Kernel estimates and L^p spectral independence of differential and integral operators

Peer Christian Kunstmann

Abstract

We prove L^p spectral independence for bounded integral operators whose kernels satisfy certain estimates. As a corollary, we prove L^p spectral independence for unbounded operators under the assumption that one of their resolvents satisfies these estimates. In particular, we reobtain L^p spectral independence for generators of C_0- semigroups satisfying upper heat kernel estimates.

Other applications include first order differential operators and integral operators on the half line.

AMS subject classification: 45P05, 35P05, 47A10, 47D03.

keywords: L^p-spectrum, integral operators, resolvent, elliptic operators, heat kernel estimates, first order differential operators.

1 Introduction and main results

Let Ω ⊂ IR^d be open. Suppose that Q is a linear operator that extends to bounded operators Q_p on each L^p(Ω), p ∈ [1, ∞[. It is natural to ask if the spectrum σ(Q_p) is independent of p. In general, the answer is negative (see [6], [13] and the discussion in section 4). Partial positive results have been obtained under additional assumptions.

If Ω = IR^d and the operator is the convolution with an L^1(IR^d)-function, or if, on Ω :=]0, ∞[, it has a kernel 1_{[0,∞[}(y)k(x−y) where k ∈ L^1(IR) then L^p spectral independence is known to hold (see [13], the latter result is due to M.G. Krein). In both cases the special form of the kernel allows to use Fourier transform techniques.

Another way to prove L^p spectral independence is to use properties of the spectrum. This has been done by Halberg and Taylor ([10]) in the case that all the operators Q_p are compact, and by Schaefer ([15]) under the assumption that the spectra σ(Q_p) are 0-dimensional. The latter result has been extended to the Fredholm spectrum in [5].

The question of L^p spectral independence is also of considerable interest for unbounded operators. If the operators Q_p are resolvents R(μ, A_p) of a family of unbounded operators A_p (here μ is fixed), the p-invariance of σ(Q_p) is equivalent to the p-invariance of the spectra σ(A_p) (see e.g. [7], Lemma 2.11).

L^p spectral independence has been studied for certain elliptic differential operators on Ω in [11], [9], [3], [12], [14]. The proofs given there use the fact that the operators A_p under consideration generate consistent C_0-semigroups T_p on all L^p, 1 ≤ p < ∞, which are given by kernels that satisfy an upper heat kernel estimate (see section 4.1). W. Arendt ([3]) introduced perturbations of the semigroup by exponential weights to obtain L^p spectral independence in case of a connected resolvent set ρ(A_2). By a refinement of Arendt’s method the author could remove this restriction ([14]).

In this paper we exploit the method of perturbation by weights further and derive L^p spectral independence for an unbounded operator A from kernel estimates for the resolvents of A which need not be a semigroup generator. We show that a suitable estimate for the kernel of a single resolvent operator of A is sufficient. Moreover, the resolvent estimate we need is weaker than the exponential decay which is implied by a heat kernel estimate on the semigroup (see section 4.1).

Since it is much more convenient to deal with bounded operators we state our main result on L^p spectral independence for bounded integral operators whose kernels satisfy a certain estimate. This has the advantage that we also cover certain integral operators which are not resolvents of unbounded operators. We then derive L^p spectral independence for unbounded operators from L^p spectral independence for one of their resolvents.

Precisely, we shall prove the following (for the definition of Ω-admissible functions which force g to have a certain decay see Definition 2.1).

Theorem 1.1 Let Q be an integral operator on L^2(Ω) which is given by a measurable kernel k : Ω × Ω → IC that satisfies |k(x, y)| ≤ g(x − y), x, y ∈ Ω, (1) where g : IR^d → IR is a measurable function satisfying

exp(ρ(| · |))g ∈ L^1(IR^d) ∩ L^{p0} (IR^d) (2)

for some Ω-admissible function ρ and some p_0 ∈]1, ∞]. Then Q extends to consistent operators Q_p on all L^p(Ω), p ∈ [1, ∞], and the spectrum σ(Q_p) does not depend on p.

Applying this theorem to the resolvents of unbounded operators we get the following.

Theorem 1.2 Let (A_p)_{p∈[1,∞[} be a family of unbounded operators in L^p(Ω). Assume that there is μ ∈ ⋂ p ρ(A_p) such that (R(μ, A_p)) are consistent operators with kernel k satisfying (1) and (2). Then σ(A_p) does not depend on p.

Observe that g can be assumed to be zero outside {x − y : x, y ∈ Ω}. If the closed linear operator A is the generator of a C_0-semigroup in L^2(Ω) that satisfies an upper heat kernel estimate of order m, then, for μ sufficiently large, the kernel of R(μ, A) satisfies (1) and (2) with ρ(t) := αt for some α > 0 and some p_0 > 1 depending on the order m and the dimension d (see section 4.1).

The paper is organized as follows. In section 2 we introduce Ω-admissible functions, discuss their properties and collect a few simple facts that we shall need in the proof of

Theorem 1.1 which is presented in section 3. Finally, in section 4 we apply our result to generators of semigroups satisfying heat kernel estimates, to first order differential operators and to certain integral operators on the real line. Moreover, we discuss the assumptions of Theorem 1.1 and propose further directions of research.

We use the following notation. If X is a Banach space and A is a closed linear operator in X which may be bounded or not, then L(X) denotes the space of all bounded linear operators on X, σ(A) denotes the spectrum of A, i.e. the set of all λ ∈ IC for which λ − A is not invertible in L(X), ρ(A) := IC \σ(A) denotes the resolvent set, and R(λ, A) := (λ−A)^{−1} denotes the resolvent for λ ∈ ρ(A).

