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ABSTRACT. Let M be an excluded minor for the class of P-representable
matroids for some partial field P, let N be a 3-connected strong P-
stabilizer that is non-binary, and suppose M has a pair of elements
{a, b} such that M\a,b is 3-connected with an N-minor. Suppose also
that |[E(M)| > |E(N)|+11 and M\a, b is not N-fragile. In the prequel to
this paper, we proved that M\a,b is at most five elements away from an
N-fragile minor. An element e in a matroid M’ is N-essential if neither
M’ /e nor M'\e has an N-minor. In this paper, we prove that, under
mild assumptions, M\a, b is one element away from a minor having at
least 7(M) — 2 elements that are N-essential.

1. INTRODUCTION

This paper is a sequel to [2]. It achieves a technical improvement on the
results of that paper. This technical improvement is a key step that en-
ables us to prove that an excluded minor for the class of 2-regular matroids,
or the class of matroids with six inequivalent representations over GF(5),
has at most 15 elements. This makes it possible to compute the full list of
excluded minors for 2-regular matroids, and to bring the task of comput-
ing such a list within reach for the class of matroids with six inequivalent
representations over GF(5) [3]. These results are important steps towards
finding an excluded-minor characterisation for the class of matroids repre-
sentable over GF(4) and all fields of size at least four, and for the class of
GF(5)-representable matroids.

It is unlikely that a reader would take an interest in this paper without
being aware of the overall context that motivates this paper. Our unlikely
reader is referred to the introductions to [2,3L[5]. We would be similarly
surprised if the reader were not familiar with the technical terms in what
follows. Such an unexpected reader is referred to Section [2| for definitions of
these terms.

In [2] we showed that if M is an excluded minor for representability over
a partial field P, and M has a strong stabilizer N as a minor, then

(i) there is some matroid M’ that is A-Y equivalent to M, and M’ has
a pair of elements {a, b} such that M\a,b is N-fragile; and

(ii) for any delete pair {a,b}, the matroid M\a,b is at most 5 elements
away from being N-fragile.
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These results were intended as tools to bound the size of an excluded
minor. But they have some shortcomings. For (i), we have to move to a
A-Y equivalent matroid and cannot choose the delete pair. This limits its
applicability as we would like to be able to optimise our delete pair relative
to other criteria. For (ii), being seven elements away from a fragile minor
negatively affects the bounds that we would like to obtain. Ideally we would
like to be able to say that for any delete pair {a, b}, the matroid M\a,b is
N-fragile. Although we are still unable to do this in general, in this paper
we circumvent the issue by considering elements that are “N-essential” in
M\a,b when this matroid is close to, but not, N-fragile.

Specifically, an element e of a matroid M’ with an N-minor is N -essential
if neither M’\e nor M’/e has an N-minor. Evidently M’ can have at most
|E(N)| elements that are N-essential. Thus finding N-essential elements in
M\a,b gives us a means of controlling the size of M, even when M\a,b is
not N-fragile. Theorem the main result of this paper, does precisely
this. It is a technical result, but it does the job, and we are able to use it
in 3] to obtain the bounds discussed at the start of this introduction.

2. PRELIMINARIES

All undefined matroid terminology follows Oxley [10]. For sets X and
Y, we say X meets Y if X NY # (0, and X avoids Y if X NY = (). For
a partition {X7, Xo,..., X,,} or an ordered partition (X, Xo,..., X,,) we
require that each cell X; is non-empty.

Segments, cosegments, and fans. Let M be a matroid. A subset S of
E(M) with |S| > 3 is a segment if every 3-element subset of S is a triangle.
A cosegment is a segment of M*. A subset F' of E(M) with |F| > 3 is a fan
if there is an ordering (fi, fa, ..., f¢) of F such that

(a) {f1, fa2, f3} is either a triangle or a triad, and
(b) foralli € [¢—3],if {fi, fix1, fi+o} is a triangle, then { fiy1, fito, fi+3}
is a triad, whereas if {f;, fit1, fi+2} is a triad, then {fiy1, fi+2, fits}
is a triangle.
When there is no ambiguity, we also say that the ordering (fi, f2, ..., f¢) is
a fan. If F' has a fan ordering (f1, fa,..., fr) where £ > 4, then f; and f,
are the ends of F', and fs, f3,..., fr_1 are the internal elements of F. We
also say such a fan has size £. We say that a fan F' is maximal if there is no
fan that properly contains F.

Connectivity. Let M be a matroid and let X C E(M). The set X or
the partition (X, E(M)— X) is k-separating if A\pr(X) < k, where Ay (X) =
r(X)+r(E(M)—X)—r(M). A k-separating set X or partition (X, E(M)—
X) is exact if \pp(X) = k—1. If X is k-separating and | X|, |[E(M)—X| > k,
then X is a k-separation. The matroid M is k’-connected if M has no k-
separations for k < k’. If M is 2-connected, we simply say it is connected.
Suppose M is connected. If for every 2-separation (X,Y") of M either X or Y’
is a parallel pair (or parallel class), then M is 3-connected up to parallel pairs
(or parallel classes, respectively). Dually, if for every 2-separation (X,Y") of
M either X or Y is a series pair (or series class), then M is 3-connected up
to series pairs (or series classes, respectively).
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We say Z C E(M) is in the guts of a k-separation (X,Y) if Z C cl(X —
Z)Ncl(Y — Z), and we say Z is in the coguts of (X,Y) if Z is in the guts of
(X,Y) in M*. We also say z is in the guts (or the coguts) of a k-separation
(X,Y) if {2} is in the guts (or the coguts, respectively) of (X,Y"). Note that
if z is in the guts of (X,Y), then z ¢ c1*(X) and z ¢ cI*(Y).

We say that a partition (X1, Xo,...,X,,) of E(M) is a path of k-
separations if (X1 U---U X;, X;41 U--- U X,,) is exactly k-separating for
each i € [m — 1]. Note that | X;|,|X;n| > 2 (and | X;| > 1 for all i € [m]).

We require the following lemma:

Lemma 2.1 (see [4, Lemma 2.11], for example). Let (X,Y) be a 3-
separation of a 3-connected matroid M. If XNcl(Y) # 0 and X Nel*(Y) # 0,
then | X Ncl(Y)| =1 and | X Ncl*(Y)| = 1.

A 3-separation (X,Y) of M is a vertical 3-separation if min{r(X),r(Y)} >
3. We also say that a partition (X, {z},Y) is a vertical 3-separation of M
when both (X U z,Y) and (X,Y U z) are vertical 3-separations with z in
the guts. We will write (X, 2,Y) for (X,{z},Y). If (X,2,Y) is a vertical
3-separation of M, then we say that (X, z,Y) is a cyclic 3-separation of M*.

Suppose e € E(M), and (X,Y) is a partition of M\e with A\yp(X) = k.
We say that e blocks X if A\yr(X) > k. If e blocks X, then e ¢ clp(Y). We
say that e fully blocks (X,Y) if both A\pr(X) > k and Ay (X Ue) > k. Tt is
easy to see that e fully blocks (X,Y) if and only if e ¢ clp/(X) Uclp (V).

We say a set T C E(M) is a triangle-triad if T is both a triangle and a
triad. Note that when M has a triangle-triad 7', we have A\y(T') = 1, so if
|E(M)| > 5, then M is not 3-connected.

Minors and fragility. Let M be a matroid, let ' be a set of matroids,
and let x be an element of M. For a matroid N, we say that M has an
N-minor if M has a minor isomorphic to N. We say M has an N-minor if
M has an N-minor for some N € N. If M\z has an N-minor, then x is N-
deletable. If M /x has an N-minor, then x is N-contractible. If neither M\z
nor M/xz has an N-minor, then z is N-essential. If = is both N-deletable
and N -contractible, then we say that x is N -flexible. A matroid M is N -
fragile if M has an N-minor, and no element of M is N-flexible (note that
sometimes this is referred to in the literature as “strictly N -fragile”). For
X C E(M), we also say that X is N -deletable (or N -contractible) when
M\X (or M/X, respectively) has an N-minor. When N = {N}, we use
the prefix “N-” for these terms, rather than “{N}-”.

The next lemma is well known, and the subsequent lemma is straightfor-
ward.

Lemma 2.2 (see |9, Proposition 4.3], for example). Let M be a matroid
with a 2-separation (X,Y), and let N be a 3-connected minor of M. Then
[UNE(N)| <1 for some {U,V} ={X,Y}. Moreover,

(i) if u e U —cl(V), then u is N-contractible; and

(ii) if u € U — c1*(V), then u is N-deletable.

Lemma 2.3. Let (X,2,Y) be a vertical 3-separation of a 3-connected ma-
troid M, and let N be a 3-connected minor of M/z. Then there exists a
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vertical 3-separation (X', z,Y") such that | X' N E(N)| <1 and Y' U z is
closed.

We also use the following well-known property of fragile matroids, which
follows from Lemma 2.2

Lemma 2.4 (see [9, Proposition 4.4], for example). Let N be a non-empty
set of 3-connected matroids with |E(N)| > 4 for each N € N. If M s
N -fragile, then M is 3-connected up to series and parallel classes.

Representation theory. A partial field is a pair (R,G), where R is a
commutative ring with unity, and G is a subgroup of the group of units of
R such that —1 € G. If P = (R, G) is a partial field, then we say p is in P,
and write p € P, whenever p € G U {0}.

Let P be a partial field, and let A be an X x Y matrix with entries from
P. Then A is a P-matriz if every subdeterminant of A isin P. If X’ C X
and Y’ CY, then we write A[X’,Y”] to denote the submatrix of A induced
by X’ and Y'. When X and Y are disjoint, and Z C X UY, we denote by
A[Z] the submatrix induced by X N Z and Y N Z, and we denote by A — Z
the submatrix induced by X — Z and Y — Z.

Theorem 2.5 (|12, Theorem 2.8]). Let P be a partial field, and let A be an
X XY P-matriz, where X and Y are disjoint. Let

B={X}U{XAZ:|XNZ| =|YNZ| and det(A[Z]) # 0}.
Then B is the set of bases of a matroid on X UY .

We say that the matroid in Theorem is P-representable, and that A is
a P-representation of M. We write M = M|[I|A] if A is a P-matrix, and M
is the matroid whose bases are described in Theorem

Let A be an X x Y P-matrix, with X NY =0, andlet x € X andy € Y
such that A,y # 0. Then we define A™ to be the (XA{z,y}) x (YA{z,y})
P-matrix given by

A if uv = yx
(Axy) — A;ylAaw ifu= Y, v ?é T
v —A;;Auy ifo=x,u#y

Auw — A;ylAuyAm otherwise.

We say that A*Y is obtained from A by pivoting on xy.

Two P-matrices are scaling equivalent if one can be obtained from the
other by repeatedly scaling rows and columns by non-zero elements of P.
Two P-matrices are geometrically equivalent if one can be obtained from the
other by a sequence of the following operations: scaling rows and columns
by non-zero entries of P, permuting rows, permuting columns, and pivoting.

Let P be a partial field, and let M and N be matroids such that N is a
minor of M. Suppose that the ground set of N is X’ UY’, where X’ is a
basis of N. We say that M is P-stabilized by N if, whenever A1 and Ao are
X x Y P-matrices with X’ C X and Y’ C Y such that

(i) M = M[I|A1] = M[I|As],
(il) A1[X',Y"] is scaling equivalent to A3[X’, Y], and

(i) N = M[I|A[X",Y']] = M[I|A2[X", Y]],
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then A; is scaling equivalent to As. If M is P-stabilized by N, and every
P-representation of N extends to a P-representation of M, then we say M
is strongly P-stabilized by N.

Let M be a class of matroids. We say that N is a P-stabilizer for M if,
for every 3-connected P-representable matroid M € M with an N-minor,
M is P-stabilized by N. We say that N is a strong P-stabilizer for M if, for
every 3-connected P-representable matroid M € M with an N-minor, M
is strongly P-stabilized by N. Usually, we will be interested in the class of
P-representable matroids for some partial field P. When M is the class of
all P-representable matroids, we simply say “INV is a strong P-stabilizer”.

Certifying non-representability. Let P be a partial field. Let M be a
matroid and let E(M) = X UY where X and Y are disjoint. Let A be an
X X Y matrix with entries in P such that, for some distinct a,b € Y, both
A—a and A—b are P-matrices, M\a = M[I|A—a], and M\b= M[I|A—b].
Then we say A is an X X Y companion P-matriz for M.

Let B be a basis of M. We write B* to denote E(M) — B. Let A be a
B x B* matrix with entries in P. A subset Z of E(M) incriminates the pair
(M, A) if A[Z] is square and one of the following holds:

(i) det(A[Z]) ¢ P,
(ii) det(A[Z]) =0 but BAZ is a basis of M, or

(iii) det(A[Z]) # 0 but BAZ is dependent in M.

The next lemma follows immediately.

Lemma 2.6. Let M be a matroid, let A be an X XY matriz with entries
in P, where X and Y are disjoint, and X UY = E(M). Exactly one of the
following statements is true:

(i) A is a P-matriz and M = M|I|A], or

(i) there is some Z C X UY that incriminates (M, A).

Let M be an excluded minor for the class of P-representable matroids.
We will obtain a B x B* companion P-matrix A for M such that {x,y,a,b}
incriminates (M, A) for some distinct z,y € B and a,b € B*. In this setting,
for p € B and q € B* where Ay, # 0, we say that the pivot AP? is allowable
if {p,q} N{x,y,a,b} # 0 and {z,y,a,b}\{p,q} incriminates (M, AP?), or
{p,q} N {z,y,a,b} =0 and {z,y,a,b} incriminates (M, AP?). The next two
lemmas describe situations where a pivot is allowable.

Lemma 2.7 (|9, Lemma 5.10]). Let A be a B x B* companion P-matriz for
M. Suppose that {z,y,a,b} incriminates (M, A), for pairs {x,y} C B and
{a,b} C B*. Ifp € {z,y}, ¢ € B* — {a,b}, and Apy # 0, then AP is an
allowable pivot.

Lemma 2.8 (|9, Lemma 5.11]). Let A be a B x B* companion P-matriz
for M. Suppose that {x,y,a,b} incriminates (M, A), for pairs {z,y} C B
and {a,b} C B*. If p e B—{x,y}, ¢ € B* — {a,b}, Ap; # 0, and either
Apa = Appy =0 or Ayy = Ayq = 0, then AP is an allowable pivot.

