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1. Intr oduction

We will study certain coloredlinear spaces.A linear spaceis an incidencestructure (V; L )
consistingof a set of points V and a set of subsets,L , of V. The elements of L will be called
lines. Such an incidencestructure is a linear spaceif the following axiomsare satis�ed:

A1 Any two points lie on a unique line. That is, for any two distinct points A; B 2 V
there is a unique line L 2 L such that A 2 L and B 2 L.

A2 Each line hasat least two points. That is, # l � 2 for all l 2 L .
A3 The linear spacedoesnot consistof just one line. That is, # L � 2.

A two coloring � of a linear spaceis a map that assignseither the color red or greento
each point in the space. We say a line is monochromatic if each point in the line has the
samecolor. A Motzkin-Rabin geometry(MR geometryfor short) is a 2-coloredlinear space
with no monochromatic lines.

Thesegeometriesget their namefrom the following theorem(see[13], [7], [3] for proofs):

Theorem 1 (Motzkin-Rabin) . No Motzkin-Rabin geometry can be embedded in the real
plane.

Equivalently, any 2-coloringof a linear spacein R2 must contain a monochromatic line.
The following questionshelped motivate this project.

Question 1. Do there exist MR geometries in C2?

Question 2. Do there exist MR geometries in F2(t)2?

A proper linear spaceis a linear spacein which every line hasat least 3 points.

Question 3. Does there exist an MR geometry with no proper linear subspace?

See[12] for why questions1 and 2 are essentially the only open questionsconcerningthe
embeddability of MR geometriesin a�ne or projective spacesover �elds. Question 3 was
prompted by the remarkablesimilarity betweenknown proofsof the Motzkin-Rabin theorem
and the Sylvester-Galaitheorem(no proper linear spacecan be embeddedin R2).

Pretorius and Swanepoel [11] found all MR geometrieswith # V � 15. They accomplished
this by hand, usingan extensive caseanalysis. The main result of this paper is an extension
of this result up to 18 points. We usea computer to enumerate Motzkin-Rabin geometries.
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We essentially follow the approach of Betten and Betten [2]: precomputeline and point
typesby solving the appropriate large linear Diophantine systems(of equationsand inequal-
ities) and certain \realizabilit y tests", and then hand them o� to an enumeration algorithm
to construct all linear spaceswith the correct point and line types. We usedthe exhaustive
enumeration algorithm described by Denny and Gibbons [6].

2. Sear ch stra tegy

Assumewe have a partition L 1 [ L2 [ � � � [ L k = L (with disjoint unions) of the lines of an
MR geometry. We can useit to induce a partition of the points as follows. For each point
P compute the vector

(# f l 2 L i : P 2 lg)k
i=1

of intersection numbers with the subsetsof the partition. Whenever this vector agreesfor
two points, they go in the samesubsetVi . This leadsto what we will call an � -table for a
linear space:

� l1 l2 . . . lk
v1 � 1;1 � 1;2 . . . � 1;k

v2 � 2;1 � 2;2 . . . � 2;k
...

...
...

. . .
...

vm � m;1 � m;2 . . . � m;k

wherel i = # L i , vi = # Vi and each point in Vi lies on exactly � i;j lines in L j .
In exactly the sameway a point partition inducesa line partition and we get a � -table for

a linear space:
� l1 l2 . . . lk
v1 � 1;1 � 1;2 . . . � 1;k

v2 � 2;1 � 2;2 . . . � 2;k
...

...
...

. . .
...

vm � m;1 � m;2 . . . � m;k

whereeach line in L j contains exactly � i;j points in Vi .
Starting with the partition of the points by their color we can therefore induce � and �

tables to any level we want. In generalthis processwill stop with what is called a tactical
decomposition (see[2]).

We can specify a linear spaceby its incidencematrix. Rows correspond to points and
columnsto lines. The i; j entry of the matrix indicateswhether point i lies on line j or not.
Note that computing higher and higher level � and � tables can end in �nding an incidence
matrix but often the processwill stop beforewe �nd the full incidencematrix.

