
What to learn for the final exam, Math4181, Fall 2007
The final exam be held on Saturday December 15, 7:30 - 9:30 am.
There will be 8 questions on the exam, all of equal weight, (so you won’t get any choice of which
to answer from the list below) chosen from the following list.
Solutions The solutions are also given below.
[Grading scale in square brackets, in bold face, and red type (if printed in color)]
Other methods of solving problems will be accepted, provided they meet the same standards.

From Chapter 1: One of the following (numbers changed)

(1) (i) Give a clear statement of the division algorithm.
(ii) Assuming the division algorithm, prove that every ideal in the integers is principal.
[See page 12.]

Solution:
(i) The division algorithm states that if a, b are intgers, and a is nonzero, [1]
then there are unique integers q, r, [1]
with b = aq + r and 0 ≤ r < |a|. [1]

(ii) Suppose I is an ideal in the integers. Then there are two cases.
(1) I = {0}. In this case, I = 0Z, so is principal, generated by 0. [1]
(2) I 6= {0}.
In this case, let a be the smallest positive integer contained in I. [1]
Note that there must be a smallest positive integer, since I must contain some elements which are not 0,
and if I contains −n, then by the properties of ideals in Z, I also contains −1 × −n = n. So I contains
some positive integers, so there must be a least positive integer. [1]
Now suppose b ∈ I. Then by the division algorithm, for some r, q with 0 ≤ r < a, we have b = aq + r. [1]
Now, by properties of ideals, since a ∈ I and −q ∈ Z, we have −aq ∈ I. And since −aq, b ∈ I, so is
r = b − aq. [1]
But a is the smallest positive element of I, so since 0 ≤ r < a, we must have r = 0. [1]
So b = aq, so b ∈ aZ. This is true for all b ∈ I, so I ⊂ aZ. [1].
But by properties of ideals, for any z ∈ Z, we have az ∈ I, so aZ ⊂ I, so we must have I = aZ.
So I is principal, generated by a.

(2) Find (17, 31) and find integers s, t such that 17s + 31t = (17, 31).

Solution: [5 points for finding gcd, with some explanation/working; 4 points for correct gcd,
no working; 3 points for incorrect gcd, but correct method; 0 points for wrong answer and
not clear what’s being done; various method possible, e.g., use prime factorization, euclidean
algorithm, matrix method; all acceptable; only one method shown here for brevity]

31 = 17 + 14 so (31, 17) = (17, 14)

17 = 14 + 3 so (17, 14) = (14, 3)

14 = 4 × 3 + 2 so (14, 3) = (3, 2)

3 = 2 + 1 so (3, 2) = (2, 1) = 1

So (31, 17) = 1.
[5 points for finding s, t with explanation/working, same scale as for finding gcd otherwise;
note, answer is not unique.]
From the above computation:

1 = 3 − 2

= 3 − (14 − 4 × 3) = 5 × 3 − 14

= 5 × (17 − 14) − 14 = 5 × 17 − 6 × 14

= 5 × 17 − 6(31 − 17)

= 11 × 17 − 6 × 31

So a solution is s = 11, t = −6

(3) State the fundamental theorem of arithmetic [page 15].
1
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Use the fundamental theorem of arithmetic to prove that
√

5 is irrational.

Solution: [5 points for statement; must include that the pi and mi are positive and unique,
and that n is positive] The fundamental theorem of arithmetic states that if n is a positive integer, then
there are unique, distinct, postive primes p1, . . . , pk and unique positive integers m1,m2, . . . ,mk such that

n = pm1

1 pm2

2 · · · pmk

k

[5 points for proof that
√

5 using fundamental theorem of arithmetic; 4 points for other
arguments, as long as correct; 3 points for some parts correct, but some errors; 0 points
otherwise]
We prove by contradiction that

√
5 is irrational.

Suppose
√

5 was rational. Then for some integers a, b, we have

(⋆)
√

5 =
a

b
.

By the fundamental theorem of arthmetic, we can write

a = pm1

1 · · · pmk

k

b = pn1

1 · · · pnk

k ,

where p1, . . . , pk are distinct primes, and mi, ni ≥ 0. (In the fundamental theorem of arithmetic, we have
the exponents all positive, but now we also inlude some primes with zero exponent, so that we can use the
same primes in writing out these expressions for a and b)
By squraring and rearranging equation (⋆), we get

b25 = a2,

so by substituting the factorizations for a and b we get

p2n1

1 · · · p2nk

k 5 = p2m1

1 · · · p2mk

k

By the fundamental theorem of arithmetic, since one side involves the prime 5, so does the other side, so
there is some prime pi with pi = 5. By reordering the primes if necessary, we can assume p1 = 5.
Then, by the fundamental theorem of arithemtic, by considering the exponent of the prime 5 in the
expressions, we must have

2n1 + 1 = 2m1,

so 1 = 2(m1 − n1), but this is impossible, since 1 is not a multiple of 2.
So the initial assumption that

√
5 is rational was wrong.

So
√

5 is irrational.

