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1. Introduction

The Langlands program predicts motivic Galois representations are modular or auto-
morphic. For example, the Galois representation arising from any elliptic curve F defined
over Q is modular. This modularity enables the analytic continuation of the L-function
of E, and consequently the well-definedness of the central L-value of F—a vital compo-
nent of the influential Birch and Swinnerton-Dyer conjecture. Among the motivic Galois
representations, there is a category consisting of hypergeometric Galois representations.
These hypergeometric Galois representations cover a wide spectrum of cases and can be
computed explicitly. Thus, they form a desirable testing ground for experimental results
towards open conjectures as in [36], as well as for developing new theories. By their
motivic nature, these representations can be realized across various arithmetic settings.
Over C, classical hypergeometric functions can be used to evaluate L-values and pe-
riods of hypergeometric varieties [14,16,26]. Hypergeometric character sums over finite
fields yield point-counting formulae [7,18,20,27]. Finally, p-adic hypergeometric functions
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contain deep structural information via supercongruences and Dwork’s p-adic unit root
theory [3,17,30,32-34,41]. We explore these connections throughout this series of papers.
In this first paper we develop our general method for associating modular forms to hy-
pergeometric Galois representations. Further applications and examples are given in the
second paper [4].

To continue, we first recall the basic notation. Let @ € C and n € N. Define the
rising factorial (a), as (a), = a(a +1)---(a + n — 1) with (a)p = 1. The classical
(generalized) ,, F,,—1 hypergeometric functions with complex parameters given by multi-

sets a :={ry,...,mp and B :={q1 = 1,42, ...,¢,} and argument z are defined as
oo k
LT Ty (r)e - (r)k 2
F,_ ;2| = —
L @ g ] kZ:O(QQ)k"'(Qn)kk!

and converge when |z| < 1. We note that we take the nonstandard convention to include
the extra parameter ¢; = 1 in B. This parameter corresponds to the k! = (1); term
on the right-hand side, and so this notation will allow us to better keep track of the
contribution of k! to the coefficients of our hypergeometric series.

Together, we call HD = {«, 8} a hypergeometric datum of length n. Throughout
we assume the parameters r; and ¢; are rational. We use the shorthand notations

g;z , or simply F(HD;z) to denote the corresponding , Fj,_1 func-

tion and F(e, B8;2)m—1 or F(HD;z),,—1 for its truncation after m terms. For a fixed

Fla,B;2), F

datum HD, we use M (HD) to denote the least positive common denominator of the r;
and g;.

We illustrate the relationship between hypergeometric functions and modular forms
using the example HD = {{$,1,1, 1} {1,1,1,1}}. In [1], Ahlgren and Ono showed

11 1 1
Hp 2 i i i 5 1 :ap(f8.4.a.a)+p7 (11)

for all odd primes p, where the H, function is a finite hypergeometric function defined
in [31] and recalled in (4.1), a,(f) denotes the p-th Fourier coefficient of f, and the
subscript 8.4.a.a is the L-functions and mdodular forms database (LMFDB) label of the
modular form f. In [25] Kilbourn proved the following supercongruence for odd primes

p:

[
= Nl
Ll N Lo

1
4F3 21 ;1] = ay(fsa.aa) (modp?). (1.2)
p—1

Later, Zagier in [44] obtained the following special L-value of fg 4.4.4 at 2:

72 11 1 1
Llfsaand) = TaFa|3 3 7 10 (1.3
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In the literature, many such modularity results are predicted by modularity-lifting the-
orems. However, identifying the precise automorphic targets often results in other useful
information. The main result of this paper is an explicit method by which to find the
Hecke eigenform corresponding to a given hypergeometric Galois representation as in
the previous example. Using the inductive integral definition for hypergeometric func-
tions (see eq. (2.1)), we derive a modular form fyp by specializing the parameter of the
integrand to be a suitable modular function. For example,

1
11 1 1 1/2 1 1 1
1111 1 t 11l T
L2 2 2 2;1:_/ B2 2 2.¢ = 1.4
43[1 11 1 ] ™ <1t> 32[1 11 ]t (14)
0

The modular form fg 4.4. then arises from

fotaald’?) = = [ (= : Rl
8.4.a.a ] t—1 342 1

where 7(q) = ¢*/?* [1,51(1 —¢") denotes the Dedekind-eta function. When ¢ is special-

2miT

= N
= N

dt
; t} q5> ; (1.5)
q t=—64("(q2))24

n(q)

ized to e we use 7(7) for n(q). Theorem 2.1 generalizes this approach to many more
length 3 and 4 data. For the reader’s benefit, we state a specialization of Theorem 2.1
for an illustrative family of examples. Set HD(r,s) = {{3,4,r},{1,1,s}} for any of the

167 pairs (r,s) in the set
3 1
Sa ::{(r,s)|O<r<s<5,7*7&1,5#5,24562,8(7“+s)€Z}. (1.6)

The Euler Integral formula (2.1) gives

; 117
FUED(r o)1) = gy [ =0 ham |2 7]
0

where B(r,s) is the beta function, see [5]. For these examples, we let ¢ be the modular
lambda function A(7) and normalize, which yields the modular form

1

KQ(T, S)(T) ::21_4TAT’_1(1 — )\)S_T_lgFl |:i

" (%) 16s—8r—12 n(27)85+8r—12
n(T)24573O

Setting N(r) = 48/ ged(24r,24)—twice the denominator of r when written in lowest
terms—each Ka(r, s)(N(r)7) is a weight-three cusp form of level N(T) N(SS oy see §3.2.
For a given (r,s) € Sg and ¢ € Zxyg, let (re, s.) = ¢(r,s) mod Z be the corresponding

dA
dq

= Nl

;A}q
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conjugate pair in So. That is, let 7., be the fractional part of cr, which we denote by
{cr}, and let s, = {es} if {er} — {es} < 0 and s, = {es} + 1 otherwise. For a number
field K, let Gk := Gal(Q/K) and in particular let G(M) denote Gg(c,,)- In this setting,
our main result Theorem 2.1 specializes as follows:

Theorem 1.1. Given (r,s) € Sy, let HD(r,s) := {{},3,7},{1,1,s}}, M = M(HD(r,s)),
and p{ap(rs)ay - G(M) — GL5(Q,) be the associated Katz representation (cf Theo-
rem 4.1). If for all ¢ € (Z/MZ)*, (r¢,5:) € So and Kao(re, s.)(N(r)7) lie in the same
Hecke orbit, then there is an explicit finite character x, of G(M) depending on r such
that

(Xr @ prap(rs):1}) la@m) = Pt lc2m), (1.7)

where pffm(r.s) denotes the Deligne representation of Gg associated with a Hecke eigen-

form ng(r s) which can be expressed as

Finps@ = 3t Kalre, so)(N(r)7) (1.8)

ce(Z/MZ)*
where t. € Q are determined by the first few coefficients of Ka(r, s)(N(r)7).

For example, when (r,s) = (3,1), we have M(HD) = 2 and fﬁID(l 1)(T)
o
f16.3.c.a(T) = Kg(%,l)(zh). In this case, as representations of Gg, P{HD(L 1)1}

Py This recovers work of Ahlgren, Ono, and Penniston [2]. An example for a
HD(L 1)
Hecke orbit of size two is (r,s) = (4, 3), for which

f};D(%7%)(T) = f32.3.c.a(T) = Ko (i, %) (87) + 4v/—1Ky (Z, Z) (87). (1.9)

The explicit construction of the Ko functions implies that the L-value corresponding to
L(f32.3.c.a, 1)

(1.9) is
_%<BG,%>-3FQ ;ID-

Remark 1. Theorem 1.1 can be alternatively stated in terms of finite hypergeometric

1

2

1

-1 2

= ol
— N

31
e (30)

B0 =
IS N[N

sums and Fourier coefficients, see Theorem 2.1 for this formulation. Further, we note
that the restriction of the representations in (1.7) to G(2M) instead of G(M) is not
necessary, but yields a clearer result by removing a sign that appears in Theorem 2.1.
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A complete list of (r,s) € Sy satisfying the hypotheses of Theorem 1.1 can be found in
[37, Table 1] by Rosen.

Our main Theorem 2.1 is more general than Theorem 1.1 and yields many applica-
tions, see [4,22,38]. Our method is based on Ramanujan’s theories of elliptic functions to
alternative bases (REAB) §3.1, the theory of commutative formal group laws (CFGL)
§3.3, hypergeometric character sums and Galois representations §4, and the residue-sum
technique for proving supercongruences §5, as in [3,30].
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2. Statement of results
2.1. Notation and hypergeometric functions

Consider the hypergeometric datum

HD={a={r,...,ra},B={q1,--,an}}.

Throughout the paper we will assume that all 7;,¢; € Q and at least two of the g;
are equal to 1. We refer to n as the length of the datum. We say the pair (a, 8) is
primitive if r; — q; ¢ Z for all 1 < ¢,j < n. The primitive assumption is to make sure
the corresponding local system is irreducible, as described in [8] by Beukers—Heckman.

2.1.1. Euler’s integral representation

The discussion of classical hypergeometric functions so far has involved formal power
series in z which satisfy a certain Fuchsian differential equation. An alternate perspective
on classical hypergeometric functions is from the integral representation of Euler. When
Re(g;) > Re(r;) > 0, there is an inductive formula to construct hypergeometric functions,
see [5, (2.2.2)]. Define 1 Fy[ry;2] := (1 — 2)~"*. Then for n > 2



M. Allen et al. / Advances in Mathematics 478 (2025) 110411 7

Tt Tre - Tp
TLF7L—1|:1 ;Z:|:
q2 dn
(@) | d
I'(qn -~ r Ty o Th_q t
— —nJ [ 4 Qnrnl_]:;_ D tz| —,
T(ra)T (g — / L I N ST I
(2.1)

where I'(z) is the usual gamma function. As we demonstrated in the introduction, this
integral representation plays a key role in our method for associating a modular form to
a hypergeometric datum.

2.1.2. Hypergeometric character sums

In [18], a character sum ,,P,_; is defined inductively, parallel to (2.1). Passing from
the ring of cyclotomic integers Z[(ys]—where (/s is a primitive M*" root of unity—to
the finite field setting is done as follows. For each nonzero prime ideal p coprime to M
and integer ¢ we can associate to the residue field x, := Z[(ar]/p of size ¢ a character
using the M*" residue symbol. We set

Ly (Z) () == (x) =27 V%  (modp), Vze Z[Cn). (2.2)

M /)y
For example, if p is coprime to 2, ¢,(1/2) = ¢, or simply ¢, the quadratic character of
the residue field. Likewise, ¢, (1) is the trivial character, which we denote by ¢, or simply
€. At times we will want to place the values of this character in C,, in which case we
take ¢ (—) to be wy, where w, is the Teichmiiller character. For simplicity, we write

R; for 1y(r;), R; for 1p(—r;), and define Q; and @; analogously. A finite character sum
is obtained by replacing t™ in the complex setting with the character value R;(t) for
t € [F4, and replacing gamma functions with Gauss sums. To be more explicit, for a fixed
A € Ky , define

1Po[R1; A\ q] == Ri(1—\).

Then for n > 2,

R, Ry - R,
P(HD;A;P)nIP’n_1[; Qz 0 ;A;q}
Ri Ry -+ Ry }
R, ( R n(l=2) 1P ;AT
z Qult=a) - paPua |7 07T O g

-0 (flracn) S (W) (2) - (). @s

XERp
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o~ o~

where x, is the character group for s, , x(0) is set to be 0 for any x € &, , and
A —B(-1)J(A,B 1) Y A@)B(1 - ),
B) '~ ’ ;
x Hp

for any characters A, B and J(A, B) is a Jacobi sum. When the length n pair (a, 8) is
primitive, let

Hy(o, B; A;p) := (=1)" " T (HD;p) 'P(cx, B; A\; p), (2.4)
where
J(HD;p) i= [ =T (ep(rs), tp (@ = 74)).- (2.5)
=2

If 8={1,---,1}, then

J(HD;p) HLP ri)(—1). (2.6)

If the value H, (o, B; A;p) is an integer, then it is independent of the choice of generator
and so we omit w, from the notation. Note the Hy(a, 8;\;p) function is written as

H, lg ;A| in §1. We note that H,; does not depend on the order of the parameters in o

and B whereas the P-function does, see [18]. In spite of this advantage to using the H,
function, the P-notation more closely relates to periods in the classical setting, and so
yields cleaner results in our method.

Another important condition on hypergeometric data is the property of being defined
over Q. We say that a multi-set & = {ry,...,7,} is defined over Q if

ﬁ 2mr] 6 Z[X]

A hypergeometric datum {e, 8} is defined over Q if both a and 3 are. In this case, the
value of Hy(ax, B; A;p) is in Q for A € Q. Important work of Beukers, Cohen, and Mellit
[7] extends the H, function to almost all prime ideals of Z for HD defined over Q.