Delta-wye exchange. Let M be a matroid with a triangle T' = {a, b, c}.
Consider a copy of M(Ky) having T as a triangle with {a/,b’,c'} as the
complementary triad labelled such that {a,¥,c'}, {d’,b,¢'} and {d',V',c}
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are triangles. Let Pr(M, M (K4)) denote the generalised parallel connection
of M with this copy of M (K4) along the triangle T'. Let M’ be the matroid
Pr(M, M(K4))\T where the elements o/, b’ and ¢ are relabelled as a, b, and
¢ respectively. The matroid M’ is said to be obtained from M by a A-Y
exchange on the triangle T, and is denoted Ar(M). Dually, M"” is obtained
from M by a Y-A exchange on the triad T* = {a, b, c} if (M")* is obtained
from M* by a A-Y exchange on T*. The matroid M” is denoted Vp«(M).

We say that a matroid M; is A-Y -equivalent to a matroid My if My
can be obtained from My by a sequence of A-Y and Y-A exchanges on
coindependent triangles and independent triads, respectively. We let A* (M)
denote the set of matroids that are A-Y-equivalent to M or M*.

Oxley, Semple, and Vertigan proved that the set of excluded minors for
P-representability is closed under A-Y exchange.

Proposition 2.9 (|11, Theorem 1.1]). Let P be a partial field, and let M be
an ezcluded minor for the class of P-representable matroids. If M’ € A*(M),
then M' is an excluded minor for the class of P-representable matroids.

The following result seems well known but, as we were unable to find a
reference, we include a proof for completeness.

Lemma 2.10. Let M be a 3-connected matroid with a coindependent trian-
gle T. Let M’ be the A-Y exchange of M on T. Then M’ is 3-connected up
to series pairs. Moreover, if M' is not 3-connected, then M has a 4-element

fan.

Proof. The result is immediate when r(M) = 2. When r(M) > 3 and
T = {a,b,c}, the result follows by applying Bixby’s Lemma [1] (see also
[10, Lemma 8.7.3]) to Pr(M, M (K4)) on the deletions of a, of {a,b}, and of
{a,b,c}. O

The next well-known result then follows from the easily seen fact that an
excluded minor for P-representability is 3-connected.

Corollary 2.11. Let P be a partial field, and let M be an excluded minor
for the class of P-representable matroids. Then M has no 4-element fans.

Delete pairs. Let M be a 3-connected matroid, and let IV be a 3-connected
minor of M, with |[E(M)| — |E(N)| > 10. Brettell, Whittle, and Williams
[5-7] proved that for some M’ that is A-Y-equivalent to M or M*, either
M’ has a pair of elements {a,b} such that M'\a,b is 3-connected and has
an {N, N*}-minor, or M’ has a 3-separation where one side is “spike-like”.
The next result then follows from the fact such a 3-separation, where one
side is “spike-like”, cannot appear in an excluded minor for the class of
P-representable matroids, where P is a partial field [2].

Theorem 2.12 ([2, Corollary 7.3]). Let P be a partial field, let M be an
excluded minor for the class of P-representable matroids, and let N be a non-
binary 3-connected strong stabilizer for the class of P-representable matroids,
where M has an N-minor. Suppose that |E(M)| > |E(N)|+10. Then, there
exists a matroid M' € A*(M) such that M' has a pair of elements {a, b} for
which M'\a,b is 3-connected and has an {N, N*}-minor.
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Robust and strong elements, and bolstered bases. Let M be a 3-
connected matroid, let B be a basis of M, and let N be a 3-connected minor
of M. Recall that we write B* to denote E(M)— B. An element e € E(M)
is (N, B)-robust if either

(i) e € B and M/e has an N-minor, or
(ii) e € B* and M\e has an N-minor.

Note that an N-flexible element of M is clearly (N, B)-robust for any basis B
of M. An element e € E(M) is (N, B)-strong if either

(i) e € B, and si(M/e) is 3-connected and has an N-minor; or
(ii) e € B*, and co(M\e) is 3-connected and has an N-minor.

Now let {a, b} be a pair of elements of M such that M\a, b is 3-connected
with an N-minor. Let B be a basis of a matroid M\a,b, and let A be a
B x B* companion P-matrix of M such that {z,y, a,b} incriminates (M, A),
for some {z,y} C B. If either

(i) M\a,b has exactly one (N, B)-strong element u outside of {z,y},
and {u,z,y} is a triad of M\a,b; or

(ii) M\a,b has no (N, B')-strong elements outside of {2/,y'} for every
choice of basis B’ with a B’ x (B’)* companion P-matrix A" of M
such that {z,y, a,b} incriminates (M, A’), for some {2',y'} C B’;

then B is a strengthened basis.

In other words, a basis B is strengthened if B is chosen such that either
there is one (N, B)-strong element u of M\a, b outside of {z,y}, and {u, z,y}
is a triad; or there are no (N, B)-strong elements outside of {x,y}, and,
moreover, there are no (N, B')-strong elements outside of {z/,y'} for any
choice of basis B’ with an incriminating set {z/,y', a, b} where {2/, y'} C B'.
In particular, for a strengthened basis B with no (N, B)-strong elements, an
allowable pivot cannot introduce an (N, B)-strong element.

Now suppose B is strengthened. We say that B is bolstered if

e when M\a,b has no (N, B)-strong elements outside of {z,y}, then
for any By x B} companion P-matrix A; where {x1,y1,a,b} incrim-
inates (M, A1), with {z1,11} € B; and {a,b} C Bf, the number
of (N, B)-robust elements of M\a, b outside of {z,y} is at least the
number of (N, By)-robust elements of M\a, b outside of {z1,y1}; or

e when M\a,b has an (N, B)-strong element u of M\a,b outside of
{z,y}, then for any B; x B} companion P-matrix A; such that

— {z,y,a,b} incriminates (M, A;), with {z,y} C By and {a,b} C
BT, and
— w is the only (V, Bp)-strong element of M\a,b, with u € BT,
the number of (N, B)-robust elements of M\a, b is at least the num-
ber of (N, By)-robust elements of M\a, b.

Loosely speaking, a strengthened basis B is bolstered if no allowable pivot
increases the number of elements that are robust but not strong.

Excluded minors are almost fragile. The results in the remainder of
this section were proved in [2], and are all under the following hypotheses.
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Let P be a partial field. Let M be an excluded minor for the class of
P-representable matroids, and let N be a non-binary 3-connected strong P-
stabilizer for the class of P-representable matroids. Suppose M has a pair
of elements {a, b} such that M\a,b is 3-connected with an N-minor.

Note that, as N is non-binary and 3-connected, we have |E(N)| > 4 and
N is simple and cosimple. Thus, if a minor M’ of M has a parallel pair
{e, f}, then e and f are N-deletable in M. We frequently use this fact, and
its dual, without reference.

Lemma 2.13 ([2, Lemma 3.1]). Let A be a Bx B* companion P-matriz of M
such that {x,y, a,b} incriminates (M, A), where {z,y} C B and {a,b} C B*.
Ifv is an (N, B)-strong element of M\a,b such thatv ¢ {z,y}, thenv ¢ B.

Lemma 2.14 ([2, Proposition 3.7]). Let A be a B x B* companion P-
matriz of M such that {x,y,a,b} incriminates (M, A), where {x,y} C B
and {a,b} C B*. Then M\a,b has at most two (N, B)-strong elements
outside of {x,y}.

We say that a subset G of E(M\a, b) is a confining set it GNBy = {x1,y1}
for some basis By of M\a,b, and either
(a) G is a 4-cosegment, or
(b) G is the union of two triads 7" and 7" with |[TNT"| = 1, where GN Bj
has at least one (N, Bj)-strong element,

where z; and y; are elements of B; such that {z1,y1,a,b} incriminates
(M, Ay) for some By x Bf companion P-matrix A; of M.

Lemma 2.15 (|2, Proposition 4.16]). If M\a,b has a confining set, then
[E(M)| < [E(N)[+9.

Lemma 2.16. Suppose |E(M)| > |E(N)| + 10, and let A be a B x B*
companion P-matriz of M such that {x,y,a,b} incriminates (M, A), where
{z,y} € B and {a,b} C B*. Ifv e B* —{a,b} is an (N, B)-strong element
of M\a,b, then
(i) v is in a triad T* of M\a,b such that ) G T* N B C {z,y}, and
(ii) for some {e, f} = {a,b}, the set (T* —v) Ue is a triangle-triad of
M\ f,v.

Proof. Let v € B* — {a, b} be an (N, B)-strong element of M\a,b such that
M\a,b,v has a series class of size at least three, so v is in a cosegment G of
M\a,b of size at least four. Then G is a confining set by [2, Lemma 3.2],
so |E(M)| < |E(N)| +9 by Lemma a contradiction. So M\a,b,v
is 3-connected up to series pairs, in which case the lemma holds by [2,
Lemma 3.4]. O

Theorem 2.17 (|2, Theorem 6.7]). Either
(i) [EQM)| < [E(N)| +9, or
(ii) M has a bolstered basis B, and a B x B* companion P-matriz A
for which {x,y,a,b} incriminates (M, A), where {z,y} C B and
{a,b} C B*, and either
(a) M\a,b is N-fragile, and M\a,b has at most one (N, B)-robust
element outside of {x,y}, where if such an element u ezists,
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then uw € B* — {a,b} is an (N, B)-strong element of M\a,b,
and {u,x,y} is a coclosed triad of M\a,b, or
(b) M\a,b is not N-fragile, but there is an element u € B* —{a, b}
that is (N, B)-strong in M\a,b; either
(I) the N-flexible, and (N, B)-robust, elements of M\a,b are
contained in {u,x,y}, or
(I1I) the N-flexible, and (N, B)-robust, elements of M\a,b are
contained in {u,xz,y, z}, where z € B, and (z,u,x,y) is a
mazimal fan of M\a,b, or
(III) the N-flexible, and (N, B)-robust, elements of M\a,b are
contained in {u,z,y,z,w}, where z € B, w € B*, and
(w, z,z,u,y) is a maximal fan of M\a,b;
the unique triad in M\a,b containing u is {u,z,y}; and M
has a cocircuit {x,y,u,a,b} and a triangle {d,z,y} for some

d € {a,b}.

(a) A Type I gad-(b) A Type II gad-(c) A Type III gad-
gEt ({l',y}ﬂl) get (x»yﬂhz) get (ZL',y,’LL,Z,U))~

Figure 1. Illustrations of the three types of gadget
when M\a,b is not N-fragile, conforming with Theo-
rem [2.17)(ii)(b), under the assumption that a fully blocks in
the gadget. Black elements are in the basis B, whereas white
elements are not in B.

We require some terminology to handle the different outcomes when
M\a,b is not N-fragile. Suppose Theorem [2.17(ii)(b) holds, so M\a,b is
not N-fragile. Then we say that we have a gadget for {a,b} that is either
Type I, Type II, or Type III:

e if Theorem [2.17)(ii)(b)(III) holds and w is (N, B)-robust, then we say
(x,y,u, z,w) is a Type III gadget;
e if not, but Theorem [2.17ii)(b)(II) or Theorem [2.17{ii)(b)(III) holds
and z is (N, B)-robust, then (z,y,u, z) is a Type II gadget;
e otherwise, we say ({z,y},u) is a Type I gadget.
Note, in particular, that if Theorem [2.17(ii)(b)(II) or Theo-
rem [2.17(ii)(b)(III) holds but the (N,B)-robust elements (and hence
also N-flexible elements) are contained in {z,y,u}, then we call this a
Type I gadget. We also note that for a Type III gadget (z,y,u,z,w), the
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fan (y, u, z, z, w) in maximal; whereas for a Type II gadget (z,y, u, z), either
the fan (y,x,u, z) is maximal, or it is contained in a maximal 5-element fan
(y,u,z,z,w) where w is not (N, B)-robust nor N-flexible.

Observe that for a Type IIT gadget (z,y,u, z,w), as w is N-deletable in
M\a,b, it follows that x and z are N-contractible in M\a, b; continuing in
this way, each element in {z,u,z,w} is N-flexible (whereas y might only
be N-contractible). Similarly, for a Type II gadget (z,y,u, z), each element
in {z,u,z} is N-flexible (whereas y might only be N-contractible). For a
Type I gadget ({x,y},u), the element u is N-flexible in M\a,b (whereas
x and y might only be N-contractible); to see this, observe that w is N-
deletable (as it is (N, B)-strong) and if u is not N-contractible in M\a, b,
then neither x nor y is N-deletable in M\a,b, so no element in {z,y,u} is
N-flexible, contradicting that M\a, b is N-fragile.

Let G be a gadget for {a,b}. When G is a Type I gadget ({z,y},u), we
say that e is in the gadget when e € {x,y, u}; similarly, when G is a Type II
gadget (x,y,u, z) or a Type III gadget (z,y,u, z,w), we say that e is in the
gadget when e € {z,y,u, z} or e € {z,y,u, z,w} respectively.

Suppose G is a Type I gadget ({z,y},u), so {z,y,u} is 3-separating in
M\a,b. Then either b € cl({z,y}) and a € cI*({z,y,u,b}), in which case
we say a blocks in the gadget G; or a € cl({z,y}) and b € cI*({z,y,u,b}),
in which case we say b blocks in the gadget G. Suppose a blocks in the
gadget G. We say that a fully blocks in the gadget G, or a fully blocks
({z,y},u), if a ¢ cl({z,y,u}); otherwise, a does not fully block ({z,y},u)
when a € cl({z,y, u}).

Similarly, when G is a Type II gadget (z,y,u,z) or a Type III gad-
get (x,y,u,z,w) with b € cl({z,y}), and a € cI*({z,y,u,2,b}) or a €
cl*({z,y,u, z,w,b}) respectively, we say that a blocks in the gadget G; and
we say that a fully blocks in the gadget G when a blocks and, moreover,
a ¢ cl({z,y,u,z} or a ¢ cl({x,y,u, z,w} respectively.

