Math 7330: Functional Analysis Fall 2005
Homework 1 A. Sengupta

In the following, V is a finite-dimensional complex vector space with a Hermitian
inner-product (-,-), and A: V — V a linear map.

1. Let eq,...,e, be an orthonormal basis of V.
(i) Show that the matrix for A relative to the basis ey, ..., e, has A;; = (Aej, e;) as
the entry at the i—th row and j—th column.

(ii) Show that for the matrix of A*,

(A%)ij = Ajs



2. Suppose that A is a normal operator, i.e. it commutes with its adjoint:
AA* =A"A
Show that
|Az| = |A%z|

forall z € V.

3. Show that for a complex number A € C the following are equivalent:
e A — )\ is not invertible
e there is a non-zero vector x € V for which Ax = \x
o det(A—AI)=0






If £ € C and non-zero y € V satisfy Ay = ky then k is an eigenvalue of A and y is an
ergenvector corresponding to the eigenvalue k. In general, we shall use the notation

M ={veV:Av=kv} =ker(A—kI)

The set of all A € C for which A — A\I is not invertible is called the spectrum of A.

4. Determine the spectrum of A if its matrix [A;;] is diagonal

d 0 --- 0 O
0 do 0 -+ 0
o 0 0 - d,



5. Prove that the spectrum o(A) of A is non-empty and contains at most n elements,
where n = dim V.



6. Suppose A is normal. Show that

Ar=\r & Az =\x

7. Suppose A is normal. Show that M) and M, are orthogonal if A # u. (Hint: Let
x € My and y € M,,, and consider (z, Ay) = (A*z,y).)



8. Suppose X C V a subspace such that A(X) C X. Show that
A*(XH cxt

where X+ is the orthogonal complement of X in V.

9. Suppose A is normal, and let X be the subspace spanned by all the subspaces My:

X:ZMA

A€o (A)

Show that X = V. [Hint: Use several Problems 8,5 and 6.]



10. Spectral Theorem in finite dimensions: Suppose that the operator A : V — V is
normal. Let Py : V — V be the orthogonal projection onto My. This is the linear
operator which satisfies Pyxx = x if x € My and Pyx =0 if x € M/\L Show that

A:ZAP,\

Let €1, ..., e, be any orthonormal basis of V' made up of bases of the subspaces M, (for
A € C). Show that the matrix of A relative to such a basis is diagonal. Conversely,
show that if there is an orthonormal basis relative to which the matrix of a certain
operator is diagonal then that operator is normal.



Math 7330: Functional Analysis Fall 2005
Homework 2 A. Sengupta

In the following, H is a complex Hilbert space with a Hermitian inner-product (-,-).
All operators are operators on H.

1. Suppose P and @) are orthogonal projections.
(i) Show that if PQ = QP then PQ is an orthogonal projection.

(ii) Show that, conversely, if P@ is an orthogonal projection then PQ = QP.



2. Let P and @ be orthogonal projections.
(i) Show that if PQ = P then PQ = QP and Im(P) C Im(Q). Show that the same
conclusions hold if QP = P.

(ii) Show that if Im(P) C Im(Q) then QP = P.
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3. Suppose A, B, C' are mutually orthogonal closed subspaces of H, and let P4, Pg, Pc be
the orthogonal projections onto A, B, C, respectively. Let X = A+ BandY = C+ B,
and let Px and Py be the orthogonal projections onto X and Y, respectively.

(1) Show that PXpY = Pypx.

(ii) Express Px and Py in terms of P4, Pg and Pc.

(iii) Express P4, Pp and P¢ in terms of Px and Py.

11



4. Suppose P and @) are orthogonal projections which commute, i.e. PQ = QP. The
goal is to show that then the geometric situation of the preceding problem holds, i.e.
there are mutually orthogonal closes subspaces A, B, C' such that P is the orthogonal
projection onto A + B and (@ is the orthogonal projection onto C'+ B. Let

R=PQ, S=P(I-Q), T=QUI-P)

Observe that
P=S+R and Q=T+R

(i) Show that R, S, and T are orthogonal projections. [Note that if A is an orthogonal
projection then so is I — A, and B commutes with A then it also commutes with
I—-A]

(i) Show that RS = SR=0, RT = TR =0, and ST = TS = 0.

(iii) Show that Im(R), Im(S5), and Im(7") are mutually orthogonal. Thus R, S, T are
orthogonal projections onto mutually orthogonal closed subspaces.
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5. Let x1,x2,x3,... be a sequence of mutually orthogonal vectors in the Hilbert space H.
Let S, = a1 + -+ +a,. Let S/, = |z1|>+ -+ + |z,]%
(i) Show that for any integers m > n,

‘Sm - Sn|2 = S7In - S;z

(ii) Show that the series > - | z,, to converge in H if and only if the series Y |z, [?
converges.
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Spectral Measures
In the following, €2 is a non-empty set, B is a o—algebra of subsets of €2. A spectral
measure is a mapping E from B to the set of all orthogonal projections on H satisfying
the following conditions:
(i) E(0)=0
(ii) E(Q) =1
(iii) if Ay, Ag,... € B are mutually disjoint and their union is the set A then

(E(A)z,y) =D (E(An)z,y) (1)

n=1
for every x,y € H
(iv) if A, B € B then
E(A)E(B) = E(B)E(A) = E(ANB)
For z,y € H define E, , : B — C by

B,y (A) € (B(A)x,y)

Conditions (i) and (iii) say that E, , is a complex measure. If z =y we have
Eyo(A) = (BE(A)z,2) = |[E(A)z]* > 0 (2)

where we used the fact if P is any orthogonal projection then any x € H decomposes as
Px 4+ x — Px with Px being perpendicular to x — Px and so

(Pz,2) = (Px, Px + x — Px) = (Pz, Px) + 0 = |Px|? (3)
The non-negativity in (2) shows that
E, ., is an (ordinary) measure on (2, 3)
Recall that on the complex Hilbert space H any bounded linear operator A is determined

uniquely by the “diagonal values” (Az, x). It follows that if F and E’ are spectral measures
for which E, , = E,, , for all x € H then £ = E'.
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6. Let E be a spectral measure on (2, 8) with values being orthogonal projections in
the complex Hilbert space H. By a “measurable subset of (7 we mean, of course, a
subset of 2 which belongs to the o—algebra B.

(i) Show that if A and B are disjoint measurable subsets of €2 then F(A) and E(B)
are projections onto orthogonal subspaces, i.e. Im(E(A)) and Im(E(B)) are
orthogonal to each other.