For a given incidencematrix it is trivial to compute its � and � tables to any level. Our
approach to enumerating MR geometriesis to reverse this process. We start by writing
down possible� and � tables and then look for MR geometriesthat satisfy these tables.
The entries of � and � tables must satisfy a number of constraints. Theseconstraints limit
the number of possibletables and thus restricts the search space.
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A minimal MR geometry is one in which, if we delete any point, the remaining linear
spaceis not an MR geometryanymore. That is, it becomeseither a singleline or is not two
colorableanymore. Once we have the minimal MR geometries(up to a certain number of
points) it is easyto generateall Motzkin-Rabin geometrieson that many points. We can
thereforefurther restrict our search to just the minimal MR geometries.

3. Constr uction of � and � t ables

In order to write down the constraints that � and � tables must satisfy we �rst introduce
somenotation. The number n will always denotethe number of points in a linear space.A
point's type is a vector giving the number of intersectionsof the point with the di�erent sets
of a partition of the lines. That is, it is a row in an � table. A line type is a column in a �
table giving the number of points on such a line in each set of a point partition. Note that
the \level 0" point type is just whether the point is red or green. A point type distribution
is a vector giving the number of points of each point type occurring in the MR geometry.
That is, it is the row headingsin a table. Similarly for line type distributions.

The variable i will always denote the level. If i is odd then we are describingline types
and distributions. If i is even we are describingpoint typesand distributions. An i -type will
be described by a b variable. An i -distribution will be described with the a variable.

For a given linear spaceand a particular level i , the b i;j for 1 � j � ni areni vectorsgiving
the possiblei -types. If a point/line has i -type b i;j , then it meansthat the k'th coordinate,
b i;j;k , of the vector b i;j givesthe number of intersectionsof this point/line with lines/points
of (i � 1)-type b i � 1;k (so each b i;j has ni � 1 entries). The j 'th entry, ai;j , of the distribution
vector a gives the number of points/lines in the linear spacewith i -type b i;j (so that each
ai hasni entries).

For i odd we seethat b i;j consistsof the entries in the j 'th column of a � table and ai

consistsof the column headings. For i even, b i;j consistsof the j 'th row of an � table and
ai consistsof the row headingsin that table.

We shall let a0 = (nr ; ng) wherenr is the number of red points and ng the number of green
points in the MR geometry(note that n = nr + ng). The 1-typesthen have length 2.

For someof the formulas below (and as a programming convenience)we also introduce
the u variable. u i;j = j 0 meansthat the i -type b i;j is a re�nement of the (i � 2)-type b i � 2;j 0,
that is, a point/line of i -type j by de�nition has(i � 2)-type b i � 2;u i;j . We de�ne all u0;j and
u1;j to be 1 (and n� 1 = 1).

The a's and b's must satisfy a number of linear Diophantine equations.
From the de�nition of a re�nement of a type we get, for all i , j , k0 with i > 2, 1 � j � ni

and 1 � k0 � ni � 3,

(1) b i � 2;u i;j ;k0 =
X

k:u i � 1;k = k0

b i;j;k :

As every two points lie on a unique line we can count the number of greenand red points
by looking at all the lines through a given point. For i = 2 this givesthe following equations.
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For every 1 � j � n2 with u2;j = 1:

(2) 1 +
n1X

k=1

b2;j;k (b1;k;1 � 1) = ng;

and

(3)
n1X

k=1

b2;j;k b1;k;2 = nr :

For all 1 � j � n2 with u2;j = 2:

(4)
n1X

k=1

b2;j;k b1;k;1 = ng;

and

(5) 1 +
n1X

k=1

b2;j;k (b1;k;2 � 1) = nr :

Note that we could write down the analogousequationsfor all even i , but oncethe i = 2
equationshold the higher i 's follow from Equation (1).

Wecan't have moreincidencesthan there arepoints/lines of a particular type in the linear
spaceand so we have: For all i > 0, 1 � j � ni and 1 � k � ni � 1,

(6) b i;j;k � ai � 1;k

The number of points/lines with a particular typemust equalthe total number of points/lines
with typesre�ning the type. For all i and j 0 with i > 1 and 1 � j 0 � ni � 2 we obtain

(7)
X

j :u i;j = j 0

ai;j = ai � 2;j 0:

Counting incidencesin two ways we get: For all i , k, j 0 with i > 0, 1 � k � ni � 1 and
1 � j 0 � ni � 2,

(8)
X

j :u i;j = j 0

ai;j b i;j;k = ai � 1;kb i � 1;k ;j 0

The fact that every pair of points must lie on a unique line allows us to count pairs of
points in two di�erent ways. Counting pairs of points both with (i � 1)-type b i � 1;k we get:
For all odd i > 0 and k with 1 � k � ni � 1,

