ENUMERA TING MOTZKIN-RABIN GEOMETRIES

PAUL VAN WAMELEN

1. Intr oduction

We will study certain coloredlinear spaces.A linear spaceis an incidencestructure (V; L)
consistingof a set of points V and a set of subsets,L, of V. The elemetts of L will be called
lines. Sud an incidencestructure is a linear spaceif the following axioms are satis ed:

Al Any two points lie on a unique line. That is, for any two distinct points A;B 2 V
thereisauniquelineL 2 L suthhthat A2 L andB 2 L.

A2 Ead line hasat leasttwo points. That is,#1 2foralll2 L.

A3 The linear spacedoesnot consistof just oneline. That is, #L 2.

A two coloring of a linear spaceis a map that assignseither the color red or greento
eadh point in the space. We sa&y a line is monochromatic if ead point in the line hasthe
samecolor. A Motzkin-Rabin geometry(MR geometryfor short) is a 2-coloredlinear space
with no monochromatic lines.

Thesegeometriesget their name from the following theorem (see[13], [7], [3] for proofs):

Theorem 1 (Motzkin-Rabin). No Motzkin-Rabin geometry can be emledded in the real
plane.

Equivalertly, any 2-coloring of a linear spacein R? must cortain a monochromatic line.
The following questionshelped motivate this project.

Question 1. Do there exist MR geometriesin C2?
Question 2. Do there exist MR gemetriesin Fo(t)2?

A proper linear spaceis a linear spacein which ewery line hasat least 3 points.
Question 3. Doesthere existan MR geometry with no proper linear subspce?

See[12] for why questionsl and 2 are essetially the only open questionsconcerningthe
embeddability of MR geometriesin a ne or projective spacesover elds. Question 3 was
prompted by the remarkable similarity betweenknown proofs of the Motzkin-Rabin theorem
and the Sylvester-Galaitheorem (no proper linear spacecan be enbeddedin R?).

Pretorius and Swanepoel [11]found all MR geometrieswith #V  15. They accomplished
this by hand, using an extensiwe caseanalysis. The main result of this paper is an extension
of this result up to 18 points. We usea computer to enumerate Motzkin-Rabin geometries.
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We essetially follow the approad of Betten and Betten [2]: precomputeline and point
typesby solvingthe appropriate large linear Diophartine systems(of equationsand inequal-
ities) and certain \realizabilit y tests", and then hand them o to an erumeration algorithm
to construct all linear spaceswith the correct point and line types. We usedthe exhaustive
enumeration algorithm descrited by Denny and Gibbons[6].

2. Sear ch stra tegy

Assumewe have a partition L[ L] [ Lk = L (with disjoint unions) of the lines of an
MR geometry We can useit to induce a partition of the points as follows. For eat point
P compute the vector

#fl2L:P2Igk,

of intersection numbers with the subsetsof the partition. Whene\er this vector agreesfor
two points, they goin the samesubsetV;. This leadsto what we will call an -table for a
linear space:

l1 (PYRUR

Vi 11 12 .- 1:k
Vo 2:1 22 .- 2:k
Vim m;1 m;2 o+« m;k
wherel; = #L;, vi = #V, and ead point in V, lieson exactly ;; linesin L;.

In exactly the sameway a point partition inducesa line partition andwe geta -table for
a linear space:

1 L. Ik

Vi 11 12 - 1:k
Vo 2:1 22 ... 2:k
Vim m;1 m;2 o« m;k

whereead line in L; cortains exactly j; points in V.

Starting with the partition of the points by their color we can thereforeinduce and
tablesto any level we want. In generalthis processwill stop with what is called a tactical
decomposition (see[2]).

We can specify a linear spaceby its incidencematrix. Rows correspnd to points and
columnsto lines. The i; ] entry of the matrix indicateswhether point i liesonline | or not.
Note that computing higher and higherlevel and tablescanendin nding anincidence
matrix but often the processwill stop beforewe nd the full incidencematrix.