We also use the following:

Lemma 2.18 ([2, Lemma 8.1]). Suppose that Theorem[2.17(ii)(b) holds. If
(0,0} C clu({z,y}), then |E(M)| < |E(N)| + 5.

Lemma 2.19 ([2, Lemma 8.2]). Suppose that Theorem|[2.17(i1)(b) holds and
there is some p € (B—{x,y})Ncl({u, x,y}) such that {a,b} C cly({p,z,y}).
Then |E(M)| < |E(N)| + 8.

3. ESSENTIAL ELEMENTS IN ALMOST-FRAGILE MINORS

Let P be a partial field, let M be an excluded minor for the class of
P-representable matroids, and let N be a non-binary 3-connected strong
stabilizer for the class of P-representable matroids, where M has an IN-
minor. In this section, we prove our main result, Theorem Loosely
speaking, this theorem says that if M has no triads and is sufficiently large
relative to N, there is a pair of elements {a, b} in M such that M\a,b is 3-
connected with an N-minor, and M\a, b is not N-fragile, then we can easily
find elements that are N-essential in a minor of M\a,b that is obtained by
deleting or contracting a single element.
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We work under the above hypotheses throughout this section. First, we
prove a lemma which shows that the requirement that M has no triads is
only a very mild assumption, due to Proposition Recall that A*(M)
denotes the class of matroids that are A-Y-equivalent to M or M*.

Lemma 3.1. Suppose that |E(M)| > |E(N)| + 10. Then there exists a
matroid My € A*(M) such that My has a pair of elements {a,b} for which
Mi\a,b is 3-connected and has a A*(N)-minor, and My has no triads.

Proof. By Theorem there is some My € A*(M) such that My has a
pair of elements {a, b} for which Mjy\a, b is 3-connected and has an { N, N*}-
minor. Let T* be a triad of My, and let M{, be obtained from Mj by a Y-A
exchange on T™. Since My\a,b is 3-connected, clj, (T*) N {a,b} = 0 and,
moreover, a ¢ clj, (T*Ub) and b ¢ cly, (T Ua). Hence T* is a triad of
Mo\a,b, and M/}\a,b is isomorphic to the matroid obtained from My\a,b
by performing a Y-A exchange on T*. In particular, note that M}\a, b has
a A*(N)-minor.

Suppose M{\a,b is not 3-connected. Then T™ is in a 4-element fan F of
Mo\a,b, by Lemma[2.10] But a,b € cly;, (E(Mo\a,b) — T*). Thus F is a 4-
element fan of My, contradicting Corollary So Mj\a,b is 3-connected.

It now follows that, starting from M, and repeatedly performing Y-A
exchanges until no triads remain, we obtain a matroid M; € A*(M) with
no triads, and having the property that Mj\a,b is 3-connected and has a
A*(N)-minor, as required. O

Our main result is under the assumption that M\a, b is not N-fragile and
the gadget for {a,b} is Type I. We work towards Lemma which shows
that if the gadget for {a, b} is not Type I, then we can switch to the delete
pair {a,z}, in which case the gadget for {a,x} is Type L

Recall that, as N is non-binary and 3-connected, |E(N)| > 4 and N is
simple and cosimple. In particular, if |E(M)| > |E(N)|+10, then |E(M)| >
14.

Lemma 3.2. Suppose M has a pair of elements {a,b} such that M\a,b is
3-connected with an N-minor, |E(M)| > |E(N)| + 10, and M\a,b is not
N-fragile, so Theorem [2.17(ii)(b) holds. Then M\a, e is 3-connected with

an N-minor for each e € {z,y}.

Proof. Observe that M\a is 3-connected. Suppose {x,y} is in a triad
{z,y,t} of M\a. Since M\a,b is 3-connected, ¢t # b. Moreover, t # u
since {z,y,u,b} is a cocircuit of M\a. So {z,y,u,t} is a 4-cosegment in
M\a, b, contradicting that {z,y,u} is the unique triad in M\a, b containing
w. Thus M\a has no triad containing {z,y}.

Now, if M\a, x is not 3-connected, then M\a, z has a 2-separation (U, V)
where y € V and V is not a series class. It follows that (cI*(U),V — cl*(U))
is also a 2-separation of M\a, z, so we may assume that U is coclosed. Since
{b,y,u} is a triad in M\a,z, either b or w is in V. But if b € V, then
T € clyna(V), so (U, V Ux) is a 2-separation of M\a, a contradiction. So
beUandu€e V. Now, b € clyn,(VUz) and b € cljy ,(V Ux), where V Uz
is 3-separating in M\a, so (U —b, V U{x,b}) is a contradictory 2-separation
of M\a unless |U — b| = 1. In the exceptional case, U Uz is a triad of M\a
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that contains b, contradicting that M\a,b is 3-connected. We deduce that
M\a,z and, by symmetry, M\a,y are 3-connected.

Finally, M\a,u has an N-minor, and {b,z,y} is a triangle-triad in this
matroid, so this set is 2-separating. Thus x and y are N-contractible in
M\a,u and hence also in M\a, by Lemma Hence y and z are N-
deletable in M\a, as required. O

Lemma 3.3. Suppose M has a pair of elements {a,b} such that M\a,b is
3-connected with an N-minor, |E(M)| > |E(N)| + 10, and M\a,b is not
N-fragile, so Theorem[2.17(ii)(b) holds. Assume the element a blocks in the
gadget for {a,b}. Then, either

(i) the gadget for {a,b} is Type I, or
(ii) M\a,x is 3-connected with an N-minor, but not N-fragile, and the
gadget for {a,x} is Type I.

Proof. Suppose the lemma does not hold. Then, as M\a, b is not N-fragile,
the gadget for {a, b} is Type II or Type III, otherwise (i) holds. So there is an
element z in the gadget such that {x,u, 2z} is a triangle, and x is N-flexible
in M\a,b. Note also that {b,y,u,z} is a circuit in M.

By Lemma M\a, z is 3-connected with an N-minor.

3.3.1. M\a,z is not N-fragile.

Subproof. First, we claim that u and b are N-flexible in M\a, z. Since x is N-
deletable in M\a, b, and w is in series in M\a, b, z, the matroid M\a, b, z/u
has an N-minor. In particular, b is N-deletable and w is N-contractible in
M\a, z. Since M\a,u has an N-minor, and {z, b, y} is a triangle-triad in this
matroid, M\a, u,z/b has an N-minor. In particular, b is N-contractible and
u is N-deletable in M\a,z. So b and u are N-flexible in M\a, z as claimed.
In particular, M\a, z is not N-fragile. <

Now, as M\a,z is not N-fragile, the gadget for {a,z} is Type II or
Type III, otherwise (ii) holds. Let the gadget for {a,z} be (2/,y/, 4/, 2)
or (2 ¢, v 2 w'), if Type II or Type III respectively. In either case,
{z';u/,7'} is a triangle in M\a,z. As u and b are N-flexible in M\a,x,
we have {u,b} C {2/, ¢/, o/, 2/, w'}.

Suppose that the gadget is Type II and 2’ € {u,b}. Since {b,u,y} is
a triad of M\a,z, and b and u are N-flexible in this matroid, we have
{bu} C {2/,u,7'}, and y ¢ {y/,2/,u/,2'}. Now {b,u} intersects the
triad {2/,y’,u'} of M\a,z in one element, so by orthogonality with the
circuit {b,y,u,z}, we deduce that z € {2,y ,v'}. But if z € {a/,u'},
then the triangle {2/, v/, 2’} is {b,u, 2z}, so {b,z,y} C clyr({u,2}), in which
case {x,y,u} is a triangle-triad of M\a,b, a contradiction. So y = z.
Now {a,x,2’,z,u'} is a cocircuit of M, where {z/,u'} meets {b,u}. If
2/ = b, then u € {2/,4'}, and by orthogonality with the triangle {z,b,y},
we have y € {2/,u'}, a contradiction. So 2/ = w and b € {2/,u'}.
We claim that {z/,y/,«/, 2,2} = {a',z,u/,u,z} is 3-separating in M\a.
This is clear if x € cl({2/,y'}), so assume that a € cl({z/,y'}). Now
{2/;4'} C clpy({b,u}), and hence {a,z} C clp({z,b,u}). So x does not
fully block {a,z’, z,u/,u} in M\z, and hence {2/, z,u’, u,z} is 3-separating
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in M\a, as claimed. But y € cl({2/, 2,4/, z,u}) N cl&\a({x',z,u’,x,u}),
implying Aypo({2', 2,4/, 2, u, y}) = 1 and |E(M\a)| < 7, a contradiction.

Now 2’ ¢ {u,b} or the gadget is Type III. If the gadget is Type II, then
{u, b} is contained in the triad 7% = {a/,y/,u'} of M\a,z. If the gadget
is Type III, then {u,b} is contained in a triad 7% of M\a,z such that
T C {2,y , v/, 2/, w'}, except in the case that {y/,w'} = {u,b}. We return
to this exceptional case later; for now we assume that {u,b} is contained
in a triad 7™ that is contained in the gadget for {a,z}. Let T* = {u,b,t};
then {u,x,t} is a triad of M\a,b. Thus t = y. So y is also in the gadget for
{a,z}. Now, since {x,b,y} is a triangle that intersects the delete pair {a, x}
in the element x, and {b,y} is contained in {z’, 3/, v, 2/, w'} (the gadget for
{a,z}), we have {b,y} = {2/,y'} and = € cl({2’,4'}). Then u = «’. Thus
either {b,u, z'} or {y, u, 2’} is a triangle. Now rps({z,u,y,b, z,2'}) = 3. Note
also that 2’ # z, since neither {b, u, 2z} nor {y, u, z} is a triangle. Moreover,
in the case that the gadget for {a,b} is Type III, then, letting (z,y, u, z, w)
be the gadget, we have 2z’ # w, since neither {b,u,w} nor {y,u,w} is a
triangle. Since w is N-contractible in M\a, b, the element 2’ is N-deletable
in M\a,b. Thus, 2/ € B. But B contains {z,y, 2z, 2}, four elements of a
rank-3 set, a contradiction.

Now we may assume that {y',w'} = {u,b}. In this case, {a,b,z,y,u} is
a cocircuit of M that intersects {u/,2’, 2’} in at most one element, y; so, by
orthogonality, y ¢ {u/,2’,2'}. Suppose b = y'. Then M\a,b, x has {v/, 2} as
a series pair, so v’ and 2’ are N-contractible in M\a, b, z. Since {u/, 2/, 2’} is
a triangle, it follows that u/, 2/, and 2’ are N-deletable in M\a, b, z. Since z’
is N-deletable, 2’ is also N-contractible in M\a, b, x. Now {u, 2/, 2’} are N-
flexible elements of M\a, b, disjoint from {x,y, u}, contradicting that there
is a gadget for {a,b}. A similar argument applies when b = w’. O

The following lemma is used several times in the proof of Theorem

Lemma 3.4. Suppose M has a pair of elements {a,b} such that M\a,b is
3-connected with an N-minor, |E(M)| > |E(N)| + 10, and M\a,b is not
N-fragile, so Theorem [2.17(ii)(b) holds. Then cly({b,z,y}) = {b,z,y}.

Proof. Suppose that e € clyn.({b,7,y}) — {b,x,y}. As M\a,b is 3-
connected, e # u, and, if the gadget for {a,b} is Type II or III, e is not
in the gadget, in either case. Since M\a,b/x has an N-minor, and {e,y}
is a parallel pair in this matroid, e is N-deletable in M\a,b. Since e is not
in the gadget for {a,b}, the element e is not N-flexible or (N, B)-robust,
so e € B. But now {z,y,e} is a rank-2 set containing three elements of a
basis B of M, a contradiction.

It remains only to show that a ¢ cly/({b, z,y}). But if a € clp/({b,z,y}),
then, by Lemma 2.19] |E(M)| < |E(N)|+ 8, a contradiction. O

We now come to our main result.

Theorem 3.5. Suppose M has a pair of elements {a,b} such that M\a,b
is 3-connected with an N-minor, M has no triads, |E(M)| > |E(N)| + 11,
and M\a,b is not N-fragile, so Theorem[2.17(ii)(b) holds. If the gadget for
{a,b} is Type I, then, for everyt € B—{x,y}, the element b’ is N -essential
in at least one of M\a,b\u and M\a,b/u.
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Proof. Since Theorem [2.17ii)(b) holds, M has a bolstered basis B and a B x
B* companion P-matrix A for which {z,y,a,b} incriminates (M, A), where
{z,y} € B and {a,b} C B*; and there is an element u € B* — {a,b} that
is (N, B)-strong in M\a,b. Assume that the gadget for {a,b} is ({z,y},u).
Up to swapping a and b, we may assume that a blocks in the gadget, so
{b,z,y} is a triangle.

Pick ¥ € B —{z,y}. Then V' is not N-contractible in M\a,b (it is either
N-essential or N-deletable), since the (N, B)-robust elements are contained
in {z,y,u}.

3.5.1. Either V' is N-essential in one of M\a,b\u and M\a,b/u, or u is
N-flexible in M\a,b, V.

Subproof. Suppose b’ is not N-essential in both M\a,b\u and M\a,b/u. As
b’ is not N-contractible in M\a, b, we have that b’ is N-deletable in M\a, b\u
and M\a,b/u. Hence M\a,b,b'\u and M\a,b,b'/u have N-minors. <

By we may assume that M\a,b,b'\u and M\a,b,b' /u have N-
minors, for otherwise o’ is N-essential in M\a, b\u or M\a, b/u, as required.
In particular, b’ is N-deletable in M\a,b.

We start with four claims regarding connectivity.

3.5.2. M\a,b,V is 3-connected up to series classes. Moreover, there is at
most one series pair in M\a,b,t’ that does not meet {x,y}.

Subproof. Suppose M\a, b, is not 3-connected up to series classes. Then,
by the dual of Lemma M\a, b has a cyclic 3-separation (U, ¥, V'), where
VU is coclosed, and [U N E(N)| < 1. Now U Ncljp,,(V) = 0 and, by
Lemma 2.1 [(TUV)Ncl(V)] <1, s0 |[UNcl(V)] < 1. Thus, by Lemma[2.2]
each element in U is N-deletable in M\a,b,b’, and at most one element in
U is not N-flexible in M\a,b,b’. Since *(U) > 3 and the set of N-flexible
elements in M\a,b is contained in {u,z,y}, we have |U N {u,z,y}| > 2
and |U — {u,z,y}| = 1. Let U = U U {u,z,y} and V' =V — U’, and
observe that (U, b/, V') is a cyclic 3-separation, where U’ = {z,y,u,z'},
and 2’ is the unique element in U’ that is not N-flexible in M\a,b,t’. But
then 2’ is not N-contractible, 2z’ € cl(V’), and hence, by orthogonality,
b € clypap({z,y,u}), a contradiction. So M\a,b,b’ is 3-connected up to
series classes.

