Analysis Test Bank
November 15, 2006

The following topics should be reviewed for the Core-1 Analysis Comprehen-
sive Exam. Unless otherwise stated, functions are understood to be defined
on the real line/real n-dimensional Euclidean space and are real valued

(a) Advanced calculus topics including:

e Continuous functions, uniform convergence, uniform continuity, Stone-Weierstrass
theorem, compactness, Riemann integral. (See the syllabus for Math 4031.)

e Differentiable functions, series and Taylor’s theorem, (See the syllabus for Math
4032.)

e Jacobians, inverse and implicit functions, (See the syllabus for Math 4035.)
Lebesgue measure, og-algebras, Borel sets, measurable functions

)
c) Lebesgue integral on R and R", convergence theorems
) Tonelli-Fubini Theorem on R™ x R"

)

Functions of bounded variation, absolutely continuous functions, convex functions,
and the fundamental theorem of calculus

(f) Basic properties of Banach spaces.

e (C([a,b]) with the sup-norm.

e [P-spaces and the Riesz representation.
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Analysis Test Bank

1 Advanced Calculus

Unless otherwise stated functions are real valued and defined on the real line
and/or real n-space.
I.1 (a) A subset S of R is of type F, if S is the countable union of closed sets. Let f be
any function from R to R. Prove that the set of points of discontinuity of f is of
type F.

(b) Can a function from R to R be continuous on the rationals and discontinuous on
the irrationals? What if the roles of the rationals and irrationals are interchanged?

(c) Briefly explain why there are continuous, nowhere differentiable functions on R.
1.2 (a) Let f, : R — R be given by f,(z) = £ (n € N). Show that the sequence (f,)nen
is pointwise convergent on R, uniformly convergent on [0, 1], but not uniformly
convergent on R.

(b) Let f, : [0,1] — R be given by f,(r) = == (n € N). Show that (f,)nen is a

1+na?
bounded subset of C[0,1] and that no subsequence of (f,,)nen converges in C[0, 1].

I.3 Identify all subsets of [0,1] on which )" 2" converges uniformly. Explain.
[4 Recall that a step function is finite linear combination of characteristic functions of inter-
vals.

(a) Show that every continuous function on [0, 1] is a uniform limit of step functions.

(b) Is the converse true?

L5 Prove or disprove:

(a) The product of two uniformly continuous functions on R is also uniformly continu-
ous.

(b) The product of two uniformly continuous functions on [0, 1] is also uniformly con-
tinuous.



1.6

L7

L8

L.9

I.10

[L11

[.12

[.13

Prove or disprove the following two statements:
(a) If > | a, converges, then Y > | a, cosnz converges pointwise everywhere on R.

(b) If >°>°  a, converges absolutely, then > a,cosnz converges to a continuous
function on R.

Let Cp [0, 1] be the space of all continuous real functions f on the interval [0, 1] satisfying
f(0) = f(1) = 0. Let Py be the subspace of polynomials in Cy[0,1]. Show that Py is
dense in Cy[0, 1] in the sup norm.

Let (x,)nen be a sequence of real numbers. Prove that the following are equivalent.
(a) lim, oz, = a.
(b) Every subsequence of (x,),en contains a subsequence that converges to a.

Prove: If f € C[0,1] and fol f(x)e ™ dx = 0 for all n € Ny, then f = 0.

Let f, : [1,00) — R be defined by f,(z) := “e ™ (n € N). Show that the series
> re i fr converges uniformly to a continuous function.

fn : R — R be defined by f,,(z) := (sinz)" (n € N). Does (fn)nen converge uniformly?
Let f, : [0,00) — R be defined by f,(z) := (z/n)e”@/™ (n € N).

(a) Determine f(x) = lim, . fn(x). Show that the sequence (f,,)nen converges uni-
formly to f on [0, a] for any non-negative real number a. Does the sequence converge
uniformly to f on [0, 00)? Justify your answer.

(b) Show that

lim folz)de = (x)dx,
but that - -
lim fn(x) do # / f(z)dx.

Does e*(2? +y? +2%) — V1 + 224y = 0 have a solution z = f(x,y), where f is continuous
at (x =1,y =0) and f(1,0) = 07 Explain carefully.



[.L14 Let f: R — R be an infinitely differentiable function.

(a) Use Taylor’s formula with remainder to show that, given = and h, f'(z) = (f(z +
2h) — f(x))/2h — hf" () for some €.