From Chapter 2: One of the following (numbers changed)
(4) Prove that in a finite ring, every element is either a zero divisor or a unit [see page 28].

Solution: Suppose that R is a finite ring, with |R| = k for some positive integer k, and elements r1, . . . , rk.
[set up: 1 point]
Now suppose that a ∈ R is not a zero divisor. We need to show that a is a unit. [outline of intended
argument: 1 point]
Since a is not a zero divisor, a(ri − rj) 6= 0, unless i = j, so ari 6= arj when i 6= j. [2]
So all the elements ar1, ar2, . . . , ark are distinct.[2]
So, the set {ar1, ar2, . . . , ark} must be the same as the set R, and so we have 1 this set.[2]
So for some i, ari = 1, so a has an inverse, ri, so a must be a unit. [2] QED.
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(5) i) State Lagrange’s theorem [page 34].
ii) Define Euler’s phi function, φ(n).
iii) State Euler’s theorem [page 35].
iv) Assuming Lagrange’s theorem, prove Euler’s theorem. [page 35].

Solution: (i) Lagranges theorem states that if G is a finite group, and H is a subgroup of G, then

|H|
∣

∣

∣
|G|

[2]
(ii) Eulers phi function is defined by

φ(n) = |Un|,
where Un is the group of units in Zn, which can also be written as

Un = {xn|x ∈ {1, 2, . . . , n}, (x, n) = 1}

[2 points; either definition of Un OK]
(iii) Euler’s theorem states that for a positive integer n > 1, and an integer a with (a, n) = 1, we have

aφ(n) ≡ 1 mod n

[1]
(iv) If (a, n) = 1, then a ∈ Un. [1]
By Lagrange’s theorem, the subgroup 〈a〉 satisfies

|〈a〉|
∣

∣

∣
|Un|

[1]
By definition of φ(n) and the fact that the order of a in Un is the same as the order of the subgroup
generated by a, we have

o(a)|φ(n)

[1]
Suoppose φ(n) = qo(a) for some integer q, then

aφ(n) = ao(a)q = (ao(a))q = 1q = 1,

[1]

So aφ(n) = 1, which means that
aφ(n) ≡ 1 mod n.

[1]

(6) Use Euler’s theorem to find an integer a with 0 ≤ a < 100 such that

383 ≡ a mod 100.

Solution: By Euler’s theorem, [3 point for statement of Euler’s theorem; either general or special
case OK]

aφ(100) ≡ 1 mod 100

Since 100 = 22 × 52, we have φ(100) = 100(1 − 1
2 )(1 − 1

5 ) = 1001
2

4
5 = 40. [3 points for any correct

determination of φ]
Now we have

383 = (340)2 × 33[2]

≡ 33 mod 100[1]

= 27[1]

So the solution is a = 27. [In some cases, there may be more steps necessary, but there will still
be 4 points for the last part of the computation]
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(7) Find all the subgroups of Z20,+.

Solution: [any argument OK, points divided up approximately equally over the subgroups
listed; make sure to include {0} and Z20]
The subgroups of Zn are in 1 − 1 correspondence with the divisors of n, so since the divisors of 20 are
1, 2, 4, 5, 10, 20, we have 6 subgroups,

Z20, 〈2〉, 〈4〉, 〈5〉, 〈10〉, {0}

From Chapter 3: One of the following (numbers changed)
(8) Prove that any abelian group of order 6 is cyclic.

Solution: Let G be an abelian subgroup of order 6.
As a consequence of Lagranges theorem, every element of G has order dividing 6, so the possible orders of
elements of G are 1, 2, 3, 6. [1]
There is only one element of order 1, the identity, e, and if there is an element of order 6, then G must be
cylic, so we need to show there must be an element of order 6. [1].

Suppose there is an element a of order 2 and an element b of order 3. Then ab must have order 6. This is
because the only other possible orders for ab are 1, 2, 3.
But o(ab) = 1 would imply a = b−1 which implies a and b have the same order, which is not true. [1]
o(ab) = 2 implies 1 = (ab)2 = a2b2 = b2 but b has order 3, so this is not true. [1]
o(ab) = 3 implies 1 = (ab)3 = a3b3 = a, but a 6= 1, so this can’t be true. [1]
So o(ab) = 6. [or 3 points for any correct, suffienctly detailed argument that the product of
elements of orders 2 and 3 in an abelian group has order 6]

So, we just need to show that it can’t be that all elements except e have order 2, or that they all have
order 3.