For convenience throughout the paper, we adopt the notation

aq17... 7a;jzl . f(al)rl ...f(am)'r'm
! ( bt by ) T f(by)s - f(bp)se (2.7)

where f could be the gamma function T', the Pochhammer symbol (-),, the p-adic
gamma function I'y, or the Gauss sum g. Similarly, we use f (ai*,---,a}) to denote
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flap)™ -+ f(am)™ . Moreover, for a fixed multiset &« = {ry,...,r,}, we will use f(a) to
denote f(ri,re,...,r,). Further, we use the notation

Py = {p | p prime,p =1 (mod M)}
throughout this section.

2.2. Main results

The next statement is motivated by the inductive formula (2.1) with z =1 and ¢; = 1
for 2 < i < n. We first define

~(HD) == —1 + Z(ql- — ). (2.8)

Theorem 2.1. Let n =3 or 4. Assume &® = {ry, - ,rp_1}, where0 <ry < --- <7, <
1, and B° = {1, ,1} (with multiplicity n — 1), with 7y, g, such that 0 < r, < g, <1
and ry < qn. Let HD = {{r,} Ua’,{g,} U B’} and M = M(HD). Further assume that
~v(HD) <1, and

1. there exists a modular function t = C1q + O(¢?) € Z[[q]] such that

fup(q) = CT™ ()™ (1 — t(q))™ " 'F(a’, B’;(q))q (2.9)

is a congruence weight-n holomorphic cusp form satisfying that, for each prime

p € Py, Tpfup = BprD for some I;p in 7 where T}, is the pth Hecke operator;
2. for any prime ideal p in Z[Cp] above p € Py,

H tp(ri)(—1)ep( (r)(C) - P (HD; 1;p) € Z

Then there exists a normalized Hecke eigenform fﬁm built from fyp, not necessarily
unique, such that for each p > 29 in Py, Ep = ap(fﬁm). More explicitly,

ap(fﬁm) :(_1)71_1 HLp 7i)( P(HD;1;p) — y(HD)=1" Yup(p) - p

:*Lp(Tn)(Cl)flJ(Lp(Tn)aLp(‘ln*Tn)) Hy(HD;1;p) — dy(up)=1 - Yup(p) - p-
(2.10)

Here 6. (gp)=1 is equal to 1 when v(HD) =1 and is 0 otherwise and
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b
HD’, (rn, =m/e, qn)

l(z.»)

w(t)dt/t

@ e e ;

fup(q)dq w(u®)du®/u®

Il
g
B

pth u—coeff (3.15)
Truncated HGS
Gross—Koblitz Theorem 2.5
CFGL Proposition 3.4
by xupP(HD;1)

Agree modulo p? by residue sum

Fig. 1. A visual outline of the proof of Theorem 2.1.

— —1)r, dn — Tn
Yup(p) = (~1)" . cP=Imp, ( = > (mod p). (2.11)
In terms of Galois representations, this is equivalent to

Pfgm|G(M) >~ XHD ® P{HD;1} — O(HD)=1 - YHDE| G(), (2.12)

where ¢, denotes the cyclotomic character and

Xa(9) = () (€) T p(r) (1),

The key idea is that the right-hand side f(t) = w(t)dt/t of (2.9) is of the form of the
integrand in Euler’s integral formula (2.1). We specialize this function two ways. First,
using Ramanujan’s theory of elliptic functions to alternative bases and letting ¢ be the
modular function ¢(g) in Theorem 2.1 yields a modular form fgp. Then, with e denoting
the denominator of r, in lowest terms, we write f(t) as an expansion in v = t°. By
the Euler integral formula, the coefficients of this expansion will be terminating hyper-
geometric functions, see §3.4. The commutative formal group law yields a congruence
modulo p. The mod p? supercongruences given below in Theorem 2.3, the Weil-Deligne
bounds, and the integrality of the Fourier coefficients then allow us to strengthen this
congruence to our desired equality.

Example 1. For HD" = {{3.4, 3. {1,1,1}} and (r4,q4) = (3,1), we set t = 764%.
Then fup(q) = f8‘4.a.a(q1/2) as in (1.5). As this is already a Hecke eigenform after
T — 27, we have ﬁ{D = fs.4.qa.a- In this case v(HD) = 1, and the normalizing factor in

(2.10) in front of H), is

—tp(1/2)(=64) 71T (1 (1/2), 15(1/2)) = —$(~64)J (6, ¢) = 1,

and
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Yup(p) = ¢(—1)(-1)* - T, ( 2 ) (2:20) —p(—1)(~1)PtD/2 = 1

111
2:2732
Thus, (2.10) says for any odd prime p
ap(fs.4.0.0) = Hp(HD; 1) —
recovering (1.1).

We now use Theorem 2.1 and the same modular function as the previous example, to
obtain the following new modularity result for a datum of length four.

Proposition 2.2. For each prime p =1 (mod 4)

1111 3
ap(f32,4.a.a) =P ({57 53 571}7 {lela 1}717p> -

Proof. Let HD” = {{1, 2.1} {1,1,1}}, (ra,qa) = (3, 3) and t = —642< 1" T this case,

20272 404 n(q)?*T

fup(q) = % satisfies condition (1) of Theorem 2.1 and fHD can be taken as

n(g*)1o - 8n<q8)10
n(q®)? n(g*)? "

f?{D(Q) = f32.4.0.0(q) =

Note that P(HD;1;p) € Z[i] and its complex conjugate is P(HD;1;p), where HD =
{{3.3.3,2},{1,1,1, {}}. Using Proposition 1 of [27], we have P (HD; 1;p) = P(HD; 1;p).
Thus condition (2) of Theorem 2.1 is also satisfied. Here ¥ yp(p) = 1, similar to the

previous example. O

We remark that the form 2 e 84))120 arises from the datum HD. The combinations of fzp
and fgp give Hecke eigenforms f33.4.q.4 and f32.4.4.. which differ by a quadratic character
of conductor 4. One important difference between Example 1 and Proposition 2.2 is
that the hypergeometric datum in Proposition 2.2 is not defined over Q. Condition
(1) of Theorem 2.1 is satisfied for both cases by construction. Now Condition (2) of
Theorem 2.1 is automatically satisfied in Example 1, as the datum is defined over Q.
However, in Proposition 2.2 a character sum identity, such as Proposition 1 of [27],
implies Condition (2) of Theorem 2.1, when p =1 (mod 4).

In the proof of Theorem 2.1, we rely on a more general p-adic supercongruence result.
To apply p-adic techniques, we embed P(HD;1;p) into C, through the Teichmiiller
character wg, and as we are considering prime ideals above splitting primes we may take
q = p. Further, under the assumption of p being above p € Py, all values of the characters
of tp(r;) and tp(g;) can be embedded into Z,. In this case we write the embedding of
H,(HD;1;p) into Z, as Hy(HD;1;w,), namely
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1
H,(HD;1;w,) = H,(HD;1;p), where ¢, (1) = Wp. (2.13)
p—

Likewise, we use Jg, (a,b) for the embedding of J(ty(a),t,(b)).
2.3. Supercongruences

2.8.1. Supercongruence background

A key step in the proof of Theorem 2.1 involves proving supercongruences to
strengthen the relationship between the Fourier coefficients ay( f}i{D), truncated hyper-
geometric functions, and hypergeometric character sums arising from the commutative
formal group law. We do this by proving two constituent congruences. The first, which
we say is of ‘Gross—Koblitz type’, gives a congruence modulo p between the charac-
ter sum H,, and the corresponding hypergeometric series truncated at p — 1. The main
tool used to establish this congruence is the Gross—Koblitz formula, which we recall be-
low in Theorem 2.5. Next, the bridge from the truncated hypergeometric sum to the
Fourier coefficients a,( f}}D) is attained through a formal group isomorphism from fyp
to the truncated hypergeometric series as in Proposition 3.4 and then by a ‘Dwork type’
supercongruence, wherein we relate our truncated hypergeometric function to the corre-
sponding Dwork unit root introduced in [17]. We discuss this Dwork unit root and its
relationship to Katz’s Galois representations briefly in §5.2. In particular, this root can
be realized as the p-adic embedding of a particular root of the characteristic polynomial
of Frobenius of p;gp,1} over p, see for example Remark 5. For both congruences, we
explicitly compute the error to a supercongruence modulo p?, and give criteria under
which this error is guaranteed to vanish modulo p? in terms of the invariant v(HD) de-
fined in (2.8). Although Theorem 2.1 only considers HD of length 3 or 4, the methods to
establish supercongruences for these cases can be quickly generalized, and so we prove
corresponding supercongruences for a much larger collection of hypergeometric data.

Theorem 2.3. Let HD = {a, B} where a = {ry,...,mn},8 = {q1,...,qn} with r;,q; €
QN (0,1] satisfying

0<r<rm<--<rp <1, 0<qu << a2<ui1=q=1, ¢ >ria.
(2.14)
Let w, be the Teichmiiller character of the finite field F,. When v(HD) <1 and X\ =1,
for each prime p =1 (mod M(HD)) greater than n+ 1 which is ordinary—meaning that
the truncation F (o, 8;1)p,—1 of F(ex, B;1) after p terms is not divisible by p—we have

Hy(a, B;1;0p) — y(apy=11'p (g) p=F(o,B;1)p-1 = pap1,p (mod ]92)7 (2.15)

where i, 8.1,p 15 the Dwork unit root defined below in (5.13).
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Remark 2. In the proof of this Theorem in §5, we will in fact show that the assumption
p > n + 1 can be reduced further to p > 7o + 1, where 7 is the total number of ¢ € 3
which are not equal to 1. Computations suggest that no such hypothesis is necessary,
and that the supercongruence holds for all p =1 (mod M (HD)) in most cases.

Remark 3. As we noted above, the supercongruence (2.15) arises from two supercongru-
ences, the Gross—Koblitz type supercongruence

Hy(a, B; X\;&p) — Egk(a, B; \P)p = Fa, B3 AP),—1 (mod p?),

and, using Fs(a, B; \) to denote the truncation of F(a, B8;A) at p® — 1, the Dwork-type
congruence

Fopi(a, B; N) = pANPFi(a, B; N) Epwork (v, 85 A) = Fi (e, B; M) Fi (e, B;A)  (mod p?),

both valid at primes p = 1 (mod M). The p-linear error terms Egk and Epwork are
defined explicitly in (5.26) and (5.14), respectively. We obtain these congruences in
Lemma 5.9 and Lemma 5.4, respectively, and in Proposition 5.10 and Proposition 5.7
compute them explicitly in the case y(HD) < 1 to obtain (2.15).

Our method can be applied for different choices of HD’.In a private communication,
Frits Beukers and Henri Cohen determined appropriate triangle groups, Hauptmoduln,
and special values of classical hypergeometric functions for many more cases of HDb,
vastly generalizing our discussions in §A. Below we apply our method to one case in
which HD has length three in which g3 # 1.

Theorem 2.4. Let o’ = %,%},ﬁl’ = {1,1}, and (r3,q3) = (i,%) so that HD =
{{%7 %, %},{1, 1, %}} For any prime ideal p above p =1 (mod 4),

111 3
P ({23 55 4}7 {17 17 4}a 1,13) = ap(f32.3.c.a)a (216)

where f32.3.c.qa 1 as given by (1.9). Moreover, for each prime p =1 (mod 4) we have the
corresponding supercongruence

= ol

IR

5 1] = ap(f32‘3.c.a) (mOd p2) (217)
p—1

2.4. The p-adic gamma function and the Gross—Koblitz formula

To prove congruences in later sections, we use the p-adic perturbation technique intro-
duced in [28,29] and further developed in [3,30]. We will make extensive use of Morita’s
p-adic gamma function, which is defined on positive integers n by



14 M. Allen et al. / Advances in Mathematics 478 (2025) 110411

Tyn)= (=" [ i (2.18)
1<i<n—1
pti

and then extended continuously to Z,. Like the classical gamma function, this satisfies
a shifting property

Lp(x+1) |-z if x € Z; (2.19)
Lp(z) -1 ifxepz, .
and a reflection property
Lp(x)lp(l —2) = (=)™ (2.20)

where xg € {1,2,...,p} satisfies x = 29 (mod p).
For any multiplicative character A of a finite field F, of characteristic p, we use

=Y Al “(z (2.21)

z€FJ

to denote the Gauss sum of A, where Tr]F is the standard trace map from F, to [F,.
We will also use the Gross—Koblitz formula which relates Gauss sums to p-adic gamma
functions.

Theorem 2.5 (Gross—Koblitz, [21]). Let p be a prime and 0 < r < p — 2 be an integer.
Then

where wy, is the Teichmiiller character of F)¢, and my is a fized root of 2P L4 p=0in
Cp.

This is instrumental in the proof of the first supercongruence in Remark 3, as it allows
us to translate from the Gauss sums defining H), to the gamma functions defining ,, F, 1.
Additionally we recall that, for multiplicative characters A and B of F ¢, their Jacobi
sum satisfies

9(A)g(B)

B =gty

if A+# B. (2.22)

Combining this with Theorem 2.5 gives the following useful corollary.
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Corollary 2.6. Forr,s € QN (0,1), p=1 (mod led(r, s)) such that r+ s < 1. Then

—J@ins)zl}( Lo ). (2.23)

r+s

The shorthand notation for Jacobi sums from §2.2 is used above.
3. Modular forms and commutative formal group laws

In this section, we recall some classic results in hypergeometric functions and modular
forms that will be used to explain when the function fyp of Theorem 2.1 is a modular
form. We then provide a p-adic relation between these topics by commutative formal
group laws. For definitions and basic properties of modular forms, n-products, and Hecke
operators, see [12,15].

