





Chapter 1

Kolomogorov’s Theorem

This chapter will describe Kolmogorov’s theorem and present its proof at a
very leisurely pace.

1.1 Statement of the Basic Result

Here we shall consider the most basic form of Kolmogorov’s theorem. It says
that if we are given a family of probability measures u,, on R", for all n > 1,
which satisfy a natural consistency condition then these measures fit together
to form a measure p on the infinite product R*. The infinite product R>
consists of all sequences (x1, 3, ...) of real numbers x,,, and has the product
sigma—algebra, which is the smallest sigma—algebra containing all sets of the
form F xR xR x--- with E running over all Borel sets in R™ and n running
over {1,2,3,...}.

Theorem 1 Suppose that for each n > 1, , is a Borel probability measure
on R™ such that the Kolmogorov consistency condition

(B x RF) = p,(E) for every n,k > 1 and every Borel set E C R"

(1.1)
holds. Then there is a unique probability measure . on the product sigma—
algebra of R*™ such that for any n > 1 and any Borel subset E of R", the
measure W(E x R X R x -+ +) equals p,(E).

Notice that if u does exist satisfying the conclusion of the theorem then
the consistency condition must necessarily hold.
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1.2 A key topological result

A key ingredient in Kolmogorov’s proof is an intricate fact which guarantees
that the intersection of a certain family of sets is non—empty.

Theorem 2 Suppose that for each positive integer n, we have a non—empty
compact set C,, C R™. Assume that these sets satisfy the following condition:
for each n, if (x1,...,2n41) € Cpyy then (1, ...,x,) € Cy,. Then there exists
a sequence (1, xs,...) € R® such that (x,...,x,) € C, for every n.

Proof. For 1 < m < mn, let p,,, : R" — R™ be the projection on the first
m factors:
Pmn : R —= R™ (21, .., 2,) = (21, .oy Tin)

These are continuous maps. Thus each projection p,,,(C,) is a non—empty
compact subset of R, for any n > m > 1.
We will check that

pmm(cm) D Pmm+1 (Cm+1) Do 5

i.e. that the sets p,,x(Cy) form a decreasing sequence of compact subsets of
R™ as k runs over the integers m, m + 1, .... To see this, fix positive integers
n > m, and consider any point z = (21, ...,Z,11) € Cpi1. According to the
hypotheses, it follows that 2’ = (z1,...,x,) € Cp. Now pppy1(2) is the same
as Pmn(2’), both being (z1,...,x,). Thus every point of p,,,11(Chyq) is in
Pmn(Cr). This establishes the claimed property.

The decreasing sequence of non—empty compact sets

p11(C1) = C1 D p12(Cy) D - -

must have non—empty intersection (this fact about compact sets is proven
below in Lemma 3). Pick any point z; in this intersection. Thus x; belongs
to the projection py,(C,) for each n > 1. This means that for each n > 1,
there is a point y € R"~! such that (zy,y) € C,.

Having found x, let us consider, for n > 1, the sets

Cp(r1) ={y € R (21,y) € C,}

Thus C,(z1) is the projection onto R"™! of the non—empty compact set
pin(z1) N C,. Moreover, the sets Cy(x1), Cs(x1), Cy(x1), ... satisfy the same
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conditions as the original sequence C, Cy, ..., for if (ya, ..., Ynt1) € Cria(x1)
then (21,2, ..., Ynt1) € Cpio and so (1, Y2, ..., yn) € C, which means (yi, ..., y,) €
Cry1(x1). Thus, by the argument with which we obtained the point x4, there

is a point x5 which is such that for every n > 2 there is some y € R"~! such
that (z2,y) € Cy(x1). Thus, for each n > 2, (21, x2) € pon(Cy).

Running the argument above by induction, we obtain a sequence of real
numbers xy, T, T3, ..., such that for any n > m > 1, the point (x, ..., z,,) lies
in the projection p,,,(C,). In particular, (z1,...,z,) € C, for each n > 1.