For a given incidencematrix it is trivial to computeits and tablesto any level. Our
approad to erumerating MR geometriesis to reversethis process. We start by writing
down possible and tables and then look for MR geometriesthat satisfy thesetables.
The ertries of and tables must satisfy a number of constrairts. Theseconstrairts limit
the number of possibletables and thus restricts the seart space.
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A minimal MR geometryis onein which, if we delete any point, the remaining linear
spaceis not an MR geometryanymore. That is, it becomeseither a singleline or is not two
colorableanymore. Once we have the minimal MR geometries(up to a certain number of
points) it is easyto generateall Motzkin-Rabin geometrieson that many points. We can
thereforefurther restrict our seard to just the minimal MR geometries.

3. Constr uction of and tables

In orderto write down the constrairts that and tables must satisfy we rst introduce
somenotation. The number n will always denotethe number of points in a linear space.A
point's type is a vector giving the number of intersectionsof the point with the di erent sets
of a partition of the lines. That is, it isarow in an table. A line typeis a columnin a
table giving the number of points on sud a line in ead set of a point partition. Note that
the \level 0" point type is just whether the point is red or green. A point type distribution
is a vector giving the number of points of ead point type occurring in the MR geometry
That is, it is the row headingsin a table. Similarly for line type distributions.

The variable i will always denotethe level. If i is odd then we are describingline types
and distributions. If i is even we are describingpoint typesand distributions. An i-type will
be descrited by a b variable. An i-distribution will be descrited with the a variable.

For a givenlinear spaceand a particular level i, the b;; forl j n; aren; vectorsgiving
the possiblei-types. If a point/line hasi-type b;;, then it meansthat the k'th coordinate,
bi;x , of the vector b;; givesthe number of intersectionsof this point/line with lines/points
of (i 1)-typeb; 1x (soead b;; hasn; ; ertries). The j'th ertry, a;;, of the distribution
vector a givesthe number of points/lines in the linear spacewith i-type b;; (so that eah
a; hasn; ertries).

For i odd we seethat b;; consistsof the ertries in the j'th columnof a table and &
consistsof the column headings. For i even, b;; consistsof the j'th row of an table and
a; consistsof the row headingsin that table.

Weshalllet ag = (n;; ng) wheren;, is the number of red points and ng the number of green
points in the MR geometry(note that n = n, + ng). The 1-typesthen have length 2.

For someof the formulas below (and as a programming corvenience)we also introduce
the u variable. u;; = j®meansthat the i-type b;; is are nement ofthe (i 2)-typeb; o,
that is, a point/line of i-typej by de nition has(i  2)-typeb; 2y, . We de ne all ug; and
upj tobel(andn ;= 1).

The a's and b's must satisfy a number of linear Diophantine equations.

From the de nition of are nement of atypewe get, for all i, j, k°with i > 2,1 | n;
and1l k° n; s

X
(1) bi 20 k0 = Bij

k:uj 1k= kO

As ewery two points lie on a unique line we can court the number of greenand red points
by looking at all the linesthrough a given point. Fori = 2 this givesthe following equations.
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Foreweryl | npwith up = 1

X1
(2) 1+ bojk b1k 1) = ng;
k=1
and
X1
(3) D2jk D12 = Ny
k=1

Forall 1 j nywith uy = 2:

X1
(4) b2;j;k D1yt = Ng;

k=1
and

X1
(5) 1+ bajk(bixz 1) = ny:

k=1
Note that we could write down the analogousequationsfor all even i, but oncethe i = 2

equationshold the higheri's follow from Equation (1).
We can't have moreincidenceghan there are points/lines of a particular typein the linear
spaceand sowe have: Foralli> 0,1 j njandl k n; g,

(6) Dijik ai 1k

The number of points/lines with a particular type must equalthe total number of points/lines
with typesre ning the type. For all i andj®with i > 1and1 j° n; , we obtain
X
(7) a; = & 2jo

joug =j0

Courting incidencesin two ways we get: For all i, k, j°with i > 0,1 k n; ; and
1 % o
X
(8) i bijx = a 1xbi 10

jrugg =jo°

The fact that ewery pair of points must lie on a unique line allows us to court pairs of
points in two di erent ways. Courting pairs of points both with (i  1)-type b; 1« we get:
Foralloddi > Oandk with 1  k n; 4,