Suppose that all elements have order 2. Let a, b be two distinct elements, and let c = ab. Since a, b have
order 2, they are their own inverses, so a is not the inverse of b, so c 6= 1.
Now ac = aab = b, and bc = bab = a and c2 = abab = aabb = e. Also a−1 = a, b−1 = b, c−1 = c. So
the set {e, a, b, c} is closed under multiplication and inverses, so is a subgroup of G. But by Lagranges
theorem, this implies it has order dividing 6, but 4 does not divide 6. So this is a contradiction. So we can’t
have that all elements of G have order 1 or 2. [2] [or 2 points for any correct, suffienctly detailed
argument that not all elements except e have order 2]

Suppose that all elements of G have order 1 or 3. Let a be an element not equal to e. Let b be an element
not equal to e, a, a2.
Then we also have b2 not equal to any of e, a, a2, b, since b2 = e implies e = (b2)2 = b4 = b, which is not
true; b2 = a implies b = a2, which is not true; b2 = a2 implies b4 = a4 implies a = b, also not true, and
b2 = e is not possible, since b has order 3.
Now let c be an element of G different from e, a, a2, b, b2. Then by the same argument which showed that
b2 6= e, a, a2, b, we can show that c2 6= e, a, a2, c, and also that c2 6= e, b, b2, c. So we have 7 distinct elements
e, a, a2, b, b2, c, c2 in a set of size 6, which is impossible. So, not all elements can have order 1 or 3. [3] [or
3 points for any correct, suffienctly detailed argument that not all elements except e have
order 3]

So there must be elements of order 6, or of both order 2 and of order 3, so we end up with an element of
order 6 in either case, so G must be cyclic.
[Other arguments accepted, provided a similar amount of proof and detail is given]
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(9) Which of the groups U19, U20 and U21 is cyclic? Which can be written as direct sums of
nontrivial subgroups?

In the cases which are cyclic, give a generator, and in the cases which can be written as
nontrivial direct sums, write the group as such a sum.

Solution: Un is cyclic if and only if n is a prime, or a power of an odd prime, or n = 4.
So U19 is cylic, but U20 and U21 are not. [3]

In general, if n = pm1

1 · · · pmk

k , then we have an external direct sum

Un
∼= Up

m1
1

⊕ · · · ⊕ U
p

mk

k

,

so we have
U20

∼= U5 ⊕ U4
∼= Z4 ⊕ Z2

and
U21

∼= U3 ⊕ U7
∼= Z2 ⊕ Z6

Since U19
∼= Z18, we have

U19
∼= Z9 ⊕ Z2.

This tells us that all of the groups can be written as direct sums, but we’ve only written isomophisms with
external direct sums. We need to find subgroups to write internal direct sums. [You don’t need to give
all this reasoning, as long as the final answers are correct]
For U19, we have

〈2〉 = {1, 2, 4, 8, 16, 13, 7, 14, 9, 18, 17, 15, 11, 3, 6, 12, 5, 10},

so 2 is a generator of U19. [1]

So 2 has order 18 in U19, and we have subgroups of order 9 and 2 generated by 2
2

= 4 and 2
9

= 18
respectively
We have 〈4〉 = {1, 4, 16, 7, 9, 17, 11, 6, 5} and 〈18〉 = {1, 18}. Since these sets have intersection {1}, and the
product of the orders is 18, we have

U19 = 〈4〉 ⊕ 〈−1〉 [2]

|U20| = 8, and in U20, we have
〈3〉 = {1, 3, 9, 7}
〈19〉 = {1, 19},

so since these have intersection 1 and the product of the orders is 8, we have

U20 = 〈3〉 ⊕ 〈−1〉 [2]

|U21| = 12, and in U21 we have
〈2〉 = {1, 2, 4, 8, 16, 11}

〈20〉 = {1, 20}
so since these have intersection 1 and the product of the orders is 12, we have

U21 = 〈2〉 ⊕ 〈20〉 [2]

[So there are 4 points total for determining whether any groups are cyclic, and if so what
are the generators, and 6 points for determining whether we can write the groups as direct
sums, and if so, writing them as sums.]
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(10) Prove that if A and B are subgroups of a multiplicative group G, with identity 1, then
provided A ∩ B = {1} and |A||B| = |G|, then

G = A ⊕ B.

[See page 44.]

Solution:
We need to show that any element of G can be written uniquely as a product of an element of A with an
element of B.
Suppose we have a, c ∈ A and b, d ∈ B. Then

ab = cd

⇒ c−1a = db−1

But since a, c ∈ A, and A is a subgroup, c−1a ∈ A.
Since b, d ∈ B, and B is a subgroup, db−1 ∈ B.
So c−1a = db−1 ∈ A ∪ B = {1}.
So c−1a = db−1 = 1, so a = c and b = d.
So, any element of G that can be written as a product of an element in A with an element in B can only
be written like this in one unique way. [5 points total for uniqueness]

We’ve shown that for a, a′ ∈ A and b, b′ ∈ B, if a 6= a′ or b 6= b′, we have ab 6= a′b′, so the set

{ab|a ∈ A and b ∈ B}

must have |A||B| elements, i.e., G elements, and so must be the whole of G, so every element of G can be
written as a product of an lement of A with element of B. [5 points for existance]
So G = A ⊕ B.

(11) Prove that if G = A1 ⊕ A2 ⊕ · · · ⊕ An, and for some g ∈ G we have g = a1a2 · · · an, then

o(g) = lcm(o(a1), o(a2), . . . , o(an)).

[See page 47.]