Recall that a subset K of R" is said to be compact if every open covering
of K has a finite subcovering. Taking complements of this definition shows
that if a collection of compact sets is such that every finite subcollection
has non-empty intersection then the intersection of the entire family is also
non-empty. Here is a formal statement:

Lemma 3 Let C; D Cy D --- be non-empty compact subsets of R™. Then
mnzlc'n # (Z)

Proof. Suppose N,>1C,, = 0. Then taking complements we have U,>,CS =
R". In particular, every point of C} must be in some Cf; of course, this
n would have to be > 2. Thus (] is covered by the open sets Cg, (Y, ....
Since C is compact it follows that finitely many of these cover ;. Now
C§C S C---. So (] is a subset of C for some n. But we also know that

Cy D C),. This would mean that C, is a subset of C, which would imply

that C), is empty, a contradiction.

1.3 Regularity of measures on R

Consider a measure p on the Borel o-algebra B of a topological space X.
The measure p is said to be inner-regular on a Borel set A C X if this set
can be approximated arbitrarily well from the inside by compact sets, i.e. if

1(A) = sup{p(K) : K is a compact subset of A}

The measure p is outer—regular on A if A can be approximated arbitrarily
well from the outside by open sets:

pu(A) = inf{u(U) : U is an open set and U D A}
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We say that A is regular for p if i is both inner-regular and outer-regular on
A. If the measure of A is finite then regularity is equivalent to the statement
that for any € > 0 there exists compact K and open U with

KCcAcCU

and

pwU—K)<e

On a space like R", it turns out that any Borel measure which assigns
finite measure to compact sets is regular on every Borel set. All we shall
need is summarized in the following:

Theorem 4 Suppose i is a finite measure on the Borel sigma—algebra of
R™. Then every Borel set is regqular for p.

Proof. Let A be the collection of all Borel subsets of R"™ which are regular
for . We shall prove that A is a sigma—algebra and contains all open subsets
of R".

Clearly, 0 € A.

Next, suppose Aj, As,... € A. We will show that A = U,>14, is also
regular. Fix € > 0. Then there exist compact sets K, and open U, with
K, C A, C U, with

w(U, — K,) < e/2"

The sets U ; A,, increase with m and have union A. So

lim p(Uil, An) = p(A)

Since p(A) is finite, there is an N > 1 such that
p(A) — (A U---UAN) <e€

Let
K=K U---UKy

This is a compact subset of A and

K (UrjyzlAn - Urjylen) < (Urjyzl (An — Kn)) < i €/2" <
n=1
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and so
p(A) = n(K) = p(A) = p(Ay U+~ U Ay) + p (UL An — UN K, < 26

Thus A is inner-regular. Next, let U = U ,U,,. This is an open set contain-
ing A as a subset and

W(U) — w(A) <3 (U — Ay) < ¢

which shows that A is also outer-regular.

Finally, we check that A is closed under complementation. Let A € A,
and € > 0. Then there exist compact K and open U with K C A C U and
u(U — K) < e. Taking complements we have

UcC A°C K°
Moreover, since K¢ — U¢ = U — K we have
w(Ke—=U)=puU—-K)<e

Now K€ is open and so we see that A° is outer-regular. However, U¢, though
certainly closed, may not be compact. To fix this problem, note that R" is the
union of an increasing sequence of compact sets Dy, Dy, ... (for example, D,
can be taken to be the closed ball centered 0 of radius 7). So u(D;) — u(R")
as j 1 oco. Choose j large enough so that p(R™) — u(D;) < e. Now consider
the set

K' =U°NnD;

Being the intersection of the closed set U¢ and the compact set D; it is
compact; moreover, it is contained as a subset in U¢ and hence also in A°.
The complement of D; has measure < €. So certainly, the part of U not in
D, has measure < e. This means

U= K') <e

Therefore,
p(A° = K') = p(A° = U°) + p(U° — K') < 2¢

So A€ is also inner-regular.
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Thus A is a o—algebra. It remains to show that A contains all open sets.
Let U be any open set. It is automatically outer-regular. To prove inner—
regularity, recall that in R", every open set is a countable union of compact
sets. Thus there are compact sets Ki, Ks,... C U whose union is all of U.
Let C,, = K1 U---U K,. Then each (), is a compact subset of U, the sets
C,, form an increasing sequence of sets with union U. So u(C,) — u(U), as

n — o0o. Thus U is inner—regular.