Now suppose that M\a, b, b’ has distinct series pairs {s1,t1} and {s2,t2}
that both avoid {z,y}. Then, for i € {1,2}, the elements s; and ¢; are N-
contractible in M\a,b,b" and hence in M\a,b. Since these elements avoid
{z,y}, we have s;,t; € B*. By cocircuit elimination on the triads {si,t1,b'}
and {sa, t2,b'} of M\a,b, there is a cocircuit contained in {s1,t1, $2,t2}. But
this set is contained in B*, so is coindependent, a contradiction. <

3.5.3. M\a,V' is 3-connected up to series classes. Moreover, every series
pair of M\a,t avoids {x,y}.

Subproof. Suppose M\a,b’ has a series pair S meeting {x,y}. Without loss
of generality, let S = {x, ¢} for some t. Since M has no triads, {z,¢,a,b'} is
a cocircuit of M. Note that t # y, since otherwise {u, z,y, b’} is a cosegment
of M\a,b; and t # b, since M\a,b is 3-connected. But now the cocircuit
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{z,t,a,b'} intersects the triangle {x,y,b} of M in a single element, contra-
dicting orthogonality.

Let (U,V) be a 2-separation of M\a,b" where neither U nor V' is a series
class. Then |U|,|V| > 3. Without loss of generality, let b € V. Then
(U,V —b) is a 2-separation of M\a,b,V, so, by either U or V — b is a
series class of M\a,b,V'. Since the 2-separating set U in M\a,b,b’ remains
2-separating in M\a, V', it is not blocked by b, so b € clyp\ o (V —0). If U is
a series class in M\a, b, V', it is blocked by b in M\a, V', s0 b ¢ clpp o, (V =),
a contradiction.

So V' —b is a series class in M\a, b, b’ that is blocked by b in M\a, b’. Note
that V' is a cosegment in M\a, b’ that contains b. By orthogonality with the
triangle {z,y,b}, we may assume that z € V. If y € V, then {z,y,b} is a
triad in M\a, b, contradicting that {u, b, z,y} is a cocircuit. It follows, by
orthogonality, that V = {b, z, s} for some s, and hence r(V Uy) = 2. Now
{z, s} is a series pair in M\a,b,V’, so M\a,b,b'/s has an N-minor. Since
{z,y} is a parallel pair in this matroid, M\a,b,z has an N-minor. But
{s,1'} is a series pair in this matroid, so b’ is N-contractible in M\a,b, a
contradiction. q

3.5.4. FEither

(i) M\b,V is 3-connected up to series pairs, and each series pair con-
tains x or y but not both; or

(ii) M\b,V has a triangle-triad {x, s,a}, for s € E(M\b,b')—{a,u,x,y},
and M\a, V' is 3-connected.

Subproof. Let {s,t} be a series pair of M\b,b’. Since M has no triads,
{s,t,b,b'} is a cocircuit of M. By orthogonality, {s,¢} meets {z,y}. Note
also that {z,y} is not a series pair of M\b,b', otherwise {z,y,u,b'} is a
contradictory cosegment of M\a,b. Hence every non-trivial series class of
M\b, V' has size two.

Let (U, V) be a 2-separation of M\b,b’ where neither U nor V is a series
class. Then |U[,|V] > 3. Without loss of generality, let a € V. Then
(U,V —a) is a 2-separation of M\a,b, V', so, by either U or V —a is a
series class of M\a,b,V'. Since the 2-separating set U in M\a,b,b’ remains
2-separating in M\b, V', it is not blocked by a, so a € clyp\pp(V —a). T U is
a series class in M\a, b, V', it is blocked by a in M\b, ¥, so a ¢ clpppy (V —a),
a contradiction.

So V —a is a series class in M\a, b, b’ that is blocked by a in M\b,b". As
a € clyppp (V — a), the element a is in a circuit of M\b," contained in V.
Since {z,y,u,a} is a cocircuit of M\b, b, orthogonality implies that V' — a
meets {x,y,u}. Observe that (V —a) UV is a cosegment in M\a,b. As
{z,y,u} is the unique triad of M\a, b containing u, it follows that u ¢ V —a
and {z,y} ¢ V — a. Without loss of generality, z € V — a and {u,y} C U.

By the series class V —a of M\a, b, has size at most three, other-
wise there is more than one series pair that does not meet {z,y}. Suppose
V| = 4. Let V = {a,x,s,s'}. Note that {x,s,s,b'} is a cosegment in
M\a,b; and s,s’ € B, since these elements are N-contractible in M\a, b,
and hence also in M\a,b. Now {z,s,s'} and {x,y,u} are triads of M\a,b
that intersect in a single element, and {z,s,s’,y,u} N B = {x,y}. This is
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a confining set relative to B so |E(M)| < |E(N)| + 9 by Lemma a
contradiction.

So we may assume V = {a,z, s} for some s, where V is a triangle-triad
of M\b,b'. Observe that {z,s,b'} is a triad of M\a,b. Suppose M\a,b' is
not 3-connected. Then implies that M\a,b has a series pair, which
avoids {z,y}. By orthogonality, the series pair contains s, and not b. Let
t be the other element in the series pair. Then ¢t € B*. Now {s,¢,b'} is
a triad of M\a,b, so {x,s,t,b'} is a cosegment. In particular, {s,t, 2} and
{z,y,u} are triads whose union intersects B in {z,y}. This is a confining
set, so |[E(M)| < |E(N)| +9 by Lemma[2.15] a contradiction. So M\a,b' is
3-connected. <

3.5.5. M\V' is 3-connected.

Subproof. Suppose not. Let (U, V) be a 2-separation of M\. Since M has
no triads, neither U nor V is a series class. In particular, |U|,|V| > 3.
Without loss of generality, let a € V. Now (U,V — a) is a 2-separation of
M\a,V'. By either U or V — a is a series class that is blocked by a
in M\V'. But U is not blocked by a, since it remains 2-separating in M\V'.
So V — a is a series class, and hence, by {z,y} C U. Note also that
b € U, since b is not in a series pair in M\a,¥', otherwise M\a,b is not
3-connected. We now have that (U — b, V) is a 2-separation in M\b,b'. By
3.5.41 since M\a,b’ is not 3-connected, M\b, b’ is 3-connected up to series
classes. So U — b is a series class, which contains both x and y. But then
{z,y,b'} is a triad in M\a, b, a contradiction. <

We require a definition for one particularly annoying case. Suppose
that M\a,b and M\b,b" are 3-connected but not N-fragile, where the gad-
get for {a,b} is Type I, and the gadget for {b,b'} is either Type I or
Type IL. Let z,y,u,u’ be distinct elements in M\a, b, b’. Then, we say that
(z,y,u,u,a,b,b) is a mega-gadget when

e ({z,y},u) is the gadget for {a,b}, where b € cl({z,y}) and a fully
blocks in the gadget; and

b b

(a) Case 1. (b) Case 2.

FIGURE 2. The gadget for {b,b'}. Note that although here
the gadget is illustrated as Type I, and ¥’ (in case 1) or b
(in case 2) is fully blocking, the gadget might be Type II or
Type III, and ¥’ or b (respectively) might not fully block.
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e the gadget for {b,0'} is ({u,y},u’), if Type I; or either (u,y,u, a)
or (y,u,u’,a), if Type II; in either case, V' € cl({u,y}) and b fully
blocks in the gadget.

The next claim deals with the case where M\b, b’ is 3-connected, except
when a mega-gadget arises; we defer this subcase to [3.5.7

3.5.6. If M\b, V' is 3-connected, then either u is not N-flexible in M\a,b, V',
or there exists an element u' such that (x,y,u,u’,a,b,b") is a mega-gadget.

Subproof. Suppose M\b,b' is 3-connected, but u is N-flexible in M\b,b'.
Then M\b,¥ is not N-fragile, so u is in the gadget for {b,b'}. Let the
gadget for {b,b'} be ({2/,y'}, o)), (', ¢/, u/,2), or (&', ¢/, 4,2/, w'), if Typel,
Type II, or Type III respectively. The case where the gadget is Type I is
illustrated in Fig. 2 Note that either:

(Case 1) b’ blocks in the gadget, so b € cly({2',y'}) and ¥ €
cly ({b,2",y', u'}); or

(Case 2) b blocks in the gadget, so b € cly({2',y'}) and b €
cly ({V', 2, v, u'}).

First we consider case 1: when b’ blocks in the gadget and b € cl({z/,y'}).
Observe that when u € {u/,2/,y'}, we have a ¢ {2',y/,u'}, otherwise M\a, b
has a triad containing u distinct from {u,z,y}, since it contains b'. We
consider subcases based on which element u is in the gadget for {b,0'}.

(Case 1.1) Suppose u = u'. In M\V, u, the set {b,2’,y'} is a triangle-
triad. Moreover, {b,z,y} is a triangle in M, and hence in M\b',u. By or-
thogonality, {z,y} meets {z’,y'}. So r({b,z,y,2’,y'}) = 2. By Lemma[3.4]
{z,y} = {2",y'}. Now ¥’ € clj;({z,y,u,b}), so V' € clyy,,({z,y,u}), con-
tradicting that {z,y,u} is the unique triad containing w in M\a, b.

(Case 1.2) Suppose u € {z',y'}. In M\V, the set {b,2’,y/,u'} is a
cocircuit, and {b,z,y} is a circuit, so by orthogonality we may assume
that x € {2/,y/,«'}. If {u,2} = {2/,y'}, then as {2/,y'} spans b, the
set {u,x} spans {b,y}, so rypas({w,2,9}) = 2, a contradiction. So we
may assume that z = u/. Now cl({b,z,y,u}) = cl({b,2',y/,u'}). In
M\V, the set {b,2’,y',x} is 3-separating, and has y in its closure, so
{b,2',y,x,y} is 3-separating. By [3.5.3 {b,2’, v/, z,y} is also 3-separating in
M\a,V'. Tt follows that r}"\/[\b,({b, vy x,yt) = r}"\/[\a7b,({b,x’,y’,a:,y}) =4,
soa¢ cl}kw\b/({b, .y x,y}). But a € cI*({b,z,y,u}), where u € {2/,y'}, a
contradiction.

(Case 1.83) The gadget for {b,b'} is Type II or Type III, and u =
Z'. Since {u,z,y} is a triad of M\a,b, and {u,v',2'} is a triangle,

we may assume without loss of generality that z € {u/,2’}. In either
case, cl({b,z,y,u}) = cl({b,2',¢',u'}). In M\V, the set {b,z',y ,u'}
is 3-separating, with z € {u/,2'}. As {y,u} C cl({b,2,y',u}), due
to the triangles {b,z,y} and {z/,u/,u}, the set {b,2',¢y',u/,y,u} is 3-
separating. By {b,2',y/, v, y,u} is also 3-separating in M\a,b’. It
follows that r&\b,({b,x’,y’,u’,y,u}) = TL\a’b,({b,x’,y’,u’,y,u}) = 5, so
a ¢ iy ({0, 2",y v’ y,u}). But a € cI"({b,z,y,u}), where x € {u',2'}, a
contradiction.
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(Case 1.4) The gadget for {b,b'} is Type III, and v = w’. Since {b,z,y} is
a triangle and {b, 2/, y’, v’} is a cocircuit in M\, it follows from orthogonal-
ity that {z,y} meets {2/,3/,u'}. Without loss of generality, = € {z/,y,u'}.

If a € {2/,2'}, then w is in a triad of M\a,b with b/, contradicting that
{u, z,y} is the unique triad of M\a, b containing u. Soa ¢ {z/,2'}. ifx = o/,
then since {u/, 2, 2’} is a triangle and {z,y,a} is a triad of M\u,b, we have
that y € {2/, 2'}. But then {z,y} spans {b,u,2',y'}, so r({u',2',y'}) = 2,
a contradiction. So z € {2/, y'}.

Now r({z,y,2z',y/,b}) = 2, so {z,y} = {2/,y'} by Lemma [3.4 Observe
that a # o, for otherwise 0" € Iy, ,({z,4'}) C cljp, ({2, y, u}). But
then the triangle {u’, 2/, 2’} and the triad {x,y,a} of M\b,u intersect in a
single element, contradicting orthogonality.

Now we consider case 2: where b blocks in the gadget and b’ € cl({z',y'}).
In particular, observe that {b',2/,y/, 4’} is a 3-separating cocircuit in M\b.

(Case 2.1) Suppose u = u'. Consider M\b\u, and observe that {V/, 2/, vy}
is a 2-separating triangle-triad. If a ¢ {2/, ¢}, then this is also a 2-separating
triangle-triad in M\a, b\u, so b’ is N-contractible in this matroid and in
M\a,b, a contradiction. So suppose a € {z/,y'}. Then V' is in a series
pair in M\a,b\u, so b’ is N-contractible in this matroid and in M\a,b, a
contradiction.

(Case 2.2) Suppose u € {z/,y'}. First welet u = 2/. If a = ¢/, then M\a,b
has a triad {u,t’,u'} that is not {u,z,y}, a contradiction. Similarly, a # '
So a ¢ {u,b,y',u'}. Now {u,z,y} is a triad and {u,V/,y'} is a triangle in
M\a, b, so by orthogonality 3 € {z,y}. Without loss of generality, v’ = y.

Suppose b does mnot fully block in the gadget for {b,b'}, so b €
cd({t/,u,y,u'}). Then {V,u,y,u/,b} is a rank-3 cocircuit in M, so
Av({b,u,y, v/ 0}) = 2. Now cl({u,b,b'}) = cl({b,z,y,u}), so the gad-
get ({x,y},u) is not fully blocked by a. Hence a € cl({b,z,y,u}). Now
{V/,u,y,u’,b} spans x, and hence also spans a. But a € cl*({b,z,y,u}) C
c*({V', u, y,u' b, z}), so A{V,u,y,u',b,z,a}) < 1, implying |E(M)| < 8, a
contradiction. So we may assume that b fully blocks in the gadget for {b,b'}.