Throughout this work we will tacitly assume that functions on Ω are extended by zero outside Ω when considered as functions on IR^d.

2 Preliminaries

Definition 2.1 Let ρ : [0, ∞[→ [0, ∞[ be a non-decreasing function. We call ρ an Ωadmissible function, if ρ is subadditive, ρ is continuous at 0 with ρ(0) = 0, and e^{−ρ(ε|·|)} ∈ L^1( ~Ω) for all ε ∈ (0, 1], where ~Ω := {x − y : x, y ∈ Ω}.

Remark 2.2 (a) If ρ : [0, ∞[→ [0, ∞[ is concave and ρ(0) = 0 then ρ is subadditive.

(b) The function ρ_α(t) := α log(1+t) where α ≥ 0 is non-decreasing and concave, hence subadditive. It is Ω-admissible for all Ω if α > d. More general, if l is an integer between 1 and d then ρ_α is Ω-admissible for α > l if Ω is bounded in d − l directions. If Ω is bounded then ρ_0 = 0 is Ω-admissible.

(c) A concave function ρ : [0, ∞[→ [0, ∞[ satisfying ρ(0) = 0 and lim_{t→∞} log(t)/ρ(t) = 0 is Ω-admissible for all dimensions d and all Ω ⊂ IR^d. In particular, ρ(t) := t defines such a function.

(d) If ρ : [0, ∞[→ [0, ∞[ is monotone and subadditive, we have for all x, y, z ∈ IR^d and all ε > 0: exp(−ρ(ε|x − y|) ≤ exp(ρ(ε|x − z|) − ρ(ε|y − z|)) ≤ exp(ρ(ε|x − y|)), (3) which is implied by the triangle inequality.

Let E and F be Banach spaces such that there is a Hausdorff topological vector space G with E → G and F → G where ”→” denotes continuous embedding. Assume that E ∩ F is dense in both E and F and that Q_E ∈ L(E) and Q_F ∈ L(F ) are consistent operators, i.e. that Q_E x = Q_F x for all x ∈ E ∩ F . It is well-known that, under these assumptions, consistency of the resolvents of Q_E and Q_F fails in general (see, e.g., the examples in [3]). In order to assure consistency of all resolvents we shall use the following lemma.

Lemma 2.3 If E ⊂ F then R(λ, Q_E ) and R(λ, Q_F ) are consistent for all λ ∈ ρ(Q_E ) ∩ ρ(Q_F ).

Proof. By E ⊂ F and consistency we have Q_E ⊂ Q_F , hence λ − Q_E ⊂ λ − Q_F . Hence (λ − Q_E)^{−1} ⊂ (λ − Q_F )^{−1} which implies the assertion. □ Remark 2.4 The conclusion of the lemma holds under the weaker assumption Q^k_E (E) ⊂ F for some integer k ≥ 0 which can be proved just as Proposition 2.5.(b) in [3].

We will also use the following converse statement.

Lemma 2.5 Let λ ∈ ρ(Q_E ) and assume that there is R ∈ L(F ) which is consistent with R(λ, Q_E). Then λ ∈ ρ(Q_F ) and R(λ, Q_F ) = R.

Proof. For x ∈ E ∩ F we have (λ − Q_F )Rx = (λ − Q_E )R(λ, Q_E)x = x and R(λ − Q_F )x = R(λ, Q_E)(λ − Q_E )x = x. Since E ∩ F is dense in F the assertion follows. □ We recall Young’s inequality and derive an estimate on iterated convolutions.

Proposition 2.6 If p, q, r ∈ [1, ∞] with p^{−1} + q^{−1} = 1 + r^{−1} then ‖f ∗ g‖_r ≤ ‖f‖_p‖g‖_q, f ∈ L^p(IR^d), g ∈ L^q(IR^d). Corollary 2.7 Suppose f ∈ L^1(IR^d) ∩ L^{p0} (IR^d) for some p_0 > 1. Then ‖f^{∗(n+1)}‖_∞ ≤ (max(‖f‖_1, ‖f‖_{p0} ))^{n+1} (4) for all n ∈ IN_0 with n ≥ (p_0 − 1)^{−1}, where f^{∗1} := f and f^{∗(m+1)} := f^{∗m} ∗ f for all m ∈ IN. Proof. We first show by induction that, for all n ∈ IN_0 with p_0 ≤ (n + 1)/n, we have ‖f^{∗(n+1)}‖_r ≤ ‖f‖^{n+1}_{p0} , where r = p_0 n + 1 − np_0

. (5) This is clear for n = 0 (which means (n + 1)/n = ∞). So let n ∈ IN and suppose (5) for n. By Young’s inequality we get ‖f^{∗(n+2)}‖_r ≤ ‖f^{∗(n+1)}‖_q‖f‖_{p0} for q^{−1} + p^{−1}_0 = 1 + r^{−1}. Applying the assumption for q^{−1} = (n + 1 − np_0)/p_0 we get (5) for n + 2 instead of n + 1 and r^{−1} = q^{−1} + p^{−1}_0 − 1 = (n + 2 − (n + 1)p_0)/p_0 which proves the claim.

If^{n+2}_{n+1} < p_0 <^{n+1}_n then (5) holds, and by Young we get ‖f^{∗(n+2)}‖_∞ ≤ ‖f^{∗(n+1)}‖_r‖f‖_q where r^{−1} = (n+1−np_0)/p_0 and q^{−1} = 1−r^{−1} = 1−(n+1−np_0)/p_0 = (n+1)(p_0 −1)/p_0. We observe q ∈ (1, p_0), hence ‖f‖_q ≤ max(‖f‖_1, ‖f‖_{p0} ), which together with ‖f^{∗(n+k)}‖_∞ ≤ ‖f^{∗(n+k−1)}‖_∞‖f‖_1 for k > 2 and (5) completes the proof of the lemma. □ We close this section by citing the well-known characterization of operators L^1 → L^∞.