3.1. Ramanujan’s theory of elliptic functions to alternative bases (REAB)
For d € {2,3,4,6}, let

HDg; :={{1/d,1—-1/d},{1,1}},

which is a length two hypergeometric datum defined over Q that corresponds to a second-
order hypergeometric differential equation. The corresponding monodromy group I'y is
isomorphic to the genus zero congruence subgroup I'(2) (which is isomorphic to I'g(4)),
T'o(3), and I'y(2), when d = 2, 3, and 4, respectively. The Schwarz map (see [18, Theorem
3.2])

oy b F(HDail-2)
fz) == F(HDg;2) (3.1)

where kg = 1,v/3,v/2 when d = 2, 3, 4 respectively, sends the complex upper half plane
to a hyperbolic triangle with inner angles 0,0, and (1 — 2)7. Both F(HDg4;1 — z) and
F(HDy; z) satisty the same hypergeometric differential equation.

f(0)

Upper half plane f

f<o{_\ ) ~ floo)
—o0 0 1 (0'¢)

)

Let t4 be the Hauptmodul of I'y which takes values 0 and 1 at the two cusps corresponding
to f(0) and f(1) and has a simple pole at the elliptic point when d = 3 and 4 or at the
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other cusp when d = 2. The map t4 — 1 —t4, arising from a normalizer of Iy in GL2(Q),
is the involution swapping the two cusps. This fact can be used to relate L-values of
weight three cusp forms at 1 and 2, details are given in part II [4] of this series. The
Hauptmodul ¢4 can also be taken as the inverse of the Schwarz map (3.1). In many cases,
tq can be expressed as a quotient of Dedekind eta functions. As an example,

n(§)n(27)'°
to = A1) = 16———" 3.2
2 (T) 7)(7')24 ’ ( )
the expressions of other t; are available in Table 1 in §A. Another important fact is that
1 d-1
o Fy [ i i ; td(r)} is a weight one modular form for the group I'y. In the classical

theory, the d = 2 case is well understood. When A(7) is the modular lambda function,
as in (3.2), one has the following whenever both sides make sense:

1

1
QFl[i isw} = > I = hy(r). (3.3)
n,mez

Here 65(7) is one of the weight-1/2 Jacobi theta functions, see [26]. There are similar
expressions for HD3 and HD,4. For d = 6, by a hypergeometric quadratic formula,

1 5 1 5 172
QFl(HDﬁ;tﬁ) =,F [ 112 112 : 4156(1756)] =,F [ 112 12 : 7]8] :Ei/4,

—_

where Ej is the weight four normalized Eisenstein series on SLy(Z) and ¢ is a function
satisfying 4tg(1 — tg) = %ﬁ. For other cases, please see the Appendix §A.

Example 2. For HDs, we consider the Legendre family of elliptic curves

E.: y*=z2(1-2)(1-22). (3.4)

Note that w, := m is the unique up to scalar holomorphic differential 1-form

on E,. Using (2.1),
1
/wz =m- F(HD3; 2). (3.5)
0

3.2. Ka(r, s)-functions

We now investigate when the differential of the Euler integral formula evaluated at
the appropriate Hauptmodul is the modular form f(¢) in Theorem 2.1. We consider the
case when HD’ = HD,.
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Definition 3.1. Given r, s € Q, define

(%) 16s—8r—12 ,17(2T)8S+87'—12

Ka(r,s)() i= T . (3.6)
Using (3.3) and A as in (3.2), we have
11 .
R I Y IO RNCE)

as stated in §1. In the following, we will focus on those (r,s) pairs which give rise to
congruence modular forms.

Lemma 3.1. For each (r,s) € Sy in (1.6), Ko(r,s)(N(r)7) is a congruence weight three
holomorphic cusp form of level N (r)N (s—r) with Dirichlet character induced by (‘2245 ) ,

where

48
Proof. We first recall from [26] that
d\(T) 1y
q)\(T)dq - _04(7-)’
where
0a(r) = > (=1)"q¢>, and 0i(r) = (1 - \(7))3(7). (3.9)
nez
Thus

2 a(ro)(r) = (125 (=N =2k
which is holomorphic on the upper half-plane. The poles and zeros occur at points on
Q U {oco}. Since I'(2) is torsion-free, Ko(r, s)(7) is a weakly holomorphic modular form
on a subgroup I' of I'(2) determined by the rational numbers r and s, and the orders
of poles or zeroes at rational numbers are determined by the branch cover between the
modular curves X (I') — X (I'(2)). The orders at 0, 1, and ico are

pt 100 0 1
Ordy (Ko(r, s)(7)) r i(s —r) 3/2—s

The necessary conditions for being congruence are 24s € Z, 8(r+s) € Z, and 16s—8r € Z.
For these r and s, Ko(r, 5)(487) is a cusp form, not necessarily new, of level 482 with

Dirichlet character (72_245). O
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We now consider conjugate pairs of (r,s) € Sa.

Lemma 3.2. For a given (r,s) € Sy, let M = led(%,r,s). For any ¢ € (Z/MZ)*, let
re ={cr} and sc = {cs} if {er} <{es}; and s = {cs} + 1 otherwise. Then (r.,s.) € Sa.

Proof. From the choices of (r., s.) we can check that 0 < r. < s, < % Other conditions
can be verified directly. O

For example, the conjugates of (1/8,1) in Sy are (j/8,1) where j = 1,3,5,7. We use
these pairs to illustrate our method. By equation (3.7),

() oo} 19 o 2t o

The constant on the right hand side is 011/8 = 21/2 where C; = 16 is the leading
coefficient of A. In this case, N (%) = 2 = 16. Letting 7 — 167 in the above eta quotient
gives

1 167)%7(87)3 -
K2 ( 1) (167-) = w =q- 3q9 76q17+23q20 + 12q33 *66(]41 4.

8’ n(327)3
= Y bgress <F0(256), (‘_1>>

n=1 (mod 8)

Note that for all j = 1,3,5, and 7, the forms K (%, 1) live on the same subgroup of
I'o(4) as newforms. Hence, we consider the subspace V of S5 (T'9(256), (=1)) spanned by
fi(r) =Ko (£,1) (167) € ¢/(1 + Z[[¢%]]), = 1,3,5,7. One can check that T5(f;) = 0
for all j, and the actions of the operators T3, T5, and 77 are as follows:

J1 /3 I5 I7
T3 —12f3 | f1 —4fr | 3fs
Ts 48 f5 16 f7 S 3f3
T —64f7 | 16f5 —4fs | f

From the hypergeometric arithmetic perspective (for detailed discussion, see [37]), the
space V is invariant under the Hecke operators restricted on V and hence give the Hecke
eigenforms for this space. These computations lead to the following conclusion.

Corollary 3.3. The space V is an invariant subspace of S3(T'0(256),x—1) for all Hecke
operators. The Hecke algebra for the subspace V' is generated by T3 and Ty, with

T? = —12, T? =48, T3Ts5 = 3Ty.

Moreover,
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1. The minimal polynomials of the Hecke operators have degree at most two.
2. The corresponding newform orbit is 256.3.c.g of LMFDB. Namely,

1 3 5 asas 7
f256.3.c.g = <K2 (g, 1) + azKy (§7 1) + asKo (ga 1) 3 Ky (8 )> (167)

87)3 8T 327 1 327
= 77(167’)6 (1;7((327_))3 + a37;7((327_)) + as n(327) + 3 il ) )

a8ty T 3% (87)3

where a3 = —12, and a? = 48.
3. The q-coefficients of Kg (8, )(167) are multiplicative. In particular, for p = 1
(mod 8), they satisfy three-term Hecke recursions.

The above discussion says that for each j € {1,3,5,7}, the Kz(%, 1) functions are in
the same Hecke orbit. We refer to this situation as the Galois case.

Definition 3.2. A pair (r,s) € So is said to be in a Galois orbit for the Ko-family if for any
¢ € (Z/NZ)* where N = lcd(r, s), there exists (rc, s.) € Sq such that er—r.,cs—s. € Z,
such that Ky(r, s) and Ka(re, sc) are in the same Hecke orbit.

See the second paper of this series [4] and [37] by Rosen for further discussions of the
Galois cases and the general construction of the Hecke eigenforms.

Remark 4. The Hecke eigenform f256.3.c. above depends on a choice of as and as. This
demonstrates the non-uniqueness of f}iw in Theorem 2.1. When we specialize Theo-
rem 2.1 to Theorem 1.1 by setting HD’ = HD,, condition (1) is equivalent to (r,s) € Sz
and (2) is equivalent to (r, s) being in a Galois case. See [4, Theorem 3.4].

3.3. Commutative Formal Group Law (CFGL)

The goal of the next few subsections is to show (2.10) agrees modulo p through the
Commutative Formal Group Law (CFGL) isomorphism.

We start with notation. Let p be a prime and R be a Z,-algebra equipped with an
endomorphism o : R — R satisfying that o(a) —aP € pR for all a € R. For example, let p
be a prime which is congruent to 3 or 5 modulo 8 and R = Zp[\/i], then for z+yv2 € R
with z,y € Z, the map o defined by o(z + yv/2) = x — yv/2 is such an endomorphism.
The basic background is as follows. Assume b,, € R for all n > 1 and consider

l‘) = ibnxnfldl', £($ = / — i% n

n=1 n=1

If there is another local uniformizer u such that z(u) = Y . | a,u™ € R[[u]] and a; € R*,
let £(u) = [w(x(u)) be a power series in u. Then the formal groups G(s,t) = £~ (£(s) +
(t)) and G(s,t) = £~ *({(s) + £(t)) are isomorphic, cf. [39, A.3]. See [39, Appendix] for
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basic examples and more details. Due to the modular form background of our setting,
we will use the following version of the CFGL property, which gives p-adic analogues of
the Hecke recursions satisfied by Hecke eigenforms.

Proposition 3.4 (/6], [39]). Let p, R and o be as above. Let w(z) = > o7 bpa" dx
with b, € R for all n > 1. Let x(u) = Y.~ apu™ € R[[u]] and suppose w(z(u)) =
oo epu™ tdu with ¢, € R.

If there exists oy, Bp € R with B, € pR such that for all m,r € N,
bnpr — 0 (p)bpr—1 + 02 (Bp)bympr—2 =0 (mod p); (3.11)
then for all m,r € N
Cmpr — 0(Qp)Crmpr—1 + 0% (Bp)Cmpr—2 =0 (mod p"). (3.12)

If ay is invertible in R then (3.12) implies (3.11). Moreover, if b, /b1 € R*, then there
exists i, € R* such that for m,r > 1

bipr = pp0 (bypr-1)  (mod p"), and cppr = ppo(Cppr-1)  (mod p”). (3.13)

Note that if b,/b; € R*, which is referred to as the ordinary case, then by Hensel’s
lifting lemma, one root of the left-hand side of (3.11) is p, which also satisfies that
tp = by /b1 = 0(a,) modulo pR. Also p,, is referred to as the unit root of w(t).

Below this proposition will be applied to the differential (2.9) using two distinct but
related local parameters to represent the function t.

3.4. The u-coefficients

We first express the t-expansion of (2.9) in terms of terminating hypergeometric series.
Throughout, the datum {a”, ﬁ"} and r,,q, are given as in Theorem 2.1. For a =
{ri,--+, 7}, we use () to denote [ [, (ri)x, as in (2.7), where (r) is the Pochhammer
symbol. To ease notation, let

Yn = =14+ qn — Tn.
Lemma 3.5. Let {a”, ﬂb} be as in Theorem 2.1, and v, as above. Then

o’ —kjua’
(1 -ty F (Bb ;t) =Y 4, (0 F <{qnan}_ k}uﬂ“) ”,

k>0

here F
s (1, S

—klua’
{=F} '1) is a terminating series as —k € Z o and
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A, (k) = (*Z?)’“ = (1)’6(7]:) (3.14)
Proof. By the binomial theorem, (1 —¢)7 = Z (_Z?!)kl th = Z A, (kp)t* . Thus
k120 k1>0
(1—tyF (gi ;t) - kgjzo %E‘;E—;:tkﬁkz
G R e
_ kZZOA%(k) F ({qn E Ti}_UkO}z s 1) i

In the last step, we use the identity (a)x_; = (—1)iﬁ from [18]. O

Assume r,, = % is in lowest terms with e > 1 and let u = t'/¢. We now multiply the
expression in Lemma 3.5 by ¢"™dt/t to match with (2.9), up to a constant. This yields
the u-expansion from the right-hand side of Fig. 1

R, BT = e 3 A (W) F ( « frk}_uko}‘ s 1) a3 15)

We now take a closer look at the coefficients of the formal power series
oo
kYU
ZA%(]“)F< = } ka b71> uFerm = o™ 4 chum, cn €Q
k=0 {Qn N N } Y 6 n>m

appearing on the right hand side of (3.15). From the above expression, ¢,, = 1. In light
of (3.13), we look at ¢, where p = 1 (mod M(HD)) and particularly m being the
numerator of r,,. From equating ke + m = pm, we get

m
k= ko ::(p—l)?:(p—l)TneZ.

