T_{−1}(t − σ)B(σ)w(σ, s) dσ + ∫_t s T_{−1}(t − σ)f(σ) dσ = T_0(t − s)x + ∫_t s T_{−1}(t − σ)B(σ) ( U_B(σ, s)x + w(σ, s) ) dσ + ∫_t s T_{−1}(t − σ)f(σ) dσ = T_0(t − s)x + ∫_t s T_{−1}(t − σ) ( B(σ)u(σ) + f(σ) ) dσ. Hence u is a mild solution of (INP )_f .

If ũ ∈ C([s, ∞), X_0) is another mild solution of (INP )_{f,s,x} we obtain u(t) − ũ(t) = ∫_t s T_{−1}(t − σ)B(σ)(u(σ) − ũ(σ)) dσ, t ≥ s, and an application of Gronwall’s inequality yields u = ũ.

Remark 2.3. If in Theorem 2.2 we assume that f ∈ L^1_{loc}(R, X_0 ), then the function u ∈ C([s, ∞], X_0) is a mild solution of (INP )_{f,s,x} if and only if u(t) = U_B(t, s)x + ∫_t s U_B(t, σ)f(σ) dσ, t ≥ s. Theorem 2.2 has the following immediate consequence.

Corollary 2.4. If f ∈ L^1_{loc}(R, X), then u ∈ C(R, X_0 ) is a mild solution of (INP )_f if and only if u(t) = U_B(t, s)u(s) + lim_{λ→∞} ∫_t s U_B(t, σ)λR(λ, A)f(σ) dσ for t ≥ s. In our next result we improve the convergence of the integrals considered in Theorem 2.2. By BUC_r(R, X) we denote the space of bounded, uniformly continuous functions f from R into X such that f has relatively compact range.

Proposition 2.5. Let ‖B(·)‖ ≤ b(·) for some b ∈ L^1_{loc,u}(R) and let f ∈ BUC_r(R, X). Then, for fixed s > 0, the limit lim_{λ→∞} ∫_t t−s U_B(t, σ)λR(λ, A)f(σ) dσ exists uniformly for t in R. Proof. We claim that the function ψ : R → X_0 : t → z(t, t − s) = ∫_t t−s T_{−1}(t − σ)f(σ) dσ = ∫_s 0 T_{−1}(σ)f(t − σ) dσ has relatively compact range. In fact, fix ϵ > 0. There exists δ =^s_n > 0 for an n ∈ N and a function g : R → X such that g is constant on each interval [kδ, (k + 1)δ), k ∈ Z, the range of g is contained in a finite set K ⊆ X, and ‖f − g‖_∞ ≤ ϵ. From (2.1) it follows that the mapping (r, x) → ∫_r 0 T_{−1}(σ)x dσ 6

from R_+ × X into X_0 is continuous. The range of

ϕ : R → X_0 : t → ∫_s 0 T_{−1}(σ)g(t − σ) dσ is contained in

K_0 =

{^{n+1}∑ k=1 ( T_0(τ_k) ∫_{rk} 0 T_{−1}(σ)x_k dσ ) : 0 ≤ τ_k ≤ s; 0 ≤ r_k ≤ s; x_k ∈ K } , and hence, K_0 is compact. On the other hand, by (2.1), there is a constant N independent of t ∈ R such that ‖ ∫_s 0 T_{−1}(σ)(f(t − σ) − g(t − σ)) dσ‖ ≤ N ∫_s 0 ‖f(t − σ) − g(t − σ)‖ dσ ≤ Nsϵ. Thus the range of ψ is contained in K_0 + NsϵB_{X0} , where B_{X0} denotes the closed unit ball of X_0. In particular, the range of ψ is totally bounded, which proves the claim. Since ψ has relatively compact range we obtain lim_{λ→∞} ( λR(λ, A_0) − μR(μ, A_0) ) z(t, t − s) = 0 uniformly for t ∈ R.

(2.8) If w_λ(t, t − s) = ∫_t t−s U_B(t, σ)λR(λ, A)f(σ) dσ, t ∈ R, then as in the proof of Theorem 2.2 we derive from (2.8) and (2.6) that lim λ,μ→∞ ‖w_λ(t, t − s) − w_μ(t, t − s)‖ = 0 uniformly for t ∈ R. This completes the proof. The following Lemma will be used in Section 3.

Lemma 2.6. Let f ∈ L^1_{loc}(R, X) and let u ∈ C(R, X_0 ) be a mild solution of (INP )_f . If ϕ ∈ C^1(R), then ϕu is a mild solution of (INP )_ϕ′_{u+ϕf} .

Proof. If t ≥ s, then the representation of u obtained in Theorem 2.2 leads to ∫_t s U_B(t, σ)ϕ^′(σ)u(σ) dσ = ∫_t s U_B(t, σ)ϕ^′(σ)U_B (σ, s)u(s) dσ + lim_{λ→∞} ∫_t s U_B(t, σ)ϕ^′(σ) ∫_σ s U_B(σ, τ)λR(λ, A)f(τ) dτdσ = (ϕ(t) − ϕ(s))U_B (t, s)u(s) + lim_{λ→∞} ∫_t s ∫_t τ ϕ^′(σ)U_B (t, τ)λR(λ, A)f(τ) dσdτ = ϕ(t) ( U_B(t, s)u(s) + lim_{λ→∞} ∫_t s U_B(t, τ)λR(λ, A)f(τ) dτ )

− U_B(t, s)ϕ(s)u(s) − lim_{λ→∞} ∫_t s U_B(t, τ)λR(λ, A)ϕ(τ)f(τ) dτ. Another application of Theorem 2.2 establishes the result. 7

3. Asymptotic properties of solutions of inhomogeneous equations

In this section we discuss conditions on the evolution family (U_B(t, s))_{t≥s} and the inhomogeneity f ∈ L^1_{loc}(R, X) which ensure that (INP )_f has a (unique) mild solution u with a prescribed asymptotic behavior. For the rest of the paper we impose the following condition on the perturbation (B(t))_{t∈}R. (B) ‖B(·)‖ ≤ b(·) for some b ∈ L^1_{loc,u}(R).

Note that (B) implies exponential boundedness of the evolution family (U_B(t, s))_{t≥s} (see (2.4)).

At first we discuss the case where (U_B(t, s))_{t≥s} has an exponential dichotomy. We recall the following notion (see [10], [18], [21], [23], [24], [25], [37]).

Definition 3.1. An evolution family (U(t, s))_{t≥s} on the Banach space Z has an exponential dichotomy with constants α > 0, L ≥ 1 if there exists a bounded, strongly continuous family of projections (P (t))_{t∈}R ⊆ L(Z) such that for t ≥ s (i) P (t)U(t, s) = U(t, s)P (s), (ii) the map U_|(t, s) : (Id − P (s))Z → (Id − P (t))Z : z → U(t, s)z is invertible, (iii) ‖U(t, s)z‖ ≤ Le^{−α(t−s)}‖z‖ for z ∈ P (s)Z, (iv) ‖U_|(t, s)^{−1}z‖ ≤ Le^{−α(t−s)}‖z‖ for z ∈ (Id − P (t))Z. In that case the family (Γ(t, s))_{(t,s)∈}R2 ⊆ L(Z) given by Γ(t, s) = { P (t)U(t, s)P (s), t ≥ s, −(Id − P (t))[U_|(s, t)]^{−1}(Id − P (s)), t < s, is called the corresponding Green’s operator function.