Proposition 2.8 The map k → T_k, where T_kf(x) := ∫ k(x, y)f(y) dy, defines an isometric isomorphism L^∞(Ω × Ω) → L(L^1(Ω), L^∞(Ω)).

3 Proof of the main result

Let us first show how to treat the case p = ∞. Suppose that we have shown the assertion for p ∈ [1, ∞[. Let Q be an operator satisfying the assumptions of Theorem 1.1. Then Q^∗ satisfies the assumptions of Theorem 1.1 and σ((Q^∗)_p) does not depend on p ∈ [1, ∞[. Since clearly ((Q^∗)_1)^∗ = Q_∞, we have σ(Q) = σ(Q^∗) = σ((Q^∗)_1) = σ(((Q^∗)_1)^∗) = σ(Q_∞), and the assertion holds for all p ∈ [1, ∞]. Hence we exclude the case p = ∞ in the following.

Suppose that the assumptions of Theorem 1.1 hold. First observe that by (1), (2), and Young, we have for each p ∈ [1, ∞[ Q_p(L^p(Ω)) ⊂ L^q(Ω), (6) where q^{−1} := p^{−1}_0 + p^{−1} − 1 if the latter term is ≥ 0 and q := ∞ otherwise. In any case, we have q > p and hence L^q(Ω) ≠ L^p(Ω) which implies 0 ∈ σ(Q_p).

We now fix p ∈ [1, ∞[ and λ ∈ ρ(Q_p). By the above λ ≠ 0. For ε ∈ [0, 1] and z ∈ Ω we define the weight function w_{ε,z} by w_{ε,z}(x) := exp(ρ(ε|x − z|)), x ∈ Ω, (7) and consider the operator Q_{p,ε,z} given by the kernel k_{ε,z}(x, y) := w_{ε,z}(x)k(x, y)w_{ε,z}(y)^{−1}, x, y ∈ Ω. (8) From (1), (2) and (3) we see by Young’s inequality that Q_{p,ε,z} is bounded on L^p(Ω). We collect the properties on the operators Q_{p,ε,z} we shall need in the following lemma. Lemma 3.1 (a) The operators Q_{p,ε,z} converge in norm to Q_p for ε → 0, uniformly in z ∈ Ω. (b) There is an ε_0 ∈ (0, 1) such that λ ∈ ρ(Q_{p,ε,z}) for all ε ∈ [0, ε_0], z ∈ Ω, and lim_{ε→0} ‖R(λ, Q_{p,ε,z}) − R(λ, Q_p)‖ = 0, (9) where the convergence is uniformly in z ∈ Ω. Proof. We observe that (3) gives |w_{ε,z}(x)w_{ε,z}(y)^{−1} − 1| ≤ max(e^{ρ(ε|x−y|)} − 1, 1 − e^{−ρ(ε|x−y|)} = e^{ρ(ε|x−y|)} − 1 (10) since ρ ≥ 0. For f ∈ L^p(Ω) we have by (8) and (10) |Q_{p,ε,z}f − Q_pf| ≤ ∫ Ω |(w_{ε,z}(x)w_{ε,z}(y)^{−1} − 1)k(x, y)||f|(y) dy ≤ ∫ Ω g(x − y)(e^{ρ(ε|x−y|)} − 1)|f|(y) dy = ((exp(ρ(ε| · |)) − 1)g) ∗ |f|(x) =: h_ε ∗ |f|(x) which implies ‖Q_{p,ε,z} − Q_p‖ ≤ ‖h_ε‖_1. Thus (a) follows by dominated convergence.

Now (b) follows from (a) since inversion is continuous in the open subset of invertible elements in L(L^p(Ω)). □

From the resolvent equation we get for all n ∈ IN R(λ, Q_p) = λ^{−n}Q^n_p R(λ, Q_p) + n∑ j=1 λ^{−j}Q^{j−1}_p . (11)

We will use Lemma 2.5, and thus have to show that R(λ, Q_p) is a bounded operator on L^q(Ω). (Thinking a bit on the assertion of Remark 2.4 and (6) or rather its iterated version, Lemma 3.2 below, one sees that the sufficient condition of Lemma 2.5 is also necessary for λ ∈ ρ(Q_p) in our case).

By (1), (2) and Young’s inequality, the second term in (11) defines a bounded operator on L^q(Ω). Thus, it rests to show L^q-boundedness of the first term. In a first step, we use Corollary 2.7 to prove the following lemma.

Lemma 3.2 If n_0 ≥ (p_0 − 1)^{−1} + 1 then, for ε ∈ [0, 1] and z ∈ Ω, Q^{n0}_{p,ε,z} extends to a bounded operator L^1(Ω) → L^p(Ω) and to a bounded operator L^p(Ω) → L^∞(Ω), and the respective norms are uniformly bounded in ε and z.