Next we argue that a fully blocks in the gadget for {a,b}. Suppose not.
Then a € cl({u,z,y}) and {a,b,u,z,y} is a 3-separating cocircuit in M.
Since M\b, V', v/ has an N-minor, and {2/, y'} is a series pair in this matroid,
M\b,v' /2’ has an N-minor. Similarly, as {y,b'} is a parallel pair in the
latter matroid, M\b, v,y has an N-minor. Finally, as {2/,b'} is a series
pair in this matroid, M\b,u’/b’ has an N-minor, Ny say. Let Z; = E(M) —
{a,b,u,z,y,b',u'}. As {a,b,u,z,y,b'} is 3-separating in M, with ' in the
coguts, it follows that ({a,w,x,y}, Z1) is a 2-separation in M\b,u'/b'. By
Lemma 2.2} either |{a,u,z,y} N E(N1)| < 1 or |Z; N E(Ny)| < 1. First,
assume that [{a,u,z,y} N E(Ny)| < 1. Since a € cl({u,x,y}), the element
a is N-deletable in M\b,u'/V/, by Lemma So V' is N-contractible in
M\a,b, a contradiction.

Now assume |[Z; N E(N1)| < 1. We claim that at most one ele-
ment in Z; is not N-flexible in M\b,u//t/. We may assume that the 2-
separation ({a,u,x,y}, Z1) is exact, for otherwise every element in Z; is
N-flexible. Suppose that there exists some 21 € Z1 Nclyppw v ({a, w, 7, y}).
Note that ' ¢ cly({a,z,21}), due to the cocircuit {b,d,u,y,u’}. Then,
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since ryp\pwp({@,u,2,y}) = 2, we have z; € cly({a,x}). So {a,z,2}
is a triangle in M. It follows that z; is the unique element in Z; N
clyp\pu s ({@, u, v, y}), by orthogonality with the cocircuit {a,b,u,x,y}. So
each element in Z; — 21 is N-contractible in M\b, v’ /b, by Lemma
Note that |E(Ny)| = 4, since |Z1 N E(Ny)| < 1 and {u,y} is a paral-
lel pair in M\b,u'/b/. So Ny = Usy. But (M\b,v'/V){a,u,x,21} =
U4, so each element in Z — z; is N-deletable, and hence N-flexible,
in M\b,u'/b', which satisfies the claim. So we may assume that Z; N
clynpw sy ({@,u, 2,y}) = 0. Next suppose that there are distinct elements
21,21 € Z3 ﬂcl}‘w\b’u,/b,({a, u,z,y}). Then {z1, 2]} is a series pair in M\b, v/,
so {z1,21,u'} is a triad in M\b and M\b,b'. But {v,u,y} is the unique triad
containing u’ in M\b, . We deduce that |Z1 N clyp, 0 ({asu, 2,9} < 1.
By Lemmal[2.2] at most one element in Z is not N-flexible in M\b,u//V/, as
claimed. Now, M\b, v has at least six N-flexible elements, since |Z;|—1 > 6,
contradicting that M\b, ¥, v has at most four N-flexible elements. We de-
duce that a fully blocks in the gadget for {a,b}.

Now, if the gadget for {b,b'} is Type I, then (z,y,u, v, a,b,V’) is a mega-
gadget. Suppose the gadget for {b,0'} is not Type I. In order to show
that (z,y,u,u,a,b,b') is a mega-gadget, it remains to show that 2/ = a
and the gadget for {b,b'} is Type II. Since {a,b,z,y,u} is a cocircuit
and {u,u’,2'} is a triangle, {a, 2} meets {u/, 2’} by orthogonality. But if
x € {u/,72'}, then cl({z,y}) C cl({y,u/,2'}), so b € cl({a',y',u'}), con-
tradicting that b fully blocks in the gadget for {b,b'}. So a € {u/,2'}. If
a = u/, then {2/,b',y'} = {u,V,y} is a triangle-triad of M\a,b, a con-
tradiction. So a = 2. Now suppose the gadget for {b,b'} is Type IIL
Then M\b,b',w’ has an N-minor. As {2/,2'} = {u,a} is a series pair
in this matroid, M\b,b',w'/u has an N-minor. Now {a,u'} is a paral-
lel pair in this matroid, so M\a,b,b’,w’/u has an N-minor, Ny say. Let
Zy = E(M) — {a,b,u,z,y,u',t/,w'}. Note that A\ypqap({u,y,u',0'}) = 2
with {z,w'} C cljp, ,({u, 4,0, 0'}), so ({u,y, v, b}, 2, Z3) is a path of 2-
separations in M\a,b,w’. As |E(N2) N {u,y,u',b'} < 2, it follows from
Lemma 2.2 and the fact that [E(N2)| > 4 that |E(Na) N {u,y, v/, ¥/, 2} < 1.
Thus M\a,b,w’ /b has an N-minor, by another application of Lemma
since b’ € clyp g5, ({0, y,w'}). In particular, b is N-contractible in M\a, b,
a contradiction. Thus the gadget for {b, b’} is the Type II gadget (u,y, v, a).
So (z,y,u,u a,b,b') is a mega-gadget.

The argument when u = 3 is essentially the same, with the roles of z’
and y’ swapped. Note that in the subcase where the gadget for {b, b’} is not
Type I, a similar argument shows that the gadget for {b,0'} is the Type II
gadget (y,u,u,a), so again (x,y,u,u’,a,b,b’) is a mega-gadget.

(Case 2.3) Suppose the gadget for {b,b'} is Type II or Type III, and
u = Z'. Since M\a,b,b' /u has an N-minor, and {u’,2'} is a parallel pair
in this matroid, M\a,b,b’,uv'/u has an N-minor, N; say. The matroid
M\b/u has {t/,2/,y',u'} as a rank-2 cocircuit, where {u,2'} is a parallel
pair. So {V',2',y',u'} is a 2-separation in M\b/u. If a ¢ {¥/,2',y/,u'}, then
{V/,2',y,u'} is also a 2-separation in M\a,b/u. As |{V/,2',y,v'}NE(Ny)| <
2 and |E(N7)| > 4, Lemma 2.2 implies that [{¥/,2/,y/,4/} N E(N7)| < 1 and
b’ is N-flexible in M\a,b/u. In particular, ' is N-contractible in M\a, b,
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a contradiction. So we may assume that a € {2/,y/,4'}. Now, in a similar
fashion, {¥',2’,y',w'} — a is a 2-separation in M\a,b/u, and, by Lemma 2.2
V', 2,y , v} —anNE(Ny)| < 1and b is N-flexible in M\a, b/u. In particular,
b' is N-contractible in M\a, b, a contradiction.

(Case 2.4) Suppose the gadget for {b,b'} is Type III, and u = w’. Since
M\a,b,b',u has an N-minor, and {2/,2'} is a series pair in this matroid,
M\a,b,b',u/z" has an N-minor. As {u’, 2’} is a parallel pair in the latter ma-
troid, M\{a,b,b’,u, 2’} /2’ has an N-minor, N3 say. Let Z3 = E(M\b,u) —
{2',y/, v/, 2',b'}. The matroid M\a,b,u has a 2-separation that is either
({:E/v ylv ula Zlv b/} - a, Z3)7 if a € {xlv ylv ul> Z/}; or ({:LJ7 y,a Ul, 2/7 b/}’ Z3 — (I),
if a € Z3. Note that |({2/,y/, v/, 2,0/} —a) N E(N3)| < 2, so, as |E(N3)| >
4, Lemma implies that |({z/,y/,u/,2',b'} — a) N E(N3)] < 1. Now
V'€ clypgp {2y} = a), so b & clypnapu(Z3 — a), implying 0" is N-
contractible in M\a, b\u and hence in M\a, b, a contradiction.

From this case analysis, we deduce that either u is not N-flexible in
M\a,b, V', or there is a mega-gadget, as required. <

3.5.7. If M\b, V' is 3-connected and (z,y,u,u’,a,b,b') is a mega-gadget, then
u s not N-flexible in M\a,V' .

Subproof. Assume that M\b,b" is 3-connected and (z,y,u,u’,a,b,b) is a
mega-gadget. By the definition of a mega-gadget, the gadget for {b,0'} is
either ({u,y},u’) if Type I, or (u,y,u’,a) or (y,u,u,a) if Type II. In any
case, b fully blocks and {¥',u,y} is a triangle. Note that {b,0',u,y,u'} is a
cocircuit of M, so v’ € cI*({b,V,u,y}). Let Z = E(M\a)—{z,b,y,u, v, b'}.

We claim that M\a, V' is 3-connected. By[3.5.3] M\a, V' is 3-connected up
to series classes and if b’ is in a triad of M\a, then this triad avoids {z, y}.
Suppose V' is in a triad T* of M\a. Since M\a, b is 3-connected, b ¢ T* and
T* is a triad of M\a,b. By orthogonality with the triangle {b',u,y}, and
the foregoing, u € T™*. But then T is a triad of M\a,b containing u and
distinet from {u, z,y}, a contradiction. So M\a, ¥ is 3-connected.

Recall that b is N-deletable in M\a,b, so M\a,b has an N-minor. If
M\a,b' is N-fragile, then u is not N-flexible in M\a, V', as required. So we
may assume that M\a, b’ is not N-fragile. Then there is a gadget for {a, V'}.
Let this gadget be ({”,y"},u”), (2", y",u",2"), or (2",y",u", 2" w") if
Type I, Type II, or Type III respectively.

There are two cases to consider:

(I) a blocks in the gadget for {a,t'}, and b’ € cl({z”,y"}); or

(IT) ¥’ blocks in the gadget for {a,b'}, and a € cl({z",y"}).

First we consider case (I). We consider two subcases depending on whether
or not {z",y"} = {u,y}.

Suppose {z”,y"} = {u,y}. Assume that the gadget for {a,t'} is Type II
or Type III, and (2”,y"”) = (y,u). Then, by orthogonality between the triad
{2",y",u"} of M\a,b, and the triangle {z,b,y}, we have v’ € {x,b}. But
then the triad {z”,y”,u"} of M\a,b is properly contained in the 4-element
cocircuit {z,b,y,u}, a contradiction. We deduce that either the gadget for
{a,b'} is Type I, or (”,y") = (u,y). In either case, without loss of gener-
ality, y = y” and u = 2”. By orthogonality between the triangle {b,z,y}
and the triad {u”,u,y} of M\a,V', we have v’ € {b,x}. Since M\a,b is
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3-connected, but M\a,u” is not, u” = z. Now {",b',y", u"} = {u,V,y,x}
is a cocircuit in M\a. Since {b,u,z,y} is also a cocircuit in M\a, the set
{b,b',u,x} contains a cocircuit, by cocircuit elimination. Since M\a, b is 3-
connected, this cocircuit is either {0/, u, z} or {b,¥’,u,z}. But then {¥', u,z}
is a triad of M\a,b that contains u and is distinct from {u,z,y}, a contra-
diction.

Now {2",y"} # {u,y}. By Lemma cd({t/,u,y}) = {V,u,y}, so
{z",y"} N {u,y} = 0. By orthogonality between the triangle {b',2",y"}
and the cocircuit {b, V', v, u,y}, we have v’ € {z”,y"} or b € {z”,y"}. But
in the latter case {z”,y"} = {b,z}, by orthogonality between the triangle
{z",V,y"} and the cocircuit {b,u,z,y} of M\a, in which case {b,z,y} is
not closed, contradicting Lemma Sou € {z",y"}.

Now {b',2" 4"} = {¥,u/,q} for some element ¢ with ¢ ¢ {u,y}.
We have A\ypo({7,0,y,u,b',u'}) = 2 and ¢ € cl({z,b,y,u,b',u'}). Now
({z,b,y,u,b',u'},q,Z — q) is a path of 3-separations in M\a, with ¢ in the
guts, since |[E(M\a)| > 9. As {t/,2",y", u"} = {V/,u/,q,u"} is a cocircuit
of M\a, we have u” € Z — q. But orthogonality with the triangle {V', u,y}
implies that v” € {u,y}, a contradiction.

Now consider case (II). Recall that Z = E(M\a) — {z,b,y,u, v, b'}.
If {«",y"} € ZU{d,b'}, then a € cl(Z U {u/,b'}), due to the triangle
{2" a,y"}. But then a ¢ cl*({z,b,y,u}), a contradiction. So {z”,y"} meets
{z,b,y,u}. Moreover, as a fully blocks the gadget ({z,y},u) for {a,b},
H{z",y"} N {z,b,y,u}] = 1. Note also that if v’ = b, then {z”,a,y"} is
a triangle-triad in M\b, b, contradicting that M\b,b" is 3-connected. So
u” #b.

First, suppose that x € {2”,4”}. In what follows, we assume that x = 2”;
if z = 3", then essentially the same argument applies but with the roles of
2" and y” swapped (in particular, note that the argument makes no assump-
tion about whether the gadget for {a,b’} is Type I, Type II, or Type III).
By orthogonality between the cocircuit {a,b’,z”,y"” 4"} and the triangles
{z",b,y} and {V/,u,y}, the set {y”,u”} meets both {b,y} and {u,y}. So
either y € {y",u"}, or {¢y”,u"} = {b,u}. But in the latter case b = y” and
u=u", since v’ # b. Then, as {a,V', 2", y" u"} is a cocircuit in M, the set
{V/, 2", u} is a triad in M \a, b that is distinct from {u, z,y}, a contradiction.
Soy e {y’,u"}. If y =vy", then the triangle {x, a, y} intersects the cocircuit
{b,V/,u,y,u'} in a single element, contradicting orthogonality. So y = u”.

Due to the cocircuit {a, V', u”, 2", y"}, we have y" € cl*M\a({b’,u”,x”}) -
cl*M\a({x,b,y,u, b}, As v € cd{a,x}) C c({x,b,y,u,b,a}), and
Ana({z,b,y,u,0'}) = 2, it follows that Ay ({z,b,y,u,V',a,y"}) = 2.