Solution: We’ll work with internal direct sums in an abelian group.
Suppose o(ai) = oi.
Then

gm = 1

⇐⇒ (a1 . . . an)m = 1

⇐⇒ am
1 . . . am

n = 1 (since the ai commute)[1]

⇐⇒ am
1 × · · · × am

n = 1 × · · · × 1 (rewriting 1 as the product of n 1s)[2]

⇐⇒ am
i = 1 for 1 ≤ i ≤ n

(because this is a direct sum, so the left and right sides above
are only equal when each component of the product are equal)

[2]

⇐⇒ oi|m for 1 ≤ i ≤ n (since oi is the order of ai)[2]

⇐⇒ lcm(o1, . . . , on)|m [2]

So the smallest possible positive integer m with gm = 1 is lcm(o1, . . . , on), which is what we wanted to
prove. [1]
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(12) Which of the following groups are isomorphic?

U13, U21, U26, Z12, U28

Solution: [2 points for determining the structure of each group, including at the end stating
which is isomorphic to which]
These groups all have order 12. Since 13 is prime, we know that U13 is cylic, and so U13

∼= Z12.
Since 21 = 3 × 7 and 28 = 4 × 7, and 26 = 2 × 13, we have

U21
∼= U3 ⊕ U7, U28

∼= U4 ⊕ U7, U26
∼= U2 ⊕ U13

Since Up
∼= Zp−1 when p is a prime, and U4 = {1, 3} ∼= Z2, we have

U21
∼= Z2 ⊕ Z6, U28

∼= Z2 ⊕ Z6, U26
∼= Z1 ⊕ Z12

Since Z1 = {1}, we have Z1 ⊕ Z12
∼= Z12.

In a direct sum, the order of (a, b) is lcm(o(a), o(b)), so the maximum order of an element of Z2 ⊕ Z6 is 6,
whereas Z12 has an element (a generator) with order 12.
So we have

U13
∼= U26

∼= Z12

and
U21

∼= U28

From Chapter 4: Four of the following (numbers changed)
(13) Prove that if n = ab, for positive integers a, b, and (a, b) = 1, then Zn

∼= Za ⊕ Zb. [see page
54].

Solution: We define an isormophism between these groups as follows, where x is an integer:
[2 points for definition]

f : Zn → Za ⊕ Zb

xn 7→ (xa, xb)

[2 points to show well defined]
f is well defined, since if xn = yn, then n|(x − y), and since a|n, we also have a|(x − y), so xa = ya, and
since b|n, we also have b|(x − y), so xb = yb, so f is independent of the choice of representative of an
element of Zn, and so is well defined.
[2 points to show is an injection]
Suppose f(xn) = f(yn), then (xa, xb)(ya, yb), which means that a|(x − y) and b|(x − y). Since (a, b) = 1,
this means we must have ab|(x − y), so n|(x − y), so xn = yn, so f is injective.
[2 points to show is a surjection]
Since f is an injective map between two finite sets, by the pigeonhole principle, it must also be surjective.
[2 points to show is a group homomorphism]

f(xnyn) = f(xyn)

= (xya, xyb)

= (xaya, xbyb)

= (xa, xb)(ya, yb)

= f(xn)f(yn)

So f is a group homomorphism.
Hence from all the above, we have an isomorphism between Zn and Za⊕Zb, so these groups are isomorphic.



8

(14) State and prove the Chinese remainder theorem. [page 55]

You may assume that if n = ab, for positive integers a, b, and (a, b) = 1, then Zn
∼=

Za ⊕ Zb.

Solution:
The Chinese remainder theorem states that if n1, n2, . . . , nk are pairwise coprime integers, and a1, a2, . . . , ak

are any integers, then the system of congruences

x ≡ a1 mod n1

x ≡ a2 mod n2

...

x ≡ ak mod nk

has a unique solution modulo n = n1n2 . . . nk. [5 points for correct statement]

Proof of the Chinese remainder theorem:
Since the ni are pairwise coprime, we have that any ni is coprime to a product of any other nj with j not
i, so from the fact that Zn

∼= Za ⊕ Zb when (a, b) = 1, we have

Zn1...nk

∼= Zn1
⊕ Zn2...nk

∼= Zn1
⊕ Zn2

⊕ Zn3...nk

∼= Zn1
⊕ Zn2

⊕ Zn3
⊕ Zn4...nk

...
∼= Zn1

⊕ Zn2
⊕ Zn3

⊕ Zn4
⊕ · · · ⊕ Znk

Explicitly the isomorphism between Zn1...nk
is given by

f : xn 7→ (xn1
, xn2

, . . . xnk
)

Since this map is bijective, there is a unique xn in Zn with f(xn) = (a1n1
, a2n2

, . . . , aknk
),

i.e., there is a unique x modulo n with x ∼= ai mod ni for i = 1, . . . k. QED [5 points for correct proof]

(15) If x ≡ 2 mod 5, x ≡ 3 mod 7 and x ≡ 1 mod 9, what the smallest possible positive
integer value of x?