(9)
n iX

j =1

ai;j

�
b i;j;k

2

�
=

�
ai � 1;k

2

�
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Counting pairs of points, one with (i � 1)-type b i � 1;k1 and the other b i � 1;k2 , we get: For
all odd i > 0 and k1, k2 with 1 � k1 � ni � 1, 1 � k2 � ni � 1 and k1 6= k2,

(10)
n iX

j =1

ai;j b i;j;k 1b i;j;k 2 = ai � 1;k1 ai � 1;k2 :

We can alsocount pairs of lines, but becausenot every pair of lines intersect, we only get
inequalities. For all eveni > 0 and k with 1 � k � ni � 1,

(11)
n iX

j =1

ai;j

�
b i;j;k

2

�
�

�
ai � 1;k

2

�

For all eveni > 0 and k1, k2 with 1 � k1 � ni � 1, 1 � k2 � ni � 1 and k1 6= k2

(12)
n iX

j =1

ai;j b i;j;k 1b i;j;k 2 � ai � 1;k1 ai � 1;k2 :

Our search algorithm proceedsas follows. For a given choiceof n, ng and nr we start by
writing down all possible1-typesthat satisfy Equation (6). Actually, by [11, Lemma 6], we
can improve Equation (6) in this caseto

(13) b1;j; 1 � ng � 3 and b1;j; 2 � nr � 3:

Supposewe get n0
1 1-types. We then �nd all solutions to Equations (9) and (10). Note

that theseare linear Diophantine equationsin the n0
1 variablesa1;j , 1 � j � n0

1. Each such
solution de�nes a possible1-distribution of a linear space.For each solution we reindex the
1-typessuch that n1 is the number of non-zero a1;j . This givesa � table at level 1.

For each 1-distribution we can computepossible2-distributions. First we �nd all possible
2-typesby solving Equations (2), (3), (4), (5) and (6). Let the number of such solutions be
n0

2. Then we can �nd possible2-distributions by solving Equations (7), (8), (11) and (12) in
the n0

2 variablesa2;j for 1 � j � n0
2. For each solution we again reindex (keepingonly the

2-typesfor which a2;j 6= 0) to �nd n2. This givesan � table at level 2.
This processcan now be repeatedas many times as we want. First �nd possiblei -types

by solving Equations (1) and (6) and then i -distributions by solving Equations (7) and (8)
together with, depending on the parity of i , Equations (9) and (10) or Equations (11) and
(12).

3.1. Extra tests. The existenceof a solution to the system of equationsabove (up to a
particular level i ) doesnot meanthere must exist a linear spacewith the given distributions.
We now describe further constraints that can be usedto rule out sometables.

3.1.1. The Minimum Breadth Test (see [1]). The test checks that we have enoughpoints to
place the longest lines without two of them intersecting in more than one point. We only
applied the test at level 1 and only consideredthe �v e longest lines. For each color we also
checked that there were enoughpoints (of that color) to place the �v e lines with the most
points of that color.



6 PAUL VAN WAMELEN

3.1.2. The Max�t Test. The maxfit[i][j] numbers are easily computed (see[1, Lemma
2.2]) and give an upper bound on the number of incidenceswe can have in an i � j block of
an incidencematrix.

3.1.3. j -degree test. Let b i;j be the type of a �xed point that is incident with a line of type
b i � 1;k (that is, b i;j;k > 0). Supposea line of type b i � 1;k has length m. Then, by considering
the pencil of lines of type b i � 1;k through the original point we seethat there are at least
1+ (m� 1)b i;j;k points that intersect linesof type b i � 1;k . This must of coursebe lessthan the
total number of such points and so,for any i , j , k (with i > 0, 1 � j � n i , and 1 � k � ni � 1),
the following inequality must hold:

(14) 1 + (m � 1)b i;j;k �
X

j 0:b i;j 0;k > 0

ai;j 0

The sameargument works for lines incident with a particular point type (sowe don't need
to restrict to even i above). We can also generalizeto all points/lines that intersect one of
a small set of lines/points.

We applied this test for up to three (i � 1)-types.