First, we relate the additional rescaling term A, (ko) = A, ((p — 1)ry) to the value
of a Jacobi sum modulo p via the Gross—Koblitz formula recalled in Theorem 2.5.

Lemma 3.6. Assume the notations as before and that p =1 (mod M). Then

A, (p—Drp) =T, (quz;—n—?"n> = —Jo,("n,qn — o) (mod p). (3.16)
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Proof. Since M = M(HD), p=1 (mod M), (p — 1)r, € Z>¢. Thus

Ay, ((p—1)rn)

(1 +Tn — Qn)(p—l)rn -T <1 + T — qn + (p_ 1)rn71)
((p—1)ry)! 1+r, —qn,(p—Drp,+1

(219) 1+r, — gn + (p — 1)rna 1
B b 1+Tn_Qna(p_1)Tn+1

1—qn,1 (2:20) dn — Tn,Tn
r =I,|—— d
p<1+rn_Qna1_rn> p( dn > (mo p)

—Jo,("ny@n — 7o) (mod p). O

(2.23)

{—ko} U ab .
{qn_Tn _kO}UIBb’
i < (p—1)rp,+1, the assumption 1 > ¢,, > 7, > 0 of Theorem 2.1 implies (¢, —r, —ko); =
(gn —rn + (1 = p)ry); € Z,. Further for ¢ in this range,

Next we consider the terminating series F’ ( 1) . For indices 0 <

(L =p)ra)i = (ra)i (mod p), (gn =70+ (1 =p)ra)i = (gn)i  (mod p).

Together with the additional assumption of ¢, being larger than at least two of the r;
(see Remark 7), one has

Lemma 3.7. Under the assumptions of Theorem 2.1, let p =1 (mod M (HD)) be a prime.
Then

{1-pr,tua’ .
g ({Qn—rn—f—(l—p)rn}uﬂb’l)
_ {Tn}Uab . _ .
=F <{qn} up’ 71> . =F(a,p;1), ; (modp). (3.17)

Altogether, we have the following description for ¢,;:
Cmp = —Jo, (T, @n — n) F' (a, B; 1)1771 (mod p). (3.18)
3.5. The q-coefficients and Hecke recursions

In this section, we express the t-expansion of (2.9) in terms of Fourier g-series. From
§3.1, we see that if we choose ¢ as an appropriate modular function of the form

t=Ciq+0(¢) € Z][g]], C1#0

then the left-hand side of Equation (3.15) will become a holomorphic modular form with
desired properties, see for example Lemma 3.1. We now turn our attention to the g, =
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q'/¢-coefficients of this modular form, where e is the denominator of 7, as before. Note
that both (1 — t(¢))™F(a’, 8°;t)dt(q)/(t(q)dq) and t(q)™ /(Ciq)™ are locally formal
power series in ¢. Thus as in (2.9)

fapdg = Cy " (1 —t)"F(a’, B’ t)dt/t = e Y big!' Vg, (3.19)
1>1

where b; € Q. From the assumption 7}, fgp = Bp fup in Theorem 2.1, the Hecke recursions
imply that for every prime p =1 (mod M) where M = M(HD) and integers [, > 1

bipr — by - bpr—1 + @(p)p" ! b2 =0 (mod p") (3.20)

where ¢ is the character of fyp. Note that £ > 3 is the weight of fgp. When r = 1, this
reduces to

by, = byby  (mod p). (3.21)
Further in the ordinary case, the unit root as (3.13) can be computed by
W = bipr [t (mod p"). (3.22)
3.6. CFGLs isomorphism in this setting

We now apply Proposition 3.4 to relate the u and g-coefficients in the previous sub-
sections. Namely

UJ(t) _ Cl—T‘ntT"—l(l _ t)_("‘n'f‘l_q")F‘((xb7 /Bb7 t)dt/e (:%;5)01_74” Z Clul_ldu
1>1

(3.19 _
=5 g dg,

1>1

(3.23)

where u = t'/¢, ¢; € Q as given in Lemma 3.5 and in particular ¢,, = 1. Note that M is
a multiple of e by definition. Let p =1 (mod M) be a prime,

R=1Z,[C{"™], o(C{™)=CrP.
Thus if C; € Z;, then
i Jo(Crm)y = CPTI™ = L (r)(Ch) (mod pR), (3.24)

m
where ¢,(ry,) = <5> is the residue symbol defined in (2.2). By Proposition 3.4, for
Lr=1, )
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Cy ™ epr — by - o(C7 ™ )erpr—1 + @(p)p™ = - 02(Cr ™ )epr—2 =0 (mod p"R).

When 7 = 1 this reduces to C; "¢, = by, - 0(C; )¢y (mod pR). If Cy € 7}, using
(3.24),

tp(1)(Ch) - cip = bye;  (mod pR). (3.25)

In particular, when [ = m (the numerator of r,,) then using (3.18) we reach the following
conclusion from (3.25).

Proposition 3.8. Assume a and B are defined as in Theorem 2.1, 0 < r, < q, < 1 with
rn =mje, p=1 (mod M) is a prime, and Cy € Z);. Then

—tp(Tn)(C1) - Ja, (Tny G — T0) - Fa, B31) 1 = Bp (mod p). (3.26)

The result, when combined with Lemma 5.9 below, is equivalent to the mod p version
of (2.15). See the computation below.

—p(rn)(C1)-Ja, (Tn; gn = 7n) - (Hp(a’ B;L@p) = by (py=1T"p (Z) p>

= Lp(rn)(cl) : Jd)p (’rnv qn — Tn) : F(a7 ﬂ; ]-)pfl
Bp = ap(f}t{D) (mod p).

An explicit application of the results for a datum of length three is given below.

Proposition 3.9. Let HD = HDs, r3 = %, where 7 = 1,3,5 or 7, and q3 = 1. Then for
each prime p =1 (mod 8),

) 3 7 1 1
<2—?> (_1)(p 1)/8 3F2 |: 51; i i ; 1:| = ap(f256_3lc,g) (HlOd p) (327)
p—1
Proof. Note that v3 = —%. Thus
. . 1L g (L)k -k 3 3 du
J 2
ts(l—t) 8oFy | 2 25t —=8)» -B2,p 2 21| Wt —,
( )21[11}15 ;k!gzl%—kl u w

Letting t = A and noting that C; = 16, we get (3.10). From the discussion in §3.2; the
g-expansion (after re-scaling) is a Hecke eigenform for each T}, when p = 1 (mod 8).

b j J
Thus b, = a,(f256.3.c.9)- Further, ¢,(3)(C1) = (1?6)8 _ <%> and

As((p=Drs) = (=1)P7D/% (mod p).

The claim then follows from the Proposition 3.9. O
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In §5, the mod p? supercongruence corresponding to Proposition 3.8 will be obtained,
as stated in Theorem 2.3. Before that, we recall some basic information about hyperge-
ometric character sums and representations.

4. Hypergeometric Galois representations

4.1. Katz’s theorem

We now recall an alternative way from (2.4) to express the normalized character sum
Hy(a, B; Ay p) following McCarthy [31], which will be used in the next section.

X) 9(tp(—q5)X) X
IO I S

Hy(e, By Aip) = %q Z;X((_l)”) H gg(éf:g«:

X
XERyp

The condition of p being a prime ideal of Z[(s] can be replaced by being a prime ideal of
Z[1/M,1/\] when HD is defined over Q by work of Beukers, Cohen, and Mellit [7]. More
specifically, the importance of HD being defined over Q is that at each fiber defined over
Q the corresponding Galois representation, a priori for the Galois group Gal(Q/Q(Car)),
can be extended to a representation of the absolute Galois group Gg = Gal(Q/Q)
whose trace function is, up to a linear character, given by the H,, function.

In this paper, we relax the condition of HD being defined over Q. In the following,
we will first recall Katz’s result on the hypergeometric Galois representations and then
discuss extendable Galois representations.

Let G(M) := Gal(Q/Q(Cm)), tp as in (2.2) and P(av, B;-;p) (2.3) as before, so the
order of entries in a, B matters.

Theorem 4.1 (Katz [23,2/]). Let £ be a prime. Given a primitive pair of multi-sets oc =
{Tla" . 7TTL}7 IB = {ql = 17q27"' 7qn} with M = M<HD)7 fO'I" any AE Z[CMal/M] \{O}
the following hold.

i). There exists an (-adic Galois representation pgppny + G(M) — GL(Wy) unramified
almost everywhere such that at each nonzero prime ideal p of Z[Car,1/(MEN)] of

norm N(p) = |Z[Car)]/p]
Tep(apiy (Froby) = (=1)" " ep(r1)(=1) - P(ex, B:1/X;p), (4.2)

where Frob, denotes the geometric Frobenius conjugacy class of G(M) at p.

it). When XA # 1, the dimension d := dim@Z Wy equals n and all roots of the characteris-
tic polynomial of pyup.ay(Froby) are algebraic numbers and have the same absolute
value N (p)»=1/2 under all archimedean embeddings. If prup;ay is self-dual, namely
isomorphic to any of its complex conjugates, then Wy admits a non-degenerate al-
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ternating (resp. symmetric) bilinear pairing if n is even and v(HD) € Z (resp.
otherwise).
iii). When X\ = 1, in the self-dual case the dimension is n — 1. All roots of the Frobenius
D2 If prapay s
self-dual, it contains a subrepresentation that admits a non-degenerate alternating

eigenvalues at p have absolute value less or equal to N(p)(

(resp. symmetric) bilinear pairing if n is even and y(HD) € Z (resp. otherwise).
For this subrepresentation, the roots of the characteristic polynomial of Frob, have
absolute value exactly N(p)—1/2,

Example 3. Let a = {3,4},8 = {1,1}. Then for any A € Q, with A # 0,1, the repre-
sentation pypp;y} associated to HD = {«, B} is isomorphic to the 2-dimensional f-adic
representation of G arising from the Legendre elliptic curve E; /5 given in (3.4) twisted
by the Dirichlet Character (;1) Namely for each odd prime p of Z such that A can be
embedded in Z,

-1
Trpap,:ay (Froby) = — <?) P(c, B;1/X;p)

— Hy(e BN p)=p+ 1 (7> #(By ) /F,).

Remark 5. The above theorem implies (—1)""!P(c,B;)\;p), or its normalization
H,(o, B; A;p), can be thought of as the trace of a finite-dimensional representa-
tion of G(M) evaluated at Frob,. Hence, each finite hypergeometric function is the
sum of the roots of the corresponding characteristic polynomial. For example, when
HD = {{%, %, %, % ,{1,1,1,1}}, Example 1 says

P{HD;1} = Pfss.a.a D e
Equivalently, for each odd prime p,

-1
Trpgapiy (Frob,) = — (7> P(HD;1) = Hy(HD; 1) = ap(fs.a.a.a) + p-

4.2. Extendable Galois representations

Note that condition (2) of Theorem 2.1 is equivalent to the G(M)-representation
XHD ® paD:1} — Oy (HD)=1VHDEC|G(0r) Deing extendable to Gg, see (2.12). From the
representation point of view, this boils down to the following well-known result:

Proposition 4.2. Let M be a positive integer. Assume p is a semi-simple finite dimensional
l-adic representation of G(M) which is isomorphic to pT for each T € Gg, then p is
extendable to Gg. Equivalently, for each nonzero prime ideal p of Z[(n] unramified for
p, Tr p(Frob,) € Z.



M. Allen et al. / Advances in Mathematics 478 (2025) 110411 27

As the Frobenius traces are given by character sums, there are cases the extend-
ability can be seen from character sum identities of [18,19,27]. For example, when
HD = {{5,%,1},{1,1,2}} we use Proposition 1 of [27] to obtain

111 3 113 1
P({535a1}7{1’171}717p> P({gaiaZ}a{LlaZ}al?p) (43)

for each nonzero prime ideal p € Z[/—1].

We now verify the conditions of Theorem 2.1 for the above example. Note that fyp in
condition (1) can be chosen to be either Ko (1, 3) (87) or Kz (2, 2) (87), as these modular
forms are in the same Hecke orbit. Further, the identity (4.3) establishes condition (2).

Therefore, we conclude that

111 3
P ({57571} ) {17131} 71,p> = ap(f32.3.c.a)a

for primes p =1 (mod 4) by Theorem 2.1 and (1.9).

Note that condition (2) of Theorem 2.1 cannot always be established directly with a
character sum identity, such as in (4.3). For example, to our knowledge, the two functions
P({1/2,1/2,1/8},{1,1,1};1;p) and P({1/2,1/2,3/8},{1,1,1};1;p) cannot be directly
related by character sum identities. There are several other cases where the supplies of
character sum identities are seemingly insufficient for condition (2) of Theorem 2.1. For
these cases, we use a complementary approach via the notation of being Galois, defined
in Definition 3.2.