X py a1
ik — i 1k
©) j=1 o 2 2
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Counting pairs of points, onewith (i 1)-type b; 1k, and the other b; 14,, we get: For
all oddi > 0 and kl, k2 with 1 kl ni 1,1 kz ni 1 and k]_ 6 k2,
Wi
(10) & biji Diji, = & 1@ 1,
j=1
We can alsocourt pairs of lines, but becausenot every pair of lines intersect, we only get
inequalities. For all eveni > 0andk with 1  k n; 4,
Xi bk & 1k
(11) | aj;j Ig ! 5 '
j=1
For all eveni > Oand ky, kowith 1 k; n; 1,1 Kk, n; 1andk; 6 k»
Wi
(12) a;j bijk Digk . & 1@ 1k,
j=1
Our seart algorithm proceedsas follows. For a given choice of n, ng and n, we start by
writing down all possiblel-typesthat satisfy Equation (6). Actually, by [11, Lemma 6], we
can improve Equation (6) in this caseto

(13) b1 ng 3andby, n 3

Supposewe get n§ 1-types. We then nd all solutionsto Equations (9) and (10). Note
that theseare linear Diophartine equationsin the n variablesa;j, 1 j n?. Eac suc
solution de nes a possiblel-distribution of a linear space.For ead solution we reindex the
1-typessud that n; is the number of non-zewo a;;. This givesa table at level 1.

For eath 1-distribution we can compute possible2-distributions. First we nd all possible
2-typesby solving Equations (2), (3), (4), (5) and (6). Let the number of sud solutions be
nd. Then we can nd possible2-distributions by solving Equations (7), (8), (11) and (12) in
the nJ variablesa,; for 1 j n3. For ea solution we again reindex (keepingonly the
2-typesfor which a; 6 0) to nd n,. This givesan table at level 2.

This processcan now be repeated as many times aswe want. First nd possiblei-types
by solving Equations (1) and (6) and then i-distributions by solving Equations (7) and (8)
together with, depending on the parity of i, Equations (9) and (10) or Equations (11) and
(12).

3.1. Extra tests. The existenceof a solution to the system of equationsabove (up to a
particular level i) doesnot meanthere must exist a linear spacewith the given distributions.
We now descrite further constrairts that can be usedto rule out sometables.

3.1.1. The Minimum Breadth Test (see [1]). The test cheds that we have enoughpoints to
place the longestlines without two of them intersecting in more than one point. We only
applied the test at level 1 and only consideredthe v e longestlines. For ead color we also
chedked that there were enoughpoints (of that color) to placethe v e lines with the most
points of that color.
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3.1.2. The Maxt Test. The maxfit[i][j] numbers are easily computed (see[1, Lemma
2.2]) and give an upper bound on the number of incidenceswe canhavein ani | block of
an incidencematrix.

3.1.3. ) -degree test. Let bj; bethe type of a xed point that is incidert with a line of type
bi 1« (that is, bijx > 0). Supposea line of type b; 1 haslength m. Then, by considering
the pencil of lines of type b; 1.« through the original point we seethat there are at least
1+ (m 1)b;jx points that intersectlinesoftypeb; 1. This must of coursebe lessthan the
total number of sudh points andso,forany i, j,k (with i > 0,1 j n;,andl k n; ),

the following inequality must hold: X

(14) 1+ (m 1)bi;j;k ai;j 0

j%bjj 0> 0

The sameargumert works for linesincidernt with a particular point type (sowe don't need
to restrict to eveni above). We can also generalizeto all points/lines that intersect one of
a small set of lines/points.

We applied this test for up to three (i  1)-types.

3.1.4. Lemma?2 test. The following test was usedto eliminate poterntial 2-types.
Fix a greenpoint G and let L and K be two linesthrough G. SupposelL hasy red points

point that doesnot lie onL or K, and all thesegreenpoints must be distinct. If L hastype
b;, and K hastype by« then we get

y=Dbuya ng (bya+ bike 1)
Of coursethe sameworks for any red point.
So, for any potertial 2-type b,; we must have, for any | and k suc that b,j; > 0 and
bzjk > 0,
D13 uzj < Aoy bl;l;uz;j bl;k;uz;j:
Clearly, after line L is chosenthe test is strongestif we chooseK with the most greenpoints
onit. This test wasinspired by [11, Lemma 2].