Remark 3.2. It is shown in [39, Lemma VI.9.15] that (t, s) → [U_|(t, s)]^{−1}(Id − P (t)) is strongly continuous for t ≥ s.

The existence of an exponential dichotomy for the evolution family (U(t, s))_{t≥s} on the Banach space Z allows to connect asymptotic properties of the solution u(·, f) ∈

C(R, Z) of the integral equation u(t, f) = U(t, s)u(s, f) + ∫_t s U(t, τ)f(τ) dτ, t ≥ s, (3.1)

with asymptotic properties of the function f ∈ C(R, Z). We recall the following result in [22, Theorem 2.1], (see also [23, 10.2, Theorem 1], [5, Theorem 4]). By C_b(R, Z) we denote the set of all bounded, continuous, Z-valued functions on R, and C_0(R, Z) is the space of all functions in C_b(R, Z) vanishing at ±∞.

Theorem 3.3. Let (U(t, s))_{t≥s} be an exponentially bounded evolution family on the Banach space Z and let F(R, Z) be the space C_0(R, Z) or C_b(R, Z). Then (U(t, s))_{t≥s} has an exponential dichotomy if and only if for every f ∈ F(R, Z) there exists a unique solution u(·, f)∈F(R, Z) of equation (3.1). In that case u(·, f) is given by u(t, f) = ∫_∞ −∞ Γ(t, σ)f(σ) dσ, t ∈ R. (3.2)

We will show a corresponding result on asymptotic properties of the mild solutions of the inhomogeneous equation (INP )_f . We stress that in our case the evolution family (U_B(t, s))_{t≥s} given by equation (2.3) consists of operators on the Banach space X_0 whereas the inhomogeneity f has values in the larger space X. The following lemma plays a central role. By L^1_{loc,u}(R, X) we denote the space of uniformly locally integrable functions from R into X equipped with the norm ‖f‖_{1,loc,u} = sup_{t∈}R ∫_t t−1 ‖f(σ)‖ dσ. 8

Lemma 3.4. Assume that (U_B (t, s))_{t≥s} has an exponential dichotomy with constants α > 0, L ≥ 1, and projections (P_B (t))_{t≥0}. For f ∈ L^1_{loc,u}(R, X) and λ > ω define u_λ(·, f) ∈ C(R, X_0 ) by u_λ(t, f) = ∫_∞ −∞ Γ_B(t, σ)λR(λ, A)f(σ) dσ, t ∈ R, where (Γ_B(t, s))_{(t,s)∈}R2 is the Green’s operator function corresponding to (U_B(t, s))_{t≥s}. Then:

(i) ‖u_λ(·, f)‖ ≤ C‖f‖_{1,loc,u} for a constant C independent of λ ≥ ω + 1 and f. (ii) (u_λ(·, f)) is uniformly convergent on compact intervals in R as λ → ∞. (iii) If f ∈ BUC_r(R, X), then (u_λ(·, f)) is uniformly convergent on R as λ → ∞. Proof. Let Q_B(t) = Id−P_B (t), t ∈ R. Since (U_B(t, s))_{t≥s} has an exponential dichotomy and A is a Hille-Yosida operator we obtain for t ∈ R and λ ≥ ω + 1 ‖u_λ(t, f)‖ ≤ ∫_∞ t ‖[U_{B|}(σ, t)]^{−1}Q_B(σ)λR(λ, A)f(σ)‖ dσ + ∫_t −∞ ‖U_B(t, σ)P_B (σ)λR(λ, A)f(σ)‖ dσ ≤ ∑ k≥0 Le^{−αk}‖λR(λ, A)‖ ∫_{t+k+1} t+k ‖Q_B(σ)‖‖f(σ)‖ dσ

+ ∑ k≥0 Le^{−αk}‖λR(λ, A)‖ ∫_{t−k} t−k−1 ‖P_B (σ)‖‖f(σ)‖ dσ ≤C‖f‖_{1,loc,u}, where C is a constant independent of f. From this assertion (i) and the continuity of u_λ follow.

In order to show (ii) note that u_λ(t, f) = U_B(t, s)u_λ(s, f) + ∫_t s U_B(t, σ)λR(λ, A)f(σ) dσ for t ≥ s (see [22, Proof of Proposition 1.2]). For λ, μ > ω + 1, t ∈ R, and r > 0 we have ‖P_B (t)(u_λ(t, f) − u_μ(t, f))‖ ≤ ‖U_B(t, t − r)P_B(t − r)(u_λ(t − r, f) − u_μ(t − r, f))‖ + ‖P_B (t) ∫_t t−r U_B(t, σ)(λR(λ, A) − μR(μ, A))f(σ) dσ‖ (3.3) ≤ Le^{−αr}C_1 + ‖P_B (t) ∫_t t−r U_B(t, σ)(λR(λ, A) − μR(μ, A))f(σ) dσ‖, where C_1 = sup{‖P_B(t)‖‖u_λ(t, f) − u_μ(t, f)‖ : t ∈ R; λ, μ > ω + 1}. By Theorem 2.2, lim_{λ→∞} λ ∫_t s U_B(t, σ)λR(λ, A)f(σ) dσ exists uniformly for t ≥ s in compact intervals in

R. Thus, if in (3.3) we choose r > 0 sufficiently large and then consider λ, μ → ∞ we

obtain lim λ,μ→∞ ‖P_B (t)(u_λ(t, f) − u_μ(t, f))‖ = 0 (3.4) uniformly for t in compact intervals in R.

On the other hand, for λ, μ > ω + 1, t ∈ R, and r > 0 we obtain ‖[U_{B|}(t + r, t)]^{−1}Q_B(t + r)(u_λ(t + r, f) − u_μ(t + r, f))‖ ≥ ‖Q_B(t)(u_λ(t, f) − u_μ(t, f))‖ − ‖[U_{B|}(t + r, t)]^{−1}Q_B(t + r) ∫_{t+r} t U_B(t + r, σ)(λR(λ, A) − μR(μ, A))f(σ) dσ‖. Thus ‖Q_B(t)(u_λ(t, f) − u_μ(t, f))‖ ≤ Le^{−αr} ( C_2

(3.5)

+ ‖Q_B(t + r) ∫_{t+r} t U_B(t + r, σ)(λR(λ, A) − μR(μ, A))f(σ) dσ‖ ) , where C_2 = sup{‖Q_B(t)‖‖u_λ(t, f) − u_μ(t, f)‖ : t ∈ R; λ, μ > ω + 1}. As above, if we choose r > 0 sufficiently large and apply Theorem 2.2 we obtain lim λ,μ→∞ ‖Q_B(t)(u_λ(t, f) − u_μ(t, f))‖ = 0 (3.6)

uniformly for t in compact intervals of R. Assertion (ii) is now an immediate consequence of (3.4) and (3.6).

Finally, if f ∈ BUC_r(R, X), then (3.3) and (3.5) together with Proposition 2.5 imply lim λ,μ→∞ ‖P_B(t)(u_λ(t, f) − u_μ(t, f))‖ = 0 and lim_{λ,μ→∞} ‖Q_B(t)(u_λ(t, f) − u_μ(t, f))‖ = 0 uniformly for t ∈ R. This proves (iii).

We come to our first main result. It is an analogue of Theorem 3.3 and connects asymptotic properties of mild solutions of (INP )_f with the existence of an exponential dichotomy for the evolution family (U_B(t, s))_{t≥s}. In the special case where B(t) = B is constant a similar result has been shown in [2] by completely different methods. Theorem 3.5. The following assertions are equivalent.