Applying this Proposition together with part iii) of Theorem 4.1, we have the follow-
ing.

Proposition 4.3. Let HD be a length n € {3,4} primitive hypergeometric datum and
assume that Xgp ® piap;1y of G(M) has an extension prppay to Goq, which is not
unique in general. Then

1). If n = 3, then prupay is a 2-dimensional representation of Gq, at each prime
p12M, and pgpp;1y(Froby) has two roots of the same absolute value p. In this case,
we let ﬁ?ggl} be papiy-

2). If n =4, then pyup,1y is a 3-dimensional representation of Gq.

2a). If y(HD) € Z, then pypp.1y is reducible and has a 2-dimensional subrepre-
ApTIM

sentation P{uD:1y of Gg whose corresponding eigenvalues at unramified Frobenius

element Frob, are both of absolute value p3/2.
2b). If v(HD) ¢ 7Z, then pypp.ay could be irreducible.

Remark 6. If HD has length 4, then assumption (1) of Theorem 2.1 implies that v(HD) €
7 and hence pygp; 1y falls into the case of 2a) above. To be more precise, fyp being a
modular form means that F(a’, B ° t) is a modular form on an arithmetic triangle group.
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The only cases are o’ = {%, é, 1— é} for the triangle groups of the form (2, m, c0), where
m = 00,6,4,3 when d = 2, 3,4, 6 respectively, see §A. Thus ¢ takes value 1 at the elliptic
point of order 2 so 'y(HDb) is a half integer. In particular, when 0 < r, < ¢, < 1 and
qn —Tn =1/2, v(HD) € Z.

In both cases, the conclusion of Theorem 2.1 can be rephrased as follows.

Proposition 4.4. Assume the notation and assumptions of Theorem 2.1. The representa-

tion ﬁffggl} is modular. For each prime p =1 (mod 2M),

Trﬁi)rHig;l}(FTObp) = Bpa where TPfHD = EprD.

As was the case in the statement of Theorem 2.1, we could consider all primes equiv-
alent to 1 modulo M with the addition of a sign. The choice in the above proposition
to restrict to p = 1 (mod 2M) is only made to remove this sign for a more succinct
statement.

5. Supercongruences
5.1. p-adic background

This section is dedicated to the proof of Theorem 2.3. Here we will make ample use
of the function I',, defined in (2.18). Given a multiset ¢ = {r1,72,...,7,} we take the
convention

ata={rm+aro+a,...,r,+al. (5.1)

Throughout the remainder of this section, we will combine the shorthand notations from
(2.7) and (5.1). For example, in (5.5) below,

r (5+ko,a+ko+k1p) “r Dp(qi + ko)Dp(ri + ko + k1p)
p

ot ko, B+ kot kip) i1 Dol + ko)T'p(gi + ko + kap)

Additionally, without loss of generality, we assume going forward that o, 8 C Q N (0, 1]
are ordered so that

O<r<r<...<r, <1, 0<qgi<gp<...<q¢, <1

Given some a € Z,, we use 0 < [a]op < p—1 to denote the first p-adic digit of a. Given a
hypergeometric datum HD = {«, 8}, for each r; € a, ¢; € B we set

Q; ‘= [—’I“i]o, bi = [_Qi]o- (52)
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In particular, every r; + a; and b; 4+ ¢; is divisible by p, and so the p-adic valuation of

%gg: increases by 1 at each a; + 1 and decreases at each b; + 1.

Lemma 5.1. Let HD = {a, B}, where each element of a and B belongs to (0,1]N Q. Set
M =led({a, B}) and let p=1 (mod M). Then the p-adic Dwork dash operation

L2y =Ly r=—— (5.3)
fizes every element of o and B. Additionally, for each r; € a and q; € B we have
a;=rilp—1)  bi=qlp-1), (5-4)
where a; and b; are defined as in (5.2).
Proof. From the assumptions we know r;(p—1) € ZN[1,p—1]. Asr; +r;(p— 1) = pry
is divisible by p, it then follows that [—r;]o = ri(p—1). Thus v} = (r; +ri(p—1))/p = r;.
The argument for the ¢;’s is the same. O

For any such prime, expanding our index k as kg + k1p with 0 < kg < p — 1 we have
the following specialization of Corollary 4.2 in [3]:

(W kothrp  (@k, (@)ky B + ko, + ko + k1p
(Bkotkip  (Blro Bk Aapko + kip)Ty (a + ko, B + ko + klP) (5:5)

where, with v(ko, ) defined by

(k} ) \fb—koJ 0 if k‘o SJ}, (5 6)
v(ko,x) = — = .
0 p—1 1 ifz < ko < p,

we set

n kl v(ko,aj) kl —v(ko,bj)
Aa’ﬂ(ko + k’lp) = H (1 + —> (1 + —) .
j=1

Ty 4q;

This A term corresponds to the discrepancy between the functional equations of I and
.

Remark 7. The hypotheses in Theorem 2.3 that ¢; > r;yo for all ¢ and that at least
two elements of B are 1 are equivalent to assuming that the p-adic valuations of the

hypergeometric coefficients Eg;: with as + 1 < k < p — 1 will be divisible by p?, as is
illustrated in Fig. 2.
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I A § I I

ay as by p—1
Fig. 2. A lower bound on the p-adic valuation of ((g;: for k ranging from 0 to p—1 and for the hypergeometric

data appearing in Theorem 2.3. The valuations on the intervals labeled I7 and I3 are exactly O and 1, whereas
on the intervals I3 and I we only know that the valuations are greater than or equal to 2.

As we aim to establish congruence modulo p? we will only need to consider this A for
ko < as. On this interval, we have

1 0<ko<ar;

5.7
1+% a1 < kp < as. ( )

Ao (ko + kip) = {

From the definition of I', in (2.18), we immediately conclude the following translation
between the Pochhammer symbol and I'), for all 0 <a <p —1:

Lp(t+a)
Tp(t)

We now define a function G1(z) : Z, — Z, by

(t)q = (—1)° (t + [—t]o)V(@[Hto), (5.8)

d
ai(t)a v(a, [~t)o)
=Gi(t+a)—Gi(t) + ————. 5.9
(t)a 1( a) 1( ) t+ [_t]O ( )
We can also logarithmically differentiate the reflection identity (2.20) to obtain
Gi(a) =G1(1 —a), a€Z,. (5.10)

It will now be useful for us to generalize the function G; in analogy with our notation
n (2.7). Specifically, we set
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a—+a

Gi(a+a,B + a) :=logder (Fp (ﬁ)) = ZGl(Ti +a) — Gi(g + a).
j=1

We note that G1(a + a, 8 + a) agrees with the definition of the function Ji (e, 8;a) in
[30] and in [3]. The following result allows us to expand our hypergeometric functions
p-adically:

Theorem 5.2 (Long-Ramakrishna, [29]). For p > 5, r € N and a,m € Z,, we have

Lp(a+mp")

) =1+ Gy(a)mp” (mod p*").

As an immediate consequence, we can evaluate the product modulo p? of the I,
quotient in (5.5) as we run over all elements of & and .

Corollary 5.3. For multi-sets o = {r1,72,...,mn}, B = {q1,92,-.-aqn}, and fized 0 <
ko <p—1, and ky € Z,, we have

(ﬁ+ko,a+ko+/€1p
p

=14+G ko, ko)k d p?). 5.11
a+ko,ﬂ+ko+k1p> T Gulact ko, Btko)kap - (mod p7) (5-11)

Additionally, logarithmically differentiating Theorem 5.2 gives the congruence
Gi(a+mp") = Gi(a) (mod p"). (5.12)
5.2. Dwork type congruences

5.2.1. The general case

We use the shorthand notation Fs(ex, 8; ) for the truncation of the classical hyper-
geometric series after p® terms evaluated at z = A. The discussion below originated in
Dwork’s paper [17], in which 8 = {1,--- ,1}. Dwork showed that when F|(a, 8,)\) # 0
(mod p), there exists a p-adic unit root pa g a,p such that for each s > 0

Foi1(a, B;0N)/Fo(e/, B 0F) = Ha,Bnp (mod ps+1), (5.13)

where o’ = {r},---,r]} is the image of a under the Dwork dash operation (5.3) and
B’ is defined similarly. See more recent discussions of Dwork crystals by Beukers and
Vlasenko in [9,10]. We also note the similarity between (5.13) and (3.22). To extend
Dwork’s work to more general 8, we add the assumption of p =1 (mod M (HD)) so that
each r; and ¢; is invariant under the Dwork dash operation by Lemma 5.1. The proofs in
this section rely heavily on the assumption g; > ;49 for all 1 <14 < n—2; as this dictates
the p-adic valuations of the hypergeometric coefficients as documented in Remark 7 and
Fig. 2.
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Example 4. Let HD = HD, as before. For each odd prime p and A € Z, \ {0,1} such
that a,(\) = H,(HD2;\) # 0 (mod p), pup, rp is the root of T? — a,(A\)T + p in Z,
that is congruent to a,(A) (mod p).

We now turn our attention towards the Dwork type congruences appearing in Re-
mark 3.

Lemma 5.4. Let o« = {ry,r9,...,7} and B = {q1,q2,---,qn—2,1,1} form a primitive
hypergeometric datum HD with n > 2 such that q; > ri4e for each 1 < i < n —2. Let
M = M(HD) and p=1 (mod M). Then for each X\ € Z,,

s+1( /8 )\> )‘st/(avﬂ§)\p)EDwork( /8 >\) (a IB AP ) ( 7[3;)‘) (mOd P2)7

where here F' denotes the derivative, not the Dwork dash operation, and

o N (@ o~ (@) A
Epwork(c, B3 \) := ;;o B (Gi(a+ K, B+ k) + kz%jﬂ B (5.14)

where a; is defined as in (5.2).

Under our assumptions, Epwork(e, B85 A) € Z,. If Fi(a, B;A) # 0 (mod p), meaning
the ordinary case, then \PF!(«, B; \P) € Z,. To show the desired mod p* supercon-
gruences, we need to show that the p-linear term FY(a, 8; \) Epwork(e, 8; \) vanishes
modulo p. Our definition of Epyork is made because this term will always vanish for HD
as in Theorem 2.3 with v(HD) < 1 and A = 1. In this case, we have the following:

Remark 8. Assume A € Z, and p is ordinary. Then Fy(e,8;\) = pup.a, (mod p?)
where g p x,p is the unit root as in (5.13) if Epwork(c, B;A) =0 (mod p).

We are now ready to prove Lemma 5.4.

Proof of Lemma 5.4. We decompose our index of summation by k = ko + kip with
0<ky<p-—1. We find

p°—1 p—1

(o) k \Q)ko+kip yko+ks
Fs 0 1 Ao p

p°—1 -1
(5.5) (Q)ky \kyp (@)ky (Ot + ko +/€1p7ﬂ+k‘1>
= AP )\ °A ko + kip)T'y,

k;(b’ z_: (B)x g ko + k1) a + ko, B+ ko + kip
(5.11 ptl (cx — ()
)_ k?l k ko y k
LY e § e

k1=0 (B ko=0 (B)k

x (1+ Gi(a+ ko, B+ ko)k1p) Aa,g(ko + k1p)  (mod p?).
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()i

As noted in Remark 7 the hypergeometric coefficients (B are always zero modulo p?

for k > as + 1. Using this as well as (5.7) then gives

p®—1 ay
(@r s, { (@)1 11,
Fra(e i) = 2, g, A7| 2 (), N (15 Galet ko B hoap)

ki
+ Z ‘;’“OA’“O (Hé)} (mod p?)

ko=a1+1

= Fy(a, B; \P)Fi (o, By A) + pAPFl (e, B; A) Epwork (a0, B;A)  (mod p?). O

5.2.2. The A =1 case

We will adopt a strategy used in [3,30,34] by constructing a rational function
R(t) € Q(t)—depending on p—such that the sum of the residues of R(t) is congru-
ent modulo p to Epywork(e, B;1). Thus, we will be able to translate the corresponding
residue sum identity into our desired congruence Epywork(a, 8;1) =0 (mod p). Examin-
ing Epwork(a, 8;1) in (5.14) more closely, the desired rational function will satisfy the
following conditions when we consider its reduction R(t) € F,(t):

1) For each k € F,, R(t) has a pole at t = —k. If ny is the order of this pole, then
P
(R(E)(t+ k)™ ) |t=—k = CE;;: (mod p) for some constant C' independent of k.
(2) The order ny, is equal to 2 for k € [0,...,a1] and 1 for k € [a; +1, ..., ag]. This will

lead to the appearance of GG; in the first sum defining Fpyork-

Additionally, we wish to balance the degrees of the numerator and denominator of R(t)
so that the residue at infinity is zero for v(HD) < 1 and becomes nonzero exactly when
~v(HD) = 1, as this will lead to the appearance of the p-linear term on the left-hand side
of (2.15). The choice of such an R(t) is not unique, but each choice will give the same
first p-adic digit for the Fpyork error term.

We now define a rational function that can be used to handle all cases listed in
Lemma 5.4. We will need to track the number of elements of 8 which are not equal to
1, and so first we make the following definition:

Definition 5.1. For a fixed HD = {a, 8} of length n, let 72 be the largest index 2 <7 <n
such that g; < 1, or 0 if no such index exists.