Proof. By (8), (3), and (1), Q^{n0}_{p,ε,z} is an integral operator with kernel m satisfying |m(x, y)| ≤ h^{∗n0} (x − y) where h := exp(ρ(| · |))g. Now h ∈ L^1(IR^d) by (2), hence h^{∗n0} ∈ L^1(IR^d). Since we have also h ∈ L^{p0} (IR^d), we get h^{∗n0} ∈ L^∞(IR^d) by (4) and the choice of n_0, hence h^{∗n0} ∈ L^q(IR^d) for all q ∈ [1, ∞]. By Young’s inequality this implies the assertion. □

Now we take n_0 ≥ (p_0 − 1)^{−1} + 1 and consider (11) for n := 2n_0. We observe Q^n_p R(λ, Q_p) = Q^{n0}_p R(λ, Q_p)Q^{n0}_p and get, applying Lemma 3.1 (b) and Lemma 3.2, that there is an ε_0 ∈ (0, 1) such that

c := sup ε≤ε_0,z∈Ω ‖Q^{n0}_{p,ε,z}R(λ, Q_{p,ε,z})Q^{n0}_{p,ε,z}‖_{L(L}1_{,L}∞_) < ∞. (12) By Proposition 2.8 the operators Q^n_{p,ε,z}R(λ, Q_{p,ε,z}) (ε ≤ ε_0, z ∈ Ω) are given by kernels m_{ε,z} satisfying |m_{ε,z}(x, y)| ≤ c for a.a. x, y ∈ Ω. Now m_{0,z} is independent of z and we write simply m_0. In the following we will show m_{ε,z}(x, y) = w_{ε,z}(x)w_{ε,z}(y)^{−1}m_0(x, y), a.a. x, y ∈ Ω. (13) Having this established, we conclude from (12) taking z = y that |m_0(x, y)| ≤ c exp(−ρ(ε_0|x − y|)), which implies by the assumption on ρ that m_0, which is the kernel of Q^n_p R(λ, Q_p), defines a bounded operator in L^q(Ω). Hence also R(λ, Q_p) is bounded in L^q(Ω) and by Lemma 2.5 we finished the proof of Theorem 1.1.

For the proof of (13) we consider the operators Q̃_{p,ε,z} given by the kernels m_{ε,z} in L^p_{ε,z} := L^p(Ω, w^{−p}_{ε,z} (x) dx). Those are consistent with the respective operators Q_{p,ε,z} in L^p(Ω) and are clearly similar to the operator Q_p in L^p(Ω) (f → w^{−1}_{ε,z} f defines an isometric isomorphism L^p_{ε,z} → L^p(Ω)). Hence ρ(Q̃_{p,ε,z}) = ρ(Q_p), and Q̃^{n0}_{p,ε,z}R(λ, Q̃_{p,ε,z})Q̃^{n0}_{p,ε,z} has the kernel w_{ε,z}(x)w_{ε,z}(y)^{−1}m_0(x, y). But from L^p(Ω) ⊂ L^p_{ε,z} and Lemma 2.3 we get that R(λ, Q_{p,ε,z}) and R(λ, Q̃_{p,ε,z}) are consistent which proves (13).

4 Applications

4.1 Generators of semigroups satisfying heat kernel estimates

Suppose T is a C_0-semigroup generated by an operator A in L^2(Ω) and T satisfies an upper heat kernel estimate, i.e. we assume that the operators T (t) are integral operators with kernels k(t, x, y) which for some integer m > 1 and some C > 0 satisfy |k(t, x, y)| ≤ Ct^{−d/m} exp(ωt) exp(−b |x − y|^{m/(m−1)} t^{1/(m−1)} ) (14)

for all t > 0, and a.a. x, y ∈ Ω (see [12]). Then for p ∈ [1, ∞[ the family

T_p(t)f := T (t)f, f ∈ L^2(Ω) ∩ L^p(Ω), t ≥ 0,

defines a C_0-semigroup in L^p(Ω) with generator A_p. The estimate (14) is known to hold e.g. for uniformly elliptic self adjoint operators ([8]), Schrödinger operators ([16]) and certain non-self adjoint elliptic operators ([4]). See also the applications mentioned in [3], [9], [12], and [14].

We let μ > ω and get the kernel k(x, y) of Q_p := R(μ, A_p) by integration ∫_∞ 0 e^{−μt}k(t, x, y) dt, and (14) implies (1) for g_{μ,b}(x) := C ∫_∞ 0 t^{−d/m}e^{−(μ−ω)t} exp(−b |x|^{m/(m−1)} t^{1/(m−1)} ) dt. (15)

Using the continuous Minkowski inequality and substituting x = t^{1/m}y we get ‖g_{μ,b}‖_p < ∞ for all p ∈ [1, ∞] that satisfy p^{−1} > (d − m)/d. This means in particular that g_{μ,b}(x) < ∞ for a.a. x ∈ IR^d. Observe that the range of p we obtained does not depend on b. For any c ∈ (0, b) and a > 0 we have sup_{s≥0} as − ct^{−1/(m−1)}s^{m/(m−1)} = t · ( a m )_m ( m − 1 c )_{m−1} =: t · γ(a, m, c). Thus, choosing a > 0 and c ∈ (0, b) such that γ(a, m, c) < μ − ω, we have |e^{a|x|}g_{μ,b}(x)| ≤ g_{μ−γ(a,m,c),b−c}(x), x ∈ IR^d which by the argument above means that (2) holds for ρ(r) := ar and p_0 > 1 such that p^{−1}_0 > (d − m)/d. Hence we obtain from Theorem 1.2 the following.

Theorem 4.1 If A is the generator of a C_0-semigroup T in L^2(Ω) that is given by kernels k(t, x, y) satisfying (14), then the spectra σ(A_p) of the generators A_p of the induced C_0- semigroups T_p in L^p(Ω) are independent of p ∈ [1, ∞[.

This has been obtained for Schrödinger operators A in [11], for self-adjoint A in [9], for A such that ρ(A) is connected in [3], under certain commutator estimates on the resolvents in [12], and in the general case with a different proof in [14].