3.1.4. Lemma2 test. The following test was usedto eliminate potential 2-types.
Fix a greenpoint G and let L and K be two lines through G. SupposeL hasy red points

R1; R2; : : : ; Ry on it. Let R be a red point on K . Now every line Ri R must contain a green
point that doesnot lie on L or K , and all thesegreenpoints must be distinct. If L hastype
b1;l and K has type b1;k then we get

y = b1;l ;1 � ng � (b1;l ;2 + b1;k;2 � 1):

Of coursethe sameworks for any red point.
So, for any potential 2-type b2;j we must have, for any l and k such that b2;j;l > 0 and

b2;j;k > 0,
b1;l ;3� u 2;j < a0;u 2;j � b1;l ;u 2;j � b1;k;u 2;j :

Clearly, after line L is chosenthe test is strongestif we chooseK with the most greenpoints
on it. This test was inspired by [11, Lemma 2].

3.1.5. Degree bound test. The degreeof a point is the number of lines on which the point
lies. If we have a point P of degreem and a line L of length n that doesnot contain P then,
as there must be a line connectingP to every point on L, we must have m � n. That is, for
every j with 1 � j � n2 and any k with 1 � k � n1 such that a1;k > b2;j;k we must have

(15) b1;k;1 + b1;k;2 �
n1X

k0=1

b2;j;k 0:

3.1.6. Lemma 3 test. In a minimal MR geometry each green point passesthrough a line
with only onegreenpoint and at least 2 red points (see[11, Lemma3]). So for every j with
1 � j � n2 and l = 1 or 2 there must exist a k with 1 � k � n1 such that b2;j;k > 0,
b1;k;l = 1 and b1;k;3� l > 1.



ENUMERA TING MOTZKIN-RABIN GEOMETRIES 7

4. Sol ving linear Diophantine systems

In this sectionwedescribeour method for solvingthe linear Diophantine systemsdescribed
above. Thesesystemsall have the following special form. Let x1; x2; : : : xn be variables. We
then have m1 equations

(16)
nX

i =1

aij x i = bj

(for 1 � j � m1) and m2 inequalities

(17)
nX

i =1

cij x i � dj

(for 1 � j � m2) with the aij , bj , cij and dj all non-negative integer constants. Furthermore
we are only looking for non-negative integer solutions. This type of systemis much easier
to solve than a generalsystemof linear Diophantine equationsand inequalities,becausewe
immediately get boundson the possiblevaluesfor each variable. Indeed,we �nd

0 � x i � min
�

min
j :aij 6=0

(bj =aij ); min
j :cij 6=0

(dj =cij )
�

:

Note that if the right hand is lessthan one, we must have x i = 0 and we can ignore this
variable in what follows. Our method of solution is only slightly better than essentially
looping over all thesevaluesof the variables and checking whether the system is satis�ed.
Of courseit isn't quite that bad, becauseafter having set the valuesof someof the variables
(and assumingthey are not all zero) the boundson the other variablesimprove. In fact, we
usethis observation in order to sort the variablesin such a way that the boundsimprove as
fast aspossible.That is, we de�ne the cost of a variable x i to be

1=

 
m1X

j =1

aij =bj +
m2X

j =1

cij =dj

!

:

This is a crudeway of measuringhow much the boundson the other variableswould decrease
if we could increasethe value of x i by one.

Wenow order the variablesin increasingorder of costand then start looping. After having
set the valuesof x1; : : : ; xk we check that

kX

i =1

aij x i � bj

(for 1 � j � m1) and
kX

i =1

cij x i � dj

(for 1 � j � m2) still hold. If theseinequalities are satis�ed we increasek by one and set
xk equal to one and repeat. If the inequalities are not satis�ed we decreasek by one and
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increasexk by one and repeat the procedure. Of coursewhen k = n we check whether we
have solved the Diophantine system.

This basicalgorithm can be improved by performing integer row reduction on the matrix
associated with Equation (16). Once we have this matrix in triangular form we can �nd
the valuesof the variables corresponding to the pivots as soon as the valuesof all smaller
variablesare known. We thereforedo not needto loop over thesepivot variables.

Pro�ling the computation of MR geometrieson 16 points with 8 red points revealedthat
the program spent almost 88% of its time solving Diophantine systems. For the caseof
constructing MR geometriesthis therefore seemsto be the most severe bottleneck. Read-
ing between the lines of [2] it seemsthat in the construction of proper linear spacesthe
enumeration part of the algorithm is the most severe bottleneck.