Solution:
In general, if x ≡ a1 mod n1

...

x ≡ ak mod nk,

then to find x, let mi = n
ni

, where n = n1n2 . . . nk. We assume the ni are pairwise corpime, so (ni,mi) = 1.

Now find integers ui with ui ≡ m−1
i mod ni.

These numbers then satisfy uimi ≡ 1 mod ni and uimi ≡ 1 mod nj for j 6= i. Then we can take

x ≡ a1u1m1 + a1u2m2 + · · · + akukmk mod n

[5 points for getting the strategy right, either by this method or some other method]
In this case, we have
a1 = 2, a2 = 3, a3 = 1, and n1 = 5, n2 = 7, n3 = 9, so n = 5 × 7 × 9 = 315, and m1 = 63,m2 = 45,m3 = 35.
So

u1 ≡ 63−1 mod 5 ≡ 3−1 ≡ 2 mod 5

u2 ≡ 45−1 mod 7 ≡ (−4)−1 ≡ −2 mod 7

u3 ≡ 35−1 mod 9 ≡ (−1)−1 ≡ −1 mod 9

So we have

x ≡ 2 × 63 × 2 + 3 × 45 × (−2) + 1 × 35 × (−1) ≡ −53 ≡ 262 mod 315

So the solution is x = 262.
[5 points for correct caluclation in the specific example given]
[Whatever method is used, provided there is some explanation of what’s being done, and the
answer is correct, you get 10 points]
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(16) Prove that if n = pk1

1 pk2

2 · · · pkm

m for distinct positive primes pi and positive integers km,
then

φ(n) = n

k
∏

i=1

(

1 −
1

pi

)

You may assume that if n = ab, for positive integers a, b, and (a, b) = 1, then Un
∼=

Ua ⊕ Ub.

Solution: By definition, φ(n) = |Un|. [1]

Let ni = pki

i for i = 1, 2, . . . ,m. Since the ni are pairwise coprime, we have that any ni is coprime to a
product of any other nj with j not i, so from the fact that Un

∼= Ua ⊕ Ub when (a, b) = 1, we have

Un = Un1...nm

∼= Un1
⊕ Un2...nm

∼= Un1
⊕ Un2

⊕ Un3...nm

∼= Un1
⊕ Un2

⊕ Un3
⊕ Un4...nm

...
∼= Un1

⊕ Un2
⊕ Un3

⊕ Un4
⊕ · · · ⊕ Unm

[2]

So

|Un| = |Un1
| · · · |Unm

| =

k
∏

i=1

|Uni
| [1]

If p is a prime and k a positive integer, then

Upk =
{

xpk ∈ {1, 2, . . . , pk}
∣

∣

∣
p ∤ x

}

[1]

The elements in the set {1, 2, . . . , pk} which are divisible by p are p, 2p, 3p, . . . , (pk−1)p.
So, pk−1 elements of the set {1, . . . , pk} are divisible by p. [1] So

|Upk | = pk − pk−1 = pk

(

1 −
1

p

)

[1]

So we have

φ(n) =

k
∏

i=1

pki

i

(

1 −
1

pi

)

[1]

=

(

k
∏

i=1

pki

i

)(

k
∏

i=1

(

1 −
1

pi

)

)

[1]

= n
k
∏

i=1

(

1 −
1

pi

)

[1]

QED
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(17) Prove that if A,B are groups and G = A ⊕ B, then G is cyclic if and only if A and B are
cyclic, and (|A|, |B|) = 1. [see page 63, 64].

Solution: ⇒[5 points for this direction] Suppose G is cyclic, with generator g. Since G = A ⊕ B, we
have g = ab for some a ∈ A, b ∈ B.
Now let c be any element of A and d any element of B. Then since G is cyclic, for some k we have gk = cd.
We also have gk = (ab)k = akbk (our groups are always abelian).
So we have c × d = ak × bk. Since any element of G can be written in only one unique way as a product of
an element of A with an element of B, this implies that c = ak and d = bk. Since c and d were arbitrary
elements of A and B respectively, this implies that

A = 〈a〉 and B = 〈b〉

So A and B are both cylic, and a has order |A|, and b has order |B|.
In a direct sum, since g = ab, we have

o(g) = lcm(o(a), o(b)) = lcm(|A|, |B|) =
|A||B|

gcd(|A|, |B|)
Since g generates G, o(g) = |G|, and since G = A ⊕ B, |A||B| = |G|. So we have

|G| = |G|/ gcd(|A|, |B|)

which means we must have (|A|, |B|) = 1.

⇐[5 points for this direction]
Suppose A and B are cylic, with generators a and b respectively, and (|A|, |B|) = 1. Now let g = ab.

Then gt = 1 ⇐⇒ (ab)t = 1 ⇐⇒ atbt = 1 × 1 ⇐⇒ at = 1 and bt = 1 ⇐⇒ |A|
∣

∣

∣
t and ⇐⇒ |B|

∣

∣

∣
t.

Since (|A|, |B|) = 1, this happens if and only if |A||B|
∣

∣

∣
t, i.e., |G|

∣

∣

∣
t.