1.4 Proof of Kolmogorov’s theorem

Let us recall the framework and hypotheses. For each n > 1 we are given
a Borel probability measure p, on R" satisfying the consistency condition
that

pni1 (B X R) = pin(E)

for every Borel set £ C R". Our task is to construct a measure p on the
product sigma—algebra in R*> such that for any Borel £ C R" the measure
w(E xR xR x--+)equals u,(F).

Let F be the set of all measurable cylinder sets in R, i.e. sets of the
form £ x R x R x --- with E a Borel set in some R". It will be convenient
to denote by F,, the collection of all sets of the form £ x R x R x --- with
E a Borel set in R™. Clearly F,, is a 0—algebra, and

FiCFyC ..

The fact that F is the union of an increasing family of o-algebras implies
that F is an algebra. For, it contains () which is in every JF,, it is closed under
complementation since each F,, is, and the union of A, B € F is in F because
if Ae F,and B € F, then A, B € Faxmn) and so AUB € Fraxfmany C F.

F is not a sigma-—algebra since it is not closed under countably infinite
unions. Any sigma-algebra which contains F contains all the cylinder sets
of the form RxR x---x Ax R x --- for all Borel A C R. Therefore, such a
sigma-—algebra would contain the product sigma—-algebra of R>. Thus o(F)
is the product sigma—algebra of R*.

Define a set function u’ on F by

W(IEXRXR X )= p,(E)

for every Borel E C R". The consistency hypothesis on the system of mea-
sures f,, guarantees that p' is well-defined.
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We shall prove that ' is a probability measure on F. The Caratheodory
extension theorem will then imply that there is a probability measure p on
o(F) which agrees with p/ on F.

It is clear that p/ > 0, that p/(0) = 0, p/(R*>) = 1. Moreover, y' is finitely
additive because if A, B € F then A, B € F;, for some k, and so A, B are of
the form

A=A XRxRx---, B=BxRxRx---

for some Borel sets A', B’ ¢ R*. If A, B are disjoint then A’, B’ must also
be disjoint and so

W(AUB) = (A" U B') = pu(A) + p(B') = 1/ (A) + 1/'(B)

Thus 4/ has all the properties of a measure except possibly countable addi-
tivity. We shall now prove that p’ is in fact also countably additive.

Since p’ is a finitely—additive measure, to prove countable additivity it
will suffice to show that if A, As, ... are a decreasing sequence of sets in F
with inf,, 1/(A,) > 0 then N,>1 4, # 0.

Let

— 3 /
a = inf /(4.

We shall show later that it will suffice to assume that the A,,’s are arranged
in such a way that each A, belongs to F,,. This means that

A, =A xRXRX---

for a Borel A/ € R. The condition A, D A,;; means then that for every
(y17 "'Jyn-i-l) S A;LJrl we have (yl; 7yn) S A;’L Now

W(An) = pin(Ay) > o
So, by regularity of A/, there is a compact set D!, C A! such that
fn(A, = D) < a/2""

Let
D,=D), xRxRx---

and let
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Then
Cl D CQ D

and

M/(An — Cn) = u’ (ﬂZ:lAk — ﬂzlek Z Ak — Dk < 05/2

Since p/(A,) is > a it follows that p/(C),) > a/2.
Now C,, is in F,, and so is of the form C/ x R x ---. Moreover,

Cl =D, xR"HN(DyxR"HN---NnD,

is compact and is non—empty since pu,(C)) = p/'(C,) > «/2 > 0. Further-
more, since C; O Cy D --- it follows that for each (yi,...,ynt1) € C) 1 we
have (y1, ..., yn) € Cl. Finally, note also that C/, C A/, since C!, C DJ,.

The result proved in Section 1.2 now implies that there is a sequence
r = (x1,%9,...) € R®, with (21, ...,2,) € C/, for each n > 1. It follows that
the point x lies in all the sets A,,. Thus

m?LO:l‘An 7£ (Z)

All that remains now is to justify the assumption that the sets A,, can be
arranged in such a way that each A, belongs to F,,. Recall that each A, is
in F. Therefore each A, is in some Fj); since the F;’s form an increasing
family, it follows that A,, belongs to all Fj, with k& > j(n). Let

k(1) = j(1), k(2) = max{j(1),j(2)}+k(1), k(3) = max{j(1),(2),7(3) }+k(2)...