We want to remark that the argument above applies to fractional powers. If μ > ω and α > 0 then the operator (μ − A)^{−α} = ∫_∞ 0 t^{α−1} Γ(α) e^{−μt}T_t dt is the resolvent R(0, (μ − A)^α) of the fractional power (μ − A)^α and has a kernel which can be estimated against g_{μ,α}(x) := C ∫_∞ 0 t^{α−1−d/m}e^{−(μ−ω)t} exp(−b |x|^{m/(m−1)} t^{1/(m−1)} ) dt. By the way indicated above we get ‖g_{μ,α}‖_{p0} < ∞ for 1/p_0 > (d − αm)/d. Choosing a, c, ρ as above and applying Theorem 1.2, we get L^p spectral independence for the operator (μ − A)^α.

4.2 Generators of semigroups satisfying polynomial type bounds

We continue to suppose that T is a C_0-semigroup generated by the operator A on L^2(Ω) and that the kernels k(t, x, y) of the operators T (t) satisfy a certain estimate which is now given by |k(t, x, y)| ≤ t^{−d/m}h( |x − y| t^{1/m} ) (16)

where m > 0 and h is a bounded, decreasing, continuous and strictly positive function satisfying lim_{r→∞} r^{2d+δ}h(r) = 0 (17)

for some δ > 0. Let μ > 0, then R(μ, A) has the kernel ∫_∞ 0 exp(−μt)k(t, x, y), and (16), (17) imply (1) for

g_μ(x) := ∫_∞ 0 e^{−μt}t^{−d/m}h( |x| t^{1/m} ) dt. By the continuous Minkowski inequality and the substitution x = yt^{1/m} we get ‖g_μ‖_p < ∞ for p^{−1} > (d − m)/d and ‖x → |x|^{d+ϵ}g_μ(x)‖_p < ∞ for those p where ϵ := δ/2. Hence (2) is satisfied for p_0 > 1 with p^{−1}_0 > (d − m)/d and ρ(r) := (d + ϵ) log(1 + r).

Hence we obtain by Theorem 1.2 that σ(A_p) does not depend on p. As in the previous subsection we can treat fractional powers (μ − A)^α for μ > 0, α > 0.

4.3 First order differential operators

It is well known that L^p spectral independence fails for S := x(d/dx) with maximal domain on ]0, ∞[ (see [1] and [3]). To shed some light on this phenomenon, we consider in this subsection operators of the form a(x)(d/dx) on Ω :=]0, ∞[ with a degeneracy at x = 0. For notational reasons, we introduce ψ := 1/a. Precisely, we shall assume that ψ is a complex valued measurable function on [0, ∞[ such that

w(s) := ess sup_{x≥s} |ψ(x)| < ∞ (18)

for all s > 0, and w ∈ L^{p0} (0, 1) for some p_0 > 1. (19)

Observe that w is non-increasing. Then φ(x) := ∫_x 0 ψ(y) dy is well defined for x ≥ 0, bounded on finite intervals and absolutely continuous with φ^′ = ψ almost everywhere. We require that there are constants γ, c > 0 such that Re(φ(x) − φ(y)) ≥ γ(x − y) − c, x ≥ y ≥ 0. (20) We will discuss these assumptions.

Remark 4.2 The conditions (18) and (19) are satisfied if |ψ(x)| ≤ C|x|^{−α} for a.a. x ∈ [0, 1] for some α ∈]0, 1[, C > 0, and ψ is essentially bounded on [1, ∞[. The first condition means that if a(x) = 1/ψ(x) → 0 for x → 0 then this convergence is not too fast. See the examples below. A sufficient condition for (20) is

δ := ess lim inf_{x→∞} Re(ψ(x)) > 0, (21)

since then there is an x_0 > 0 such that Re ψ(x) ≥ γ := δ/2 for a.a. x ≥ x_0 and we get (20) for c := γx_0 + 2 ess sup_{0≤ξ≤x0} |φ(ξ)|. But (21) is not necessary for (20) as is shown in Remark 4.3 (a).

For p ∈ [1, ∞] and λ > 0, we consider the operator R_p(λ) on L^p(0, ∞) which is given by the kernel k_λ(x, y) := 1_{[x,∞[}(y)ψ(y) exp(−λ(φ(y) − φ(x))), x, y ≥ 0. (22) We then have the estimate |k_λ(x, y)| ≤ w(|x − y|) exp(−λγ|x − y| + λc), a.a. x, y ≥ 0, and letting g := w(|·|) exp(−λγ|·|+λc), ρ(s) := αs where 0 < α < λγ we clearly have that ρ is Ω-admissible and exp(ρ(| · |)g ∈ L^1(IR) ∩ L^{p0} (IR). Hence the assumptions of Theorem 1.1 hold and we conclude that the spectrum of R_p(λ) does not depend on p ∈ [1, ∞].

Moreover, if we define the operator A_p in L^p(0, ∞) by A_pf(x) := (1/ψ(x))f^′(x) with domain D(A_p) := {f ∈ L^p(0, ∞) : (1/ψ)f^′ ∈ L^p(0, ∞)}, then a direct calculation shows that k_λ is for λ > 0 the kernel of the resolvent of A_p. Hence R_p(λ) = R(λ, A_p) for λ > 0 and we conclude from Theorem 1.2 that σ(A_p) is independent of p ∈ [1, ∞].

Remark 4.3 (a) If we take ψ(x) := 1 + cos x then a := 1/ψ has singularities at (2k + 1)π and we have w = 1, φ(x) = x + sin x which clearly satisfies (20) with γ := 1 and c := 2, but (21) does not hold.

(b) As shown above, singularities of a are not as critical for L^p spectral independence as zeros, since they correspond to zeros of ψ and the only condition where this would matter is (20).