(ii) Let Ay, A, ... be a sequence of disjoint measurable subsets of Q (i.e. each A; is
in B). Let A =U32, A;. Show that for every z € H the series

Z E(A,)x

is convergent in H.
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(iii) With notation and hypotheses as before, show that
E(A)x =) E(Ay)x
n=1

for every x € H. [Hint: Take inner-product with any y € H]|

(iv) Suppose Aj, A, ... are as above but assume now also that infinitely many of the
projections E(A,) are non-zero. Prove that the series > >~ | E(A,) does not
converge in operator norm. [Hint: Let s, = F(A;) + -+ E(A,), and suppose
s = limy,— 0 Sy, exists. Then limy, o0 (S, — $Sp—1) = s — s =0. What is s,, — s,,—1
and what is the norm of a non-zero projection?]
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Measure Theory and Integration

We recall a few facts from measure theory and integration. In the following, 2 is a
non-empty set, B is a o—algebra of subsets of {2, and 4 a measure on B.

(a)

A function f : Q — C is said to be measurable if f~1(U) is in B for every open set
U C C. Write f = u+1v, where u and v are real-valued. Then f is measurable if
and only if u and v are measurable. Write u as vt — u~, where vt = max{u, 0}
and v~ = —min{u,0}. Then u is measurable if and only if vt and u~ are
measurable.

A function s : Q — C is a simple function if it has only finitely many values,
ie. s(Q) is a finite subset of Q. If ¢y, ..., ¢, are all the distinct values of s and
A; = s7Y(c;) the set on which s has value ¢;, then

n
s = g cila,
Jj=1

Here 15 denotes the indicator function of B, equal to 1 on B and 0 outside B. The
simple function s is measurable if and only if each of the sets A; is measurable.
Let F': Q — [0, 0] be a non-negative function. For each positive integer n, divide
[0,00] into intervals of length 1/2", i.e. into the intervals [(k — 1)27" k27"™).
Define a function s, which is equal to the lower value (kK — 1)27" on the set
Ape = F7Y(k —1)27" k27", for k = 1,...,n2", but cut off the value of s,, at
the maximum value n at all points in the set A, where F' > n. The construction
ensures that 0 < s, < F, s, < n, and that |F' — s,| < 27" at all points where
F < n. Thus if the function F is bounded then |F — s,| < 27" holds for all n
large enough and so, in particular, s,(x) — F(z) uniformly in x € Q. If F is
measurable so is each of the sets A, and A/, and so the function s, is then also
measurable. Now consider a function f : Q@ — C. Writing f = v+ v, with v and
v real-valued, and then splitting v = u™ — v~ and v = v™ — v™, it follows that
we can construct a sequence of simple functions s,, such that |s,(z)| < |f(x)| for
all x € Q, s, (z) — f(z) uniformly if f is bounded, and each s, is measurable if f
is measurable.

If s is a measurable simple function and cy, ..., ¢, are all the distinct values of s

then .
[ ™S cinlls = )

j=1

where [s = ¢;] is the set s7'(c;) of all points where s has value c;.

If s and t are measurable simple functions then considering the number of ways
s+t can take a particular value, it follows that [(s+¢)du = [ sdu+ [tdu. Also,
Jasdp = a [ sdu for every a € C. The additivity property has the following
consequence: if s = ai;la, +---+ amla,,, where Ay, ..., A, are measurable but
may overlap then [ sdp = Z;n:1 a;it(A;j) still holds.
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7. Let E be a spectral measure on (€2, B) with values being orthogonal projections in the
complex Hilbert space H. Let AN be the set of all sets A € B for which E(A) = 0.
Thus N consists of sets of E—measure 0.

(i) Show that if A and B are measurable sets and A C B and E(B) = 0 then
E(A)=0.

(ii) Show that A is closed under countable unions.

(ii) Let f : 2 — C be a measurable function. Show that there is a largest open subset
U of C such that f~1(U) is in NV,
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(iii) The essential range oy of f is the closed set given by the complement of the open
set U of (ii). The essential supremum of f, denoted |f|oo, is the radius of the
smallest closed ball (center 0) containing o¢. Thus

|[floo = inf{r > 0: E[[f[ > r] = 0}

Suppose f and g are measurable functions which are essentially bounded, i.e. |f|~
and |g|co are finite. Then show

|f 4 gloo < |floo + 19loo

and for every complex number «:

lafloo = o[ floo
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8. Let E be a spectral measure on (2, B) with values being orthogonal projections in the
complex Hilbert space H.

(i) Let Ay,...,An, By,.... By, € B and ay, ..., ay, b1, ..., b,, € C, and suppose

Zalej = Z blej
j=1 j=m

Show that

Z%‘E(Aj) = bE(B)) (4)

j=m

[Hint: Let s = Z?Zl ajla, = Y7, bjlp , and consider the operators T =

j=m
Y10 E(Aj) and R = 377 b;E(B;). Take any x € H and show that both
(Tz,z) and (Rz,z) equal [ sdE, ;.] The common value in (4) will be denote

/sdE

(ii) Check that for any measurable simple function s on €:

<(/sdE)a:,x) = [sar..

holds for every = € H.

20



(iii) Let s,t be measurable simple functions on 2 and «, 3 € C. Show that

/(as+ﬁt)dE:a/sdE+ﬁ/tdE

(iv) Let s,t be measurable simple functions on 2. Show that

(Jo) (o) -

[Hint: Write out s and ¢ in the usual forms 3, a;14; and >, b;jlp, and then
work out st and write out both sides of the above equation.]

(v) Let s be a measurable simple function on 2. Show that

(/SdE)* :/EdE
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(vi)

(vii)

Let s be a measurable simple function on 2. Show that

‘/sdE‘ < I8]so

[Hint: Let T be the operator [sdE. Then |T| = sup, <, [T#|. Now |Tz|* =
(Tz,Tx) = (I'*Tx,z). Show that (T*Tx,z) equals [ |s|*dFE, ,. Next use |s| <
|s|co almost-everywhere for the measure E,.]

Let f : 2 — C be a bounded measurable function. We know that there exists
a sequence of measurable simple functions s, on 2 such that s,(x) — f(x), as
n — oo, uniformly for x € Q and |s,(z)| < |f(x)| for all x € Q. Part (vi) above
shows then that the sequence of operators [ s, dE is Cauchy in operator norm
and therefore converges in operator norm to a limit which we denote by [ fdE:

/de © Yim [ s, dE

n—oo

where the limit is in operator norm. Now suppose s/ is another sequence of
measurable functions on {2 which converge to f in the sense that |s), — f|oo — 0
as n — oo. Show that [ s/ dE also converges to [ fdE as n — oo. [Hint: Use
(vi) for s, — s,,.] Thus the definition of [ f dE does not depend on the choice of
the sequence s,, converging to f.
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(viii) Show that

((/de)x,:z:) :/dew,x

for every bounded measurable function f and every z € H.