Then
Ay € Frpy, A2 € Fie)

and

k(1) < k(2) <

Now we reorganize the list of sets A;. Let A = Ay, and set flr = A, for
1 <r < k(1). Then it follows automatically that

/11 e Fy, "‘7"4’“(1) S fk(l)
Next let /le(l)H = A,, and continue with

A, = Ay for k(1) <r < k(2)
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This ensures that

A, e F.
holds for r € {1,...,k(2)}. Continuing in this way we obtain a sequence of
sets Ay, Ay, ..., which, as a collection of sets is simply the original collection

{A1, Ay, ...}, but now satisfies the condition A, € F, for all n > 1. This is

all we needed.

1.5 Kolmogorov’s theorem for Uncountable
Products

Kolmogorov’s theorem holds not only for countable products but also for
uncountable products. To this end, let us first introduce some notation.

Let J be any non-empty set, possibly uncountable. We shall denote
non—empty finite subsets of J by greek letters «, G, ....

The product R’ is the set of all maps z : J — R; an element z € R’/
may be also denoted (x;),c;. We have the coordinate projection maps

7rj:RJ—>R:x&—>a:j
A cylinder set is a subset of R” of the form

T (Ag) N A,
for ji,...,Jn € J and A;,, ..., A; C R. This is the set of all (z;);e; for which
the coordinates z;,, ...,z , lie in the sets A; ..., A;,, respectively. We will
call this a measurable cylinder set if A; ,....; A;, are Borel sets.

If I and K are any non—empty subsets of J with I C K then we have a

natural projection map
prx s RY = RNt = (25)jex = (2)jer = 2|1

where z|I is just the restriction of = to I.
The projection map p;; : R7 — R will be denoted simply by p;.
Thus, a measurable cylinder set is a subset of R’ of the form

pa ' (A)

for some non—empty finite subset a of J and a Borel set A C R®.



12 CHAPTER 1. KOLOMOGOROV’S THEOREM

The collection of all measurable cylinder sets forms an algebra F, which
is not a sigma-—algebra unless J is finite.

The product sigma—algebra on R’ is the sigma-algebra generated by all
the projections m;. Equivalently, it is the sigma-algebra o(F) generated by
all measurable cylinder sets.

Theorem 5 Suppose that for every non—empty finite subset o« C J we are
giwen a Borel probability measure p, on R*. Suppose also that Kolmogorov’s
consistency condition

15(Pas(A)) = pa(4) (1.2)
holds for every non-empty finite subsets o« C (3 of J and every Borel set
A C R®. Then there is a unique probability measure p on o(F) such that

1 (pa'(A)) = pa(A)
for every non—empty finite subset o of J and every Borel set A C R®.

Proof. Much of the proof is basically the same as it was for the countable
case. The essential new element comes in at the end where we prove that
the measure on the algebra of cylinder sets is “continuous from above at
().” However, we will go through a slow and detailed account of the whole
argument.

Let F' be the set of all non—-empty finite subsets of J.

For any a € F, let F, be the collection of all sets of the form p;!(A) for
some Borel set A C R®. This is readily seen to be a o—algebra. Indeed, it is
the smallest sigma-algebra with respect to which p, : R’ — R is measurable.

We shall list some obervations about the maps p, and pag:

e It is useful to observe that each set of F, is uniquely of the form p_'(A);
for if p;1(A) = p'(B) then A = B, as can be verified using the fact
that the projection map p, : R — R® is surjective.

o If o C (3 then
Pap © P = Pa

e For any o, 3 € F, we have a U € F.

We have the collection of all measurable cylinder sets in R”:

F = UaGFf‘a
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The collection F is an algebra: (i) the empty set is in F because it is in
any JF,; (ii) if £ € F then FE € F, for some « and then E¢ € F, and hence
E°¢ e F; (iil) if By, By € F then Ey € F,, and E; € F,, for some oy, a5 € F,
and then Ey U Ey € F, ua,- Note that the last step used the fact that for
any two aq, as € F' the union aq U s is also in F'.

