
Elliptic Curves (Math 7280), Fall 2004 H. Verrill

Outline of lectures on October 20 and 22, 2004, corresponding to Cassels, chapter 11

Let C be an elliptic curve given by y2 = x3 + ax + b, with a, b ∈ Z. The point of this section is to show that if a
point on C(Q), has finite order, then we must have x, y ∈ Z.

C : y2 = x3 + ax + b

CN : y2 = x3 + p4Nax + p6Nb
Cs

N (k) means non singular (i.e., smooth) points on CN (k).
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We can assume x, y ∈ Z.

n is the level of the point.
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Putting this together we have the following filtration:
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Since the group law on the nonsingular points of y2 = x3 over a field k is isomorphic to k, +, we have

CN (Qp)/C
N+1(Qp) ∼= Cs

N (Fp) ∼= (Fp, +) ∼= Z/pZ.

So if a point has finite order prime to p, then it cannot be in C1(Qp), and so must have the form (x, y) with x, y ∈ Zp.

The next thing is to show that the fact that the coordinates are p-adic integers is also true if a point has any finite
order, not just orders coprime to p.
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