(ix) Prove the analogs of (iii)-(vi) for bounded measurable functions.
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9. Let (2,B, 1) be a measure space. For any measurable functions f and g on  let
Mg denote the function fg. If f is bounded and g € L?(u) then clearly Myg is also
in L?*(p) and indeed My : L*(p) — L?(u) is a bounded linear operator with norm
|M¢| < |f|eo (in all practical cases |My| is actually equal to |f|). It is clear that
f = My is linear and, moreover, My, = My My,.

(i) Show that M} = M. (Hint: Let g, h € L?(n) and work out (Myg,h)rz2.)

(ii) Show that for any measurable set A, the operator M , is an orthogonal projection
operator.

(iii) Show that E : A — M;, is a spectral measure. [Hint: The only non-trivial thing
to check is that for any g € L?(u) and disjoint measurable sets A,, whose union
is A we have Y. FE(A,)g = E(A)g with the sum ) being L?*-convergent. To
this end, let G, = 327 E(A;)g and look at what happens to [ |G, — 14g|* dp
an — 00
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(iv) For any measurable simple function s show that [ sdE = M, where E is as in

(ii).

(v) For any bounded measurable function f show that [ fdE = My, where E is
as in (iii). [Hint: Choose measurable simple s, converging uniformly to f, and
with [s,(z)] < |f(x)| for all x € Q. Consider the norms of [ fdE — [ s, dE and
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Math 7330: Functional Analysis Fall 2005
Notes/Homework 3: Banach Algebras A. Sengupta

A complex algebra is a complex vector space B on which there is a bilinear multipli-
cation map
BxB— B:(zx,y)— xy

which is associative. Bilinearity of multiplication means the distributive law
z(y+z) =xy+ xz, (y+2)r =yz + 2x

for all z,y,z € B, and
(Aa)b = A(ab) = a(\b)

for all a,b € B and A\ € C. In particular, a complex algebra is automatically a ring. An
element e € B is a multiplicative identity (or unit element) if

ITE=€Er =T

for all z € B. If €’ is also a multiplicative identity then

Thus the multiplicative identity, if it exists, is unique.
Suppose B is a complex algebra with unit e. An element = € B is invertible if there
exists an element y € B, called an inverse of x, such that

yr =xy =e
If v/ is another element for which both zy" and 3’z equal e then
y=cy=(yr)y=y'(zy) =ye=y

Thus if z is invertible then it has a unique inverse, which is denoted z 1.
The set of all invertible elements in B will be denoted G(B). It is clearly a group.
Assume, moreover, that there is a norm on the complex algebra B which makes it a
Banach space, the identity e has norm 1:

and that
|zy| < [=]|y]
for all x,y € B. Then B is called a complex Banach algebra.

In all that follows B is a complex Banach algebra.
1. Let B be a complex Banach algebra. Let x € B, and let

N
SN:ZZCnIE—f—CC-l—a?Q—i—“-—i—:C

n=0

N
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(i) Show that

(e—x)sy =sy(e—x)=e— N

(ii) Show that if |x| # 1 then for any integers N > M > 0,

M | N+1
M 4 M | < || — |

1—|z|

(iii) Show that if |x| < 1 then the limit

o0
def .
s = g " = lim sy
N—o00
n=0

exists.
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(iv) Show that if |x| < 1 then
s=(e—z)!

Thus for any € B with |z| < 1 the element e — x is invertible. Note that this
conclusion is an algebraic property.

The spectrum o(z) of an element x in a complex Banach algebra B is the set of all
complex numbers \ € C for which Ae — x does not have an inverse.

2. Show that for any x € B, the spectrum o(x) is contained in the closed ball {\ € C :
Al < Jaf}:
o) C{Ae C: |\ < x|}
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3. Let G(B) be the set of all invertible elements of B. Show that G(B) is open by
going through the following argument. Let x,h € B be such that x is invertible and
|h| < 1/]z7Y|. Observe that x+h = (e+hx~1)z. So, since x is invertible, invertibility
of x + h will be established if we can show that e + hz~! is invertible. For this use
the result from the previous problem.

4. Show that the map G(B) — G(B) : x — x~! is differentiable. Hint: Let x € G(B)
and h € B be such that |h| < 1/|z71|. Look at

(x+h) -zt =z e+ ha™H)! —¢
Set y = —hx~! and show that
(z+h)' =zt =27y + 7]

where the remainder r = y2 + 3% + - -+ has norm < |y|® + |y|> +--- < |[y|?/(1 — |y|).
Now show that
. J@+h)"t =2t — LA
lim =

h—0 |h| 0

where L, : B — B is the linear map given by

L,:B—B:hw— L,h dof _ plpg?
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5. The spectrum o(z) is not empty for every x € B.
Suppose o(x) = (). The for every A € C the element \e — z is invertible. Let
f B — C be any bounded linear functional. Then the function A on C given by

h(A) = f((Ae—2)7")

is complex differentiable (i.e. holomorphic) everywhere. We have

(Ae—z)" ' = ; (e4+ (A 'z)+ A tz)2+ )

whenever [A\71z| < 1, i.e. for all complex A\ for which |A| > |z|. Moreover, for
such A\, we have

BT DS S
e =)l < T a /) ~ Tl

So as |A\| — oo the norm of (Ae — z)~! goes to 0. Since the linear functional f is
continuous on B it follows that

Since h is also continuous (and hence bounded on any compact set) it follows that
h is bounded. Then by Liouville’s theorem it follows that h is constant. Since
lim| |00 R(A) = 0, the constant value of h is actually 0. Looking back at the
definition of A, this says that f ((Ae — x)_l) is 0 for every f € B* (and every
A € C). By the Hahn-Banach theorem it follows that (Ae — 2)~! must be 0. But
this is absurd since (Ae — z)"t(\e — ) = e.