So the smallest power t with gt = 1 is t = |G|, so G has an element of order |G|, and so G is cyclic. QED

(18) State the division algorithm for polynomials over a field [see page 62].
Using the division algorithm, prove that if f(x) is a polynomial with coefficients in a

field, and f(x) has degree n, then f has at most n roots. [page 63]

Solution:
The division algorithm for polynomials over a field F states that if f(x) and g(x) are polynomials in F [x],
then there are unique polynomials q(x) and r(x) in F [x], with

f(z) = q(x)g(x) + r(x) [2]

with
0 ≤ degree r(x) < degree g(x). [2]

Now we show that if a is a root of f , that is, if f(a) = 0, then (x − a) divides f .[3 points for this
argument]
To do this, take f = f and g = (x − a) in the division algorithm. Since degree x − a = 1, we have that r
will be a constant, c ∈ F . So we have

f(x) = q(x)(x − a) + c

Now if we set x = a, we get
0 = 0 + c,

so c = 0, so f(x) = q(x)(x − a), so x − a divides f(x).

[3 points for remaining argument] Now suppose that f(x) has degree n, but there are more than n
roots, e.g., distinct roots a1, a2, . . . , an+1.
Then since each of (x − ai) divides f(x), and these factors are all different, we must have that f(x) is a
multiple of (x − a1)(x − a2) · · · (x − an+1).
But this polynomial has degree n + 1, and any multiple of it has degree at least n + 1. But f only has
degree n. So this is not possible.
So f can have at most n solutions. QED.
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(19) Prove that the group of units F× in a finite field F is cyclic.

You may assume the following results (refer to them by their lemma numbers given below
when you use them):

Lemma 1: If A,B are groups and G = A ⊕ B, then G is cyclic if and only if A and B
are cyclic, and (|A|, |B|) = 1.

Lemma 2: If f(x) is a polynomial with coefficients in a field, and f(x) has degree n,
then f has at most n roots.

Lemma 3: If p is a prime, and

Bp = {x ∈ F×|the order of x in the group F× is a power of p},

then for some integer r (depending on p), we have

Bp = {x ∈ F |xpr

− 1 = 0}

Lemma 4: If A and B are subgroups of a multiplicative group G, with identity 1, then
provided A ∩ B = {1} and |A||B| = |G|, then

G = A ⊕ B.

Lemma 5: A cyclic subgroup of order n is isomorphic to Zn.
Lemma 6: If n = ab, for positive integers a, b, and (a, b) = 1, then Zn

∼= Za ⊕ Zb.
[See pages 64, 65, or class notes.]
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Solution: Let n = |F×|, and let n have prime factorization n = pm1

1 pm2

2 · · · pmk

k
, for distinct prime numbers

p1, . . . , pk, and positive integers m1, . . . ,mk.
Now let

Bpi
= {x ∈ F×|o(x) is a power of pi}

by Lemma 3, for some integer r we have

Bpi
= {x ∈ F×|xp

ri

i − 1 = 0}

for some positive integer ri. [1]
By Lemma 2,

|Bpi
| ≤ pri

i . (1) [1]

On the other hand, we can assume that Bpi contains an element of order pri

i , since if not, then every

element will have order dividing pri

i , but less than pri

i , so has order at most pri−1
i , so we can replace ri by

ri − 1, and repeat if necessary until there is an element of order pri

i . [1]
Suppose xi is the element of order pri

i . Then any power of xi also has order a power of pi, since if g = xs
i ,

then gp
ri

i = x
sp

ri

i

i = (x
p

ri

i

i )s = 1s = 1. So the order of xs
i divides pri

i , so the order of xs
i is a power of pi. So

xs
i ∈ Bi, for all integers s. So 〈xi〉 ⊂ Bi. [1]

Since o(xi) = pri

i , we have
pri

i = |〈xi〉| ≤ |Bi|. (2)

Combining (1) and (2) gives |Bi| = pri

i . Since 〈xi〉 ⊂ Bi. this implies that Bi = 〈xi〉, so Bi is cyclic. [1]
For distinct primes pi, pj, the only possible element with order a power of pi and also a power of pj is 1,
which has order 1 = p0

i = p0
j . So Bi ∩ Bj = {1}.

Let
B = {b1b2b3 · · · bk|bi ∈ Bi}

By definition, every element of B is a product of elements of the Bi. Suppose that b1b2 · · · bk = c1c2 · · · ck.
Then b1c

−1
1 = c2 · · · ck(b2 · · · bk)

−1.

Let M = pr2

2 pr3

3 · · · prk

k
. Then we have (b1c

−1
1 )M = (c2 · · · ck(b2 · · · bk)

−1)M = (cM
2 · · · cM

k (bM
2 · · · bM

k )−1) = 1,
since each of the ci and bi for i = 2, . . . , k has order dividing M .
So b1c

−1 has order dividing M . On the other hand, b1 and c1 are in B1, and so is their product, so b1c
−1
1

has order a power of p1. Since (p1,M) = 1, this means that the order of b1c
−1
1 is 1, so b1c

−1
1 = 1, b1 = c1.