3.1.5. Degree bound test. The degreeof a point is the number of lines on which the point

lies. If we have a point P of degreem and aline L of length n that doesnot cortain P then,

asthere must be a line connectingP to ewery point on L, we must have m n. That is, for

eweryj with1 j npandany kwith 1 k n; sud that azx > by Wwe must have
X1

(15) D11+ bro Dok o

ko=1

3.1.6. Lemma 3 test. In a minimal MR geometry ead green point passesthrough a line
with only onegreenpoint and at least 2 red points (see[11, Lemma3]). Sofor every | with
1 n, and | = 1 or 2 there must exist a k with 1~k  ny sud that byjx > O,
bl;k;l = 1 and bl;k;3 > 1.
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4. Solving linear Diophantine systems

In this sectionwe describe our method for solvingthe linear Diophantine systemsdescriked
above. Thesesystemsall have the following special form. Let Xq;X5;:::X, be variables. We
then have m; equations

X

(16) g Xi = h
i=1

(for 1 j my) and m, inequalities
X

(17) Gij Xi dj

i=1
(for1 j my) with the a;, by, ¢; and d; all non-negatiwe integer constarts. Furthermore
we are only looking for non-negatiwe integer solutions. This type of systemis much easier
to solwe than a generalsystemof linear Diophantine equationsand inequalities, becausewe
immediately get boundson the possiblevaluesfor ead variable. Indeed,we nd
0 X min j:r;gigo(h =4 );j:r;])igo(dj =G)
Note that if the right hand is lessthan one, we must have x; = 0 and we can ignore this
variable in what follows. Our method of solution is only slightly better than essenally
looping over all thesevaluesof the variables and cheking whether the systemis satis ed.
Of courseit isn't quite that bad, becauseafter having setthe valuesof someof the variables
(and assumingthey are not all zero) the boundson the other variablesimprove. In fact, we
usethis obsenation in order to sort the variablesin sud a way that the boundsimprove as
fast aspossible. That is, we de ne the cost of a variable Xi to be
X1 X2 '
= &=h+ G=d
j=1 j=1
This is a crudeway of measuringhow much the boundson the other variableswould decrease
if we could increasethe value of x; by one.
We now order the variablesin increasingorder of costand then start looping. After having

X«
ajXi R
i=1
(for1 j my) and
X«
GXi ¢
i=1
(for 1 j my) still hold. If theseinequalities are satis ed we increasek by one and set
Xx equalto one and repeat. If the inequalities are not satis ed we decreasek by one and
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increasexy by one and repeat the procedure. Of coursewhenk = n we chek whether we
have solved the Diophartine system.

This basicalgorithm can be improved by performing integer row reduction on the matrix
asseiated with Equation (16). Once we have this matrix in triangular form we can nd
the valuesof the variables correspnding to the pivots as soon as the valuesof all smaller
variablesare known. We thereforedo not needto loop over thesepivot variables.

Pro ling the computation of MR geometrieson 16 points with 8 red points revealedthat
the program spent almost 88% of its time solving Diophartine systems. For the caseof
constructing MR geometriesthis therefore seemsto be the most se\ere bottlened. Read-
ing betweenthe lines of [2] it seemsthat in the construction of proper linear spacesthe
erumeration part of the algorithm is the most se\ere bottlenedk.

5. Enumera ting linear spaces with given constraints

For given and tableswe would like to construct all linear spacesup to isomorphism,
with the giventables. As it turns out, this is not wherewe neededa lot of speed,sowe did
a relatively naive implemertation. We usedthe algorithm descrilked by Denny and Gibbons
[6], but without the automorphismgroup madinery. SeealsoDenny [5] for an excellen and
very detailed accoun of the algorithm and its implemertation.