(i) The evolution family (U_B(t, s))_{t≥s} has an exponential dichotomy. (ii) For every f ∈ L^1_{loc,u}(R, X) there is a unique mild solution u ∈ C_b(R, X_0 ) of (INP )_f .

(iii) For every f ∈ C_b(R, X) there is a unique mild solution u ∈ C_b(R, X_0 ) of (INP )_f . (iv) For every f ∈ C_0(R, X) there is a unique mild solution u ∈ C_0(R, X_0 ) of (INP )_f . In that case the function u = u(·, f) is given by u(t, f) = lim_{λ→∞} ∫_∞ −∞ Γ_B(t, σ)λR(λ, A)f(σ) dσ, t ∈ R, (3.7)

where (Γ_B(t, s))_{(t,s)∈}R2 is the Green’s operator function corresponding to (U_B(t, s))_{t≥s}. Proof. (i) ⇒ (ii): Assume that (U_B(t, s))_{t≥s} has an exponential dichotomy and let f ∈ L^1_{loc,u}(R, X). Lemma 3.4 implies that the limit function u = u(·, f) in (3.7) is defined and u ∈ C_b(R, X). We claim that u(·, f) is a mild solution of (INP )_f . In fact, 10

if t ≥ s, then u(t, f) − U_B(t, s)u(s, f) = lim_{λ→∞} λ ( ∫ ∞ −∞ Γ_B(t, σ)R(λ, A)f(σ) dσ − ∫_s −∞ U_B(t, σ)P_B (σ)R(λ, A)f(σ) dσ + ∫_t s U_B(t, σ)Q_B (σ)R(λ, A)f(σ) dσ + ∫_∞ t [U_{|B}(σ, t)]^{−1}Q_B(σ)R(λ, A)f(σ) dσ )

= lim_{λ→∞} λ ( ∫ ∞ −∞ Γ_B(t, σ)R(λ, A)f(σ) dσ − ∫_t −∞ U_B(t, σ)P_B (σ)R(λ, A)f(σ) dσ + ∫_t s U_B(t, σ)R(λ, A)f(σ) dσ + ∫_∞ t [U_{|B}(σ, t)]^{−1}Q_B(σ)R(λ, A)f(σ) dσ )

= lim_{λ→∞} ∫_t s U_B(t, σ)λR(λ, A)f(σ) dσ. By Theorem 2.2, u(·, f) is a mild solution of (INP )_f . To show that u(·, f) is the only mild solution of (INP )_f belonging to C_b(R, X) we can assume that f ≡ 0 and repeat the arguments in [22, Proof of Proposition 1.2].

Since C_b(R, X) ⊆ L^1_{loc,u}(R, X) the implication (ii) ⇒ (iii) is obvious. (iii) ⇒ (iv): From the definition of a mild solution it follows immediately that the operator G assigning to each f ∈ C_b(R, X) the unique mild solution u = u(·, f) ∈ C_b(R, X_0 ) of (INP )_f is closed. Hence, G is bounded. Now let f ∈ C_0(R, X). We have to show that also u(·, f) ∈ C_0(R, X). Let n ∈ N and choose t_n > n such that sup_{|t|>tn−n} ‖f(t)‖ <^1_n . For |t| > t_n choose ϕ_t ∈ C^1(R) such that 0 ≤ ϕ_t ≤ 1, ϕ_t(t) = 1, suppϕ_t ⊆ [t − n, t + n], and ‖ϕ^′_t‖ ≤^2_n . By Lemma 2.6, G(ϕ^′_tu + ϕ_tf) = ϕ_tu. Hence ‖ϕ_tu‖_∞ ≤ ‖G‖‖ϕ^′_tu + ϕ_tf‖_∞ ≤ n^{−1}‖G‖(2‖u‖_∞ + 1). In particular, ‖u(t)‖ = ‖ϕ_t(t)u(t)‖ ≤ n^{−1}‖G‖(2‖u‖_∞ + 1) for |t| > t_n. Hence u ∈ C_0(R, X_0 ).

Since C_0(R, X_0 ) ⊆ C_0(R, X) implication (iv) ⇒ (i) follows from Theorem 3.3.

Remark 3.6. The arguments in the proof of (iii) ⇒ (iv) can be used to simplify parts of the proof of [22, Theorem 2.1] considerably.

Now we assume that the evolution family (U_B(t, s))_{t≥s} is p-periodic, in the sense that there exists p > 0 such that U_B(t + p, s + p) = U_B(t, s) for t ≥ s. From formula (2.3) we see that (U_B(t, s))_{t≥s} is p-periodic provided that t → B(t) is p-periodic, i.e., B(t) = B(t + p). We call U_B(p, 0) the monodromy operator of the evolution family (U_B(t, s))_{t≥s}. On C(R, X_0 ) we define the operator T by T h(t) = U_B(t, t − p)h(t − p), h ∈ C_(R, X_0 ), t ∈ R. (3.8)

If u ∈ C(R, X_0 ) is a mild solution of (INP )_f , then the representation formula for u obtained in Theorem 2.2 leads to (Id − T )u(t) = lim_{λ→∞} ∫_t t−p U_B(t, σ)λR(λ, A)f(σ) dσ, t ∈ R. (3.9)

We need the notion of the spectrum sp(f) of a Banach space-valued function f : R → Z (cf. [3], [20], [23], [32], [35]). If f ∈ C_b(R, Z) we set

sp(f) = {ξ ∈ R : for every ϵ > 0 there exists ϕ ∈ L^1(R), such that supp(ϕ̂) ⊆ [ξ − ϵ, ξ + ϵ] and ϕ ⋆ f ≠ 0}, where ϕ̂ denotes the Fourier transform of ϕ and ϕ ⋆ f is the convolution of ϕ and f. Moreover, we set Σ_p(f) = sp(f) + (2π/p)Z ⊆ R.

We obtain the following extension of [6, Theorem 3.8].

Theorem 3.7. Assume that the evolution family (U_B(t, s))_{t≥s} is p-periodic. Let f ∈ C_b(R, X) and suppose that σ(U_B(p, 0)) ∩ {e^{iηp} : η ∈ sp(f)} = ∅. Then: (a) There is at most one mild solution u ∈ C_b(R, X_0 ) of (INP )_f such that sp(u) ⊆ Σ_p(f).

(b) Let F(R, X_0 ) be a closed, translation-invariant subspace of BUC(R, X_0 ) such that s → e^{2πins/p}Rh(s) belongs to F(R, X_0 ) whenever h ∈ F(R, X_0 ), R ∈ L(X_0), and

n ∈ Z. Suppose that f ∈ BUC_r(R, X) such that λR(λ, A)f(·) ∈ F(R, X_0 ) for

λ > ω. Then there exists a mild solution u ∈ F(R, X_0 ) of (INP )_f , and u has relatively compact range.

Proof. In order to prove (a) consider M = {h ∈ C_b(R, X_0 ) : sp(h) ⊆ Σ_p(f)}.