6. The Gelfand-Mazur theorem. A complex Banach algebra in which every non-zero
element is invertible is isometrically isomorphic to the Banach algebra C.
Assume that B is a complex Banach algebra in which every non-zero element is
invertible. Consider the map

F:C—=B:)\— e

It is clear that this is a homomorphism of complex algebras and that it is an
isometry. The substance of the result lies in the surjectivity of B. For this
consider any element x € B. We know that o(z). Take A € o(x). This means
Ae — x is not invertible. So Ae — x must be 0. So x = Xe, i.e. x = F(\). Thus F
is surjective.
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Math 7330: Functional Analysis Fall 2005
Notes/Homework 4: Commutative Banach Algebras I A. Sengupta

1. Let R be a commutative ring with multiplicative identity e. A subset S C R is an
ideal of R if :(a) 0 € S, (b) z +y € S for every z,y € S, and (c) rz € S for every
r € Rand x € S. The ideal S is a proper ideal if S # R. It is a maximal ideal if it is
a proper ideal and if the only ideals containing S are S itself and the whole ring R.
The ideal S is a prime ideal if for every x,y € S if xy € S then at least one of x and
y must be in S.

(i) Let I be an ideal of R. For any x € R we write x + I be the set of all elements of
the form x 4 ¢ with ¢ running over I. Let R/I be the set of all sets of the form

x + I with  running over R:

R/Idéf{:l:—}—I:a:ER}

Let
p:R—R/[:x—ax+1

For any elements a,b € R we have
p(a) = p(b) if and only if a —b e I

Show that if z,2’,y,y’ € R are such that p(z) = p(z’) and p(y) = p(y’) then
p(z+2') = p(y +y') and p(zy) = p(yy’).

Thus there are well-defined operations of addition and multiplication on R/I
given by
def def
p(x) +p(y) = plx+y),  pl)ply) = plzy)
As is readily checked, these operations make R/I a ring and, of course, p : R —
R/I is a ring homomorphism. Commutativity of R implies that R/I is commu-

tative. If e € R is the identity of R then p(e) is the multiplicative identity in
R/I.
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(ii) Suppose I is a maximal ideal of R. Show that then the commutative ring R/I is

(iii)

a field, i.e. every non-zero element has an inverse. Hint: Let x € R be such that
p(z) is a non-zero element of R/I, i.e. x € R is not in the ideal I. The set

Rr+I={re+y:r€ Ryel}

is clearly an ideal of R which contains I. Moreover, Rx + I contains the element
x which is not in I and so Rz + I # I. Since I is maximal, it follows then that
Rx + I equals the whole ring R. In particular, there is an element y € R and an
element a € I such that yr + a = e. Apply p to this.

Let I be a ideal in R such that the quotient ring R/I is a field in which the
multiplicative identity is not equal to 0. Show that I is maximal. Hint: Since
R/I # {0}, the ideal I is proper. Let S be an ideal with R > S D I and
S # I. Choose x € S not in I. Then p(x) is a non-zero element of R/I, where
p: R— R/I:xw~— x+ I is the projection map. So it has an inverse. Thus there
is an element y € R such that p(z)p(y) = p(e). This means e — xy € I and so
e—xy€eS. Butthene=e—2xy+ay € S.
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In the following B is a complex Banach algebra which is assumed also to be commu-
tative. An ideal in B is a subset I C B which satisfies: (a) z +y € B for all z,y € I, (b)
br € I for all b € B and x € I. Note that taking b = e for A € C in (b) shows, together
with (a), that an ideal I is automatically a linear subspace of B. Recall the quotient

B/l ={z+1:x¢€ B}

and the projection map
p:B—DB/l:x—x+1

We have seen that B/I has a ring structure which makes p a ring homomorphism, and
p(e) is the identity element in B/I. Then the quotient B/I is also a complex vector space
with multiplication by complex scalars A\ defined by

Ap(z) € p(Ax)

This is well-defined because if p(x) = p(y) then x—y € I and so \e—\y = A(z—y) € I which
means p(Ax) = p(A\y). It is clear that B/I does become a vector space and indeed, together
with the multiplication, B/I is a complex algebra and p : B — B/I a homomorphism of
algebras (i.e. p is linear and p(zy) = p(x)p(y) for all x,y € B; p(e) is the identity).

Any element B/I is of the form p(z) = x + I, for some x € B. Thus it is a translate
of the subspace I. Define

def .
lp(z)| = inf [yl,
yEp(z)

the distance of x + I from the origin. Since x itself belongs to x 4 I it follows that

p(z)| < |z

2. We prove that if [ is a closed proper ideal in B then |- | is a norm on B/I making it
a complex Banach algebra.
(i) For any z,y € B,
p(z) + p(y)| < [p()] + |p(y)]

Proceed as follows: Pick any ' € p(x) = x + I and v € p(y) = y + I. Then
p(z) = p(a’) and p(y) = p(y') and so p(z +y) = p(x) + p(y) = p(z’) + p(y') =
p(z’ +y'). Therefore, |p(z) + p(y)| = [p(z’ + y')|. So

p(x) +p(y)| < 2" +y'| < |2'[ + Y]

Now take infimum over 2’ € p(x) and then over y’ € p(y).

33



(ii) For any x € B and X € C,
Ap(x)] = [Allp(2)|
Hint: Work as in (i), taking any 2’ € p(z) and showing that |Ap(x)| = [p(Az’)| <
|A||z'| and taking inf over all 2’ € p(z) = = + I. This shows |[Ap(z)| < |A||p(z)].
Now, for non-zero A, write p(z) on the right as (1/A)Ap(z).

(iii) Show that
Ip(z)p(y)| < |p(z)||p(y)]

for every x,y € B.

(iv) Show that if I # B then |p(e)| # 0. Hint: Since I is a proper ideal it does
not contain any invertible elements. The open ball of radius 1 around e consists
entirely of invertible elements and so does not intersect I. So e + I does not the
open ball of radius 1 centered at 0. So |p(e)| >7.
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(v)

(vii)

(viii)

Show that if I # B then
pe)] =1

Hint: Combine the observation obtained in proving (iv) with the inequality
Ip(e)] < |e] = 1. [Note also that if in (iii) we put z = y = e then |p(e)| > 1
or [p(e)] = 0.]

Suppose that I is a closed ideal in B, i.e. suppose that I is an ideal and it is
closed as a subset of B. If |p(z)| = 0 show that p(z) = 0. (Hint: If [p(z)| = 0 then
every neighborhood of 0 contains a point of x 4 I, and so every neighborhood of
x contains a point of I.)

The preceding parts show that if I is a closed ideal in B then the definition of
|p(x)| establishes a norm on the complex algebra B/I, and the map p: B — B/I
is continuous.