The idea for erumerating incidencestructures is to simply try and Il in the incidence
matrix, row by row, badtracking ewery time somerequiremen of the particular incidence
structure is violated (or an isomorphism rejection criterion is met). The problem with
this approad is that it is hard (and usually impossible)to avoid building many incidence
structures in the sameisomorphism class. Note that an isomorphism of a linear space
correspndsto a permutation of the rows and columnsof the incidencematrix. By de nition
any isomorphismmust senda point of a certain type to another point of the sametype, and
similarly for lines. An isomorphismthereforecorrespndsto permutations of the points (rows
of the incidencematrix) in ead type and the lines (columns)in ead type. It is usually easy
to hold either the rows or the columnsof the incidencematrix in sorted form, but in some
sensewe needto do both in order to generatejust one structure in ead isomorphismclass.
Denny and Gibbons'salgorithm hasa weak but cheapway of doing this. They construct the
incidencematrix row by row, always keepingthe columnslexicographicallysorted. One also
keepstrack of what column permutations would leave the partially constructed incidence
matrix column sorted. This allows one to easily chek whether swapping later rows will
lead to lexicographically smaller incidence matrices. In this way some(but far from all)
isomorphic incidence matrices can be avoided. Even though this is a weak isomorphism
rejection technique it worked well for our purposes.

When the algorithm succeedsind producesa linear spacethere are two ways of deciding
whether it should be kept or whether it is a duplicate in its isomorphismclass. The rst is
to maintain a list of linear spacesfound so far and to ched whether the new linear space
is isomorphicto an elemen of the list or not. The secondmethod is to have a canonicity
test. That is, if there is a way of idertifying a unique elemen of ead isomorphismclass,we
call that elemen canonical. If we further know that our linear spaceconstructor will always
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construct the canonicalelemem we can simply reject non-canonicallinear spacesafter they
are constructed. In our casewe simply de ne canonicalasthe linear spacewhoseincidence
matrix is lexicographically smallestunder permutation of the points in ead point type and
lines in ead line type. It is clear that our constructor algorithm will always produce the
canonicallinear spacein its isomorphismclass.

In our casemost of the algorithm's work was spert in rejecting unsatis able constrains
and we seldomhad to do isomorphismtesting and rejection and thereforeit wasn't necessary
to implemert the automorphismgroup tracking madinery.

Note that we implemerted three versions of this algorithm depending on the type of
constrairts we had. Usuallywehada table at a givenlevel (usually level 1) andan table
at the next level. In somespecial caseswe had a table and a table at the next level.
In rare caseswe actually had a tactical decompsition, soin somesenseboth an and a
table at the samelevel. Eadh of thesethree casesneedsa slightly di erent implemertation
of the basicalgorithm.

The speedof the algorithm dependson the order of the rows and (to a much lesserexter)
columnsof the tablesgivento it. In generalthe algorithm will be fastestif we sort the rows
(and columns)of the tables sud that rows (and columns)correspnding to the smallestsets
in the partition come rst. In this way the part of the incidencematrix with the most seere
constrairts getsconstructed rst and this in turn addsconstrairts to the rest of the matrix.

6. Examples

Let usconsidersomedetails of the computation of Motzkin-Rabin geometrieson 18 points.
By [11] Lemma 6 and Proposition 2 we only needto consider7, 8 or 9 red points. For the
caseof 9 red points we nd 36 solutionsto Equation (13) and 5738013olutionsto Equations
(9) and (10). Note that, becausein this casewe have the samenumber of red and green
points we get many pairs of line type distributions that would leadto the sameMR geometry
but with colorsreversed. After removing one line type distribution from ead sud pair we
are left with 2872904line type distributions. Using the Minimum Breadth Test (see3.1.1)
reducesthis to only 74899line type distributions. Applying the Maxt and j-degreetestsdo
not eliminate any further line type distributions. (The maxt test eliminates63910f 125295
line type distributions at this point for the caseof 8 (of 18) red points).

As a typical example considerline type distribution 35000. It hasthe decompsition
givenin Table 1.