In [6, Proof of Theorem 3.8] it is shown that the operator T defined in (3.8) maps M into itself and the restriction T_{|M} of T to M is bounded and satisfies 1 ∈ ρ(T_{|M}). The invertibility of Id − T_{|M} and (3.9) show that there is at most one mild solution u of (INP )_f contained in M. For the proof of (b) let N = {h ∈ F(R, X_0 ) : sp(h) ⊆ Σ_p(f)}. In [6, Proof of Theorem 3.8] it is shown that N is T -invariant and 1 ∈ ρ(T_{|N} ). For λ > ω set f_λ = λR(λ, A)f(·). Note that sp(f_λ) ⊆ sp(f). By [6, Theorem 3.8] for each λ > ω there is a (unique) mild solution u_λ ∈ F(R, X_0 ) of (INP )_{fλ} such that sp(u_λ) ⊆ Σ_p(f_λ) ⊆ Σ_p(f), and u_λ has relatively compact range. Let

w_λ(t) = ∫_t t−p U_B(t, σ)λR(λ, A)f(σ) dσ, t ∈ R, λ > ω. Since f ∈ BUC_r(R, X) Proposition 2.5 implies that w(t) = lim_{λ→∞} w_λ(t) exists uniformly for t in R. From (3.9) we obtain (Id − T_{|N} )u_λ = w_λ, λ > ω. In particular, w_λ ∈ N for λ > ω, and u_λ = (Id − T_{|N} )^{−1}w_λ converges uniformly to u = (Id − T_{|N} )^{−1}w ∈ N as λ → ∞. From Theorem 2.2 and the fact that each u_λ is a mild solution of (INP )_{fλ} it follows that the limit function u is a mild solution of (INP )_f . Moreover, since each u_λ has relatively compact range also u has relatively compact range. This completes the proof.

Recall that a function h ∈ BUC(R, Z) is almost periodic if the set of translates {h(·+t) :

t ∈ R} is relatively compact in BUC(R, Z). By AP (R, Z) we denote the space of almost

periodic, Z-valued functions. Theorem 3.7 has the following immediate consequence (cf. [6, Corollary 3.9]).

Corollary 3.8. Assume that (U_B(t, s))_{t≥s} is p-periodic. Let f ∈ AP (R, X), and suppose that σ(U_B(p, 0)) ∩ {e^{iηp} : η ∈ sp(f)} = ∅. Then there is a unique u ∈ C_b(R, X_0 ) such that u is a mild solution of (INP )_f and sp(u) ⊆ Σ_p(f). Moreover, u ∈ AP (R, X_0 ).

Let S^1 = {λ ∈ C : |λ| = 1} be the unit circle.

Corollary 3.9. If the evolution family (U_B(t, s))_{t≥s} is p-periodic, then the following assertions are equivalent. 12

(i) S^1 ⊆ ρ(U_B(p, 0)).

(ii) For every f ∈ AP (R, X) there is a unique mild solution u ∈ AP (R, X_0 ) of (INP )_f .

Proof. Note that (i) is equivalent to the existence of an exponential dichotomy for (U_B(t, s))_{t≥s} (see [19, Theorem 3.2.2], see also [18, Theorem 7.2.3]). Hence if (i) is satisfied and f ∈ AP (R, X), the existence of a mild solution u ∈ AP (R, X_0 ) of (INP )_f follows from Corollary 3.8, whereas the uniqueness is a consequence of Theorem 3.5. The converse implication (ii) ⇒ (i) follows immediately from [27, Lemma 4].

By P_p(R, Z) we denote the space of p-periodic, continuous, Z-valued functions on R.

Corollary 3.10. If the evolution family (U_B(t, s))_{t≥s} is p-periodic, then the following assertions are equivalent:

(i) 1 ∈ ρ(U_B(p, 0)).

(ii) For every f ∈ P_p(R, X) there exists a unique mild solution u ∈ P_p(R, X_0 ) of (INP )_f .

Proof. Assume that (i) is satisfied. If f ∈ P_p(R, X), then sp(f) ⊆^{2π}_p Z (see [32, Example 0.1]). Hence, by Theorem 3.7, there is a unique mild solution u ∈ P_p(R, X_0 ) of (INP )_f . The implication (ii) ⇒ (i) follows immediately from [19, Theorem 3.3.4](see also [27, Proposition 1]).

Remark 3.11. The operator T_{Pp} on P_p(R, X_0 ) satisfies T_{Pp} h(t) = U_B(t, t−p)h(t), h ∈ P_p(R, X_0 ), t ∈ R. Moreover 1 ∈ ρ(U_B(p, 0)) implies 1 ∈ ρ(U_B (t+p, t)) for all t ∈ R (see [18, Lemma 7.2.2]). From this we obtain (Id−T_{Pp} )^{−1}h(t) = (Id−U(t, t−p))^{−1}h(t), h ∈ P_p(R, X_0 ), t ∈ R. In particular, by (3.9), the mild solution u obtained in Corollary 3.10 (ii) has the representation u(t) = lim_{λ→∞}(Id − U_B(t, t − p))^{−1} ∫_t t−p U_B(t, σ)λR(λ, A)f(σ) dσ, t ∈ R. 4. The semilinear equation

In this section we apply the results of Section 3 to the semilinear equation (SNP ) d dt u(t) = (A + B(t))u(t) + F (t, u(t)), t ∈ R, where A and B(t), t ∈ R, are as in the previous sections and F : R × X_0 → X is jointly continuous and Lipschitz continuous in the second variable with Lipschitz constant l independent of t and x. Moreover, we assume that t → F (t, 0) is a bounded function

on R. Our definition of a mild solution of (SNP ) is similar to Definition 2.1.

Definition 4.1. A function u ∈ C(R, X_0 ) is called a mild solution of (SNP ) if

u(t) = T_0(t − s)u(s) + ∫_t s T_{−1}(t − σ) ( B(σ)u(σ) + F (σ, u(σ)) ) dσ for t ≥ s. The following conditions will be needed.

(H1) The evolution family (U_B(t, s))_{t≥s} has an exponential dichotomy with constants α > 0, L ≥ 1, and projections (P_B(t))_{t∈}R, and l < α 2LC , where C = sup_{t∈} R sup_{λ>ω}{‖λP_B (t)R(λ, A)‖, ‖λ(Id − P_B(t))R(λ, A)‖} < ∞. (H2) The evolution family (U_B(t, s))_{t≥s} is p-periodic, 1 ∈ ρ(U_B(p, 0)), and l < (C̃pC)^{−1}, where C = sup_{t∈} R ‖(Id − U(t, t − p))^{−1}‖ and C̃ = sup_{t∈}R ‖U(t, t − p)‖. 13

Theorem 4.2. If condition (H1) holds, then there exists exactly one mild solution u ∈ C_b(R, X_0 ) of (SNP ).

Proof. For f ∈ C_b(R, X_0 ) set Sf(t) = lim_{λ→∞} ∫_∞ −∞ Γ_B(t, σ)λR(λ, A)F (σ, f(σ)) dσ, t ∈ R. By Lemma 3.4 and the boundedness of F (·, 0), S is well-defined and maps C_b(R, X_0 ) into itself. If f, g ∈ C_b(R, X_0 ), then ‖Sf − Sg‖_∞ = sup_{t∈} R ‖ ‖ lim λ→∞ ∫_∞ −∞ Γ_B(t, σ)λR(λ, A) ( F (σ, f(σ)) − F (σ, g(σ)) ) dσ ‖ ‖

≤ sup_{t∈} R CL ∫_∞ −∞ e^{−α|t−σ|}l‖f − g‖_∞ dσ ≤ 2CL α l‖f − g‖_∞. By our assumption^{2CL}_α l < 1. Hence S is a contraction, and by Banach’s Fixed Point Theorem there is a unique function u ∈ C_b(R, X_0 ) such that u(t) = lim_{λ→∞} ∫_∞ −∞ Γ(t, σ)λR(λ, A)F (σ, u(σ)) dσ, t ∈ R. Theorem 3.5 implies that u is the unique mild solution of (SNP ) contained in C_b(R, X_0 ).