5. Enumera ting linear spaces with given constraints

For given � and � tables we would like to construct all linear spaces,up to isomorphism,
with the given tables. As it turns out, this is not wherewe neededa lot of speed,sowe did
a relatively naive implementation. We usedthe algorithm described by Denny and Gibbons
[6], but without the automorphismgroup machinery. SeealsoDenny [5] for an excellent and
very detailed account of the algorithm and its implementation.

The idea for enumerating incidencestructures is to simply try and �ll in the incidence
matrix, row by row, backtracking every time somerequirement of the particular incidence
structure is violated (or an isomorphism rejection criterion is met). The problem with
this approach is that it is hard (and usually impossible)to avoid building many incidence
structures in the same isomorphism class. Note that an isomorphism of a linear space
correspondsto a permutation of the rows and columnsof the incidencematrix. By de�nition
any isomorphismmust senda point of a certain type to another point of the sametype, and
similarly for lines. An isomorphismthereforecorrespondsto permutations of the points (rows
of the incidencematrix) in each type and the lines (columns) in each type. It is usually easy
to hold either the rows or the columnsof the incidencematrix in sorted form, but in some
sensewe needto do both in order to generatejust onestructure in each isomorphismclass.
Denny and Gibbons'salgorithm hasa weakbut cheapway of doing this. They construct the
incidencematrix row by row, always keepingthe columnslexicographicallysorted. One also
keepstrack of what column permutations would leave the partially constructed incidence
matrix column sorted. This allows one to easily check whether swapping later rows will
lead to lexicographically smaller incidencematrices. In this way some(but far from all)
isomorphic incidencematrices can be avoided. Even though this is a weak isomorphism
rejection technique it worked well for our purposes.

When the algorithm succeedsand producesa linear spacethere are two ways of deciding
whether it should be kept or whether it is a duplicate in its isomorphismclass. The �rst is
to maintain a list of linear spacesfound so far and to check whether the new linear space
is isomorphic to an element of the list or not. The secondmethod is to have a canonicity
test. That is, if there is a way of identifying a unique element of each isomorphismclass,we
call that element canonical. If we further know that our linear spaceconstructor will always
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construct the canonicalelement we can simply reject non-canonicallinear spacesafter they
are constructed. In our casewe simply de�ne canonicalas the linear spacewhoseincidence
matrix is lexicographicallysmallestunder permutation of the points in each point type and
lines in each line type. It is clear that our constructor algorithm will always produce the
canonicallinear spacein its isomorphismclass.

In our casemost of the algorithm's work was spent in rejecting unsatis�able constraints
and we seldomhad to do isomorphismtesting and rejection and thereforeit wasn't necessary
to implement the automorphismgroup tracking machinery.

Note that we implemented three versions of this algorithm depending on the type of
constraints we had. Usually we had a � table at a given level (usually level 1) and an � table
at the next level. In somespecial caseswe had a � table and a � table at the next level.
In rare caseswe actually had a tactical decomposition, so in somesenseboth an � and a �
table at the samelevel. Each of thesethree casesneedsa slightly di�erent implementation
of the basicalgorithm.

The speedof the algorithm dependson the order of the rows and (to a much lesserextent)
columnsof the tables given to it. In generalthe algorithm will be fastest if we sort the rows
(and columns)of the tablessuch that rows (and columns)corresponding to the smallestsets
in the partition come�rst. In this way the part of the incidencematrix with the most severe
constraints getsconstructed�rst and this in turn addsconstraints to the rest of the matrix.

6. Examples

Let usconsidersomedetailsof the computation of Motzkin-Rabin geometrieson 18points.
By [11] Lemma 6 and Proposition 2 we only needto consider7, 8 or 9 red points. For the
caseof 9 red points we �nd 36solutionsto Equation (13) and 5738013solutionsto Equations
(9) and (10). Note that, becausein this casewe have the samenumber of red and green
points we get many pairs of line typedistributions that would leadto the sameMR geometry
but with colors reversed. After removing one line type distribution from each such pair we
are left with 2872904line type distributions. Using the Minimum Breadth Test (see3.1.1)
reducesthis to only 74899line type distributions. Applying the Max�t and j-degreetests do
not eliminate any further line type distributions. (The max�t test eliminates6391of 125295
line type distributions at this point for the caseof 8 (of 18) red points).

As a typical exampleconsiderline type distribution 35000. It has the � decomposition
given in Table 1.