Table 1
\2111153114
911 1 2131452
911 2 1314112

We nd 76 possiblepoint types (solutions to Equations (2){(6)) of which 55 survive the
testsdescritedin 3.1.4,3.1.5and 3.1.6. Solvingthe 20 equations(Equations (7) and (8)) and
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41 inequalities (Equations (11) and (12)) in the 55 variables(correspnding to the possible
line types) takes35433stepsand nds no solutions.

Similarly the number of variables, equations,inequalities and the time taken to solve the
Diophartine systemfor the next few line type distributions are givenin Table 2. Theseall
have no solutions.

Table 2. Data for a fewline types

line type | variables equations inequalities time
35000 55 20 41 0.0100
35001 29 18 33 0.0000
35002 75 18 34 6.6000
35003 103 20 42 142.5900
35004 103 20 43 479.3300

Let's also look at a line type that does produce Motzkin-Rabin geometries. The line
type distribution with  table givenin Table 3 givesrise to a systemwith 81 variables, 18

Table 3
\47566211
9/1 1213412
9/1 2131152

equationsand 34 inequalities. This systemhas 206661solutions. Of these71397survive the
max t and j-degreetests. The rst solution that doessohasthe table givenin Table 4.

This leadsto 440 possibleline types at level 3. Fortunately when we write down the
equationsfor these440 variablesone of them already has no solutions on its own. Howewer
it doesn't take long (solution 15) to nd a system of 161 equations (note there are no
inequalities at this level) in 420variablesthat isn't easyto dismiss. Newertheless,our solver
determinesrelatively quickly that there are no solutions. For solution 18 we are not solucky.
The solver nds a solution and we goto level 4, but now things get out of hand and we nd
more than 3000possible4-types. As can be seenfrom this exampleit isn't always possible
to construct and tablesto high level. On the other hand the erumerator might not
prot much from higher level tables. A good criterion for decidingwhenan or tableis
detailed enoughto sendto the erumerator isn't clear. In fact, for this line type distribution
we sert all 71397solutions at level 2 to the erumerator. It rulesout all but 5 of thesevery
quickly. For the other 5it nds oneMotzkin-Rabin geometryead.

The rst MR geometryof these5 has table asgivenin Table5. Its incidencematrix (in
canonicalform) is given in Figure 1.

7. A non-exha ustive enumeration technique

If we have an MR geometryit is easyto write a programto quickly nd all MR geometries
with one more point and the given geometry as a subspace.We will call sud a geometry
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Table 4
4 7566211
1120014000
3101112100
1120112100
1101210200
11001 02110
1/01 302001
1102 002101
1122130000
1112031000
1102030100
2/102 111010
1112 0121010
1100120110
1/01 031001
1/0 3001011
Table 5
4 7566211
111 0213000
1/01 014000
1121301100
2/101 112100
1111011200
11001 02110
1102 002101
1100211101
1102230000
1112031000
1/0 2 030100
2/102 111010
1122011010
1100120110
1/01 031001
1111011011

a one-point extension. Similarly if we have a non-minimal MR geometry we can quickly
nd MR geometrieswith onelesspoint cortained in the given MR geometry We will call
sud a MR geometrya one-point cortraction. Starting with a \seed" geometrywe canthen
recursively compute all one-point cortractions and extensions,repeating the processfor as
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Figure 1
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longaswe nd newMR geometries.Note that herewe needto keepa list of found geometries
(in a canonical form) becausethis algorithm will not return the canonical elemen in its

isomorphismclass. We usednauty [9] to compute a canonicalform for eact MR geometry
found.

As can be seenfrom Figure 4 in [11], if we start with the unique 12-point MR geometry
we only nd 2 geometries.If we start with any one of the 14-point MR geometriesit turns
out we nd 157 MR geometries:2 on 14 points, 6 on 15 points, 18 on 16 points, 43 on 17
points, 53 on 18 points, 23 on 19 points and 12 on 20 points. This includesall geometries
on 14,15 and 16 points.

After we found new 17-point geometrieswe usedthem as seedsand computed one-point
extensionsand cortractions. We quickly found so many that we had to limit the seart
to MR geometrieson lessthan 22 points. This method nds all but 3 of the 18-point
geometries. Including all 18-point geometriesfound by our exhaustive seart (and still
limiting to geometrieson at most 21 points) we nd all 805526geometrieslisted in Table
8. Note that we did not save the 21 point geometriesfound becauseof a lack of internal
memory.