Now define p!, on F, by

1 (P (A)) = pa(A)

for every Borel set A C R®. Because each set in F, is of the form p_*(A) in
a unique way, u., is well-defined.
Now suppose «, 8 € F' with o C 3. Then it is readily seen that

Fa C fg
Moreover, the Kolmogorov consistency condition (1.2) implies that
NH‘F a = :u,a

for every a, 8 € F with a C 3. For, suppose E € F,; then E = p_!(A) for
a Borel A C R® and so

WH(E) = iy (pa'(A))

So the u,’s fit together in a well-defined way to yield a function
W F—[0,1]

given by
W(E) = puo(E) for every E € F,

Thus p' is a set function on the algebra of cylinder sets.



14 CHAPTER 1. KOLOMOGOROV’S THEOREM

It is readily checked that p’ is a finitely-additive measure on F. For, if
A, Bec Fthen Ac F,and B € Fgandso A, B € F, C F, where v = aUf;
so, if such A and B are disjoint then

WAUB) = p(AUB)
= py(A) + p14(B)
= (A +4(B)

By the Caratheodory theorem, it will suffice now to prove that u is ac-
tually countably additive on F. As we now this is equivalent to proving
“continuity from above.”

To this end, let Ey, E», ... be measurable cylinder sets with

E,D>FE,D---

and with
inf ' (E,) >0

n>1

Our objective is to show that N,,>; £}, is non—empty.

At this point we use a key fact (see Lemma 6 below) about sigma-—
algebras: for any measurable set E € o(F) there is a countable subset I C J
such that E € o(m; 1 i € I).

Thus each Ej; is in the sigma—algebra generated by a countable collection
of projections 7 for k£ running over a countable collection I; C J. The union
U;I;, being a countable union of countable sets is countable. So we may
denote this union by

P={1,2.3,..}

(If the union U;[; is a finite set, the proof is much easier.)
Then we have essentially the situation that we had in the proof of Kol-
mogorov’s theorem in the case of countable J. The argument there shows

that Nys1E, # 0.

We have used:

Lemma 6 Let X be a set, A a non—empty collection of subsets of X, and
o(A) the sigma—algebra generated by A. Then for any A € o(A) there is a
countable subset A" of A such that A € o(A').

If {foa}acs is a non—empty family of functions on X then for each set
A€ 0 ({fatacs) there is a countable set I C J such that A € o ({fa}acr)-
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Proof. Let B be the set of all subsets A C X such that A € o(A’) for some
countable A" C A. It is readily checked that B is a sigma-—algebra. Of course,
B contains each set of A. Therefore, B D o(A), i.e. every set in o(A) satisfies
the desired condition.

The argument for the function version of the result is essentially the

1.6 Further Generalizations

Kolmogorov’s product measure construction does not work for arbitrary
probability spaces. However, glancing over the construction we see that if we
try to go through it for a general product [];c;(€;, B;), then the probabil-
ity measures ji, on the products [];c, (€2, B;), for finite a € R, need to be
“regular” in some sense.

A class of spaces for which the Kolmogorov theorem works and which is
closed under countable products, are the spaces of complete separable metric
spaces which are also called Polish spaces.

Exercise

1. Let F' be a non—empty set with a partial ordering denoted by <. As-
sume that for every o, 3 € F' there is a v € F with a < v and 8 <.

Suppose that for each a € F', we have a probability space (Qq, Fa, fa),
where €2, is a Hausdorff topological space, and F, is a o—algebra of
subsets of (), containing all Borel sets.

Assume that pu, is regular in the sense that for any A € F, and € > 0
there is a compact set K C A such that u,(A — K) < e.

The case to keep in mind as motivation is with F' being the set of all
non—empty finite subsets of a given non—empty set J, and €2, = R“.