Let 2/ = Z — 4" As o € cI*({b,y,u,b'}), we have that
({z,b,y,u,V/,a,y"},u',Z") is a path of 3-separations in M.  Hence
({z,y,u,a,y"},Z’) is a 2-separation in M\b,b',u'. Moreover, u' is N-
deletable in M\b,?’. By Lemma the N-minor of M\b, V', v/, say Ny,
has either |{z,y,u,a,y"} N E(N1)| < 1lor |Z' NE(Ny)| < 1.

Suppose |{z,y,u,a,y"} N E(Ny)| < 1. Then ({z,y,u,V,a,y"},Z") is a 2-
separation in M\b, v’ with [{z,y,u, ¥, a,y”"}NE(N1)| < 1, by Lemmal[2.2]and
since |[E(N)| > 4. Since u € cl({y,b'}), we have u ¢ clj;, ,(Z'), implying
M\b,v',u has an N-minor, by Lemma As {V/,y} is a series pair in
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this matroid, M\b,« /b’ has an N-minor, N say. Now ({z,y,u,a,y"},Z’)
is a 2-separation in M\b,u'/b', with [{z,y,u,a,y"} N E(N2)| < 1. Asa €
cl({z,y"}), we have a ¢ clyp, v/ (Z'), s0 a is N-deletable in M\b, u'/b’ by
another application of Lemma But then b is N-contractible in M\a, b,
a contradiction.

Now suppose |Z' N E(Ny)| < 1. By Lemma |1Z" N
ey w ({2, 9w, 0,y P = 12" 0 ey ({2, 0, y,u, 0, a,9"})| < 1, so at most
one element of Z’ is not N-contractible in M\b, V', v/, by Lemma Sup-
pose there are distinct elements ¢q,¢ € Z' N Cl*M\b,b’,u/({x’ y,u,a,y"}). Then
{q,¢',u'} is in the coguts of the 3-separation (E(M)—2Z',7"), so {q,q',u'} is
a triad of M, a contradiction. So |Z’ﬂcl}k\4\b7b,7u,({$, y,u,a,y"})] <1, and at
most one element of Z’ is not N-deletable in M\b,',u/, by Lemma
Thus, at most two elements of Z’ are not N-flexible in M\b,b' v/, so
Z' contains at least four N-flexible elements of M\b, V', v/, since |Z'| =
|[E(M)| — 8 > 6. But this contradicts that M\b,b',u’ has at most three
N-flexible elements (since u’ is in the gadget for M\b, b’, which is Type I or
Type II).

Now we may assume that = ¢ {z”,y"}, so {z”,y"} meets {b,u,y}. Then
{z", 4"} C {b,u,y,u'}, by orthogonality between the triangle {z”, a,y"} and
the cocircuit {b,, u, y,u’'}. Moreover, recalling that [{z”,y"}N{z,b,y,u}| =
1, we have v’ € {z”,y"}. We first assume that 2’ € {b,u,y} and ¢y = ’. In
making this assumption, we lose no generality when the gadget for {a, b’} is
Type I; we later return to the case that y” € {b,u,y} and 2" = «’ and the
gadget for {a,b'} is Type II or Type III.

Firstly, suppose that 2”7 = u. Then the cocircuit {a,b’,u,u',u"} inter-
sects the triangle {b,z,y} in at most one element, u”. By orthogonality,
u” & {b,z,y}. Now Apo({b,u,z,y,0'}) = 2, with v’ € cl({u,a}) and v’ €
c*({b,b',u,y}), due to the triangle {z”, a,y”} and cocircuit {b,b",u’, 2',y'}
respectively. It follows that Ays({a,b,u,z,y,u',b'}) = 2. Moreover, due
to the cocircuit {a,t,u,u',u"}, we have v” € cl*({a,b,u,z,y,u’',b'}). Let
Z" = Z—u". Hence ({b,u,z,y,u'}, Z") is a 2-separation in M\a, b, u”. This
matroid has an N-minor, N3 say. So, by Lemma either |{b,u,z,y,u'} N
E(N3)| <1lor |Z'"NE(N3)| <1.

Assume [{b,u,z,y,u'} N E(N3)| < 1. Then ({b,u,z,y,u',b'},Z") is a 2-
separation in M\a,u” with |{b,u,z,y,u',b'} N E(N3)| < 1, by Lemma
and since |[E(N)| > 4. Now b € cl({z,y}), so b ¢ cljp,»(Z"), implying
that M\a,b,u” has an N-minor, say N4, by Lemma Furthermore,
({u,z,y, v/, b'}, Z") is a 2-separation in this matroid, with [{u, z,y, v/, b’} N
E(Ng)| < Tand V' € cljp ({0, 9}), s0 0" ¢ clypapur(Z”), implying
M\a,b,u” /b has an N-minor, by Lemma So V' is N-contractible in
M\a,b, a contradiction.

Now assume |Z” N E(N3)| < 1. By Lemma |Z" N
canap w ({0, u, 2, y,u' P = 12" 0 elpyr({a, b, u, 2, y,4/,0'})] < 1, so at most
one element of Z” is not N-contractible in M\a, ¥, v”, by Lemma 2.2} Sup-
pose there are distinct elements ¢,q’ € Z” ﬂcl}‘w\a’b“u,,({b, u,z,y,u'}). Then
{q,¢,u"} is in the coguts of the 3-separation (E(M)—Z2",Z"), so {q,q,u"}
is a triad of M, a contradiction. So |Z" N cljp oy 0 ({0, w2, y,u'})| < 1,
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and at most one element of Z” is not N-deletable in M\a,V',u”, by
Lemma Thus, at most two elements of Z” are not N-flexible in
M\a,b',u", so Z" contains at least five N-flexible elements of M\a, V', u”,
since |Z"| = |[E(M)| — 8 > 7, a contradiction.

Secondly, suppose that 2”7 = b. Then, by orthogonality between the
cocircuit {a,b’,b,u’',u"} and the triangles {z,b,y} and {u,b’,y}, we have
u”’ = y. We may assume that u is N-flexible in M\a,b’, for otherwise
holds. So w is in the gadget for {a,t'}. But u ¢ {z”,y",u"}, as
{2", 4", u"} = {b,u/,y}, so the gadget for {a,t’'} is Type II or Type IIL
By Lemma c({b,z,y}) = cl({z",u"}) = {2",u",2}. So the gadget for
{a,V'} is Type 11, 2" = x, and w” = u. But then {z”,2" w"} = {b,z,u}
is a triad in M\a, V', contradicting that {b, x,y,u} is a cocircuit in M\a,V,
since ({z,y},u) is the gadget for {a,b} and b’ ¢ ({0, 2,9, u}).

Thirdly, suppose that /7 = y. We use a similar argument as in the case
that 2’ = b. By orthogonality between the cocircuit {a,b’,y, v’ ,v"} and
the triangle {z,b,y}, we have u” € {x,b}. If v’ = b, then M\b,b' has
{2",a,y"} = {y,a,u'} as a triangle-triad, contradicting that M\b,b" is 3-
connected. So u” = x. We may assume that u is N-flexible in M\a, V', for
otherwise [3.5.7 holds. So u is in the gadget for {a,b'}. But u ¢ {z”,y", u"},
as {2",y" v} = {y, v, z}, so the gadget for {a,b’} is Type II or Type III.
By Lemma [3.4] cl({b,z,y}) = cl({z”,u"}) = {2”,u",b}. So the gadget for
{a,V'} is Type III, 2” = b, and w” = w. But then {2”, 2" w"} = {y,b,u}
is a triad in M\a, V', contradicting that {b, z,y,u} is a cocircuit in M\a, V',
since ({z,y},u) is the gadget for {a,b} and V" ¢ clj\ ,({b, 2, y, u}).

It remains to consider the cases where y” € {b,u,y} and 2z’ = «’ and the
gadget for {a,t'} is Type II or Type III. When y” = u, we can argue as in
the case that 2" = u and y” = u’ (as this argument makes no assumptions
on whether the gadget for {a,b’} is Type I, Type II, or Type III). So we
need only consider the cases where y” = b or 3/ = y. First suppose 3" =
b. Borrowing the first part of the argument for when z” = b and ¢y’ =
u/, we deduce that y” = b implies that v’ = y. As u is N-flexible in
M\a, V', the element u is in the gadget for {a,b'}. The triangle {z”,u”, 2"} =
{u,y, 2"} intersects the cocircuit {a, b, u,x,y} in at least one element so, by
orthogonality, z” € {u,z}. But neither {«,y,u} nor {v/,y,x} is a triangle,
by Lemma (3.4} a contradiction.

Finally, suppose y” = y. Then (borrowing the first part of the argument
from the case where 2’ = y and y” = u'), we have v’/ = z. Recall that
u is in the gadget for {a, b}, which is Type II or Type III. The triangle
{2" v, 2"} = {u/, x, 2"} intersects the cocircuit {a, b, u,x,y} in at least one
element so, by orthogonality, 2" € {b,u}. But {,z,b} is not a triangle, by
Lemma and neither is {v/, 2, u}, for otherwise b does not fully block in
the gadget for {b,b'}. This contradiction completes the proof. <

Let ¥ € B — {z,y}, and suppose that M\b,b' is 3-connected. By
and [B.5.7, u is not N-flexible in M\a,b,b'. By we deduce that V' is
N-essential in one of M\a,b\u and M\a,b/u. So the theorem holds for any
b’ such that M\b,b' is 3-connected. It remains to consider the case where
M\b,b" is not 3-connected. In this case, either M\b,¥’ has a triangle-triad,
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or one or two series pairs, by We next address the subcase where
M\b, b has a triangle-triad.

3.5.8. If M\b,V' has a triangle-triad {x,s,a}, then u is not N-flexible in
M\a,b, V.

Subproof. Suppose M\b,b' has a triangle-triad {x,s,a}. Then, by
M\a,V' is 3-connected. We assume, towards a contradiction, that u is N-
flexible in M\a,b,b". In particular, M\a,b" is not N-fragile.

First, suppose that a does not fully block the gadget ({z,y},u} for {a,b}.
Then cl({a, b,z}) is 3-separating in M, and u € cl({a, b, z}), by Lemma[3.4]
Since M\V' is 3-separating, by b fully blocks the triangle-triad {x, s, a}
of M\b,b'. So {z,s,a,b} is a 3-separating cocircuit in M\b'. Let Q =
clany ({2, 8,a,b}) —y, and observe that @ is also 3-separating in M\b'. Note
that u € @, since u € cl({a,b,z}). Nowy € cl}‘w\b,(Q), since {a, b, z,y,u} is a
cocircuit, and y € clyp\y (Q), due to the triangle {b, z, y}. Thus A(QUy) < 2,
implying QUy = E(M\V'), as Q Uy is closed and M\’ is 3-connected. Let
L = E(M\V) — {a,b,s,z}. Then r(L) = 2, and |L| > 9, so L contains
a triangle that intersects {a,b,u,z,y} in a single element, contradicting
orthogonality.

Now suppose that a fully blocks the gadget ({x,y},u) for {a,b}. Recall
that M\a,b is not N-fragile and consider the gadget for {a,b’}. Let this
gadget be ({2/,y'}, o) if Type I, (2/,9/, ', 2") if Type I, or (2,9, v/, 2", w’)
if Type III. There are two cases:

(i) ¥’ blocks in the gadget, and a € cl({z',y'}), or

(ii) a blocks in the gadget, and b € cl({z/,y'}).
In case (i), ' may or may not fully block {2/, v, v/, a}, whereas in case (ii),
a may or may not fully block {z,y/,u/,b'}.

We first handle, simultaneously, the non-fully-blocking subcases. In these
cases, {a,b',2’,y' u'} is 3-separating, so this set is a rank-3 cocircuit. Let
Q =cl({a,V, 2",y ,u'}), so Q is 3-separating. Now, in M\V', the set {x, s, a}
is a triangle, and {a,2’,y’,u’} is a cocircuit, so by orthogonality {z,s,a} C
Q. Observe that since {a,b’,2’,y’,u'} is a cocircuit, b’ is not in the guts
of the 3-separation (Q,FE (M) — Q). Suppose z is in the guts of the 3-
separation (@, F(M) — Q). Then, as M\a,b/x has an N-minor, and this
matroid is a 2-sum, each element of () that is not at the basepoint of the
2-sum is N-contractible. In particular, &’ is N-contractible in M\a,b, a
contradiction. So we may assume that x is not in the guts of the 3-separation
(Q,E(M) — Q). It now follows, by orthogonality, that the triangle {b, z,y}
is contained in @. Hence {a,b,z,y,s,b'} C Q. In particular, b’ does not
fully block {z, s, a, b}, which is a 3-separating cocircuit of M\¥'. But y is in
the guts of this 3-separation, due to the triangle {b, z,y}, and M\a,b/y has
an N-minor. Again, it follows that b’ is N-contractible, a contradiction.

We may now assume, for case (i) and case (ii), that b’ or a, respectively,
fully blocks in the gadget for {a,b'}. Suppose we are in case (i). Since
{z,s,a} is atriangle and {a, v, 2/, y'} is a cocircuit of M\b', by orthogonality
{s, 2} meets {u/,2',y'}.

Suppose x ¢ {u/,2',y'}. By Lemma the triangle {2',y/,a} is closed.
Thus s ¢ {2/,y'}, for otherwise {z/,y',a} = {z,s,a}. So s = /. But now
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{z,s,a} is a triad in M\b, b’ that intersects the triangle {2/, v, a} in a single
element, contradicting orthogonality.

So we may assume that x € {u/,2’,y'}. Again by orthogonality, this
time due to the triangle {b,z,y}, we have that {b,y} meets {u/,2/,y'}. So
{u',2',y'} contains = and either b or y.

Suppose the other element in this set is u. By Lemma {2,y ,a} is
closed, so {z,y'} € {b,z,y}, implying u € {2’,y'}. Without loss of general-
ity, let u = ¢/ and {2/, v’} C {z,b,y}. But now, in M\a,b, either {V/, z,y, u}
or {V/,x,u} is a cocircuit, contradicting that {u,z,y} is the unique triad
containing u in M\a,b. So u ¢ {u,2’,y'}. By the assumption that u is
N-flexible in M\a, V', we deduce that the gadget for {a, '} is not Type I.