8. Embedding a geometr y in a projective plane

In order to investigate Questionsl and 2 we needa method of deciding whether a given
linear spacecan be enbeddedin the projective plane over a eld F. Sud a method, using
Grebner basis, is given in [14] and we implemerted it in Magma ([4]). An outline of the
method is asfollows. If the MR geometryis embeddablethen 4 points (no three of which are
collinear) can be placedsud that they have projective coordinates(1; 0; 0), (0; 1; 0), (0; 0; 1)
and (1; 1;1). All other points are given variable coordinates. If we pick our 4 special points
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correctly we can minimize the number of variablesneeded. For instance ewvery point on the
sameline as (1;0;0) and (0; 1;0) needsonly one variable. For ewvery three collinear points
in the MR geometrywe can write down a polynomial equation in the variable coordinates
that must be satis ed for the points to be collinear in projective space. Putting all these
equationsin an ideal and computing the Greobner basisthen revealswhether the geometry
can be enbeddedor not. It should be remarked that even if the Grobner basisturns out to
be non-trivial, it might not imply an enmbedding becausesometimessolving the equations
leadsto either two distinct points having the samecoordinates, or extra collinearities. To
decidewhether a linear spaceis embeddablein the projective plane over F,(t) we compute
the Grobnerbasiswith basering F, and then chedk whether the ideal hasdimensiongreater
than 0.

This method works extraordinarily well. The proper linear spacecoming from the 24'th
Shephard-Todd group asin [10] has21 points. Using our method we can recover its embed-
ding in C? in lessthat a tenth of a second. The 45-point proper linear spacecoming from
the 29'th Shephard-Todd grpup takesabout 3 seconddo enbed. Incidentally the rst em-
beddingis actually in P(Q("  7))? and gives (to the author's knowledge)the rst example
of a proper linear spaceenmbeddableover a eld of characteristic O that doesnot cortain a
non-trivial root of unity. The coordinates of the 21 points are given in Table 6.

Table 6
P1 P> P3 Pa Ps Pe Pz Ps Py Pio| P
177 5 " 7177 1
X 1 7 1 1 1 5 T 1 5 0 p1
yl| 1| 1 1 |0o| O 1 1 1 1 | 1|37
P P P P P
1+ 7 1+ 7 1 3 7 | 5+ 7 | 5+ 7
1 1 4 0 4 2 4 8 8 0 0
P12 P13 Pia | Pis| Pis P17 | Pis| Pig P2o P21
3+ 4 7 5 P 7 3+ P 7
X 5 0 1 0 0 8 1 1 T %
3 P~
y 1 1 7y 0 1 1 2 0 1 1
pP— [ P P P
1 3 7 3 7 1+ 71+ 7|3 7
z 2 4 0 1 8 1 1 2 4 8

We also consideredthe problem of embedding MR geometriesin projective planesover
division rings. We usedessetially the samemethod asdescrited above exceptthat we used
the method in [8] for positioningthe rst fewpoints. Onecomplicationis that the collinearity
equationsare not always polynomial equations. Using the positioning from [8] allows oneto
cortrol the number of non-polynomial equations. Theseinvolve a singledivision and we need
to add a variable and an equationto get rid of the inverse. Even for the non-comnutativ e
Grebner basiscomputationsthat are now neededthe speedis remarkable. Of coursethis is
a testamert to the Greobner basisimplemertation in Ma gma , but there must alsobe some
property of these Grobner basiscomputations that make them intrinsically \easy". Maybe
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Table 7
Ri|R;|R3|R4|Rs5 | Rg | R7|Rg | G1 |Gy |G| Gy | Gs | Gg | Gy | Gg | Gg
x|l1(1/12,4|2(1}]0;3|]0(1|]0|2]2/0|1]|1]1
vyi2/0}3(1}1|1}1|12(1/1|]0]0(4|1|0]12]0O0
z|l1/112,0]1}1}1|2|1|3|3|1(4|0]0|0|0]383

surprisingly we newer found a MR geometrythat was embeddableover a division ring but

not over a eld.