In the same way the following two results can be derived from Theorem 3.5 and Corollary 3.9, respectively.

Proposition 4.3. Assume that condition (H1) holds and that lim_{t→±∞} F (t, y) = 0 uniformly for y in compact sets in X_0. Then there exists exactly one mild solution u ∈ C_0(R, X_0 ) of (SNP ).

Proposition 4.4. Assume that condition (H1) holds and that the evolution family (U_B(t, s))_{t≥s} is p-periodic. If F (·, x) is almost periodic uniformly for x in compact sets in X_0, i.e. for every compact set K in X_0 and every sequence (t_n) in R there is a subsequence (s_n) of (t_n) such that (F (t+s_n, x)) converges uniformly for (t, x) in R ×K, then there is exactly one mild solution u ∈ AP (R, X_0 ) of (SNP ).

The following result is the semilinear version of Corollary 3.10.

Theorem 4.5. Assume that condition (H2) holds and that F (t + p, x) = F (t, x) for every t ∈ R and every x ∈ X_0. Then there exists exactly one mild solution u ∈ P_p(R, X_0 ) of (SNP ).

Proof. For f ∈ P_p(R, X_0 ) set Sf(t) = lim_{λ→∞}(Id − U_B(t, t − p))^{−1} ∫_t t−p U(t, σ)λR(λ, A)F (σ, f(σ)) dσ, t ∈ R. By Proposition 2.5 and Remark 3.11, S is well-defined and maps P_p(R, X_0 ) into itself. If f, g ∈ P_p(R, X_0 ), then ‖Sf − Sg‖_∞ = sup_{t∈} R ‖ ‖ lim λ→∞ (Id − U_B(t, t − p))^{−1} ∫_t t−p U_B(t, σ)λR(λ, A) ( F (σ, f(σ)) − F (σ, g(σ)) ) dσ ‖ ‖ ≤ C̃pCl‖f − g‖_∞. 14

Since C̃pCl < 1, the map S is contractive and there is a unique function v ∈ P_p(R, X_0 ) such that v(t) = lim_{λ→∞}(Id − U_B(t, t − p))^{−1} ∫_t t−p U_B(t, σ)λR(λ, A)F (σ, v(σ)) dσ, t ∈ R. (4.1)

By Corollary 3.10, there is a unique mild solution u ∈ P_p(R, X_0 ) of (INP )_{F (·,v(·))}. The representation of u obtained in Remark 3.11 shows that u = v, and hence v is a mild solution of (SNP ). On the other hand, it follows from (3.9) and Remark 3.11 that each p-periodic mild solution of (SNP ) satisfies (4.1). Hence v is the only p-periodic mild solution of (SNP ).

5. Nonautonomous retarded differential equations In this section we apply the results obtained for (INP ) to retarded differential equations. Throughout the whole section Y is a fixed Banach space. We consider the inhomogeneous nonautonomous retarded differential equation (RINP )_h d dt w(t) = Cw(t) + K(t)w_t + h(t), t ∈ R, where (C, D(C)) is a Hille-Yosida operator on Y and h ∈ L^1_{loc}(R, Y ). The part C_0 of C on Y_0 = D(C) generates a C_0-semigroup (S_0(t))_{t≥0} on Y_0, and by (S_{−1}(t))_{t≥0} we denote the corresponding extrapolated C_0-semigroup on the extrapolation space Y_{−1}. We set E = C([−p, 0], Y_0), p > 0, and for a function w ∈ C(R, Y_0 ) we define w_t ∈ E by w_t(r) = w(t + r), r ∈ [−p, 0]. Finally, we assume that K(t), t ∈ R, is a family of operators in L(E, Y ) such that t → K(t)ϕ is strongly measurable for every ϕ ∈ E, and ‖K(·)‖ ≤ d(·) for a function d ∈ L^1_{loc,u}(R). We define mild solutions of (RINP )_h as follows (cf. [4], [15], [16], [28], [34], and [41]).

Definition 5.1. If h ∈ L^1_{loc}(R, Y ), then w = w(·, h) ∈ C(R, Y_0 ) is called a mild solution of (RINP )_h if

w(t) = S_0(t − s)w(s) + ∫_t s S_{−1}(t − σ) ( K(σ)w_σ + h(σ) ) dσ for t ≥ s. Remark 5.2. If C is the generator of a C_0-semigroup on Y , then the above definition of a mild solution coincides with that given in [15], [28], [34], [41].

In [16] (see also [33], [40]) it is shown how (RINP ) can be transformed into an equation of the form (INP ). For this we set X = Y × E and consider the equation (INP )_f d dt u(t) = Au(t) + B(t)u(t) + f(t), t ∈ R, where A : D(A) → X is the linear operator on X given by A ( 0 ϕ ) = ( −ϕ^′(0) + Cϕ(0) ϕ^′ ) , D(A) = { ( 0 ϕ ) ∈ {0} × E : ϕ ∈ C^1([−p, 0], Y_0), ϕ(0) ∈ D(C)}, B(t) ∈ L({0} × E, X), t ∈ R, is defined by B(t) ( 0 ϕ ) = ( K(t)ϕ 0 ) , 15

and f(·) = (_{h(·)} 0 ) . It is shown in [33] that A is a Hille-Yosida operator on X, and the C_0-semigroup (T_0(t))_{t≥0} generated by the part A_0 of A in X_0 = D(A) = {0} × E is given by

(T_0(t)_{|E}ϕ)(r) = { ϕ(t + r) if t + r ≤ 0, S_0(t + r)ϕ(0) if t + r > 0.

We recall the following results obtained in [16, Theorem 5.3 and Proposition 5.4].

Proposition 5.3.

(a) If for u ∈ C(R, E) the map t →

(_0 u(t) ) is a mild solution of (INP )_f , then t → u(t)(0) is a mild solution of (RINP )_h and u(t)(ξ) = u(t + ξ)(0) for t ∈ R and ξ ∈ [−p, 0]. (b) If w ∈ C(R, Y_0 ) is a mild solution of (RINP )_h, then t →

(_0 wt ) is a mild solution of (INP )_f .

Proposition 5.4. If (U_B(t, s))_{t≥s} is the evolution family on E determined by the variation-of-parameters formula ( 0 U_B(t, s)ϕ ) = T_0(t − s) ( 0 ϕ ) + ∫_t s T_{−1}(t − σ)B(σ) ( 0 U_B(σ, s)ϕ ) dσ, (5.1)

t ≥ s, ϕ ∈ E, then each mild solution w ∈ C(R, Y_0 ) of (RINP )_0 satisfies w_t = U_B(t, s)w_s for t ≥ s. Furthermore, if ϕ ∈ E and t ≥ s, then (U_B(t, s)ϕ)(ξ) = S_0(t + ξ − s)ϕ(0) + ∫_{t+ξ} s S_{−1}(t + ξ − σ)K(σ)U_B (σ, s)ϕ dσ, t + ξ ≥ s, ϕ(t + ξ − s), t + ξ ≤ s. (5.2)

Asymptotic properties of the mild solutions of (RINP )_h are connected with properties of the evolution family (U_B(t, s))_{t≥s} on E in the following way.