We define a rational function by

ﬁ (t =+ 1- Ty — p)p—ai—l
R(t) = = _ . (5.15)

() 41t + a1+ 1o, (E+ b1 +1)2, H(—t+1+z'p)p7bi71
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We note that R(t) is fully reduced, as the denominator has roots only at integers while
the numerator only has roots at integer shifts of the r;, which are non-integral. Our
broad strategy will be to consider the sum of the residues of R(t) two ways—over C
we will use standard residue calculus to show that the sum of the residues is zero if
and only if v(HD) < 1, while p-adically we will show that the difference between this
residue sum and Epyork (e, 8;1) will be small. Together, this will yield our desired con-
gruence Epwork(e, 8;1) = 0 (mod p). Our particular choice of R(t) in (5.15) is made
to make both sides of this calculation as simple as possible. For example, the shifts of
the Pochhammer symbols by ip in the denominator are not strictly necessary; we make
this choice as it guarantees that the poles at each ¢ = k + ip with 2 < ¢ < n and
1 <k <p-—>b; —1 are simple. The perturbation in the numerator by —r; — p is made
so that the residues of these simple poles will be divisible by p. The function R(t) has
partial fraction decomposition

R(t)=i<(tf2) Hk) i g(wk tikk>

k=0
5.16
n p—b;—1 ( )
+ Z Z —t+ k +ip’
Going forward, we will separate the range [0, ...,p — 1] into four intervals, as illustrated
in Fig. 2. Namely, we set
11:[07...,a1], _[2:[a1+1,...7a2]
(5.17)

I3:[a2+1,...,b1], I4:[b1—|—17...,p—1].

We will eventually relate this decomposition to Epwork (e, ;1) by showing that the sum
of the residues By over I; and I, each match to the corresponding sums in the definition
of Epwork- Before doing so, we show that the remaining residues vanish modulo p and
so will not contribute p-adically.

Lemma 5.5. Let HD, M, and p be as in Lemma 5.4, with the additional assumption that
p > N+ 1 where 7 is defined as in Definition 5.1. With C; 1 as in (5.16) and for all
2<i<nandl1 <k <p-—>b;—1 we have

Cir=0 (mod p).

)

Proof. For each fixed pair (i, ko), the corresponding residue C; can be computed

0,ko

directly as

Cio,ko = (775 + k‘o + ’Lop)R(t)
t=ko+iop
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f[z(ko +1—=r;+ (io —1)p)

(ko + iop)gl+1(/€0 +a1+1+ iop)blfal (k’o +b+1+ iop)i_bl_l
1

(=ko + Dko—1(L)p—big—ko—1 II (=Ko + 1+ (i —i0)p)p—b,—1

=1
i£io

X

The index of each Pochhammer symbol above is less than or equal to p, and so each
symbol contains at most one multiple of p. As we saw in (5.8), for 0 < a < p — 1,
p | (t)q if and only if the index a is larger than the first p-adic digit of the negative of
the argument, [—t]o. In this case, the multiple of p appearing in (t), is exactly ¢ + [—t]o.
We can use this term by term to evaluate the p-adic valuation of the above expression

for C; First we note that, together,

0:ko*
(ko +iop)a,+1(ko + a1 + 1 +iop)y, —a, (ko + b1 + 1+ iop)p—b, -1

is a product over all (kg + igp + j) with j ranging from 0 to p — 1. In particular, exactly
one of these three Pochhammer symbols is divisible by p, and the p-divisible term is
exactly

(ko +iop) + [—ko — ioplo = (ko +iop) + (p — ko) = (io + 1)p.

Because 0 < ig+1 < i+ 1 < p, the p-adic valuation of (ig+ 1)p is exactly one. We could
be precise about which of the three Pochhammer symbols this term will appear in for
our fixed kg, but it will be enough for our purposes to conclude that

ordp ((ko + ’iop)il+1(k0 +a1+1+ iop)blfal (k’o +b+1+ iop)i,blfl) <2, (5.18)

where we use ord,(-) to denote the p-adic valuation. Both of the terms (—ko + 1)5,—1 =
(=1)%~ (ko — 1)! and (1)p—p, —ko—1 = (p — by, — ko — 1)! have p-adic valuation zero.
Thus, we now need only consider

3

(ko +1 =7+ (io — 1)p)
=2

A:h) N

(7k0 +1+ (Z - Z.O)p)p—bz:—l

?
%

1
i

Y

In the denominator, the first p-adic digit of the negative of the argument is
[k() — 1]0 =ko— 1.

This is smaller than the index if and only if ky < p — b;, in which case the multiple of p
appearing is (i — ig)p which has valuation 1 as —p <i—ip <pandi #ig. Let 1 <L <D
be the largest index such that kg < p — by. Then
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ord, | T (=ko + 1+ (i = io)p)p—s,—1 | =£—2. (5.19)
iz
The —2 arises from the omitted terms at i = 1 and ¢ = ig.
The numerator behaves quite similarly. By an analogous argument, we find that

pl(ko+1—7i+ (io—1)p)p—a;—1

if and only if kg < p — a; — 1, in which case the multiple of p appearing is p(ig — ;). We
can not guarantee that iy — r; has p-adic valuation zero, but it must have a nonnegative
valuation which will be sufficient. As kg < p—b;, the inequality ky < p—a; — 1 must hold
for all ¢ such that a; < by. By hypothesis, a; < by holds for all 1 < ¢ < 2 + £. Therefore,

Vp (ﬁ(ko +1—ri+(io + l)p)p_ai_1> > 041 (5.20)

=2

Combining (5.18), (5.19), and (5.20) then yields
ord,(Cig ke) >0 +1—-2—-({ —2) =1,
as was to be shown. 0O

We will see in the proof of Proposition 5.7 that for k € I3 we have By = 0 (mod p).
For now we move past I3 and consider the residues on the final interval 1.

Lemma 5.6. Let HD, M, and p be as in Lemma 5.5. In the notation of (5.16) and (5.17),
B, =0 (mod p) for all k € I4.

Proof. The proof is essentially a simpler version of the argument we just made to show
Lemma 5.5, with the one complication that our poles now have order 2. Thus,

Larrrro| =+ 02Re IR

By = — a - T R
dt - (t+k)2R() |—_y,

(5.21)
We rewrite By, in this manner as it will be simpler to evaluate the p-adic valuations of the
terms arising from (¢ + k)2R(¢) and its logarithmic derivative separately. In particular,
we note that logarithmic differentiation transforms the Pochhammer symbol (t), into

-1
e 51
(t)a —t+ i
Therefore, the p-adic valuation of the logarithmic derivative, after specializing t = —k,

will be bound below by the negative of the largest exponent appearing on any multiple
of p in the original Pochhammer symbol.
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We turn our attention to the p-adic valuation of

HT‘L— (_k+1_ri_p) —a;—1
t 4 ]{) 2R t _ 1=2 p i
EERRD| =R h b ar + Dpa (F b+ D2 (02 s

1
X — .
H?:z(k +1+ ip)p—bq,—l

This valuation can be computed via the same direct approach we used in the proof of
Lemma 5.5, and the results are quite similar. As such, we omit many of the details. First,
we find

ord, ((=k)2 (=k + a1 + 1)y, —a, (=k + b1 + D)7, 1(1)5 1) =0,

as the one guaranteed multiple of p is at the residue t + k that we are removing. Next,
the terms (k4 1+1p),—p,—1 contain a multiple of p, namely p(i + 1) which has valuation
1, if and only if k£ > b;. Thus, letting 2 < ¢ < 7i be the maximal index for which k > by,
we find

ord, (H(k +1+ z’p)pr) =(—1.
1=2

The terms (—k + 1 — r; — p)p—_q,—1 appearing in the numerator will be divisible by p
if and only if £ > a;. As we saw in the proof of the previous Lemma, our hypotheses
ensure this holds for all 1 < ¢ < 2+ £. The multiple of p which does appear in this case
is —p(1 4+ r;), which has p-adic valuation at least 1. As this valuation could a priori be
larger than 1, we define

m, = max ord,(1+ r;).
p = max ordy(1+73)

We conclude

ord, (H(—k +a;+1- p)pai1> >0+ 1+ myp.

Therefore,

ord, <(t + k)?R(t)

> 2+ my.
t=—k

Additionally, we have seen that only linear powers of p appear in the denominator (¢ +
k)?R(t), and so the maximal exponent of p appearing overall will be 1+ m,. As noted
above, this guarantees that
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Taken together, v,(By) > 1, as was to be shown. O

Proposition 5.7. With HD, M, and p as in Lemma 5.5 and FEpwork defined as in
Lemma 5./, we have

Epwork(a, B;1) = (71)2?:2 bin (5) Resi—oo(R(t)) (mod p),

where Ty, (£) = [T, F223.

Proof. When A\ = 1, the error term (5.14) reduces to
ai az

EDwork(amB;l) = Z (a)ko Gl(a+k07ﬂ+k0) + Z

ko=0 (IB)kD ko=ai1+1

(a)ko L
(B)ko pri .

With our rational function R(t) expressed in the partial fraction decomposition (5.16),
the Residue Theorem then implies

p—l n p—bi—l
> Bi+> > Cix=—Resi—o(R(t)). (5.22)
k=0 =2 k=1

We have already considered the p-adic behavior of C;  as well as By, for k& € I4, so we
now turn our attention to By for k € Iy, I, and I3.
First, for k € I, Ay can be computed directly as

H?:Q(_k +1—r;— p)p—ai—l
(K)2(a1 = B)2(=k + ar + Do, —a, (=k + b1+ 1)7 o (B + 1 +ip)p—b,—1
(5.23)
Note that we have changed the index on the product in the denominator from 7 to n.

Ay =

Either indexing gives the same value, as ¢; = 1 implies b; = p — 1 and the corresponding
Pochhammer symbol is equal to 1. Reintroducing those ¢; which are equal to 1 now
simplifies our organization throughout the remainder of the proof. We interpret Ay p-
adically using (5.8). For example,

Lp(—k —pri) v(p—ai—1,p—a;—1+k)
_k 1— P — —ai—1 = -1 a; P —pr; p—a; yP—aq
(k41 =7 Ppeas = () g s ()

Fp(_k_pri)

=07 Lp(=k+1-ri—p)
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In fact, the v terms are zero for each of our Pochhammer symbols, and we are left with
only the signs and the I', values. Following a similar analysis for each of the remaining
Pochhammer symbols in A, we find

(=1)=i=1 @Dy (k4 by + 1) [T, Tp(=k — pri)Tp(k + 1 + ip)

A, = 7 -
T TR0t DTy(ar — ko DE200— B) [Ty Tp(—k + 1~y — ),k — by + (1 1)p)

This expression can be simplified extensively using (2.20), (5.8), and (5.11). Namely,

Tp(k—a)li(k+1— )H:‘2 p(k+7i+p)Tp(k+1+ip)
Fg(k+1)rp(k—b1)1‘[ Tp(k+1+pr)lp(k—b; + (14 1i)p)

G8) S, b (@) o mo
= (1 (ﬂ)krp(ﬂ> o )

Next, we compute By, using the residue formula

By = lim L+ kPR)) = Ay lim i (L k)*R(t)

Sk dt t——k (t+k)?R(t)
Therefore,
—a;—1
%:ipi G L= Dt Ok H Rt Doy
Ak =2 j—1 (t +1- T p)p—a,',—l (t)k (t +k+ 1)a1—k
_ %(t + a1+ )bl ar %(t + b1 + 1)17*5171
(t+a1 + 1)b1 —ay (t+b1 =+ 1)p—b1—1

L(—t+1+ip)p b, 1
(—t +1+ ip)p—b,-—l t:—k.

=2

Each of these logarithmic derivatives can be evaluated using (5.9)—as in the computation
of Ay each of the v terms will be zero. Then, the G terms are simplified using (5.10) so
that each term has a positive k and then reduced modulo p, using (5.12) to remove each
multiple of p appearing inside of a G;. For example,

%(t +1- T _p)pfaifl
(t+1—ri—D)p—ai—1

=Gi1(k+1)—Gi(k+7r;) (mod p).

After computing an analogous reduction we find

% = Gi(a+kB+k) (modp). (5.24)

Thus,



40 M. Allen et al. / Advances in Mathematics 478 (2025) 110411

B) (B

We now turn our attention to the interval I U I3. Suppose a1 + 1 < k < by. Then

By = (~1)txi=b, (a> [k Gfat b B+k) (mod p).