Table 1

� 2 11 1 1 5 3 1 1 4
9 1 1 2 1 3 1 4 5 2
9 1 2 1 3 1 4 1 1 2

We �nd 76 possiblepoint types (solutions to Equations (2){(6)) of which 55 survive the
testsdescribed in 3.1.4,3.1.5and 3.1.6. Solvingthe 20equations(Equations (7) and (8)) and
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41 inequalities (Equations (11) and (12)) in the 55 variables(corresponding to the possible
line types) takes35433stepsand �nds no solutions.

Similarly the number of variables,equations,inequalities and the time taken to solve the
Diophantine systemfor the next few line type distributions are given in Table 2. Theseall
have no solutions.

Table 2. Data for a few line types

line type variables equations inequalities time
35000 55 20 41 0.0100
35001 29 18 33 0.0000
35002 75 18 34 6.6000
35003 103 20 42 142.5900
35004 103 20 43 479.3300

Let's also look at a line type that does produce Motzkin-Rabin geometries. The line
type distribution with � table given in Table 3 gives rise to a systemwith 81 variables,18

Table 3

� 4 7 5 6 6 2 1 1
9 1 1 2 1 3 4 1 2
9 1 2 1 3 1 1 5 2

equationsand 34 inequalities. This systemhas206661solutions. Of these71397survive the
max�t and j -degreetests. The �rst solution that doessohas the � table given in Table 4.

This leads to 440 possible line types at level 3. Fortunately when we write down the
equationsfor these440variablesoneof them already has no solutions on its own. However
it doesn't take long (solution 15) to �nd a system of 161 equations (note there are no
inequalitiesat this level) in 420variablesthat isn't easyto dismiss. Nevertheless,our solver
determinesrelatively quickly that there areno solutions. For solution 18 we are not solucky.
The solver �nds a solution and we go to level 4, but now things get out of hand and we �nd
more than 3000possible4-types. As can be seenfrom this exampleit isn't always possible
to construct � and � tables to high level. On the other hand the enumerator might not
pro�t much from higher level tables. A good criterion for deciding when an � or � table is
detailed enoughto sendto the enumerator isn't clear. In fact, for this line type distribution
we sent all 71397solutions at level 2 to the enumerator. It rules out all but 5 of thesevery
quickly. For the other 5 it �nds oneMotzkin-Rabin geometryeach.

The �rst MR geometryof these5 has� table asgiven in Table 5. Its incidencematrix (in
canonicalform) is given in Figure 1.

7. A non-exha ustive enumera tion technique

If we have an MR geometryit is easyto write a programto quickly �nd all MR geometries
with one more point and the given geometry as a subspace.We will call such a geometry
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Table 4

� 4 7 5 6 6 2 1 1
1 2 0 0 1 4 0 0 0
3 0 1 1 1 2 1 0 0
1 2 0 1 1 2 1 0 0
1 0 1 2 1 0 2 0 0
1 0 0 1 0 2 1 1 0
1 0 1 3 0 2 0 0 1
1 0 2 0 0 2 1 0 1
1 2 2 1 3 0 0 0 0
1 1 2 0 3 1 0 0 0
1 0 2 0 3 0 1 0 0
2 0 2 1 1 1 0 1 0
1 1 0 1 2 1 0 1 0
1 0 0 1 2 0 1 1 0
1 0 1 0 3 1 0 0 1
1 0 3 0 0 1 0 1 1

Table 5

� 4 7 5 6 6 2 1 1
1 1 0 2 1 3 0 0 0
1 0 1 0 1 4 0 0 0
1 2 1 3 0 1 1 0 0
2 0 1 1 1 2 1 0 0
1 1 1 0 1 1 2 0 0
1 0 0 1 0 2 1 1 0
1 0 2 0 0 2 1 0 1
1 0 0 2 1 1 1 0 1
1 0 2 2 3 0 0 0 0
1 1 2 0 3 1 0 0 0
1 0 2 0 3 0 1 0 0
2 0 2 1 1 1 0 1 0
1 2 2 0 1 1 0 1 0
1 0 0 1 2 0 1 1 0
1 0 1 0 3 1 0 0 1
1 1 1 0 1 1 0 1 1

a one-point extension. Similarly if we have a non-minimal MR geometry we can quickly
�nd MR geometrieswith one lesspoint contained in the given MR geometry. We will call
such a MR geometrya one-point contraction. Starting with a \seed" geometrywe can then
recursively compute all one-point contractions and extensions,repeating the processfor as
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Figure 1

long aswe �nd newMR geometries.Note that hereweneedto keepa list of found geometries
(in a canonical form) becausethis algorithm will not return the canonical element in its
isomorphismclass. We usednauty [9] to compute a canonical form for each MR geometry
found.