Let € > 0 and a,b € B. Suppose |p(a) — p(b)| < e. Then there is a ¥’ € B such
that p(b’) = p(b) and |a — V'] < e. Hint: Since |p(a — b)| < €, there is an element
z € p(a—b) = a—0b+ 1 such that |z| < e. Since x € a — b+ I there is an element
yelsuchthatr=a—-b+y=a—(b—y).

Let I be a closed proper ideal in B. Suppose a1, as, ... is a Cauchy sequence in
B/I. Then there is a subsequence a;, ,aj,,... such that |a; —a; . | < 27" for
every r € {1,2,3,...}. Pick x1,x2, ... € B such that p(x;) = a; for all i. Check that
by (vii) we can choose z; , 2%, ,... such that p(z’; ) = p(z;,) for all r € {1,2,3, ...}

J17 g2
and such that

/

‘x.jr'+l

—al | <277
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Since B is a Banach space, the sequence (2’ ), converges. Since p: B — B/I is
continuous it follows then that the sequence (p(z_)), is convergent in B/I. Note
that p(x ) = a;, and so we have proven that the original Cauchy sequence (a;)
in B/I has a convergent subsequence. Since (a;) is Cauchy and has a convergent
subsequence it follows that (a;) is itself convergent. Thus B/I is a Banach space,

i.e. B/I is a complex Banach algebra.
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Math 7330: Functional Analysis Fall 2005
Homework 5: Commutative Banach Algebras I1 A. Sengupta

We work with a complex commutative Banach algebra B.

It had been shown that the set G(B) of all invertible elements in B is an open subset
of B. A proper ideal I in B cannot contain any invertible elements (for if x € I is invertible
then for any y € B we would have y = (yz~!)x € I, which would mean I = B), i.e. is a
subset of the closed set G(B)°.

Zorn’s lemma shows that every proper ideal of B is contained in a maximal ideal.

1. Let J be an ideal of B.
(i) Check that the closure J is also an ideal.

(ii) Show that if J is a proper ideal then so is its closure J.

(iii) Show that if J is a maximal ideal then .J is closed. Hint: Consider the ideal J. It
is an ideal which contains J. Since J, being maximal, is proper, (ii) implies that
J is a proper ideal.
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A mapping ¢ : B — C is a complex homomorphism if f is linear and satisfies f(zy) =
f(z)f(y) for all x,y € B. Note that then f(z) = f(xze) = f(x)f(e) for every = € B,
and so either f(e) = 1 or f(z) = 0 for every z € B. The set of all non-zero complex
homomorphisms B — C will be denoted A and is the Gelfand spectrum of the algebra B.

2. Let J be a maximal ideal of B. Show that there is a non-zero complex homomorphism
h : B — C such that J = ker h. Hint: Consider B/J. This is a field because J is
a maximal ideal, and, moreover, since J is a closed proper ideal in B, B/J is also
a Banach algebra. Therefore, by Gelfand-Mazur, there is an isometric isomorphism
j:B/J - C. Let p: B— B/J:xz — p(x) = x+ J be the usual projection
homomorphism. Work with A = j o p.

3. Let hi,he : B — C be complex homomorphisms such that ker hy = ker hs. Show
that hy = hy. Hint: Write any € B as = [z — hy(x)e] + h1(x)e, and observe that
x — hy(z)e € ker hy. Now calculate ho(x).
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4. An element y € B is not invertible if and only if there is a non-zero complex homo-
morphism h : B — C such that h(y) = 0.

(Easy half) Suppose y is invertible. Then for any h € A we have h(y)h(y~!) =
h(yy~1) = h(e) = 1 and so h(y) can’t be 0.
For the converse (harder half), suppose y € B is not invertible. Then the set
By = {xy : © € B} is a proper ideal of B. Let J be a maximal ideal with
J D Bh (existence of .J follows by an application of Zorn’s lemma). By (2) there
exists a non-zero complex homomorphism h : B — C such that J = ker h. Since
y € By C J it follows that h(y) = 0, which is what we wished to prove.

5. Let € B. Prove that a complex number X belongs to the spectrum o(x) if and only
if there is a non-zero complex homomorphism h : B — C such that h(z) = A.

6. Let h: B — C be a complex homomorphism. Show that h is continuous and, viewed
as a linear functional on B, has norm |h| < 1, the norm being equal to 1 if h # 0.
Hint: Combine the easy half of (5) with the fact that o(z) C {A € C: |A| < 1}.

7. Let h : B — C be a non-zero complex homomorphism. Then ker / is a maximal ideal
in B.
Since h is a non-zero homomorphism, h(e) = 1 and so h(Ae) = A, which shows
that h is surjective. So B/ ker h ~ C, and the latter is a field. So the ideal ker h
must be maximal. This is a pure algebra result and uses nothing about the norm
on B.

The preceding discussions establishes
a one-to-one correspondence h — ker h between the set A of all non-zero complex
homomorphisms B — C and the set of all maximal ideals of B.
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Math 7330: Functional Analysis Fall 2005
Notes/Homework 6: Banach *-Algebras A. Sengupta

An involution * on a complex algebra B is a map * : B — B for which
(i) *(a 4+ b) = *a + b for all a,b € B
(i) *(Aa) = A*aforall A€ C and a € B
(iii) (zy) =y*z* for all z,y € B
(iv) (z*)* =z for all x € B. An element a € B is hermitian if a = a*.
On a complex Banach algebra we also require an involution * to satisfy
(v) |zy| < |z||ly| for all z,y € B.
Observe that for the identity e, we have e* = ee* and so taking * of this we get
(e*)* = (e*)*e*, which says e = ee*. Thus

e=¢e"

A B*-algebra is a complex Banach algebra B on which there is an involution x for
which
lza*| = |z|? for all z € B

1. Let B be a complex Banach algebra with involution.
(i) Show that
if B is a B*-algebra then |z| = |z*| for all x € B

(ii) Suppose |y*y| = |y|* for all y € B. Show that |y| = |y*| for all y € B.

40



(iii) Suppose |y*y| = |y|? for all y € B. Show that |zz*| = |z|? for all z € B.

2. Let B be a B*-algebra.

(i) Show that if y € B is hermitian and s is any real number then

|se + z'y|2 = |s%e + |

(ii) Show that e + iy is invertible for every hermitian y € B. Proceed as follows:
Suppose e + iy is not invertible. Then for every A € R, (A + 1)e — (Ae — iy)) is
not invertible, i.e. (A+1) € o(Ae —iy). So [N+ 1| < |Ae —iy|. By (i), this implies
(A +1)2 < |A\%e + 92| and the latter is < A% + |y?|. This would be true for every
real number A. Show that this is impossible.