By, = (t + k)R(t)

t=—
H?=2(7k +1—r;— p)P_ai_l
(k) 1k + a1+ Dg—ay—1(br —B)(=k + b1+ 1)5_, _UQ(k +1+ip)p—b,—1

We observe that the denominator never contains a multiple of p as k < by, whereas the
numerator will contain at least one multiple of p for all &k > as. Thus, By = 0 (mod p)
for all k € Is. On I, all of the v terms arising from (5.8) will be zero and we can
reduce in the same manner as we used for Ay above. After doing so, we find that for
a1 +1 <k <ay,

p, = CV N (@ (%) (mod p). (5.25)

pr1 (ﬂ)k P

The 1/(pr1) arises from the fact that k£ > a; implies

(=D*

pri

Lp(r1+k) = Lp(r1)(r1) k-

We now return to the residue sum (5.22), which we reduce modulo p. By Lemma 5.5,

Lemma 5.6, and the fact that By =0 (mod p) for k € I3, we have

—Resi—o(R(t)) = ZBk (mod p)

k=0
= —(-)TibT, (2 3 (a—kGl(a +k,B+F)
(5) (60
az (a)k» L m
i k:%;l (B)k pm) mod )
= —(—1)Xi=bp (g) Epwork(e, B;1)  (mod p).

This completes the proof. O

In light of Remark 8, we are particularly interested in cases where this error term
Epwork(a, B;1) vanishes modulo p, which will occur when R(¢) is holomorphic at oo.
Recalling v(HD) = =1+ 3", (g; —;), this vanishing of Epyek can be rephrased purely
arithmetically as follows:
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Corollary 5.8. With o, 8, M, and p as in Lemma 5.5, if y(HD) <1 we have

Foi1(a, Bi1) = Fy(a, B; 1) Fi(a, B51)  (mod p?).

Proof. We assume that y(HD) < 1, namely >, ¢; — r; < 2, and multiply both sides
by p — 1. Recalling that a; = (p — 1)r; and b; = (p — 1)g;, our inequality then becomes

2p + Z(a —
i=1

It is easy to check that the left-hand side of the above inequality is exactly the degree of
the denominator of R(t) minus the degree of the numerator, and so this final inequality
implies Res;—oo(R(t)) being zero and hence for the error term Epyork(e, 8;1) to vanish
modulo p. O

5.8. Gross—Koblitz type supercongruences

5.3.1. The general case

We now consider the Gross—Koblitz type supercongruence stated in Remark 3. Recall
that we have a direct relationship between the p-adic gamma function and the Gauss
sum from Theorem 2.5. This can be extended to the following relationship between H,
and truncated hypergeometric functions.

Lemma 5.9. Let o, 8, and M be as in Lemma 5./. For a fized prime p = 1 (mod M)
and with w, the Teichmiiller character of F,, we have

Hy(e, By \iip) — Eck (e, B \P)p = F(at, B; )1 (mod p?),

where

5
Iy
—

VN (G (ot b, B+ Bk +1) + Z @iy k- (5.96)

EGK(a7ﬁa)‘) = — ( )k: = (ﬁ) pry

Remark 9. Formally,

d o
Bax(e, B 0) Ak Bpygon(er, ) = 3 1908\ (5.27)
dx 2= (B)s
Proof of Lemma 5.9. As before, we let 1 < i < n be the minimal index such that ¢ # 1.
If no such 7 exists, instead take 7 = 0. By definition,

Hy(o, B A;iop) Zw*k ﬁ—< ’ DTFk)
- )
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g (wl()pfl)qﬂrk)

pate Bl (wl()p—l)qi)

First, we reverse the order of summation for £ > 0 by replacing k by p — 1 — k. This
gives us

: (o ()"

_ (p—1)(1—r;)+k
~ 1 = k n - 9 (UJp )
o = i Sy (1 oy
k=0 j=1 D

Wp

7<p71><1—qi>fk>
(

We use the Gross—Koblitz formula (Theorem 2.5) to rewrite the above expression in
terms of I',. To do so we must have our exponent written in the range [2 — p, 0], and so
a shift by p — 1 may be required if the exponent does not fall into this range. With this
in mind and recalling that a; = (p — 1)r;,

g wz(;p_l)(_"‘j)""k O S k S %7

(p—1)(1=r;)+k) _
g (wpp " ) = w(p—l)(—l—mwc)
p

g (Zj<]€

(5.28)

,ﬂ;j(l’—l)—krp Tj(]i)*_ll)*k 0<k< aj;

77T£1+Tj)(p—l)—krp((1+Tj;(f;1)fk> a < k.

We can compute g (w;(,p _1)(1_”)) similarly. Taking the quotient and simplifying we find

g (w0
—1 lij
g (w D0)

where v is defined as in (5.6). An analogous computation shows that

p <wp*(p*1)(1*qi)*k)

g (wp—(p—l)(l—m)>

and

ri(p=1)—k )
_ ()t p( P +V(k7aj))

b Lp(ry) ’

= (1) (=1 p) BT, (m it (b, k)) Ly (a)

k
—ky _ .k
7g(wp ) = Wprp (E) .

All together we have
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e S g (foron o)
x lz[1 ((—1)*”“(—1/p>”(’“+1vbi>rp (% — i+ vl k)) rp(qi)) <rp (%))n_ﬁ.

(5.29)
Using the functional equation (2.19) as well as the definition of v we have

. . k k I/(k,a]') k
(—p)" )T, <7‘j T V<k3aaj>> = (P <’“j - p—1>) Ly (Tj - ]ﬁ) :

In the product we have

j=1
(5.30)
f5) ™5 0 1)
= p\" — 7 p\Ti———7 >
e p—1 p—1
and in particular this vanishes modulo p? for k > as.
Turning our attention to the ¢; term, (2.20) yields
k —1)%i
Ty (—1 — ¢+ V(bivk)> = =D )
p— r, (qi—%Jru(qul,bi))
where
bl,k —k bz f0< bz,k’ —k bl,
zy = Vo k) =k 00 <wbik) =k + (5.31)
v(bi, k) +p—k+0b; otherwise.
From this, (2.19), and the fact that 1 — v(b;, k) = v(k + 1,b;) we conclude
(e, (k)
p p— 1 7 (2]
(71)V(k+1,bi)+:vi
pr(k+1b)T, <qi — ;%1 +u(k+1, bi)) (5.32)

(-1

v(k+1,b;) !
P —

Additionally,
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R W G ) LN SR (¢ )
r, (p—l) - = (-1 . (5.33)

o (1-75) ry (1-7%)

Combining (5.32) and (5.33) yields

—.

| . k ok
(—1)bFt (—p) VO, (E —q; + (b, k)) Lp(q:)Ty (—>

i=1 p= 1

A n—mn (534)
-TI (=17 () (=D*'T,(1)

V(k+1,bi) L
i=1 (p (qz — p%l)) r, (Qi — 1%) Ly ( p_1>
Using (5.30) and (5.34), we can further reduce (5.29) to
12 s A
Hy(ee, B i) = 3 (—1) P ER G0 s 1y
k=0
. v(k,a) (5.35)
e (o (- )

X . u(k+1,b7¢)FP ( B p_ﬂ>
H?:l (P (% - %))

1

As T',, takes values in the p-adic integers, we observe that the kth coefficient of H,
will vanish modulo p? for all k > ay. Utilizing Theorem 5.2, we find

apmf _p (erktihs
P (1,,371% f aﬁ+k+ﬁ
k k
_ (%) <1+G1(a+k’ B+ k) pp> (mod p?).

Furthermore, by (5.8) we have

p*®eT, (r; + k)

= (=) (i) 7",

Fp(rj)
and
Ly(q1) _ (SL)Fpore (gi) B0
prFHLbIT (g; + k) (@)

with 6x—p, = 1 if k = b; and 0 otherwise, and
Tp(k+1) = (=) (1.

Therefore,
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n u(k bi)
r, (LH" ﬁ) S vlhias) =Sl vkt 180 _ (_qpn=a ] (ri)k k
B+k im1 al)(Qi)k

pXk:bi

(5.36)

For 0 < k < by, by definition (5.31) we have x; = v(b;, k) — k +b; = 1 — k + b;, in which
35)

case the sign appearing in (5.35) can be reduced as

(71)ﬁ+2?:1(bi+wi)+(n7ﬁ)(k+1) _ (71)n(k+1)+ﬁ

After factoring in the (—1)"~" arising from (5.36) this will further reduce to (—1)"*. We
let

(k’a‘j) b,
(1-ot=) e (a

cla 1;[1 (1- )”““v”i) (B

<1+G1(a+k ﬂ—i—k) kp p),

qi(p—1)
so that
Hylo B0 5y) = 7= ()b ()" NCla, k) (mod ) (53)
k=0
For 0 < k < aq, we have
Claw, B, k) = E )k (1+G1(a+k B+ k) k_p)
(@ (5.38)
z(m:u+GMa+hﬂ+mm><mMp%

where the final congruence holds by using the fact that 1/(1 — p) = 1 + p (mod p?).
When a; + 1 < k < ag, we instead have

(), k
(B)k ( r1(1 —p)
(- 5) e

Together (5.38) and (5.39) allow us to expand (5.37) as

C(avﬂa k) =

) <1+G1(a+k: B+k) kpp) .

=

— 1 G kn, k n a)k
Hy(o, B A;p) =15 (,;_0(_1) w, ((=1)"A) B (1+Gi(a+k,B+ k)kp)
Za2 _1)kngk (1) (a) E mod 2
R per G (147)) o)

Hensel lifting applied to the polynomial f(z) = 2P — p with root (—1)"\ gives
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Wk ((=1)"\) = (=1)" APk (mod p?).

This together with the congruence 1/(1 —p) = 1+ p (mod p?) yields

Hp(ax, B Ny wp) = Z (e WL+ (Gi(a+k, B+ k)k+1)p)

2 (),
+ Z (i \oy (1 + ﬁ) (mod p?).
s (B 1
This can now be decomposed as
K @k, S (@
Hylon, B X:8) = > (GEON)* 3 (L) plCh e+ k. B+ K+ 1)
k=0 k=0
< Jk yprk K 2
+k:§;+1 @ k()\p) - (mod p*).

The right-hand side is exactly F(a, 8; AP),—1+pEgk (o, B; AP), completing the proof. O
5.8.2. The A =1 case

Once again, the error term Egk at A = 1 can be computed explicitly via residue sums.
In particular, Remark 9 indicates that Egx will correspond to the residue sum of tR(t).

Proposition 5.10. With a, B, M, and p as in Lemma 5.5 and R(t) as in (5.15),

Fax (e, ;1) = (~1)1+iabT, (g) Resi—ao(tR(1)  (mod p).

Proof. By definition (5.26),

s 7111 (@) o < (a)ki
Eck( ’ﬁ’l)_kzzo(ﬂ)k (kG4 ( +k’5+k)+l)+k:azl+1 B)r pr1’

In the same way that our previous error term corresponded to the residues of the function
R(t) defined in (5.15), this error term will relate to the residues of tR(t). As before, we
have a partial fraction decomposition of the form

S By, < - By
tR(t)_kX;)(t-i-k) +(t+k)+k_z: t+k Z t+k TR
—et —n (5.40)
n p—b;—1 '

+2 Z —t—l—k—l—zp
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We use the intervals I, I, I3, and I, defined in (5.17). The coefficients flk, Bk, and C'i’k
are closely related to the coefficients Ay, By, and C; j, appearing in (5.16). Specifically,
from Lemma 5.5,

Cir= lim (—t+k+ip)tR(t) = (k+ip)Cix =0 (mod p). (5.41)

t—k+ip

Similarly, the proof of Lemma 5.6 implies that, for k € Iy,

5 — & (E+R)R()) _
By, = —kAj lim d CTRRD) 0 (mod p). (5.42)

For k € I, recalling (5.24) we have
Ay = —kA, (5.43)
and
Bi/Ar = _71 —Gi(a+k,B+Ek). (5.44)

For k € I, U I3 we have Ek = —kBy. In conclusion,

(1Tt (§) 5 (1 +kGi(a+k, B+K) 0<k<a
Br={ (-)Titk, (g) ok w+1<k<ay  (modp).
0 a+1<k<p—1
Therefore,
p—1 A p—b;—1
Resiew(tR() =~ S B~ 3 Cis
k=0 =2 k=0

as was to be shown. 0O

In particular, the residue of tR(t) at infinity is zero whenever the denominator has a
degree at least two greater than the numerator, which gives us the following;:

Corollary 5.11. Let HD = {e, 8} be as in Lemma 5./ satisfying v(HD) < 1. For all
primes p = 1 (mod M (HD)) such that p > f. + 1, where as before 1 is the number of
elements of B not equal to 1,

H,(o, B \;wp) = F(ey, B;1)p—1  (mod p?)
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If instead v(HD) = 1, from the definition of R(t) given by (5.15), we have

Resi—oo (tR(t)) = — lim (2R(t)) = (—1) T Ximbi,

|t] =00

Thus, by Proposition 5.10,

8

Egk(a, B;1) =T, (a> (mod p),

so that Lemma 5.9 becomes

H,(o, B3 \;0p) = Fe, B3 1) p—1 + T, ('B> p (mod p?).

a
We conclude this section by deducing Theorem 2.3.

Proof of Theorem 2.3. As we are assuming «v(HD) < 1, Corollary 5.11 yields

_ B
Hy(a, B;1;0p) — 6y (apy=11p (a p=F(o,B;1),—1 (mod p?).
By Corollary 5.8, it follows that for all positive integers s,

B

_ Fspi(a, B;1
Hy(a, B;1;0p) — 6yapy=11p (a) p= Fopr(e, Bi1)

Fa gy (odr)

Letting s go to infinity and using Dwork’s congruence (5.13) then gives the result. O

In the ensuing discussion, we will primarily focus on cases where the hypergeometric
data HD has length three or four. As such, we state the specializations of Corollary 5.11
to these settings. For the length four case, we utilize Corollary 2.6 to express our super-
congruence using P rather than H,,.