As can be seenfrom Figure 4 in [11], if we start with the unique 12-point MR geometry
we only �nd 2 geometries.If we start with any one of the 14-point MR geometriesit turns
out we �nd 157 MR geometries:2 on 14 points, 6 on 15 points, 18 on 16 points, 43 on 17
points, 53 on 18 points, 23 on 19 points and 12 on 20 points. This includesall geometries
on 14, 15 and 16 points.

After we found new 17-point geometrieswe usedthem as seedsand computed one-point
extensionsand contractions. We quickly found so many that we had to limit the search
to MR geometrieson less than 22 points. This method �nds all but 3 of the 18-point
geometries. Including all 18-point geometriesfound by our exhaustive search (and still
limiting to geometrieson at most 21 points) we �nd all 805526geometrieslisted in Table
8. Note that we did not save the 21 point geometriesfound becauseof a lack of internal
memory.

8. Embedding a geometr y in a pr ojective plane

In order to investigateQuestions1 and 2 we needa method of deciding whether a given
linear spacecan be embeddedin the projective plane over a �eld F . Such a method, using
Gr•obner basis, is given in [14] and we implemented it in Ma gma ([4]). An outline of the
method is asfollows. If the MR geometryis embeddablethen 4 points (no three of which are
collinear) can be placedsuch that they have projective coordinates(1; 0; 0), (0; 1; 0), (0; 0; 1)
and (1; 1; 1). All other points are given variable coordinates. If we pick our 4 special points
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correctly we can minimize the number of variablesneeded.For instanceevery point on the
sameline as (1; 0; 0) and (0; 1; 0) needsonly one variable. For every three collinear points
in the MR geometrywe can write down a polynomial equation in the variable coordinates
that must be satis�ed for the points to be collinear in projective space. Putting all these
equationsin an ideal and computing the Gr•obner basisthen revealswhether the geometry
can be embeddedor not. It should be remarked that even if the Gr•obner basisturns out to
be non-trivial, it might not imply an embedding becausesometimessolving the equations
leadsto either two distinct points having the samecoordinates, or extra collinearities. To
decidewhether a linear spaceis embeddablein the projective plane over F2(t) we compute
the Gr•obnerbasiswith basering F2 and then check whether the ideal hasdimensiongreater
than 0.

This method works extraordinarily well. The proper linear spacecoming from the 24'th
Shephard-Todd group as in [10] has21 points. Using our method we can recover its embed-
ding in C2 in lessthat a tenth of a second. The 45-point proper linear spacecoming from
the 29'th Shephard-Todd group takesabout 3 secondsto embed. Incidentally the �rst em-
bedding is actually in P(Q(

p
� 7))2 and gives(to the author's knowledge)the �rst example

of a proper linear spaceembeddableover a �eld of characteristic 0 that doesnot contain a
non-trivial root of unity. The coordinates of the 21 points are given in Table 6.

Table 6

P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11

x 1 1�
p

� 7
4 1 1 1 5�

p
� 7

8
1�

p
� 7

4 1 1
2 0 1

y 1 1 1 0 0 1 1 1 1 1 3�
p

� 7
2

z 1 1 1+
p

� 7
4 0 1+

p
� 7

4
1
2

3�
p

� 7
4

5+
p

� 7
8

5+
p

� 7
8 0 0

P12 P13 P14 P15 P16 P17 P18 P19 P20 P21

x 3+
p

� 7
8 0 1 0 0 5�

p
� 7

8 1 1 3+
p

� 7
4

1
2

y 1 1 3�
p

� 7
4 0 1 1 2 0 1 1

z 1
2

3�
p

� 7
4 0 1 3�

p
� 7

8 1 1 1+
p

� 7
2

1+
p

� 7
4

3�
p

� 7
8

We also consideredthe problem of embedding MR geometriesin projective planesover
division rings. We usedessentially the samemethod asdescribed above exceptthat we used
the method in [8] for positioning the �rst fewpoints. Onecomplication is that the collinearity
equationsare not always polynomial equations. Using the positioning from [8] allows oneto
control the number of non-polynomial equations.Theseinvolve a singledivision and we need
to add a variable and an equation to get rid of the inverse. Even for the non-commutativ e
Gr•obner basiscomputations that are now neededthe speedis remarkable. Of coursethis is
a testament to the Gr•obner basisimplementation in Ma gma , but there must alsobe some
property of theseGr•obner basiscomputations that make them intrinsically \easy". Maybe
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Table 7