Next, we claim that u ¢ cl({/,2’,y’}), which will imply that the gadget
for {a,b'} is not Type II. Consider the set P = {a,u/,2’,y'} U {b, z,y}.
Recall that = € {u/,2’,y'}, and, by orthogonality, {b, y} meets {u', 2, y'}, so
|P| = 5. Observe also that P is 3-separating in M\b'. Since {a,b,z,y,u} is a
cocireuit, u € clyp, (P). If u € cl(P) = cl({v, 2/, y'}), then Appp (P Uw) <
2, implying |E(M\V') — (P Uwu)| < 1. But then |E(M)| < |PUul+2 <8, a
contradiction. So the gadget for {a,b'} is not Type II.

Thus the gadget for {a,t'} is Type III and v = w'. Recall that
(v, o, 2,2, w') is a fan ordering of M\a,b'. Since the 5-element fan is
maximal and contains two elements of the triangle {b,z,y}, it must con-
tain all three elements; that is, {u/,2’,2'} = {b,2,y}. Then {u/ 2/, 2", w'}
is a cocircuit in M\a,b’, and u' is in the closure and coclosure of the triad
{2, 2/, 0"} of M\a,V', so A\yp o ({2, 2,0, u'}) = 1, a contradiction. This
completes case (i).

Suppose we are in case (ii). Recall that {a,s,z} is a triangle-triad of
M\b,V, so, in particular, it is a triangle of M\b'. Since {a,2’,y',u'} is a
cocircuit of M\V', we deduce, by orthogonality, that {s,x} N {z’, ¢/, u'} # 0.

Consider the case where z € {a/,y/,v'}. If s € {a/,y/,u'}, then a €
cl({«',y/,u'}), contradicting that a fully blocks in the gadget for {a,b'}. So
s ¢ {2,y v a,b'}. Now {z,b,y} is a triangle that meets the triad {u’, 2’ y'}
of M\a,b' in the element z, so, by orthogonality and since M\a,b’ is 3-
connected, the triangle and triad intersect in precisely two elements. Thus
either y or b is in the guts of the 3-separating set {0, 2',y',u’'} of M\a. In
the former case, where y is in the guts, we have b € {u/,2',y'}. As M\a,b/y
has an N-minor, and {V/,v',2/,y'} — b is a triangle-triad in this matroid,
it follows from Lemma that " is N-contractible, a contradiction. In
the latter case, where b is in the guts, we have {x,y} C {u/,2’,y'}. By
Lemma [3.4] one of z and y is u/, whereas the other is in {z/,y'}. In M\a,b,
the set {z,y,u} is a triad, and {V/,2',y'} as a triangle, and these two sets
meet. By orthogonality, and since ¥’ ¢ {z,y,u}, we have u € {z/,y'}.
So {u,z,y} = {u,2',y'}, and {V/, v, 2",y/'} = {V,x,y,u} is a cocircuit of
M\a,b, a contradiction.

We may now assume we are in the case where s € {z/,y/, v/} and z ¢
{z',y/,u'}. Suppose s = u'. In M\a,¥, the unique triad containing u’ is
{,2',y'}. Since {a, s, z} is a triangle-triad of M\b, b’ that is fully blocked
by b, since M\b' is 3-connected, the set {a,b,s,x} is a cocircuit of M\V'.
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So {s,b,z} is a triad of M\a,b. Now {b,z} = {a',4'}. But then V/ €
cl({b,z,y}) — {b,z,y}, contradicting Lemma [3.4 So s € {z/,y'}.

Now x ¢ cl({a',y/,u'}), since {x,s,a} is a triangle and a fully blocks in
the gadget for {a,b'}. Moreover, as {z,b,y} is a triangle, and {a, b, v/, 2',y'}
is a cocircuit that avoids z, this also implies, by orthogonality, that {b,y} N
{u/, ), y/} — 0.

Suppose the gadget for {a,b'} is Type I. Then, as u is N-flexible in
M\a,b', we have v € {u',2',y'}. Note that {z/,y'} # {s,u}, by orthog-
onality between the triangle {z’,V',y'} and the triad {u,z,y} of M\a,b. So
u = u'. We assume that s = 2’ in what follows, but the argument is the
same when s = ¢/, only with the roles of 2’ and 3’ swapped. Since u is
N-flexible in M\a,b,b’, and {s,y'} is a series pair in M\a, b, V', u, the ma-
troid M\a,b/y’ has an N-minor. As {s,0'} is a parallel pair in M\a,b/y/,
it follows that s is N-deletable in M\a,b. But since {s,z} is a series pair
in M\a,b,b', the element s is also N-contractible in M\a,b. So s is an
N-flexible element in M\a,b, but s ¢ {u,z,y}, a contradiction.

Now we may assume that the gadget for {a,b'} is Type II or Type IIIL.
First assume that u = 2. Now {a/,4/,2'} is a triangle, and recall that
{b,s,z} is a triad in M\a,b’. By orthogonality, if s = 2, then v’ € {b,z}, a
contradiction. So s = y’. Since u is N-flexible in M\a,b,V/, and {2/, v’} is a
parallel pair in M\a, b, /u, the matroid M\a,b,b’', v’ has an N-minor. In
turn, {2/, s} is a series pair in M\a,b,b’,u’, so M\a,b/2’ has an N-minor.
Finally, {V/, s} is a parallel pair in this matroid, so s is N-deletable in M\a, b.
But then s is N-flexible in M\a, b, a contradiction.

Finally, assume that the gadget for {a,b'} is Type III and u = w’. As
M\a,b,u has an N-minor, and {V/, v/, 2/, v/, 2’} is 2-separating in M\a, b, u,
with b € cljp ., ({u', 2,9}, it follows from Lemma that b’ is N-
contractible in M\a, b, a contradiction. <

Now we address the subcase where M\b, b’ has two series pairs.
3.5.9. If M\b,V' has two series pairs, then u is not N-flexible in M\a,b,b'.

Subproof. Suppose M\b, b’ has distinct series pairs {x, s} and {y,¢}. Recall
that M\b' is 3-connected, and {z,b,y} is a triangle. Hence {b,x,y,s,t}
is 3-separating in M\b'. Moreover, since {a,b,x,y,u} is a cocircuit of M,
we have u € Cl}k\/l\mb/({b,x,y,s,t}). Let F = E(M) — {z,y,a,b,b, s, t,u}.
Now Ap\ap(F) = 1. We may assume that M\a,b,',u has an N-minor,
for otherwise u is not N-flexible in M\a,b,b’. Since M\a,b,b’ has an N-
minor, and {z,s} and {y,t} are series pairs in this matroid, s and t are
N-contractible in M\a,b. If s = u, say, then {z,u,b'} is a triad of M\,
and hence also of M\a,b, contradicting that {u,z,y} is the unique triad
of M\a,b containing u. So s # u and, similarly, t # u, and thus neither
s nor t is (N, B)-robust in M\a,b. Hence s,t € B*. Now (E(M) — F)nN
B = {z,y,b'}, so |FNB| = r(M)— 3. Since r({b,z,y,s,t}) < 4 and
Anap u(F) =1, we have r(F) < r(M)—3. Sor(F) =r(M)—-3and BNF
spans F.

We claim that {z,b,y} is the unique triangle of M\V' that meets {z,y}.
Towards a contradiction, there is a triangle T' of M\b distinct from {x, b, y}
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that meets {x,y}. Suppose x € T. Since {z,s,b} is a triad of M\V', the tri-
angle T meets {s,b} by orthogonality. But {, b, y} is closed, by Lemma3.4]
so T ={xz,s,g} for some g € E(M) — {b,x,y,s,t,b'}. Moreover, M\b,b is
3-connected up to the two series pairs {z, s} and {y,t}; that is, M\b,b'/x/y
is 3-connected. But {s, g} is a parallel pair in this matroid, a contradiction.
A similar argument applies when y € T'.

Suppose there exist p € F'N B and ¢ € F'N B* such that the pivot AP? is
allowable. Let B’ = BA{p, q}. By Lemmal[2.13] ¢ is not (N, B')-strong. We
claim that p is also not (N, B')-strong. Towards a contradiction, suppose
that p is (N, B')-strong. Then, by Lemma pis in a triad T* of M\a,b
that meets {x,y}, and (T* — p) U e is a triangle-triad in M\ f,p for some
{e,f} = {a,b}. As (T* —p) Ue is a triangle of M that meets {z,y}, this
triangle is {x,b,y}. So (T* —p)Ue = {x,b,y} is a triangle-triad in M\a, p.
But then {x,y,p} is a triad in M\a,b. Since p # u, as p € F but u ¢ F,
the set {u,p,x,y} is a cosegment in M\a,b, contradicting that the unique
triad containing u is {u,z,y}. So p is not (N, B')-strong, as claimed.

Now, for any ¢ € F'N B*, we have Ay, = Azq = Ayq = 0, so there exists
some p € F'N B such that A,, # 0. Similarly, for any p € F' N B that
is not a coloop of M|F, there exists some ¢ € F N B* such that A,, # 0.
By Lemma [2.8] the pivot AP? is allowable. If ¢ is N-contractible, or p
is N-deletable, then pivoting on pq increases the number of (N, B)-robust
elements. As p and ¢ are not (N, BA{p, ¢})-strong, as shown in the previous
paragraph, this contradicts the fact that B is a bolstered basis.

So each element of F' is either N-essential in M\a,b, or it is a coloop
of M|F that is in B, so it is N-deletable, and not N-contractible, in
M\a,b. Let Z be the set of coloops of M|F = M\{a,bV,z,y,s,t u},
and let G = {z,y,s,t}, so (F,G) is a 2-separation in M\a,b,t’,u. Then
A< Cl?\/l\a,b,b’,u<G) NF. So r%\a,b,b’,u(z) < r?\/l\a,b,b’,u(G) + T&\a,b,b’,u(F) B
r*(M\a,b,b',u) = Aypappu(G) < 1, by submodularity.  Therefore
TL\a,b,b’,u(Z) < 1; that is, the coloops of M|F are either coloops of
M\a,b,b',u, or they are contained in a series class of M\a,b,V,u, where
M\a,b,b',u has an N-minor. In the former case the elements of Z are N-
flexible in M\a, b, b', u, so they are also N-flexible in M\a, b, a contradiction.
So Z is contained in a series class S of M\a,b,b’,u. Say some s € Z is not
N-essential in M\a,b,b’,u. Recall that each element of Z is N-deletable
and not N-contractible in M\a, b, so M\a,b,V', u, s has an N-minor. Then,
in M\a,b,b',u,s, any element s’ € S — s is a coloop, so it is N-flexible in
M\a,b. Thus, if |Z| > 2, then Z contains an N-flexible element, a contra-
diction. So |Z| < 1. Now at most one element of F' is not N-essential in
M\a,b, so |F| < |E(N)|+ 1, and thus |[E(M)| = |F|+8 < |[E(N)|+9, a
contradiction. 5

It remains only to address the subcase where M\b,b" has a single series
pair. We break this into two parts, depending on whether or not M\a, b’ is
3-connected.

3.5.10. If M\b,b' has a single series pair and M\a,b' is not 3-connected,
then u is not N-flexible in M\a,b,b'.
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Subproof. Suppose M\b,V’ has a single series pair {x,t} and M\a, b is not
3-connected. By M\a, b is 3-connected up to series classes, and every
series pair of M\a, b’ avoids {x,y}. Let {j, k} be such a series pair of M\a, V'
Since M\a,b,b’ has an N-minor, j and k are N-contractible in M\a,b. If
u = j, say, then {b',u,k} is a triad of M\a, and hence also of M\a,b,
contradicting that {u,z,y} is the unique triad of M\a,b containing u. So
u # j and, similarly, u # k. By a similar argument, u # t. Thus, j, k and ¢
are not (N, B)-robust in M\a, b, and hence j, k,t € B*.

Let F = E(M)—{a,b,b,z,y,t,u,j,k}. Then (E(M)—F)NB = {V,z,y},
so |BNF| =r(M)— 3. Note that b’ ¢ cypnap({w, 2,y}), since {u,z,y} is
the unique triad of M\a,b containing u, so {u,x,y} is a triad of M\a,b,V'.
Since M\a,b is 3-connected, {j, k} and {z,t} are series pairs in M\a,b,b'.
Now, due to the cocircuits {u, z,y}, {j,k} and {z,t} of M\a,b,b’, we have
r(F) <r(M\a,b,t/) —3=r(M)—3. Sor(F)=r(M)—3and BN F spans
F'. The argument that follows uses a similar approach to with some
subtle, but important, differences.

We claim that {z,b,y} is the unique triangle of M\b' that contains z.
Towards a contradiction, suppose z is in a triangle T of M\b' distinct from
{z,b,y}. Since {z,t,b} is a triad of M\V, the triangle T meets {t,b} by
orthogonality. But {x,b,y} is closed, by Lemma so T = {x,t, g} for
some g € E(M) — {b,V/,z,t}. Moreover, M\b,b" is 3-connected up to the
single series pair {z,t}; that is, M\b,b'/z is 3-connected. But {t,g} is a
parallel pair in this matroid, a contradiction.

Suppose there exist p € FN B and ¢ € F N B* such that the pivot
AP is allowable. Let B’ = BA{p,q}. By Lemma [2.13| ¢ is not (N, B’)-
strong. We claim that p is also not (N, B)-strong. Towards a contradiction,
suppose that p is (IV, B')-strong. Then, by Lemma p is in a triad T*
of M\a,b such that 7% N B’ is a non-empty subset of {z,y}, and (T* —p)Ue
is a triangle-triad in M\ f,p for some {e, f} = {a,b}. If z € T*, then
(T*—p)Ue = {x,b,y}, so {x,b,y} is a triangle-triad in M\a,p. This implies
that {x,y,p} is a triad in M\a, b. But then, as p # u, sincep € F but u ¢ F,
the set {u,p,z,y} is a cosegment in M\a, b, contradicting that the unique
triad containing u is {u,z,y}. So x ¢ T*; therefore T* N B’ = {y}. Now
T* = {y,p,v} is a triad of M\a,b, with v ¢ B’. Moreover, v # u, since the
unique triad of M\a,b that contains w is {u,z,y}. Hence {u,z,y,p,v} is a
confining set relative to the basis B', so [E(M)| < |[E(N)|+9 by Lemma[2.15]
a contradiction. So p is not (N, B')-strong, as claimed.