A similar agument shows that bi = ci for each i = 1, 2, . . . , k. So any element of B can be written in a
unique way as a product of elements of the Bi. [1]
So we have

B = B1 ⊕ B1 ⊕ B3 ⊕ · · · ⊕ Bk ⊂ F×

Now suppose g is any element of F×, so g has order dividing n, so for some non-negative integers s1, . . . , sk,
we have o(g) = ps1

1 ps2

2 · · · psk

k .
We have a cyclic subgroup 〈g〉 of F×, which has order o(g).
By Lemma 5, 〈g〉 ∼= Zo(g).
By repeated application of Lemma 6, we have

〈g〉 ∼= Zp
s1
1

⊕ Zp
s2
2

⊕ · · · ⊕ Z
p

s
k

k

.

This implies that we have an internal direct sum

〈g〉 = H1 ⊕ H2 ⊕ · · · ⊕ Hk, (3) [1]

where |Hi| = psi

i . This means that every element of Hi has order dividing psi

i , so every element has order
a power of pi. [1]
Since Hi ⊂ 〈g〉 ⊂ F×, we have Hi ⊂ F×, and all elements of Hi have orders powers of pi, so Hi ⊂ Bi.
Since (3) is a direct sum, g = a1a2 . . . ak for some unique ai ∈ Hi. Since Hi ⊂ Bi, this means that g can
be written as a product of elements of B1, B2, . . . , Bk.
So we must have B = F×.[1]
Now, since we’ve already shown that the Bi are cyclic, of coprime order, by repeated application of
Lemma 1, we have that F× must be cyclic.[1] QED
[Probably this is too long for the exam, so I would just ask for part of the proof to be given,
for example, you’d just have to prove that the Bi are cyclic, or just that the group given by
B above is a direct sum. So the grading scale would be modified in this case]
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(20) Prove that for an odd prime p, 1 + p has order pk−1 in Upk . [see page 68, 69].

Solution: First we will show that (1 + p)p
k−1

= 1 in Upk , i.e., (1 + p)p
k−1 ≡ 1 mod pk. This implies that

the order of (1 + p) divides pk−1.
We will prove the result by induction on k. For k = 1, we have pk−1 = p0 = 1, and pk = p, and

(1 + p)1 = 1 + p ≡ 1 mod p,

so the result holds when k = 1.[1/2 point for case k = 1]

Suppose the result holds for k = n, for n ≥ 1, i.e., (1 + p)p
n−1 ≡ 1 mod pn, so for some integer q,

(1 + p)p
n−1

− 1 = qpn (⋆)

For k = n + 1, we have

(1 + p)p
n+1−1

= (1 + p)p
n

= ((1 + p)p
n−1

)p

= (1 + qpn)p from (⋆)

= 1 + p(qpn) +

(

p

2

)

(qpn)2 +

(

p

3

)

(qpn)3 + · · · by the binomial theorem

= 1 + qpn+1 +

(

p

2

)

q2p2n + · · · +

(

p

i

)

qipni + · · ·

= 1 + qpn+1 +

(

p

2

)

q2pn+1pn−1 + · · · +

(

p

i

)

qipn+1pni−n−1 + · · ·

≡ 1 mod pn+1 because n ≥ 1, so ni − n − 1 = n(i − 1) − 1 ≥ 0 for i ≥ 2, so
every term except the first is divisible by pn+1

So the result holds for k = n + 1, and so by induction holds for all k ≥ 1.
[4 points for induction step (about 1/2 point for each line above)]

Now we need to show that o(1 + p) can’t be less than pk−1, so we need to show that pk−2 6≡ 1 mod pk.
We will show by induction that for k ≥ 2,

(1 + p)k−2 ≡ 1 + pk−1 mod pk,

and so since pk−1 6≡ 1 mod pk, we will get pk−2 6≡ 1 mod pk. (We can assume k ≥ 2, since if k = 1, the
result says that 1 has order 1 in Up, which we know is true.)
For k = 2, we have

(1 + p)p
k−2

= (1 + p)p
0

= (1 + p)1 = 1 + p = 1 + p mod p2,

so the result holds when k = 2.[1/2 point for initial case]
Suppose the result holds for k = n ≥ 2. This means that

(1 + p)p
n−2

= 1 + pn−1 + qpn = 1 + pn−1(1 + qp) (†)
for some integer q. Then for k = n + 1 we have

(1 + p)p
n+1−2

= (1 + p)p
n−1

= ((1 + p)p
n−2

)p

= (1 + pn−1(1 + qp))p from (†)

= 1 + p(pn−1(1 + qp)) + · · · +

(

p

i

)

(pn−1(1 + qp))i + · · · by the binomial theorem

= 1 + pn + qpn+1 + · · · +

(

p

i

)

pi(n−1)(1 + qp)i + · · ·

= 1 + pn + qpn+1 + · · · +

(

p

i

)

pn+1pin−i−n−1)(1 + qp)i + · · ·

≡ 1 + pn mod pn+1

since if n ≥ 2, i ≥ 3, then ni−1−n−1 = (n−1)(i−1)−2 ≥ 0,
and if n ≥ 2, and i = 2, then in−i−n−1 ≥ −1, and p 6= 2 so

p
∣

∣

∣

(

p
2

)