6. Proof of Theorem 2.1

We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. The length n of HD is 3 or 4 by assumption. By Theorem 4.1,
the representation p;yp.1y of G(M) is n — 1 dimensional. Condition (2) of Theorem 2.1
implies X #p ® prap;1}y of G(M) has an extension to Ggj; use prgp;1y to denote such an
extension as in Proposition 4.3. When n = 4, condition (1) of Theorem 2.1 implies the
three-dimensional representation x zp®p¢ g p;1y is reducible so y(HD) = 1, see Remark 6.
Part (iii) of Theorem 4.1 implies if this representation is self-dual, (which is the case by
condition (2)), then it contains a nontrivial d-dimensional subrepresentation space that
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admits a non-degenerate alternating pairing. Thus d is even, and so must be 2. Then
XHD ® pyup;1y is the direct sum of two sub-representations both extendable to Gg.
Namely prpp;ay = ﬁz{vzg;l} ® (Yup @ €lc(ary) where ﬁ?;}g;l} is 2-dimensional, ¥ p is
a finite order character of G(M) such that ¢ gp(p) = £1 for any prime ideal p of Z[Cp]
above p € Py = {p | p prime, p = 1 (mod M)}, and €, denotes the f-adic cyclotomic
character. When n = 3, we refer to prgp,1} as ﬁ?zg;l} for uniformity of notation. In
either case, for any prime ideal p above p € Py,

APTIM

Trpyrp;1y (Froby) = Trppp. 4y (Froby) + 6y (ap)=1¥up(p)p- (6.1)

We use p rather than p in ¥ yp as the character is independent of choice of p over p.

We now relate the discussion to the modular target f}i{D. By the assumption (1) of
Theorem 2.1, if fyp is inside a Hecke orbit then any Hecke eigenform in the orbit is
a natural candidate for fﬁm- Further, assumption (2) of Theorem 2.1 implies the well-
definedness of fﬁm which will work for not only HD but also its conjugates, as in §3.2.
Next, we will show that Deligne’s representation pfznm‘G(M) ~ ﬁ?rHig;l}. By the CFGL
discussion in §3.3 amounting to Proposition 3.8, we know for p = 1 (mod M) their
Frobenius traces agree modulo p and have the same unit root in the ordinary case. To
proceed we show that the supercongruences in Theorem 2.3 are enough to strengthen
this from a congruence modulo p to equality.

By part (iii) of Theorem 4.1, the weight of f}j{D is n. By condition (2) of Theorem 2.1
and the discussion in §3.3, a,( flﬁqD) = l~)p for p € Py, where 5,, is the pth Hecke eigenvalue
of fyp, as in the statement of Theorem 2.1. For any such prime ideal p that is ordinary,

Trﬁf[)zg;l}(FTObw = ap(flelD) = Ufpyp,p + Sp(p)pn_l/ufHD,P’ (6'2)

where wf,, , € Z} is a solution of T? — ap(f}}D)T + ¢(p)p"~! = 0 which can be also
computed by (3.22) using CFGL.

We turn our attention to the traces of the Katz representation. By condition (2)
of Theorem 2.1, for every nonzero prime ideal p above p € Py, xgp(p)P(HD;1;p)
is in Z, where we recall xgp(p) = tp(rn)(C1)" L - H;:ll tp(ri)(—1). To proceed,
we fix the p-adic embedding Lp(p%l — W, as in (2.13). Thus, the embedding of
tp(rn)(C1)~! into Z, is w,(;p_l)r”(cl). Together with the conversion from P to H
given by (2.4), the embedding of Trpiyp.y(Frob,) = (=1)""'xpup(p)P(HD;1;p)
is wz(,pfl)T"(Cl)Fp (%) H,(HD;1;w,). Comparing with the earlier formula for

Trpyrp:1y(Froby) in (6.1) we have

Tnyqn — Tn

w;(;pil)rn (C1)Ty ( ) H,(HD; 1;0,) = aP(qu-ID) +0yup)=1 - Yup(p) - p,

an

which is (2.10). Note that modulo p, the above is equivalent to (3.26).
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What remains to be determined is the sign ¥ yp(p), which follows from Theorem 2.3.
Applying (2.15) to H,(HD;1;w,), one has

—1)r Tn, — T
ap(fhip) + 0y (py=1 - V(D) - p = wP= D ()T, (%)

< (Fla gty 4 0,meity (£)0) - mod i) 63

From the comparison, at ordinary primes p, we have the following agreement of unit
roots.

_ TnyQn — T
Hfup,p = w]()p L (01>Fp <M> HHD,1,p

dn

When v(HD) = 1, by comparing the terms of (6.3) with p-adic valuation one at
ordinary p € Py, one has

Vup(p) = wz()p—l)rn (01)Fp <w) r, (é)

4n «
—1)r ﬂbv gn — Tn

n— —1ry, dn — Tn
(ayefmer, (B0 (uod p),

as (—=1)"1 =T, (8") = I'p(1)™ Y. Thus the claim (2.11) is established.
To finish the proof, we note that for p above p = 1 (mod M), the absolute value of
the integer

(=) *xup(p)P(HD; 1;p) — 6y (mpy=1 - Yup(p) - p

3/2 4 p when n = 4 (resp. 2p when n = 3) while ap(ng) is an integer

is less than 3p
whose absolute value is less than 2p3/2 (resp. 2p). Theorem 2.3 implies that they agree
modulo p?. For all p > 29, 5p*/2 + p < p?, and so the two integers must be the same.

Similarly, for n = 3 they agree for all p > 5. O

Remark 10. From the modularity of two-dimensional motivic Gg representations—see
APTIM
P{uD;1}

a Deligne representation associated with a Hecke eigenform f}i{D of character ¢ = ppp.

for example Theorem 1.0.4 of [35]— any extension of to Gq is isomorphic to

Our method gives the explicit Deligne representation by constructing the corresponding
Hecke eigenforms which are unique up to twisting.
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We end this section by pointing out that the Galois condition given by Definition 3.2
often gives rise to Galois representations being extendable to G'g. Here we give a demon-
stration for the case discussed in Proposition 3.9.

Proposition 6.1. For each j € {1,3,5,7}, any prime p = 1 (mod 8), and any prime
p € Z[¢s] above p

11
P ({57 §a g}a{laLl}?Lp) = ayp (f256.3.c.g)-

Proof. Note that under the assumptions, xgp(p) = 1. First note that the right-hand
side is an integer whose absolute value is less than or equal to 2p from the Weil bound.
Meanwhile, the left-hand side takes value in Z[(s], so it can be written as a1 +aiav/—1+
a21V2 + ase\/—2 for a;; € %Z. There are four different ways to embed Z[(g] in Q,,
namely if we fix one embedding o((s) € Q,, then all such embeddings are given by
sending (s — o((s)? where j = 1,3,5,7. We note them by o; accordingly. By (3.27) and
the corresponding modulo p? supercongruences we know for each j

0j (an —ap (fo56.3.c.9) + @12V =1 + a21V2 + agav —2) =0 (mod p*).

Thus p? divides each of the half integers a;; — ap (f256.3.c.9) » G12, G21, G22. If any of these
half integers is nonzero, then any complex norm of

111
P ({57 53 g} ’{17131}a17p> —Qap (f256.3.c.g)

is at least p?/2, while any complex norm of either P({%,%,%L{l,l,l};l;p) or
ap (f256,3,,;~g) is less than or equal to 2p, this is impossible when p > 17. Thus the
difference between both hand sides is 0. O

The j = 1 case of Proposition 6.1 resolves case 3 of the conjectures of Dawsey and
McCarthy in Table 2 of [13].

Appendix A. Modular forms on triangle groups

A crucial part of our method is computing the target modular form explicitly us-
ing the integral representation of classical hypergeometric functions and an appropriate
Hauptmodul. In the n = 3 case, the values of a classical o F; function evaluated at a
Hauptmodul ¢4 are used. In [40], Stiller pointed out that suitable homogeneous solutions
of certain degree-2 ordinary differential equations can be viewed as weight-1 forms of
the corresponding monodromy groups. Conversely, it is known that weight-1 (resp. more
generally k) modular forms are annihilated by degree-2 (resp. k+ 1) ordinary differential
equations in terms of non-constant modular functions, see [42,43] by Yang. The Schwarz
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(2,6,00) (2,3,00) (2,4,00)
g (3); tey SL,(Z); ”JJ Tf(2); tay

(3,00,00) (2,00,00)
To(3);ts To(2);ts

(00,00,00)

T(2)=T(4); t2

Fig. 3. Some triangle groups commensurable with SL3(Z).

Table 1
Hauptmoduln.
Group Hauptmodul ¢ Ch ey, e, €3 Orders t &1t
o (1) 1728/5(T) 1728 oo, d, —LEi/E 00,2,3
_ an()En(2n)te . 0 -1
I'(2) A7) = 16— e 16 300, 0, 1 00, 00, 0O (1 0
12 . i 0 -1
To(3) ta(7) = Ser st 27 i00,0, $H8 00,00,3 (3 0 )
To(4) to (1) := X(27) 16 300, 0, % 00, 00, 0O
To(2)  u(r) = —64 120 —64 oo, Lt 0 00,2, 00 (8 ’01)
5 )24 )24 . B .
To(2)T  tay(r) = ZSUEEmEN 956 ico, 3, M 00,24
12 12 . . .
To(3)"  tor(r) = SUEIGOR . 108 oo, 4, S 00,26

map, mentioned earlier relates the o F} function in question to a triangle group, that is
commensurable to SL2(Z), in the cases we consider.

A similar idea is used in the n = 4 case. However, here the Clausen formula is needed
to relate the target 3F5 function, which now appears in the computation, back to a
square of o F functions.

Below we list a few relevant groups commensurable with SLy(Z) related to our method,
given in the partial order of containment, see Fig. 3.

For each group T in Fig. 3, we choose a Hauptmodul #(7) which takes the values 0,
1, and oo at the elliptic points eq, e, e3 of I'. By abuse of notation, we regard each cusp
as an elliptic point of infinite order. See Table 1 for the exact functions. The first ¢(7)
coefficient, denoted as C4, is important in our explicit method. We also give explicit
evaluations of certain hypergeometric functions evaluated at these Hauptmoduln. We

2 1 1 3 1 1
ag):{871—8}7 a&):{?g’l—a}~

Additionally, we let o F} (af);td) and 3F5 (aEIS); ta+) denote

set
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1 d-1 1 1 d—1
|4 4 .t and 3Fp| 2 4 4 ¢ ,
21[1 1 d 11 3172 1 1 1 d+

respectively. The o F} (agz); tq) value for d = 2 is given in (3.3). The analogous theory for
d = 3 involves the Hauptmodul ¢3 from Table 1. In [11], Borwein, Borwein, and Garvan
show that

= W=
= wWiN

2 F1 { ; t3(7')] = Z g nmEm, (A1)

n,meZ

when both sides converge. Another weight % Jacobi theta function which appears in
the 3y (agg);td+) function when d = 2 is 04. The definition of 8, and the connection
to f3 are given in (3.9). Now combining (3.3) and (A.1) with the Clausen formula for

hypergeometric functions gives the following information

d Ty ta o1 (0P ta) d Iy ty 3o (0 tay)
2 r'(2) A(T) 05(7)? 2 T'o(2) u(T) 04(27)*
2 Io(4) A(27) 03(27)? 3 To(3)" | te+(7) —3Ea,3(7)
3 r@ |um | 2eGl [y ner | we) | B
4 | To@ | 35 | (“Eza(n)/? 6 | To(r) | Eq(7)'/?
n

where By n(r) = Es(r) — NEy(N7), Ea(r) = 1 24 1"q is the weight two

Eisenstein series—a holomorphic quasi-modular form, and 'E4 is the normalized weight
four Eisenstein series on SLo(Z). We also remark that when d = 6, by a hypergeometric
quadratic formula,

@) 1 5 1 5 1798 1/4
2F1(ag /s tg) = oI 112 112 ; 4t6(1t6)] = o F [ 112 112 ; j} =E,",

1728
.
The proof of Lemma 3.1 indicates understanding the logarithmic derivatives of the

Hauptmoduln of interest is an important part of computing the target modular form.
Therefore, the logarithmic derivatives for the Hauptmoduln of interest are recorded be-
low.

where ¢ is a function satisfying 4ts(1 — tg) =

Proposition 7.1. Use © := qd% log to denote the logarithmic derivative in terms of ¢ =
€™ then

OA(r) = 61(r)

14+ A(27)

@u(T) = m

93‘(27) =(1- u)1/202‘(27)
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2

3 T 3

3n(37)° + n(3)

@tB(T) = (1 - tS(T)) 77(7')

)12 — 27n(37)12
27" n(7)12 + 27n(37)12
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