Theorem 5.5. Assume that the evolution family (U_B(t, s))_{t≥s} defined by (5.1) has an exponential dichotomy. Then:

(a) For every h ∈ L^1_{loc,u}(R, Y ) (in particular, for every h ∈ C_b(R, Y )) there exists a unique mild solution w ∈ C_b(R, Y_0 ) of (RINP )_h.

(b) For every h ∈ C_0(R, Y ) there exists a unique mild solution w ∈ C_0(R, Y_0 ) of (RINP )_h. Proof. If h is in L^1_{loc,u}(R, Y ) resp. C_0(R, Y ), then f : R → X defined by f(t) = (_{h(t)} 0 ) is in C_b(R, X) resp. C_0(R, X). Proposition 5.3 shows that there is a one-to-one correspondence between the mild solutions w ∈ C(R, Y_0 ) of (RINP )_h and the mild solutions u ∈ C(R, X_0 ) of (INP )_f , and w is in C_b(R, Y_0 ) resp. C_0(R, Y_0 ) if and only if u is in C_b(R, X_0 ) resp. C_0(R, X_0 ). An application of Theorem 3.5 and proves the theorem.

In the same way the following results can be derived from Corollary 3.9 and Corollary 3.10.

Theorem 5.6. If the evolution family (U_B(t, s))_{t≥s} defined by (5.1) is p-periodic and S^1 ⊆ ρ(U_B(p, 0)), then for every h ∈ AP (R, Y ) there is a unique mild solution w ∈ AP (R, Y_0 ) of (RINP )_h.

Theorem 5.7. If the evolution family (U_B(t, s))_{t≥s} defined by (5.1) is p-periodic and 1 ∈ ρ(U_B(p, 0)), then for every h ∈ P_p(R, Y ) there is a unique mild solution w ∈ P_p(R, Y_0 ) of (RINP )_h.

To give more concrete results we impose the following additional condition on the family K(t), t ∈ R. (K) Each operator K(t), t ∈ R, is of the form K(t)ϕ = K̂(t)ϕ(−p), ϕ ∈ E, where K̂(t), t ∈ R, is a p-periodic family in L(Y_0, Y ) such that t → K̂(t)y is strongly measurable for all y ∈ Y_0, and ‖K̂(·)‖ ≤ d(·) for some d ∈ L^1_{loc}(R).

If condition (K) holds, then the evolution family (U_B(t, s))_{t≥s} is p-periodic. Now, we want to determine the spectrum σ(U_B(p, 0)) of the monodromy operator U_B(p, 0). To that purpose we consider for each λ ∈ C the evolution family (V^λ_K (t, s))_{t≥s} on Y_0 determined by the integral equation V^λ_K(t, s)y = S_0(t − s)y + ∫_t s S_{−1}(t − σ)e^{−λp}K̂(σ)V^λ_K (σ, s)y dσ (5.3)

for y ∈ Y_0 and t ≥ s. The existence of (V^λ_K(t, s))_{t≥s} is guaranteed by the same reasons as for the evolution family (U_B(t, s))_{t≥s} in (2.3). One can easily see that (V^λ_K(t, s))_{t≥s} is p-periodic for every λ ∈ C .

Remark 5.8. If λ ∈ C and y ∈ Y_0, then t → V^λ_K(t, s)y, t ≥ s, is the unique mild solution of the initial value problem (λP )_{s,y} {_d dt w(t) = Cw(t) + e^{−λp}K̂(t)w(t), t ≥ s, w(s) = y ∈ Y_0. Next we derive a generalized characteristic equation for (RINP )_0 under the additional condition (K). In the finite dimensional case, i.e., Y = C^n , C = 0, and K̂(t)y = k(t)y, where k is a p-periodic matrix-valued function, this leads to the classical characteristic equation as it can be found e.g. in [17, Theorem 8.3.1]. In the autonomous case, i.e., K̂(t) = K̂ ∈ L(Y_0), a related result is shown in [14, Chapter VI, Proposition 6.7].

Theorem 5.9. Assume that condition (K) holds and let λ ∈ C . If (U_B(t, s))_{t≥s} is the evolution family defined in (5.1) and (V^λ_K(t, s))_{t≥s} is the evolution family defined in (5.3), then e^{λp} ∈ ρ(U_B(p, 0)) if and only if e^{λp} ∈ ρ(V^λ_K (p, 0)).

(5.4)

Proof. First we show the“only if” part. Let e^{λp} ∈ ρ(U_B(p, 0)). Then for every ϕ ∈ E there exists ψ_ϕ ∈ E such that ϕ = e^{λp}ψ_ϕ − U_B(p, 0)ψ_ϕ. By (5.2) we have ϕ(−p) = e^{λp}ψ_ϕ(−p) − ψ_ϕ(0), (5.5) and ϕ(ξ) = e^{λp}ψ_ϕ(ξ) − S_0(p + ξ)ψ_ϕ(0) − ∫_{p+ξ} 0 S_{−1}(p + ξ − σ)K̂(σ)ψ_ϕ(σ − p) dσ = e^{λp}ψ_ϕ(ξ) + S_0(p + ξ)ϕ(−p) − e^{λp}S_0(p + ξ)ψ_ϕ(−p) − ∫_ξ −p S_{−1}(ξ − σ)K̂(σ)ψ_ϕ(σ) dσ (5.6)

for ξ ∈ [−p, 0]. In order to show surjectivity of e^{λp}Id − V^λ_K(p, 0) fix y ∈ Y_0 and set ϕ(ξ) = S_0(p + ξ)y, ξ ∈ [−p, 0]. 17

Then (5.6) leads to

ψ_ϕ(ξ) = S_0(p + ξ)ψ_ϕ(−p) + ∫_ξ −p S_{−1}(ξ − σ)e^{−λp}K̂(σ)ψ_ϕ(σ) dσ, ξ ∈ [−p, 0]. By Remark 5.8, ξ → V^λ_K (ξ, −p)ψ_ϕ(−p) is the unique mild solution of (λP )_{−p,ψϕ(−p)}. Hence ψ_ϕ(ξ) = V^λ_K (ξ, −p)ψ_ϕ(−p) for ξ ∈ [−p, 0]. Since ϕ(−p) = y we obtain from (5.5) y = e^{λp}ψ_ϕ(−p) − V^λ_K (0, −p)ψ_ϕ(−p) which proves the surjectivity of e^{λp}Id − V^λ_K(p, 0).

In order to prove injectivity assume that V^λ_K(0, −p)x = e^{λp}x for some x ∈ Y_0. Let ψ_x(ξ) = V^λ_K(ξ, −p)x, ξ ∈ [−p, 0]. Using (5.3), (5.2), and condition (K), a straightforward computation shows that U_B(0, −p)ψ_x = e^{λp}ψ_x. Thus ψ_x = 0. In particular, x = ψ_x(−p) = 0.