It isn't hard to write a programto decidewhether a given linear spacehasa proper linear
spaceas subspace.We tested all of our MR geometriesand found many that didn't have
a proper linear subspace.This therefore answers Question 3. SeeTable 8 for the numbers
we found. The smallestexamplesthat occur have 17 points. One of them hasthe incidence

matrix givenin Figure 2.

This is also an example of a MR geometry that is embeddablein P(Fs)?. The ideal
whoseGrebner basiswe needto computelies in the polynomial ring in 13 variablesover Fs
and has 57 generators(corresponding to equationsgiving collinearities). The Grobner basis

9. Another

example

Figure 2
ll l2 l3 l4 lS l6 l7 18 l9 110 lll 112 113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128
o O O (] [=][=]
O O [m][=] [m][=]
O O (]l [=][=! O
] [=]il[=! o O O
O [m][=] O O O
[m][=] O O O
O O ] [=]il[=! O
O O o O [m][=]
[m][=] (] [=][=] O
O O (] [=][=]il[=]
O [m][=] o O O
O [m][=] O O O
O O o O O O
O O O O o O
O O ] [=][=]
o O O O o O
O O O O O

computation is essetally instantaneousand givesthe coordinatesindicated in Table 7.
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10. Resul ts

We were able to completethe exhaustive erumeration of MR geometriesup to 18 points.
This could have beendoneon a single processorput wasin fact doneon a 32-nade beowulf
cluster. Eadh node worked on one line type at a time. The total computation took only
about 8 hours.

We then recursively computed all one-pint cortractions and expansionson up to 21
points. This givesa list of 805526MR geometrieson at most 20 points. It is very unlikely
that the list is completefor 19 or 20 points. This list is available from the author's homepage.

In Table 9 we summarizeour data. The MR column gives the number of known MR

Table 8. Known MR geometries

n MR mMMR LS P |Q|Fx(t)|F2|Fs| Fs | Fy
12 1 1 1 0 0| O O/1, 010
13 1 0 1 0 0| O O/1, 010
14 2 2 2 0 0| O 2,0, 010
15 6 1 5 0 0| O 4,07 0|0
16 18 4 5 0 0| O 510, 010
17 82 39 36 24 10| O 3/0126|0
18 | 1000 | 514 595 196 |0 O 21012590
19° || 13331 | 5839 | 8266 | 990 | 0| O 110|409 0
207 || 791085| 664631 759473/ 87337/ 0| O 110|290

geometriesfor eat number of points. The mMR column gives the number of minimal
MR geometries. The LS column lists the number of underlying linear spacesof the MR
geometries,that is, the linear spacewe get if we forget the coloring of the MR geometry
Thesenumbers give an idea of how many di erent coloringsan individual linear spacehas
(giventhat it hasone). The P column givesthe number of underlying linear spaceghat do
not cortain a proper linear subspace.This answers Question 3.

The remaining columnsgive data on enbeddability of MR geometries,or more accurately
their underlying linear spaces. The ertries in the table give the number of linear spaces
that can be enmbeddedin the projective plane over a eld cortaining the eld at the head
of the column. For instancethe Q column givesthe number of linear spacesembeddablein
the projective plane over a eld of characteristic 0. We therefore have the following partial
answersto Questionsl and 2.

Theorem 2. If there existsan MR gemetry in C? then it must haveat least 19 points.
Theorem 3. If there existsan MR geometry in F,(t)? then it must haveat least 19 points.

Our results for embeddability over division rings are somewhatsurprising: For ead of
theseMR geometries,if it doesnot embed over a eld of a given characteristic then it also
doesn't embed over a division ring of that characteristic.
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11. Conclusion

We have constructeda list of all MR geometrieson up to 18 points. We alsofound many
MR geometrieson 19 and 20 points. This list allowed us to answer Question 3 (viz. that
there are MR geometrieswith no proper linear subspaces). We found no MR geometries
embeddablein C? or F,(t)?, partially answering Questions1 and 2.
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