Now, for any ¢ € F'N B*, we have Ay, = Azg = Ayq = 0, so there exists
some p € F'N B such that A,, # 0. Similarly, for any p € F'N B that
is not a coloop of M|F, there exists some ¢ € F'N B* such that A,, # 0.
By Lemma the pivot AP? is allowable. If ¢ is N-contractible, or p
is N-deletable, then pivoting on pq increases the number of (N, B)-robust
elements. As p and ¢ are not (N, BA{p, q})-strong, as shown in the previous
paragraph, this contradicts the fact that B is a bolstered basis.

So each element of F' is either N-essential in M\a, b, or it is a coloop of
M|F that is in B, so it is N-deletable, and not N-contractible, in M\a, b.
We may assume that M\a,b,b’,u has an N-minor, for otherwise u is not
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N-flexible in M\a,b,b’. Now, in particular, each element of F' is either N-
essential in M\a,b,b’,u, or it is a coloop of M|Z that is N-deletable, and
not N-contractible, in M\a, b, V', u.

Let Z be the set of coloops in M|F = M\{a,b,t,u,z,y,j,k, t}, and
let G = {z,y,j,k,t}, so (F,G) is a partition of E(M\a,b,b',u). Then
Z C cl}kw\a’b,b,,u(G) NF. In M\a,b,b',u, the set {z,y,t} is contained in a
series class, and {j, k} is a series pair, s0 1}/, 110 (Z) < "hp o a(G) +
Pinapp o E) = (M\a, b, V,u) = Anapy u(G) < 2, by submodularity. If
every element of Z is N-essential in M\a, b, V', u, then every element of F
is N-essential in M\a,b,b’,u, and so |F| < |E(N)|, and thus |E(M)| =
|F|+9 < |E(N)|+9, a contradiction. So there exists some f € Z such that
M\{a,b,V,u, f} has an N-minor. Suppose there also exists some [’ € Z— f
such that M\{a,b,b',u, f, f'} has an N-minor. If {f, f'} is coindependent
in M\a,b,b',u, then Ayp\a.p/u,7,53(G) = 0, in which case j and k are N-
flexible in M\a, b, a contradiction. So r&\a’b,b,’u({f, f'}) < 1. Then f and f’
are N-contractible in M\a, b, u, a contradiction. So every element of Z—f,
and indeed F'— f, is N-essential in M\{a,b,b',u, f}. Thus |[F — f| < |E(N)],
and |[E(M)| = |F|+9 < |E(N)| + 10, a contradiction. <

3.5.11. If M\b,b" has a single series pair and M\a,b' is 3-connected, then
u is not N-flexible in M\a,b,b'.

Subproof. Suppose M\b,b' has a single series pair {z,t} and M\a,¥ is 3-
connected. If M\a,b' is N-fragile, then u is not N-flexible in M\a,b" as
required. So we may assume that M\a, b’ is not N-fragile and thus there is
a gadget for {a,b'}. Let this gadget be ({2/,y'},u’) if Type I, (2,9, 4/, 2)
if Type II, or (2/,y/,u/, 2, w") if Type III. There are two cases:

(i) a blocks in the gadget, and V' € cl({z/,y'}), or
(ii) b’ blocks in the gadget, and a € cl({2/,y'}).

Since M\b and M\b' are 3-connected, {b,0',x,t} is a cocircuit of M.
Note that {z,t} is a series pair in M\a,b,b’. Since this matroid has an
N-minor, t is N-contractible in M\a,b. Clearly t ¢ {b, z}. Moreover, since
M\a,b is 3-connected, and {u,z,y} is the unique triad containing u, we
have t ¢ {a,u,y}. Thus t € B*.

Suppose we are in case (i), so {b',2/,y'} is a triangle of M. By orthogo-
nality with the cocircuit {b,¥, z,t}, we may assume =’ € {b,z,t} (note that
we lose no generality by making this assumption, since the argument that
follows applies regardless of whether the gadget for {a, b’} is Type I, Type II,
or Type IIT). Suppose =’ € {b,z}. In M\V, the set {b, z, y} is a triangle that
meets the cocircuit {a,u’, 2’,y'}. By orthogonality, these sets intersect in at
least two elements. But if ¥/ € {b,z,y}, then V' € cl({b, x,y}), contradicting
Lemmal3.4 So v’ € {b,z,y}. Now M\a, ' has the triangle-triad {t',2’, ¢},
so this matroid is not 3-connected. But this contradicts Lemma [3.2] when
u' € {z,y}, or the fact that M\a,b is 3-connected when v’ = b.

Now we may assume that 2’ = t, so {V/,¢,9y'} is a triangle. Since ¢ is
N-contractible, y’ is N-deletable in M\a, b. Suppose 3’ € {a,b,z,y,u}. By
orthogonality between the triangle {¥',¢,v'}, and the cocircuit {a,b, z,y,u}
of M, the set {V/,t} meets {a,b,x,y,u}, contradicting that ¢t ¢ {a, b, x,y, u}.
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We deduce that y' ¢ {a,b,z,y,u}, so ¢y is not (N, B)-robust. Thus 3/ €
B —{z,y}.

Now {V/,t,y'} is a triangle with &, 3/ € B. By Lemma the pivot AV is
allowable. Let B’ = BA{V/,t}. By Lemmal[2.13] ¢t € B’ is not (N, B')-strong.
Suppose that o’ is (N, B')-strong. Then, by Lemma b is in a triad T*
of M\a,b such that T*N B’ is a non-empty subset of {z,y}, and (T*—b")Ue
is a triangle-triad in M\ f,b" for some {e, f} = {a,b}. By orthogonality
between T* and the triangle {',t,4'}, and since 3y’ € B’ — {x,y}, we have
te T If T ={V,ty}, then, as {V',t,z} and {z,y,u} are also triads of
M\a,b, the set {V/,t,y,z,u} is a cosegment, contradicting that the unique
triad containing w is {u,z,y}. So T* = {V/, ¢, x}, in which case {t,z,e} is a
triangle-triad in M\ f,V’ for some {e, f} = {a,b}. If e = b, then {z,b,y,t}
is a segment in M, contradicting Lemma On the other hand, if e = a,
then {t,z,a} is a triangle-triad in M\b, ¥, contradicting that {z,t} is a series
pair in M\b,’. So ¥ is not (N, B')-strong. Now wu is the only (N, B’)-strong
element of M\a, b, but the number of (N, B")-robust elements is greater than
the number of (N, B)-robust elements, contradicting that B is a bolstered
basis.

Now suppose we are in case (ii), so {a,2’,y'} is a triangle of M. Since
{u,z,y,a,b} is a cocircuit of M, by orthogonality {z’,y'} meets {u,z,y,b}.

Assume that 2’ € {b,xz,y}. In M\V, the set {b,z,y} is a triangle that
meets the cocircuit {a,u’,2’,3’'}. By orthogonality, these sets intersect in at
least two elements. But if ¥/ € {b,x,y}, then a € cl({b, z,y}), contradicting
Lemma 3.4 So ¢/ ¢ {b,z,y} and hence v’ € {b,z,y}. Now v’ # b otherwise
M\b, b has a triangle-triad {a, 2, y'}, a contradiction. Therefore v’ € {z,y}.

Suppose ' = b. By orthogonality between the triangle {z’,y’, a} and the
cocircuit {b,b’,z,t}, we have v € {V',z,t}. But v ¢ {b,x,y}, soy =t.
Now, in M\a, V', the unique triad containing v’ is {u/, b, t}. But {z,b,t} is a
triad of M\a,V', so ' = x. Now {a,b',x,b,t} and {b,V, z,t} are cocircuits
of M, a contradiction.

So 2’ € {x,y}. Without loss of generality, let ' = x and 2’ = y. In
M\a,V', the unique triad containing v’ = x is {v/,2’,y'} = {z,y,y'}. But
{b,z,t} is also a triad of M\a,V', so {y',y} = {b,t}, a contradiction.

Now we may assume that =’ ¢ {b,z,y}. Similarly, v ¢ {b,z,y}. So 2’
or y' is u. Without loss of generality let 2/ = u. Then v ¢ {a,b,z,y,u}.
Moreover, v’ ¢ {b,x,y}, for otherwise the triangle {b,z,y} and the cocir-
cuit {a,b’,u’,u,y’} intersect in a single element, contradicting orthogonal-
ity. We may assume that M\a,b,b’,u has an N-minor, for otherwise u is
not N-flexible in M\a,b,t’. Since {z,¢,b,b'} is a cocircuit in M, we have
rj/[\a7b’b,7u({a:,t}) < 1. But if ¢ is a coloop in M\a,b,b’,u, then it is N-
flexible in this matroid and hence in M\a,b, a contradiction. So {z,t} is
a series pair in M\a,b,b', u. Moreover, {z,y} is a series pair in M\a, b, u,
and b ¢ clyp .y, ({2, y}), for otherwise b’ is N-contractible in M\a,b. So
{z,y,t} is contained in a series class of M\a,b,b',u. Thus M\a,b, b, u/x,y,
and hence M\a,b'/x,y, has an N-minor. As b is a loop in M\a,b' /x,y, it
is N-flexible in M\a,bV'/z,y and hence in M\a,b'. Moreover, M\a,t' /x,b
has an N-minor, where y is a loop in this matroid, so y is also N-flexible in
M\a,V'. Similarly, M\a,b' /y,bhas an N-minor, so z is N-flexible in M\a, b'.
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Now each element in {x,y,b} is N-flexible in M\a, . But the elements in
{u', 2/, y'} are also N-flexible in M\a, b, where {z,y,b}N{v/, 2/, y'} = 0. So
M\a,b' has at least six N-flexible elements, a contradiction. <

We have seen that the theorem holds for any & € B — {z,y} such that
M\b, V' is 3-connected, so we may assume that M\b,b’ is not 3-connected.
By [3.5.4] and [3.5.843.5.11} u is not N-flexible in M\a,b,b’. By v is
N-essential in one of M\a,b\u and M\a,b/u. So the theorem indeed holds
for any v/ € B — {z,y}. O

In order to improve the bounds obtained when applying this result, it
would be desirable to relax the requirement in Theorem [3.5 that |E(M)| >
|[E(N)| + 11, instead only requiring that |[E(M)| > |E(N)| + 10. Although
there are only two places in the proof where this bound is required, once
each in the proofs of [3.5.7] and [3.5.10, whether such an improvement can
indeed be made remains open.

4. FINAL REMARKS

When applying Theorem it may be useful to obtain a 3-connected
N-fragile minor of M\a, b; the next lemma enables one to do this.

Lemma 4.1. Suppose M has a pair of elements {a,b} such that M\a,b
is 3-connected with an N-minor, |E(M)| > |E(N)| + 10, and M\a,b is
not N-fragile, so Theorem (zz)(b) holds. Suppose the gadget for {a,b}
is Type I, and M\a,b,u/x is not N-fragile. Then either M\a,b,u/x/y or
M\a,b,u/x\y is 3-connected and N -fragile.

Proof. Since M\a,b, u/x is not N-fragile, and the gadget for {a, b} is Type I,
the unique N-flexible element of M\a,b,u/z is y. So M\a,b,u/x/y and
M\a,b,u/x\y are N-fragile matroids. Assume that neither is 3-connected.
Then, by Lemma y is in a triangle and a triad of M\a,b,u/x. By
orthogonality, y is an internal element of a 4-element fan. Let s be the other
internal element, so {s,y} is contained in a triangle and a triad. Then s is
in a series pair in M\a, b, u/x\y, so s is N-contractible in M\a, b, u/x. Also
s is in a parallel pair in M\a,b,u/x/y, so s is N-deletable in M\a,b,u/x.
So s is N-flexible in M\a, b, u/z, a contradiction. O

We finish with a corollary that illustrates how we foresee Theorem
being used in arguments to bound the size of an excluded minor for P-
representability, for some partial field P. Clearly, an N-fragile matroid
(or, indeed, any matroid having an N-minor) has at most |E(N)| elements
that are N-essential. However, for certain classes we may hope for better
than this: for example, when P € {Hj,Us}, it follows from the work of
Clark et al. [§] that a 3-connected P-representable {Us s, Us 5 }-fragile ma-
troid with at least nine elements has at most two N-essential elements, for
N € {Us5,U3 5} (we provide a proof of this in [3]).

Corollary 4.2. Suppose M has a pair of elements {a,b} such that M\a,b is
3-connected with an N-minor, M has no triads, |[E(M)| > |E(N)|+11, and
M\a,b is not N-fragile. Eitherr(M) <6, or there is an N-fragile minor M
of M with at least three N -essential elements and |E(My)| > |E(M)| — 5,
where My is 3-connected up to parallel classes.
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Proof. Suppose r(M) > 7. Up to swapping the labels on a and b, we may
assume that a blocks in the gadget for {a,b}. By Lemma either the
gadget for {a,b} is Type I, or M\a,z is 3-connected with an N-minor, but
not N-fragile, and the gadget for {a,z} is Type I. Then, up to swapping
the labels on b and z, we may assume that the gadget for {a,b} is Type L
Now, for each b’ € B — {x,y}, Theorem implies that o’ is N-essential in
either M\a, b\u or M\a,b/u. Since |B —{x,y}| > 5, it follows that for some
My € {M\a,b\u, M\a,b/u}, the matroid My has at least three N-essential
elements.

First suppose My = M\a,b/u. Since the N-flexible elements of M\a,b
are contained in {z,y,u}, the matroid M; is N-fragile for some M; €
{My, My/z, My/y, My/x,y}. By Lemma it follows that M is 3-
connected up to parallel classes. Now suppose My = M\a,b\u. Then
My /z has an N-minor. Moreover, since the only triad of M\a,b contain-
ing u is {u,z,y}, the matroid My/x has no series pairs. If My/x is N-
fragile, then let My = My /x, so M; is 3-connected up to parallel classes by
Lemma@ Otherwise, we obtain a 3-connected N-fragile minor M; of M
having |E(M)| > |E(M)| — 5 by applying Lemma [4.1]

Finally, observe that the N-essential elements of My remain N-essential
in the minor My, so M7 has at least three N-essential elements. O
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