3. Let B be a complex algebra with involution .

(i) If e+a*x is invertible for every € B then show that e+ iy is invertible for every
hermitian y € B. Hint: Note that (e +iy)(e — iy) = e + % = e + y*y.
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(i)

(iii)

If e+iy is invertible for every hermitian y € B then o(a) C R for every hermitian
a € B. Hint: Consider any complex number A = a + ¢3 with 3 # 0. Check that
Ae —a = if(e+iy) for some hermitian element y. By (i) then Ae — a is invertible
and so A ¢ o(a).

If e + x*x is invertible for every = € B then o(y*y) C [0,00) for every y € B.
Proceed as follows: Let k > 0 and show that (—k)e — y*y is invertible by writing
it as (—k)[e + z*x] where x = k=1/2y.
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3. Let B be a complex commutative Banach algebra with an involution *. Show that
the following are equivalent:
(a) e+ z*z is invertible for every z € B

(b
(c

)
)
)

every hermitian element has real spectrum
x* = 1 for every x € B.

(d) J* = J for every maximal ideal J of B.

(a) implies (b) is from the previous problem.

Now suppose (b) holds. Let z € B. Then a = x 4+ z* and b = i(x — x*) are
hermitian. So their spectra are real. So a and b are real-valued. Thus f = & + *
and g = i(Z — z*) are real-valued. Now & = (f —ig)/2 and z* = (f +ig)/2. It
follows that z* = .

Assume (c). Let J be a maximal ideal. Then J = ker h for some h € A (i.e. his
a non-zero complex homomorphism B — C). Let x € B. Then

~

h(z*) = z*(h) = &(h) = h(x) =0

and so x* € kerh = J.

Now suppose (d) holds. We prove (c¢). Let x € B. Consider any h € A. Then
x — h(z)e € ker h. Since ker h is a maximal ideal, (d) implies that z* — h(z)e is
also in ker h. So h(z* — h(x)e) = 0 and this implies h(x*) = h(z). This holds for
all h € A. So (c) holds.

Finally we show that (c) implies (a). Assume (c). Let x € B. Then the Gelfand
transform of e +z*x is 1+ || which never has the value zero. So 0 is not in the

spectrum of e + x*x and so e + x*x is invertible.
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Math 7330: Functional Analysis Fall 2002
Notes 7: The Spectral Theorem A. Sengupta

Let B be a complex, commutative B* algebra, with A its Gelfand spectrum. Then,
as we have seen in class,
(i) the Gelfand transform B — C(A) : z — Z satisfies

~

T* =

S

for every x € B;
(ii) the spectral radius p(x) equals the norm |z| for every = € B.

Fact (ii) was proven first for hermitian elements in any B* algebra and then, using the
Gelfand transform, for all elements in a commutative B* algebra. If a € B is hermitian
then

pla) = lim [a"|!/"
while |a2| = |aa*| = |a|? which implies [a2"| = |a|?", and so, letting n — oo through powers
of 2 we get
pla) = |al

for every hermitian a in any B* algebra. For a commutative B* algebra B we have for a
general z € B,

p(rz™) = ’xx*>’sup < ‘f%’sup’i'*|sup = p(z)p(z*) < p(z)|x”|

Since xz* is hermitian, p(xz*) = |za*|, which is equal to |z||z*|. So we have

|z < p(z)

But we already know the opposite inequality. So p(x) = |z|.

By (i) and (ii) and other properties we have studied before, the Gelfand transform
is a x—algebra homomorphism and is also an isometry. Its image Bin C (A) is therefore
a subalgebra of C'(A) which is preserved under conjugation. Moreover, since the Gelfand
transform is an isometry it follows that B is a closed subset of C'(A): for if x,, € B are such
that 2, — f for some f € C(A) then (Z,), is Cauchy in C(A) and so, by isometricity,
(zy)n is Cauchy in B and so is convergent, say to x and then by continuity of " it follows
that f = 2, and so f is in the image of the Gelfand transform. Finally, B separates points
of A because if h; and ho are distinct elements of A, then, by definition of A, there must
be some z € B for which hy(z) # he(x), i.e. #(h1) # h(xs).

The Stone-Weierstrass theorem now implies that

B=C(A)
This proves the Gelfand-Naimark theorem:

Theorem. For a complex commutative B*—algebra B, the Gelfand transform is an
isometric isomorphism of B onto C(A), where A is the Gelfand spectrum of B.
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1. Let H be a complex vector space and F' : H x H — C a mapping such that F(z,y)
is linear in x and conjugate-linear in y.
(i) Prove the polarization formula

1 1 1 . . 1 . )
F(z,y) = ZF(:L’-l—y, m+y)—ZF(az—y, m—y)+ZF(x+zy, x—Hy)—ZF(aE—zy, T —1y)

(1)

(ii) Use this to prove that

sup |F(x,y)| <4 sup |F(v,v) (2)
x,yeH,|w\,|y|§1 U€H7|U|§1

[Hint: In (1), the first term equals F(a,a) with a = (x + y)/2 and |a| < 1 if
||, |y| < 1. Similarly for the other terms.]
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(iii) If y € H then show that

sup  [(y,v)| = |yl
veH,|v|<1

(iv) f T: H — H is a linear map for which sup,c g |,/<1 [(Tv,v)| < oo, show that T
is a bounded linear map and

T|<4 sup  [(Tw,v)|
veH,|v|<1

(Recall that the norm of T"is |T'| = sup,c g |5/<1 |T7|.)
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2. Let H be a complex Hilbert space and F' : H x H — C a map such that F(x,y) is
linear in z, conjugate linear in y, and sup, ,c g |4,y 1<1 | £ (7, )| < o0
(i) Fix « € H, and consider

¢p H— C:y— F(x,y).
Show that this is a bounded linear functional. Consequently, there exists a unique
element T'x € H such that ¢,(y) = (T'z,y) for every y € H. Thus for each x € H

there exists a unique element T'xr € H such that

F(z,y) = (Tx,y) forally e H

(ii) Let x,2’ € H and a,b € C. Show that
(aTz + bTx',y) = F(ax +b2',y)  forallye H
Then by the uniqueness property noted in (i) it follows that
T(ax + bz') = aTx + bTx'

Thus T : H — H is linear.