, so all terms except the first two are divisible by pn+1

So the result holds for k = n + 1, and so by induction holds for all k ≥ 1.
[4 points for induction step (about 1/2 point for each computation above)]
So in Upk , p + 1 has order dividing pk−1, but order not dividing pk−2, and the only number which divides

pk−1 but does not divide pk−2 is pk−1. So p + 1 has order pk−1. QED
[1 point for final/overall argument]
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(21) Give generators of the groups U81, U49 and U121 (this is an application of the proof of
theorem 28, page 63).

Solution: In general, for a prime p and positive integer k, Upk is generated by ap(1+p), where a generates
Up. [4 points for general formula]
For U81, p = 3, and U3 = {1, 2} = 〈2〉, so a generator of U81 is

23(1 + 3) = 8 × 4 = 32

For U49, p = 7, and U7 = {1, 2, 3, 4, 5, 6} = 〈3〉, so a generator of U49 is

37(1 + 7) = 2187 × 8 = 17496 ≡ 3 mod 49

For U121, p = 11, and U3 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11} = 〈2〉, so a generator of U121 is

211(1 + 11) = 2048 × 12 = 24576 ≡ 13 mod 121

[2 points for correctly applying formular in each example]

From Chapter 5: One of the following (numbers changed)
(22) Define the norm N(α) of a Gaussian integer α.

Prove that for Gaussian integers a, b, N(ab) = N(a)N(b). [page 74]

Solution:
If α = a + ib, then we define the norm by

N(α) = a2 + b2 [3]

Let α = a + ib and β = c + id.
Then

N(αβ) = N((a + ib)(c + id))

= N((ac − bd) + i(ad + bc))

= (ac − bd)2 + (ad + bc)2

= a2c2 − 2acdb + b2d2 + a2d2 + 2adbc + b2c2

= a2c2 + b2d2 + a2d2 + b2c2

= (a2 + b2)(c2 + d2)

= N(α)N(β)

[1 point for each line]

(23) Prove that if a, b are integers which are both sums of two squares of integers, then ab is
also the sum of two squares. [page 74]

Solution: Suppose that x = a2 + b2, and suppose y = c2 + d2.
Then

xy = (a2 + b2)(c2 + d2)

= a2c2 + b2d2 + a2d2 + b2c2

= a2c2 − 2acdb + b2d2 + a2d2 + 2adbc + b2c2

= (ac − bd)2 + (ad + bc)2

[approx 2 points for each line]

(24) Prove that the only units in the set of Gaussian integers are 1, −1, i, −i. [Page 75]
You may assume that for Gaussian integers a, b, N(ab) = N(a)N(b).

Solution: A unit in Z[i] is any element of Z[i] with inverse also in Z[i].
Suppose a ∈ Z[i] is a unit, so for some b, we have ab = 1. So this means that N(ab) = N(a)N(b) =
N(1) = 12 = 1. So since the norm of an element of Z[i] is always a positive integer, this means that
N(a) = N(b) = 1. [4]
If a = u + iv, then N(a) = u2 + v2 = 1 implies that either u2 = 1 and v2 = 0, or u2 = 0 and v2 = 1. [2]
In the first case, we get a = ±1, and in the second case a = ±i. [2]
So the only possible units are 1, −1, i, −i, and these are units, since 1−1 = 1, (−1)−1 = −1, i−1 = −i and
(−i)−1 = i.[2]

(25) (i) Which of the following are primes in the Gaussian integers?

5, 6, 7, 11, 3i + 4, 2i + 5.
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[This is an application of theorem 34, page 81.]
(ii) Write 2i + 9 as a product of two Gaussian primes.

Solution:
(i) A gaussian integer α is prime if and only if either N(α) is a prime, or else if α = ±p or ±ip, where p is
a positive prime in the integers with p ∼= 3 mod 4.
We have

a a mod 4 if a is prime N(a)
5 1
6 36(not prime)
7 3
11 3
3i + 4 9 + 16 = 25(not prime)
2i + 5 4 + 25 = 29(prime)

So, 7, 11, 2i + 5 are prime in Z[i], and 5, 6, 3i + 4 are not. [1 points for each number]
(ii) N(2i + 9) = 4 + 81 = 85 = 5 × 17.[1]
So if 2i + 9 = ab, with a, b primes, we will have (up to order) N(a) = 5, N(b) = 17.[1]
We can take a = 2 + i, since this has norm 5.[1]
Then

b =
2i + 9

2 + i
=

(2i + 9)(2 − i)

(2 + i)(2 − i)
=

18 + 2 − 9i + 4i

5
=

20 − 5i

5
= 4 − i [1]

So a prime factorisation of 2i + 9 in Z[i] is

2i + 9 = (2 + i)(4 − i)