(c) We chose the formulation of (20) for simplicity. Of course, L^p spectral independence holds if μφ satisfies (20) for some μ ∈ IC, since if the spectrum of μa(x)(d/dx) is p-invariant then also the spectrum of a(x)(d/dx) is p-invariant. Observe that (20) is the only point where the behaviour of the argument of a comes into play.

(d) If ψ ∈ L^1(0, ∞) then φ ∈ L^∞(0, ∞) and the kernel k_λ in (22) can for all λ ∈ IC be estimated by |ψ|(y) exp(2|λ|‖φ‖_∞) which means that the operator (1/ψ(x))(d/dx) has empty spectrum in each L^p(0, ∞). Thus L^p spectral independence is trivial in this case. Observe that this means |a(x)| → ∞ fast enough as x → ∞.

Example 4.4 To give further illustrations, let us consider the case where a(x) equals x^α for x ∈ [0, 1] and x^β for x ≥ 1. We shall discuss several choices of α, β ∈ IR. For α < 1 and β ≠ 1 we have ψ = 1/a and φ(x) := ∫_x 0 ψ(y) dy is given by (1 − α)^{−1}x^{1−α} for x ∈ [0, 1] and (1 − β)^{−1}(x^{1−β} − 1) + (1 − α)^{−1} for x > 1.

(a) If α < 1 and β ≤ 0 then (18), (19) and (21) hold. Hence we have L^p spectral independence in this case. For α < 0 we have a singularity of a at the origin.

(b) For the case α = 1, β = 0 see Example 4.5.

(c) If α < 1 and β > 1 then ψ ∈ L^1(0, ∞) and we are in the situation of Remark 4.3 (d).

(d) If α < 1 and 0 < β < 1 then (20) does not hold, but R_p(λ) is bounded on L^p(0, ∞) for Re λ > 0, and exp(λφ) is an eigenfunction in L^p(0, ∞) to the eigenvalue λ for Re λ < 0. Hence σ(A_p) = iIR+]−∞, 0] is p-independent in this case. Observe that A_p is the generator of the C_0-semigroup T_p(t) in L^p(0, ∞) which is given by

(T_p(t)f)(x) = f(φ^{−1}(φ(x) + t)), x, t ≥ 0, (23)

where φ^{−1} denotes the inverse function of φ.

(e) If α < 1 and β = 1 then φ(x) = log x + (1 − α)^{−1} for x > 1, and exp(λφ) is an eigenfunction to the eigenvalue λ which belongs to L^p(0, ∞) if and only if Re λ < −1/p. On the other hand A_p generates the C_0-semigroup given by (23) which can be shown to be of type ≤ −1/p. Hence σ(A_p) = iIR+] − ∞, −1/p] depends on p in this case.

(f) If α = β = 1 then σ(S_p) = iIR − 1/p (see [1], [3]), hence L^p spectral independence fails. In this case ψ(x) = 1/x = w(x) does not even belong to L^1(0, 1) and its primitive φ(x) := log x does not satisfy (20). We have R(1, S)f(x) = (1/x) ∫_x 0 f(y) dy, and this operator has been treated in [6]. The operator (d/dx)x^2(d/dx) = S^2 + S whose resolvent has been treated in [13], Exercise 12.11.b) (see also Example 4.8 in the next subsection), has served as a counterexample in [11]. We again refer to Example 4.5 for a similar operator where L^p spectral independence fails.

For other values of α and β it seems not to be clear if σ(A_p) depends on p. Besides the examples mentioned in (d), (e), and (f), D. Alboth has found other operators for which L^p spectral independence fails, among them |x|(d/dx) on IR and (1 − x^2)(d/dx) on ] − 1, 1[ (see Examples 10 and 12 in [1]). We use the results and techniques of [1] to show that in Example 4.4 L^p spectral independence fails for α = 1 and β = 0. So the bound α < 1 in (a) is sharp.

Example 4.5 Consider the operator a(x)(d/dx) on ]0, ∞[ where a(x) := x for x ∈ [0, 1] and a(x) := 1 otherwise which we define in L^p(0, ∞) on C^∞_c (0, ∞). We claim that for the closure A_p of this operator we have σ(A_p) = iIR + [−(1/p), 0]. Hence L^p spectral independence fails.

Proof. Let ρ : IR →]0, ∞[ be given by ρ(x) = exp(x) if x < 0 and ρ(x) = x + 1 if x ≥ 0. Then ρ is a homeomorphism and ω := ρ^{−1} is given by ω(y) = log y if y ∈]0, 1[ and ω(y) = y − 1 if y > 1. Observe that ω^′(y) = 1/y for y < 1 and ω^′(y) = 1 for y > 1 which means ω^′ = 1/a, i.e. ω^′ corresponds to the function ψ above. Letting Φ(x, y) := ρ(ω(x) + ω(y)) for x, y > 0, (]0, ∞[, Φ) is a locally compact abelian group which we shall call G. A Haar measure is given by dλ_G(x) = ω^′(x) dx. It is easy to see that T f(x) = a(x)(d/dx) is a translation invariant derivation with symbol ξ → iξ, and hence Theorem 4 of [1] gives σ(T_p) = iIR where T_p means the operator T considered in L^p(G, dλ_G). By Lemma 5 of [1] the operator T_p is similar to the operator S_pf(x) := a(x)f^′(x) + (1/p)a^′(x)f(x) in L^p(0, ∞) by the mapping f → ω^{1/p} · f. Hence σ(S_p) = iIR. Observe that we have a^′ = 1_{[0,1]} and σ(A_p) = σ(T̃_p) where T̃_p := T_p − (1/p)1_{[0,1]} is considered as an operator in L^p(G, dλ_G).