(iii) Show that the map T': H — H is a bounded linear map. [Hint: Use 1(iii) and

(i) |
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3. Let X be a non-empty set and B a o—algebra of subsets of X.
(i) Suppose A1, ..., A, and A, ..., A/ are finite measures on B and aq, ..., an,a}, ...,a
are complex numbers such that

n m
o I\’
Y oagh =) di

Then show that for any bounded B-measurable function f : X — C,

Xn:aj/fd)\j:ia;/xfd)\;

j=1 X j=1

[Hint: There is a sequence of measurable simple functions sy such that sy(x) —
f(x) uniformly for x € X as N — oo.] If i is the complex measure given by

n=2 0
j=1
then we define

/fdudzefjéaj/xmj

for all bounded measurable functions f on X. The fact proven above says that
this definition is independent of the particular choice of a; and \; used to express

L.
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(i)

(iii)

If by, ..., bi are complex numbers and 1, ..., 4 are complex measures, each of the
type described in (i), and p is the complex measure given by

n
= b
=1

then show that .
/fdMZij/fdﬂj
j=1

for all bounded measurable functions f on X.

Suppose now that X is a compact Hausdorff space and B is the Borel o—algebra.
Let u1, uo be complex measures on B, each p; being a complex linear combination
of finite regular Borel measures \;; on B. Show that if

/fd,ulz/fdug for all f € C'(X)

then
M1 = p2

Hint: Write pu; = Zj ajA;j and pa = Y a; )i, where the a;,a) are complex
numbers and A;, A} are finite regular Borel measures. The A =37, A\;+3 .\ isa
finite regular Borel measure. Let g be any bounded Borel function. Then there is
a sequence of continuous functions g, € C(X) such that g,(x) — g(z) for A-a.e.
z and |gnlsup < |glsup- Then the same holds a.e. for each A; and each )\3-. Now
use the dominated convergence theorem. Finally, set ¢ = 14 for any Borel set

AcCX.
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4. Let H be a complex Hilbert space, X a compact Hausdorff space, B its Borel o—
algebra. Suppose that for each x we have a finite regular Borel measure p, , on B.
Define, for every z,y € H,

1 1 7 7
My = Zﬂw—&—y,x—l—y - leum—y,m—y + Zﬂm—l—iy,m—i—iy - Z,Um—iy,m—iy (3)

This is a complex measure which is a linear combination of finite regular Borel mea-
sures. Assume that [ fdpy, is linear in x and conjugate linear in y for every

feC(X).
(i) Show that i, is linear in  and conjugate linear in y.
Hint: Let z,2',y € H and a € C. Then, by hypothesis, | fduaztary equals

af fdusy + [ fdpay, for every f € C(X), ie. [ fdugatary = [ fd(apa,y +
[t y) for every f € C(X). Now use 3(iii).

(ii) Show that
sup ‘/gdﬂm,y‘ <Aglsup SUP  fhyw(X)

z,y€H,|z|,|y|<1 veH,|v|<1

for every bounded Borel function g on X.
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(iii) Assume that sup,cp <1 to,w(X) < 0o. Show that for every bounded Borel
function g on X there is a unique bounded linear operator ®(g) : H — H such
that

(q)(g)l‘,y) :/ng,u:c,y

(iv) Assume that sup,ep <1 to,0(X) < 00. Show that the mapping g — ®(g) is
linear. Hint: Let g,h be bounded Borel functions and a any complex num-
ber. Show that (<I>(ag + h)x,y) equals a(@(g)x,y) + (@(h)x,y), i.e. is equal to
([a®(g) + ®(h)]z,y). Now use the uniqueness of ®(ag + h).

(v) Assume that sup,c g |y)<1 Ho,o(X) < 00. Assume also that ®(f) = ®(f)* and
O(fg) = @(f)P(g) hold for all f,g € C(X). Show that for any x € H, the linear

mapping
CX)—H:f—o(f)x

satisfies
|®(f)x| = \f|L2(Mm,w)

for all f € C(X). Hint: |®(f)z|? = (®(f)z, ®(f)z) = (®(f)*P(f)z, z).

(vi) Assume the hypotheses of (v). Since C'(X) is a dense subspace of L?(py ), it
follows from (v) that ® extends to a linear isometry

Lz(Xa ,de,x) —H:g— <I>(g)x
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(vii)

(viii)

Assume the hypotheses of (v) and assume also that ®(fg) = ®(f)P(g) for all
f,g € C(X). Now let h,k be bounded Borel functions on X. Let x € H. Then
h,k € L*(u, ) and so there exist sequences of functions hy,,k, € C(X) con-
verging pointwise p, y—a.e. to h, k, respectively, and within |h,|sup < |h]sup and
|knlsup < |k|sup- Then, by dominated convergence, hy,, k,, converge in L?(p ;) to
h, k, respectively. Moreover, h,k,, also converges ji, ,—a.e. to hk and |hykg|sup <
|h|sup|k|sup- Then, by dominated convergence, N, kn, hyk, converge in L2 (g )
to h, k, hk, respectively. Similarly, h,, converges to h. Consider
(®(hn)z, 2) = (2, ®(hy)"x) = (2, ®(hy)2)
and o
(P(hnkn)x,z) = (P(hy)P(kp)x, ) = (@(kn)x,q)(hn)x)
Let n — oo to show that _
®(h) = d(h)*
and
®(hk) = ®(h)P(k)
for all bounded Borel functions h, k on X.

All hypotheses as before. For any Borel set A C X show that the operator

E(A) < &(14)

is an orthogonal projection. From the isometry property in (vi) it follows that E
is a projection-valued measure on the Borel o—algebra of X.

All hypotheses as before. Now (iii) shows that

fa,y(A) = (E(A)z,y)
By definition, if g is a bounded Borel function on X then [ gdFE is the unique
operator on H for which (([ gdE)z,z) equals [ gdE, .. Therefore, by (iii),

/ng =(yg)
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5. Let H be a complex Hilbert space, B(H) the algebra of bounded linear operators on
H, X a compact Hausdorff space, B its Borel c—algebra, and suppose that

®:C(X)— B(H): f+— O(f)

is an algebra homomorphism with ®(f) = ®(f)* and |®(f)| = | f|sup for all f € C(X).
For each x € H, let L, , : C(X) — C the mapping given by

Low:CO(X) = C: f oy [ (0(f)2,2)

Clearly, L , is a linear functional.
(i) Check that

Lx,az(f) - Lx,mf

forall z € H and f € C(X). Thus if f is real-valued then L, , f is a real number,
and so L, , restricts to a real-linear map C*™*(X) — R.