Now we prove the “if” part. Let ϕ ∈ E. An application of the generalized form of Banach’s Fixed Point Theorem shows that for every y ∈ Y_0 there is ψ_y ∈ E such that

e^{λp}ψ_y(ξ) = ϕ(ξ) + S_0(p + ξ)y + ∫_ξ −p S_{−1}(ξ − σ)K̂(σ)ψ_y(σ) dσ (5.7)

for ξ ∈ [−p, 0]. By subtracting (5.3) we obtain e^{λp}ψ_y(ξ) − V^λ_K (ξ, −p)y = ϕ(ξ) + ∫_ξ −p S_{−1}(ξ − σ)e^{−λp}K̂(σ)(e^{λp}ψ_y(σ) − V^λ_K(σ, −p)y) dσ (5.8)

For y_1, y_2 ∈ Y_0 this leads to e^{λp}ψ_{y1} (ξ) − V^λ_K (ξ, −p)y_1 − e^{λp}ψ_{y2} (ξ) + V^λ_K (ξ, −p)y_2 = ∫_ξ −p S_{−1}(ξ − σ)e^{−λp}K̂(σ) ( e^{λp}ψ_{y1} (σ) − V^λ_K (σ, −p)y_1 −e^{−λp}ψ_{y2} (σ) + V^λ_K (σ, −p)y_2 ) dσ. An application of Gronwall’s inequality yields

e^{λp}ψ_{y1} (ξ) − V^λ_K(ξ, −p)y_1 = e^{λp}ψ_{y2} (ξ) − V^λ_K (ξ, −p)y_2 for ξ ∈ [−p, 0]. By the assumption and the y-independence of e^{λp}ψ_y −V^λ_K(·, −p)y, we can choose ỹ ∈ Y_0 such that

e^{λp}ỹ − V^λ_K(0, −p)ỹ = ϕ(0) +

∫_0 −p S_{−1}(−σ)e^{−λp}K̂(σ) ( e^{λp}ψ_ỹ(σ) − V^λ_K(σ, −p)ỹ ) dσ. Evaluation of (5.8) at ξ = 0 then leads to ỹ = ψ_{ϕ,ỹ}(0). By using (5.2) and (5.7) a direct computation yields U_B(0, −p)ψ_ỹ = e^{λp}ψ_ỹ − ϕ, which shows the surjectivity of e^{λp} − U_B(p, 0).

To prove injectivity assume that e^{λp}ψ − U_B(p, 0)ψ = 0 for some ψ ∈ E. Then (5.2) leads to e^{λp}ψ(ξ) − S_0(p + ξ)ψ(0) − ∫_ξ −p S_{−1}(ξ − σ)K̂(σ)ψ(σ) dσ = 0 for ξ ∈ [−p, 0]. Since ξ → V^λ_K(ξ, −p)ψ(0) is the unique mild solution of (λP )_{−p,ψ(0)}, we obtain e^{λp}ψ(ξ) = V^λ_K (ξ, −p)ψ(0), ξ ∈ [−p, 0]. In particular e^{λp}ψ(0) = V^λ_K(0, −p)ψ(0), and the invertibility of e^{λp}Id − V^λ_K(0, −p) implies ψ(0) = 0. Hence ψ = e^{−λp}V^λ_K(·, −p)ψ(0) = 0. 18

As a concrete example we discuss the retarded differential equation (E) {_∂ ∂t w(t, x) =^{∂2}_{∂x2} w(t, x) − aw(t, x) − b(t)w(t − 1, x) + f(t, x), 0 ≤ x ≤ 2π, t ≥ s, w(t, x) = φ(t − s, x), 0 ≤ x ≤ 2π, s − 1 ≤ t ≤ s, with initial value φ ∈ C([−1, 0] × [0, 2π]). We assume that a ∈ R, b : R → R is 1- periodic and locally integrable, and f : R × [0, 2π] → R is continuous. It is known (see [12]) that on the Banach space Y = C[0, 2π] the operator (C, D(C)) given by (Cψ)(x) = ∂^2 ∂x^2 ψ(x) − aψ(x), x ∈ [0, 2π], D(C) = {ψ ∈ C^2([0, 2π]) : ψ(0) = ψ(2π) = 0}, is a Hille-Yosida operator. The spectrum of the part C_0 of C in Y_0 = D(C) = {ψ ∈ C[0, 2π] : ψ(0) = ψ(2π) = 0} is the set {−n^2 − a : n = 1, 2, 3, ...}. For E = C([−1, 0], Y_0) and t ∈ R we define K(t) : E → Y_0 : φ → −b(t)φ(t − 1, ·). Clearly, the operator family (K(t))_{t∈}R satisfies condition (K) for p = 1. The evolution family (U_B (t, s))_{t≥s} on E given by equation (5.1) is 1-periodic. Hence we can apply Theorem 5.9 to determine the spectrum of U_B(1, 0). We set b̄ =

∫_1 0 b(τ) dτ. Proposition 5.10. e^λ ∈ σ(U_B(1, 0)) if and only if there exists k ∈ Z and n ∈ {1, 2, 3, ...} such that λ + 2πik = −e^{−λ}b̄ − n^2 − a. (5.9) Proof. The evolution family (V^λ_K(t, s))_{t≥s} defined in (5.3) is given by V^λ_K (t, s) = e^− R t s e^{−λ}b(τ) dτ)S 0(t − s), t ≥ s, where (S_0(t))_{t≥0} is the C_0-semigroup on Y_0 = D(C) generated by C_0. From Theorem 5.9 it follows that e^λ ∈ σ(U_B(1, 0)) if and only if e^λ ∈ σ(e^{− R 1}0^{e−λb(τ) dτ} S(1)). Since for C_0 the spectral mapping theorem holds we have σ(S(1)) = {e^{−n2−a} : n = 1, 2, 3, ...}. Thus e^λ ∈ σ(U_B (1, 0)) if and only if

e^λ = e^{(−} R 1 0 e^{−λ}b(τ) dτ)e(−n2−a) = e−e^{−λ}b̄−n2−a for some n ∈ {1, 2, 3, ...}. However, this is the case if and only if λ + 2πik = −e^{−λ}b̄ − n^2 − a for some n ∈ {1, 2, 3, ...} and some k ∈ Z.

While it appears difficult to determine the set of all λ ∈ C satisfying equation (5.9), there are results saying for which values of n^2 + a and b̄ all solutions μ ∈ C of μ = −e^{−μ}b̄ − n^2 − a (5.10) have negative real part (see e.g. [17, p.135]). This is the case if (n^2 + a, b̄) belongs to the shaded region shown in Figure 1.

Since n^2 ≥ 1, we obtain Reμ < 0 for each μ satisfying (5.10) for some n ∈ {1, 2, 3, ...} if (a, b̄) is in the shaded region in Figure 2.

For example, if a = −1 and b̄ =^π_3 , then all λ ∈ C such that e^λ ∈ σ(U_B(1, 0)) have negative real part. Hence (U_B(t, s))_{t≥s} is exponentially stable and, in particular, has an exponential dichotomy. Note that in this case the semigroup (S_0(t))_{t≥0} does not 19

Figure 1

Figure 2

have an exponential dichotomy. The proof our next theorem follows from Theorem 5.5 and Theorem 5.6.

Theorem 5.11. Assume that (a, b̄) belongs to the shaded region shown in Figure 2. Then the following holds.

(i) If the function f is bounded, then there exists exactly one bounded mild solution w of equation (E).

(ii) If f(·, x) ∈ C_0(R) for every x ∈ [0, 2π], then there exists exactly one mild solution w of (E) such that lim_{t→±∞} w(t, x) = 0.

(iii) If f(·, x) is almost periodic uniformly for x ∈ [0, 2π], then there exists exactly one mild solution w of (E) such that w(·, x) is almost periodic uniformly for x ∈ [0, 2π].

Proposition 5.10 and Theorem 5.7 lead to conditions for the existence of a unique periodic mild solution. 20

Theorem 5.12. If f(·, x) ∈ P_p(R) for all x ∈ [0, 2π] and b̄ + a ≠ n^2 for all n ∈ {1, 2, 3, ...}, then there exists exactly one mild solution w of (E) such that w(·, x) ∈ P_p(R).