We define operators U_p := V_pT̃_pV^{−1}_p in L^p(IR) using the isometry V_p : L^p(G, dλ_G) → L^p(IR), f → f ∘ ω. Then U_pf(x) = f^′(x) − (1/p)1_{]−∞,0]}f(x) and we are done if σ(U_p + 1/(2p)) = iIR + [−(2p)^{−1}, (2p)^{−1}]. We argue as in [1], Example 12. Let W_p := U_p + (2p)^{−1} = (d/dx) + (2p)^{−1}sgn. d/dx generates a group of isometries, hence by the Hille-Yosida theorem ‖(z − (d/dx)^{−1}‖ ≤ 1/|Rez|. Since ‖sgn‖_{L(L}p_{(IR))} = (2p)^{−1} we have by a perturbation argument that any z with |Rez| > (2p)^{−1} belongs to ρ(W_p). If, on the other hand, |Rez| < (2p)^{−1} then the function f given by f(x) := exp((z − sgn(x)/(2p))x) is an eigenfunction in L^p(IR) of W_p to the eigenvalue z, hence we proved the claim. □

We discuss an example on a bounded interval.

Example 4.6 If Ω :=] − 1, 1[ and we consider a(x)(d/dx) where a(x) := (1 − x^2)^α and α < 1 then, as in (d) of Remark 4.3, ψ := 1/a ∈ L^1(Ω), and φ given by φ(x) := ∫_x −1 ψ(y) dy is bounded. But now we have to consider boundary conditions.

If we take as domain {f ∈ L^p : a · f^′ ∈ L^p, f(1) = 0}, resolvents are given by g →

∫_1

x ψ(y) exp(−λ(φ(y) − φ(x))g(y) dy for λ ∈ IC, if we take as domain {f ∈ L^p : a · f^′ ∈ L^p, f(−1) = 0} we have to replace

∫_1

x by ∫_x −1 and λ by −λ; in any case the spectrum of the operator will be empty in all L^p(−1, 1). This is also clear from semigroup theory since in both cases the resulting operator or its negative generates a nilpotent semigroup.

The situation changes if we consider periodic boundary conditions, i.e. if we take {f ∈ L^p : a · f^′ ∈ L^p, f(−1) = f(1)} as a domain. Then for λ ∉ (2πi)ZZ/φ(1) the resolvent is given by g → exp(λφ(x))(c(λ) + ∫_1 x ψ(y) exp(−λψ(y))g(y) dy, where c(λ) = (exp(λφ(1)) − 1)^{−1}

∫_1 −1 ψ(y) exp(−λφ(y))g(y) dy, and for λ ∈ (2πi)ZZ/φ(1) an eigenfunction is given by exp(λφ). Hence the spectrum is (2πi)ZZ/φ(1) and independent of p.

The situation changes again if we let a(x) = (1 − x^2). Then we don’t need boundary conditions and Example 12 in [1] shows that the operator a(x)(d/dx) in L^p(−1, 1) has the spectrum iIR + [−(2p)^{−1}, (2p)^{−1}], and L^p spectral independence fails. So again, in a certain sense, the bound α < 1 is sharp.

In Example 4.4, 4.5 and 4.6 one should keep in mind that the arguments given there to compute spectra rely to a large extent on the fact that the function a takes real values only. For complex-valued a, the situation is less clear, relations like Re (λφ) = Re λ · φ or (23) are no longer valid. Take, e.g., a(x) = x^{−α}s(x) for x ∈ [0, 1] and a(x) = s(x) for x > 1 where s(x) = exp(i sin(μ(x))) and μ is any measurable real-valued function. Then (18), (19), and (21) hold with δ = cos 1, hence the spectrum of A_p does not depend on p by Theorem 1.2, but it seems not so easy to compute it.

4.4 Examples of integral operators

It is known that L^p spectral independence holds for convolution operators on IR^d (convolution with an L^1(IR^d)-function) and for Wiener-Hopf operators which are of the form Kf(x) := ∫_∞ 0 k(x − y)f(y) dy where k ∈ L^1(IR^d). The latter result is due to M.G. Krein. The proof of both results relies on Fourier transform techniques and can be found in [13].

It is clear that from Theorem 1.1 we obtain L^p spectral independence for classes of operators whose kernels can be estimated against certain convolution operators. The following is a modification of [13], Exercise 10.6.c), p. 151, which has been given there for the space of continuous functions.

Example 4.7 Let Ω ⊂ IR^d be open and k : Ω × Ω → IC be measurable. Assume that there are α, γ, c > 0 such that |k(x, y)| ≤ cw_α(|x − y|)e^{−γ|x−y|} (24) for a.a. x ≠ y ∈ Ω, where w_α(s) = s^{α−d} if α ∈ (0, d), w_d(s) = log(1 + (1/s)), and w_α(s) = 1 for α > d. Then Theorem 1.1 applies with ρ(s) := (γ/2)s, g := cw_α(| · |) exp(−2ρ(| · |)) and 1 < p_0 < d/(d − α) if α < d, 1 < p_0 < ∞ if α = d and p_0 = ∞ if α > d. In fact, we already used an estimate like (24) for the resolvents in Example 4.4.

We give another concrete example, taking Ω =]0, ∞[. The operator S given by the kernel k(x, y) := exp(−|x − y|) + exp(−(x + y)), x, y > 0, appeared in Example 9.1. in [2]. We clearly have the estimate |k(x, y)| ≤ 2 exp(−|x − y|) and Theorem 1.1 applies, hence the spectrum of S in L^p(Ω) is independent of p ∈ [1, ∞].

By Remark 2.2 we don’t need exponential decay in |x − y|, a certain polynomial decay in |x − y| is already sufficient.