(ii) Show that if f € C(X) is non-negative then L, ,f > 0 for all x € H. Hint: Show
that Ly . f = |®(f1/?)[%.
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(iii) From the observations noted above it follows by the Riesz-Markov theorem that
for each z € H there is a unique regular Borel measure p, , on X such that

/fd,ux,x = (q)(f)l',.%) (4)

for every f € C™(X). Because both sides of (4) are complex-linear in f it
follows that (4) holds for all f € C(X).
Now for any z,y € H let p, , be the complex measure on B given by

1 1 1 1
,U:c,y - Z,Um—l—y,:c—i—y - Z,Um—y,:p—y + Z,ux—i-iy,a:—&—iy - Z,Um—iy,:c—iy (5)

Show that then

/ f iy = (3(f)z.y) (6)

for every f € C(X).
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6. Let H be a complex Hilbert space and B a commutative subalgebra of B(H) such that
T* € B for every T' € B and B is a closed subset of B(H) (in the norm topology).
Then B is itself a commutative B*—algebra. Let A be its Gelfand spectrum. By
Gelfand-Naimark, the Gelfand transform

B—C(A):T—T
is an isometric *—isomorphism. Let

®:C(A)— B: f— O(f)

be its inverse. Applying the preceding results to this situation we see that there is a
projection valued measure E on the Borel o—algebra of A such that

o) = [ £aE

for every continuous function f on A. Thus

T:/TdE
A

for every T' € B. This is the spectral resolution of the operator T. Note that since T’
and 7™ both belong to the commutative algebra B, the operator 7" must be normal.
Conversely, for any bounded normal operator 1" on H we can take B to be the closure
of the set of all operators which can be expressed as polynomials p(T,7*) in T and
T*.

7. Let the setting be as in Problem 6. Suppose E’ is also a projection valued measure
on the Borel sigma-algebra of A such that

o(f) = [ saE

for every continuous function f on A. Assume that E’ is regular in the sense that
E; . is a regular Borel measure for each z € H. Show that £’ = E. [Hint: Show that

E! . = E,, for every x € H, and then see what this says about (E'(A)z,x).]
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Math 7330: Functional Analysis Fall 2005
Homework 8: Unbounded Operators A. Sengupta

In the following, H is a complex Hilbert space with a Hermitian inner-product (-,-).

Let D C H be a subspace of H which is dense in H.

Suppose B : D — H is a bounded linear mapping, i.e. B is linear and the norm
|B| = sup,ep,jz|<1) | B/ is finite. Show that there is a unique bounded linear operatot
B’ : H — H which restricts to B on D. [Hint: Let x € H. Since D is dense, there
is a sequence of points z,, € D with z,, — x as n — oo. Show that the sequence of
points Bz, is Cauchy. Show also that the limit of the sequence (Bx,,) is the same if
x, is replaced by any other sequence of points converging to x.]

Let D be a dense subspace of H and T': D — H a linear mapping. For x,y € H
consider the inner-product (T'z,y). For fixed y, this is a linear functional of x € D but
in general we can’t expect it to be a a bounded linear functional. But for certain values
y, the linear map T}, : D — C : z +— (T'z,y) will be bounded linear; for example, for
y = 0. Let D’ be the set of all y € H such that 7}, : D — C is a bounded linear
functional. Check that D’ is a subspace of H.
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Definition of the adjoint 7. Let T': D — H be a linear operator with dense domain
D. As in (ii), let D’ be the set of all y € H for which T}, : D — C : x — (Tz,y) is a
bounded linear operator on (the dense subspace) D. So by (i), there is a unique extension
of Ty to a bounded linear map T, é : H — C. Now we also know that any bounded linear
functional on H is given by inner-product with a unique vector of H. Thus there is a unique
vector w € H such that T, (z) = (v,w) for all x € H. In particular, (T'r,y) = (z,w) for
every x € D. This vector w is denoted T*y. Thus the defining property of Ty is:

(Tx,y) = (z, T"y) (1)

holding for all x € D. Note that T*y is meaningful only for y € D’. Thus on D’, we have
the mapping T* : D’ — H. Since (1) specifies T*y uniquely, it follows readily that 7" is
in fact a linear map. We write D(T*) for D’, to indicate that it is the domain of the linear
operator T*.

(iii) Let T': D — H be a densely defined operator. Show that the operator T* is closed
in the following sense: if y,, € D(T™) is any sequence of points in D converging to
some point y € H and if, further, the sequence of elements 7"y, also converges
then y actually lies in D(T*) and T*y,, — T*y as n — oo. [Hint: Since y,, — vy,
we have (Tx,y,) — (Tx,y). Rewrite (T'z,y,) using T*y,. Let z be the limit of
the sequence of elements T*y,,. Show that (T'z,y) = (x, z). Examine now what
this says about y and what it says about z.]
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2. Let E be a spectral measure for a measurable space (2, B) with values being orthogonal
projection operators in a complex Hilbert space H. Let f : 2 — C be a measurable
function not necessarily bounded). Let

Df:{a:EH:/|f|2dEI,I<oo}

(i) For any z,y € H and any measurable set A, show that
Ew-l—y,m—f—y(A) < 2Em,w (A) + 2Ey7y(A)

[Hint: First recall that E, ,(B) = |E(B)v|?. Next, for any vectors a,b € H we
have the Cauchy-Schwarz inequality |(a, )| < |a||b| which leads to the inequality
la + b|> < |a|® + |b|* + 2|a||b|. This, together with (|a| — |b[)?> > 0 implies that
la+ b2 < 2laf? + 2[b[2]

(ii) Show that Dy is a linear subspace of H, i.e. if x,y € D then x +y € Dy and
ax € Dy for every a € C.

(iii) Let A, = {p € Q@ : |f(p)| < n}. Consider any vector z in the range of the
projection E(A,). Show that

Eypo(A) = By 0(ANA,)

)

for every A € B. [Hint: What is E(A,)z 7]
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(iv) With notation as above, show that

/sdEm,m :/ sdE;
An

for every measurable simple function s on ().

(v) With notation as above, show that

/ F2dE, . — /A f2dE..,

Note that the right side is < n?E, ,(Q) = n?|z|*> < oo, and so x € Dy.

(vi) Let y now be any vector in H. Let y,, = E(A, )y, which is thus an element in the
range of E(A,,) and therefore in D;. Show that y, — vy, as n — oco. [Hint: Show
that |y, — y|? = Ey 4, (AS).] This show that the subspace Dy is dense in H.
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(vii) Let 2 € H. For any bounded measurable function g which is in L?(Q, B, E ) let
T.9= ([ gdE)x, an element of H. Show that |T.g| = |g]r2(g, .)-
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