Assume that for each a < ( there is given a mapping
Dag : g — Q4
such that:

P1l. pae is the identity map on €,
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P3. each map p,s is continuous and measurable, in the sense that
Pag(Fa) C Fyforalla < Bin F

P4. each map p,p is surjective

KC. the Kolmogorov consistency condition

15 (Pab(E)) = pa(E) (1.3)

holds for all o, 8 € F with a < g and E € F,.

Let ' = TTper Qa and let © be the subset of Q' consisting of all (Yo )acr
for which p.s(ys) = yo for each a < . Let

Pa 12—y 1y — Yy

be the projection onto the a—th component. We assume that Q # ()
and, moreover, p, is surjective. Assume, furthermore, the following
condition:

P5. if F’ is any countable non—empty subset of F' and if for each
a € F' we have an element y, € €2, such that pg.(y.) = yg for all
a, 8 € F" with 6 < «, then there is an element y € € such that
Pa(y) = yo for every a € F.

Let F/, be the collection of all subsets of Q of the form p_'(E’) with
FE' running over F,. Thus F is the sigma-algebra generated by the
projection map p,. Let

f/ - UaEFF(;
a. Show that
Pap © P33 = Pa
for all o, B € F with a < 3.
b. Show that

Fo CFpifa<Bin F
Next show that F’ is an algebra of subsets of 2.

c. Show that if £ € F! then there is a unique E' € F, such that
E = p '(E'). Show that this E’ is in fact p,(F). [Hint: p, is
surjective.]
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d. Define p, on F., by
1, (P2 (E') = na(E")
Clearly g, is a probability measure on F,. Verify that
pisl Foy = bay

for all o, 8 € F with a < 3.

e. By part d, there is a well-defined function p' : F' — |0, 1] specified
by
W(E) = i, (E) if B € 7,

Verify that ' is a finitely—additive probability measure (it is clear
that /(0) =0, (/(E) > 0 for all E € F, and p/(Q) = 1; so what
you have to show is that p/(FUF) = p/(E)+ p/(F) for all disjoint
E.F € F' =UperF,.)

f. Suppose [ is a countable subset of F', consisting of distinct ele-
ments [y, B2, .... Show that there exist oy, s, ... € F satisfying:
(i) Bn <y foralln > 1, and (i) ag < g < -+ -

g. If By, Es, ... is a countable collection of sets in F’, show that there
exist ay,ag,... € F with oy < ap < -+ and E, € F/ for each
n>1.

h. Let £y D Ey D --- be a countable collection of sets in F’ and
o1 < ay < --- elements of F' such that E,, € ‘7:clvn for each n > 1.
Thus each E, is of the form p_'(E}) for a unique E/, € F,, and,
because p,,, : 2 — €1, is surjective, we have

E;l = pan (En)
Show that for n < m, the condition F, D FE,, is equivalent to

i. Notation and hypotheses as in part h. Fix ¢ > 0 and, by the
regularity hypothesis, choose compact D,, C E!/ with

Ko, (E’;L - Dn) < 6/2n+1
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Let
Cn = p(;llan(Dl) mp;;an<D2) AERRD p;ian(Dn)7

where the last term is of course just D,,. Show that C), is a compact
subset of E .

j. With notation and hypotheses as in part h, show that the sequence

of sets (', has the property that for any n < m,

Panan, (Cm) CCy

. With notation and hypotheses as in part h, show that

o, (Bl — Cy) < €/2

[Hint: Use E}, — C,, C Up_ip, )., (B — Dy), and the consistency
condition fia, © Pyly = fay ]

. Notation and hypotheses as in h, but assume now also that

. / _
inf pia, (E,) = € >0

Show that each p,, (Cy) is > €/2.

. Now suppose that for each n € {1,2,3,...} we have a non—empty

set C, (such as the one in part 1 above) which is a compact subset
of Q,, and such that for any n > m > 1, p,, ., (Cn) C C,,. Prove
that there is a point y € Q such that p,, (y) € C, for every n > 1.

. Suppose that 'y D Ey D --- are a countable collection of sets in

F’ such that inf, > ¢/(E,) > 0. Prove that N,>1E, # 0.

. Prove that there is a probability measure ;4 on the sigma-algebra

F = o(F') such that

1 (pa () = pa(E)

for every o € F and every E' € F,.