R1 R2 R3 R4 R5 R6 R7 R8 G1 G2 G3 G4 G5 G6 G7 G8 G9

x 1 1 1 4 2 1 0 3 0 1 0 1 1 0 1 1 1
y 2 0 3 1 1 1 1 1 1 1 0 0 4 1 0 1 0
z 1 1 0 1 1 1 2 1 3 3 1 4 0 0 0 0 3

surprisingly we never found a MR geometry that was embeddableover a division ring but
not over a �eld.

9. Another example

It isn't hard to write a program to decidewhether a given linear spacehasa proper linear
spaceas subspace.We tested all of our MR geometriesand found many that didn't have
a proper linear subspace.This therefore answers Question 3. SeeTable 8 for the numbers
we found. The smallestexamplesthat occur have 17 points. One of them has the incidence
matrix given in Figure 2.

Figure 2

This is also an example of a MR geometry that is embeddable in P(F5)2. The ideal
whoseGr•obner basiswe needto compute lies in the polynomial ring in 13 variablesover F5

and has57 generators(corresponding to equationsgiving collinearities). The Gr•obner basis
computation is essentially instantaneousand givesthe coordinates indicated in Table 7.
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10. Resul ts

We were able to completethe exhaustive enumeration of MR geometriesup to 18 points.
This could have beendoneon a singleprocessor,but was in fact doneon a 32-node beowulf
cluster. Each node worked on one line type at a time. The total computation took only
about 8 hours.

We then recursively computed all one-point contractions and expansionson up to 21
points. This givesa list of 805526MR geometrieson at most 20 points. It is very unlikely
that the list is completefor 19or 20points. This list is available from the author's homepage.

In Table 9 we summarizeour data. The MR column gives the number of known MR

Table 8. Known MR geometries

n MR mMR LS P Q F2(t) F2 F3 F5 F7

12 1 1 1 0 0 0 0 1 0 0
13 1 0 1 0 0 0 0 1 0 0
14 2 2 2 0 0 0 2 0 0 0
15 6 1 5 0 0 0 4 0 0 0
16 18 4 5 0 0 0 5 0 0 0
17 82 39 36 24 0 0 3 0 26 0
18 1000 514 595 196 0 0 2 0 259 0
19? 13331 5839 8266 990 0 0 1 0 409 0
20? 791085 664631 759473 87337 0 0 1 0 295 0

geometriesfor each number of points. The mMR column gives the number of minimal
MR geometries. The LS column lists the number of underlying linear spacesof the MR
geometries,that is, the linear spacewe get if we forget the coloring of the MR geometry.
Thesenumbers give an idea of how many di�erent coloringsan individual linear spacehas
(given that it hasone). The P column givesthe number of underlying linear spacesthat do
not contain a proper linear subspace.This answers Question 3.

The remainingcolumnsgive data on embeddability of MR geometries,or moreaccurately,
their underlying linear spaces. The entries in the table give the number of linear spaces
that can be embeddedin the projective plane over a �eld containing the �eld at the head
of the column. For instancethe Q column givesthe number of linear spacesembeddablein
the projective plane over a �eld of characteristic 0. We thereforehave the following partial
answers to Questions1 and 2.

Theorem 2. If there existsan MR geometry in C2 then it must haveat least 19 points.

Theorem 3. If there existsan MR geometry in F2(t)2 then it must haveat least 19 points.

Our results for embeddability over division rings are somewhatsurprising: For each of
theseMR geometries,if it doesnot embed over a �eld of a given characteristic then it also
doesn't embed over a division ring of that characteristic.
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11. Conclusion

We have constructeda list of all MR geometrieson up to 18 points. We also found many
MR geometrieson 19 and 20 points. This list allowed us to answer Question 3 (viz. that
there are MR geometrieswith no proper linear subspaces).We found no MR geometries
embeddablein C2 or F2(t)2, partially answering Questions1 and 2.
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