References

[1] H. Amann. Gewöhnliche Differentialgleichungen. Walter deGruyter, New York, 1983. [2] B. Amir and L. Maniar. Asymptotic behaviour of hyperbolic Cauchy problems for Hille-Yosida operators with an application to retarded differential equations. Tübinger Berichte, 7:43–54, 1997/98.

[3] W. Arendt and C.J.K. Batty. Almost periodic solutions of first and second order Cauchy problems.

J. Differ. Equations, 137:363–383, 1997.

[4] B. Aulbach and Nguyen Van Minh. Nonlinear semigroups and the existence and stability of solutions of semilinear nonautonomous evolution equations. Abstract Appl. Analysis, 1:351–380, 1996.

[5] A.G. Baskakov. Semigroups of difference operators in spectral analysis of linear differential operators. Functional Analysis and its Applications, 30:149–157, 1996.

[6] C.J.K. Batty, W. Hutter, and F. Räbiger. Almost periodicity of mild solutions of inhomogenous periodic Cauchy problems. J. Differ. Equations. To appear.

[7] C. Chicone and Y. Latushkin. Evolution Semigroups in Dynamical Systems and Differential Equations. Amer. Math. Soc., Providence, RI, 1999. to appear.

[8] Ph. Clément, O. Diekmann, M. Gyllenberg, H.J.A.M. Heijmans, and H.R. Thieme. Perturbation theory for dual semigroups I.: The sun-reflexive case. Math. Ann., 277:709–725, 1987.

[9] Ph. Clément, O. Diekmann, M. Gyllenberg, H.J.A.M. Heijmans, and H.R. Thieme. Timedependent perturbations in the sun-reflexive case. Proc. R. Soc. Edinb., Sect. A., 109:145–172, 1988.

[10] J.L. Daleckij and M.G. Krein. Stability of Solutions of Differential Equations in Banach Spaces.

Amer. Math. Soc., Providence, RI, 1974.

[11] G. DaPrato and A. Lunardi. Solvability on the real line of a class of linear Volterra integrodifferential equations of parabolic type. Ann. Mat. Pura Appl., 150:67–118, 1988.

[12] G. DaPrato and E. Sinestrari. Differential operators with non dense domain. Ann. Sc. Norm.

Super. Pisa, 14:285–344, 1987.

[13] W. Desch, W. Schappacher, and K. Zhang. Semilinear evolution equations. Houston J. Math., 15:527–552, 1989.

[14] K.-J. Engel and R. Nagel. One-parameter Semigroups for Linear Evolution Equations. Springer- Verlag, 1999. To appear.

[15] W. E. Fitzgibbon. Stability for abstract nonlinear Volterra equations involving finite delay. J.

Math. Anal. Appl., 60:429–434, 1977.

[16] G. Gühring, F. Räbiger, and W.M. Ruess. Linearized stability for semilinear non-autonomous evolution equations with applications to retarded differential equations. Differential and Integral Equations, 1999. To appear.

[17] J.K. Hale and S.M. Verduyn-Lunel. Introduction to Functional Differential Equations. Springer- Verlag, 1993.

[18] D. Henry. Geometric Theory of Semilinear Parabolic Equations. Springer-Verlag, 1981. [19] W. Hutter. Spectral theory and almost periodicity of mild solutions of non-autonomous Cauchy problems. PhD thesis, Universität Tübingen, 1997.

[20] Y. Katznelson. An Introduction to Harmonic Analysis. Dover Publ. Inc., New York, second edition, 1974.

[21] Y. Latushkin and S. Montgomery-Smith. Evolutionary semigroups and Lyapunov theorems in Banach spaces. J. Funct. Anal., 127:173–197, 1995.

[22] Y. Latushkin, T. Randolph, and R. Schnaubelt. Exponential dichotomy and mild solutions of nonautonomous equations in Banach spaces. J. Dyn. Differ. Equations., 10:489–510, 1998.

[23] B.M. Levitan and V.V Zhikov. Almost Periodic Functions and Differential Equations. Cambridge University Press, 1982.

[24] J.L. Massera and J.J. Schäffer. Linear Differential Equations and Function Spaces. Academic Press, New York, 1966.

[25] R. Nagel. Semigroup methods for non-autonomous Cauchy problems. In G. Ferreyra, G. Ruiz Glodstein, and F. Neubrander, editors, Evolution Equations, pages 301–316, 1994.

[26] R. Nagel and E. Sinestrari. Inhomogeneous Volterra integrodifferential equations for Hille-Yosida operators. In K.D. Bierstedt, A. Pietsch, W.M. Ruess, and D. Voigt, editors, Functional Analysis, pages 429–434, 1989. 21

[27] T. Naito and Nguyen Van Minh. Evolution semigroups and spectral criteria for almost periodic solutions of periodic evolution equations. J. Differ. Equations, 151:358–376, 1999.

[28] M. Parrott. Linearized stability and irreduciblity for a functional differential equation. SIAM J.

Math. Anal., 23:649–661, 1992.

[29] G. Pecelli. Functional-differential equations: dichotomies, perturbations, and admissibility. J. Differ. Equations, 16:72–102, 1974.

[30] Vũ Quôc Phóng. Stability and almost periodicity of trajectories of periodic processes. J. Differ.

Equations, 115:402–415, 1995.

[31] J. Prüss. Bounded solutions of Volterra equations. SIAM J. Math. Anal., 19:133–149, 1988. [32] J. Prüss. Evolutionary Integral Equations and Applications. Birkhäuser, Basel, 1993. [33] A. Rhandi. Extrapolation methods to solve non-autonomous retarded partial differential equations.

Studia Math., 126:219–233, 1998.

[34] W.M. Ruess. Existence of solutions to partial functional differential equations with delay. In A.G.

Kartsatos, editor, Theory and Applications of Nonlinear Operators of Accretive and Monotone Type, pages 259–288, 1996.

[35] W.M. Ruess and Vũ Quôc Phóng. Asymptotically almost periodic solutions of evolution equations in Banach spaces. J. Differ. Equations, 122:282–301, 1995.

[36] W.M. Ruess and W.H. Summers. Almost periodicity and stability for solutions to functional differential equations with infinite delay. Differ. Integral Equ., 9:1225–1252, 1996.

[37] R. Sacker and G. Sell. Dichotomies for linear evolutionary equations in Banach spaces. J. Differ.

Equations, 113:17–67, 1994.

[38] J.J. Schäffer. Linear differential equations with delays: Admissibility and conditional exponential stability, ii. J. Differ. Equations, 10:471–484, 1971.

[39] R. Schnaubelt. Semigroups for nonautonomous Cauchy problems. In in: K.-J. Engel and R. Nagel, One-parameter Semigroups for Linear Evolution Equations. Springer-Verlag, 1999. To appear.

[40] H.R. Thieme. Semiflows generated by Lipschitz perturbations of non-densely defined linear operators. Differ. Integral Equ., 3:1035–1066, 1990.

[41] C. Travis and G. Webb. Existence and stability for partial functional differential equations. Trans.

Amer. Math. Soc., 200:395–418, 1974.

Universität Tübingen, Mathematisches Institut, Auf der Morgenstelle 10, 72076 Tübingen, Germany E-mail address: gagu@michelangelo.mathematik.uni-tuebingen.de E-mail address: frra@michelangelo.mathematik.uni-tuebingen.de