Example 4.8 Let Ω ⊂ IR^d be bounded in d − l directions where l is an integer between 1 and d. Let k be a complex-valued measurable function and assume that there are α, c > 0 and β > 2l such that |k(x, y)| ≤ cw_α(|x − y|)(1 + |x − y|)^{−β} for a.a. x ≠ y ∈ Ω, where w_α is as before. Then Theorem 1.1 applies with ρ(s) := (β/2) log(1 + s), g := cw_α(| · |) exp(−2ρ(| · |)), and p_0 as above, and we obtain that the spectrum of the operator T_p associated with k in L^p(Ω) is independent of p ∈ [1, ∞].

Let us take Ω =]0, ∞[ to give two concrete examples. The operator given by the kernel k(x, y) := 1 1 + x^β + y^β , x, y > 0, appeared for β = 2 in Example 7.1. in [2]. If β > 2 then the assumptions of Theorem 1.1 are satisfied, since we have |k(x, y)| ≤ (1 + |x − y|^β)^{−1}. Thus we obtain that the spectrum of T in L^p(Ω) does not depend on p ∈ [1, ∞].

Again, let β > 2 and α ∈ (0, 1) and define v, w : Ω → IR by v(x) := x^α if x ≤ 1, v(x) := x^β if x > 1, and w := v^{−2}. We consider the operator T with kernel k given by k(x, y) := 1_{]0,x]}(y)v(y)w(x) + 1_{]x,∞[}(y)v(x)w(y), x, y > 0. Since v is increasing, we have by the definition of w the estimate |k(x, y)| ≤ 1/v(|x − y|) for all x, y > 0. We can apply Theorem 1.1 with ρ(s) := (β/2)s, g := 1/v(| · |) and 1 < p_0 < 1/α, and obtain that the spectrum of T in L^p(Ω) does not depend on p ∈ [1, ∞].

We compare this with [13], Exercise 12.11.b), p.195, which showed that for α = β = 1, i.e. for v(x) = x, L^p spectral independence fails. Elementary calculations show that we have for any f ∈ L^p(Ω) ( − v^2 3v^′ (T f)^′ )_′ + 2v^′ 3 (T f) = f, which gives the connection to Example 4.4 (f). Observe that in this case |k(x, y)| ≤ 1 |x − y| and |∇k(x, y)| ≤ C |x − y|^2 , x ≠ y. Hence L^p spectral independence fails in general for Calderon-Zygmund operators of nonconvolution type, even if they are bounded on L^1 and L^∞. See also sections 13.5 and 13.6 in [13] for examples derived from the Hilbert transform where L^p spectral independence fails.

We want to close this work with some problems.

Problems 4.9 (a) Does the assertion of Theorem 1.1 hold under the assumptions (1) and g ∈ L^1(IR^d) ∩ L^{p0} (IR^d), i.e. (2) for ρ = 0? This would explain Example 4.4 (d).

(b) If the answer is yes, does it hold under the assumptions (1) and g ∈ L^1(IR^d)? (c) Does an analogue of Theorem 1.1 hold g(x − y) in (1) is replaced by h(x, y) and h satisfies x → ‖h(x, ·)‖_r ∈ L^∞(Ω), y → ‖h(·, y)‖_r ∈ L^∞(Ω) (25) for r ∈ {1, p_0} where p_0 > 1 plus some additional decay assumption? Observe that v(x) = x in the last example shows that only assuming (25) for r = 1 is not sufficient for L^p spectral independence .

References

[1] D. Alboth, Unbounded translation invariant operators and the derivation property, J. London Math. Soc. 56, 1-15 (1997).

[2] P.M. Anselone and I.H. Sloane, Integral Equations on the Half Line, J. Integral Equations 9, Suppl., 3-23 (1985).

[3] W. Arendt, Gaussian estimates and interpolation of the spectrum in L^p, Differential and Integral Equations 7, 1153 - 1168 (1994).

[4] P. Auscher, Regularity theorems and heat kernels for elliptic operators, J. London Math. Soc. 54, 284 - 296 (1996).

[5] J. Auterhoff, Interpolationseigenschaften des Spektrums linearer Operatoren auf L^p-Räumen, Math. Z. 184, 397-406 (1983).

[6] D.W. Boyd, The spectrum of the Cesaro operator, Acta Sci. Math. 29, 31-34 (1968).

[7] E.B. Davies, One-parameter semigroups, Academic Press, 1980.

[8] E.B. Davies, Heat Kernels and Spectral Theory, Cambridge University Press, Cambridge 1989.

[9] E.B. Davies, L^p spectral independence and L^1 analyticity, J. London Math. Soc. 52, 177 - 184 (1995).

[10] C.J.A. Halberg and A.E. Taylor, On the spectra of linked operators, Pac. J.

Math. 6, 283-290 (1956).

[11] R. Hempel and J. Voigt, The spectrum of a Schrödinger operator on L_p(IR^ν ) is p-independent, Comm. Math. Phys. 104, 243 - 250 (1986).

[12] M. Hieber and E. Schrohe, L^p spectral independence of elliptic operators via commutator estimates, preprint 1997.

[13] K. Jörgens, Lineare Integraloperatoren, Teubner, Stuttgart 1970. [14] P.C. Kunstmann, Heat kernel estimates and L^p-spectral independence of elliptic operators, Bull. London Math. Soc. 31, 345-353 (1999).

[15] H.H. Schaefer, Interpolation of spectra, Integral Equations and Operator Theory 3, 463-469 (1980).

[16] B. Simon, Schrödinger semigroups, Bull. Amer. Math. Soc. 7, 447 - 526 (1982). Mathematisches Institut I, Universität Karlsruhe Englerstr. 2, D – 76128 Karlsruhe, Germany e-mail: peer.kunstmann@math.uni-karlsruhe.de