(b) Assume f(z) — 0 as ¢ — oo, and that f” is bounded. Show that f'(z) — 0 as
T — 00.
I.15  Prove or give a counterexample: If f is a uniform limit of polynomials on [—1, 1], then
the Maclaurin series of f converges to f in some neighborhood of 0.

[.16  Let f(x) = 2¥sin(1/z) if z # 0 and f(0) = 0.

(a) If k = 2, show that f is differentiable everywhere but f’ fails to be continuous at
some point.

(b) If k£ = 3, does f have a second derivative at all points? If so, is f” a continuous
function? Give your reasons.

[.17  Let f be defined on R?® by f(z,y,2) = 22 + 4y? — 2yz — z2. Show that f(2,1,—4) = 0
and f,(2,1,—4) # 0, and that there exists therefore a differentiable function ¢ in a
neighborhood of (2,1) in R? such that f(z,y,g(z,y)) = 0. Find ¢,(2,1) and g¢,(2,1).
What is the value of g(2,1)?

[.18  Suppose that a function f is defined on (0, 1] and has a finite derivative with |f'(z)| < 1.
Define a,, :== f(1/n) for n = 1,2,3,.... Show that lim,_, a, exists.

[.19  Define a function f on R by

e’l/xQ, ifx>0
flz) = :
0 ,ifz<0

(a) Check whether f is infinitely differentiable at 0, and, if so, find f(™(0), n =
1,2,3,---. Show details.

(b) Does f have a power series expansion at 07

(c) Let g(x) = f(x)f(1—x). Show that ¢ is a nontrivial infinitely differentiable function
on R which vanishes outside (0, 1).

[.20  Prove that a function f : R" — R is continuous at © = (z1,--- ,z,) € R™ if the partial
derivatives f,,,..., fz, exist and are bounded in a neighborhood of z.



[.21

[.22

[.23

[.24

[.25

Let fx(z) = SN a,sin(nz) for a,,z € R. If 32°°  na, converges absolutely, show that
(fn)Nen converges uniformly to a function f on R, and that (f})nen converges uniformly
to " on R.

Let f be a twice continuously differentiable real-valued function on R™. A point z € R”
is a critical point of f if all partial derivatives of f vanish at x (i.e., 7 f(z) = 0), a critical
point z is nondegenerate if the n x n matrix

[af;ng (3”)}

is nonsingular. Let x be a nondegenerate critical point of f. Prove that there is an open
neighborhood of z which contains no other critical points. (i.e., the nondegenerate critical
points are isolated.)

Show that a function f(z) =e™® + 2¢72* + ...+ ne ™ + ... is continuous on (0, c0).

Let f : R — R be a twice differentiable function with bounded first and second derivatives.
By considering the Taylor expansion of f, show that: || f'[|cc < || f]lec + Rl || for every

h > 0. By minimizing over h, show that || f||cc < 24/ flcollf"]|cc, Where ||g|lcc denotes
sup,cg [9()].

Let f be a real-valued differentiable function on an interval (a,b). Show that f is Lipschitz
continuous if and only if f has bounded derivative.

2 Lebesgue measure, o-algebras, Borel sets, measur-

able functions

Unless otherwise stated, references to measure and integration are Lebesgue
measure and integration on real n-space.

IT.1

I1.2

I1.3

I1.4

Let A be a g-algebra of subsets of R, and let f : R — R be arbitrary. Prove that the set
{f7YS]: S € A} is a o-algebra.

Suppose that g : R — R is Lebesgue-measurable and that f : R — R is Borel-measurable,
that is, f~![(a,00)] is a Borel set for each real number a. Prove that f o g is Lebesgue-
measurable.

Prove that the set of points on which a sequence of measurable functions converges is
measurable.

Prove that every Borel set is Lebesgue-measurable.



I1.5

I1.6

I1.7

I1.8

I1.9

I1.10

IT.11

I1.12

I1.13

I1.14

Prove that, if there exists a G in G5 with £ C G and m*(G'\ E) = 0, then E is measurable.
Prove that the Cantor set is a Borel set.
Prove that any subset of a set of Lebesgue-measure zero is Lebesgue-measurable.

Prove that every Lebesgue-measurable set is contained in a Borel set with the same
measure.
Prove that every Lebesgue-measurable set contains a Borel set with the same measure.

Let f be a measurable function that is not almost everywhere infinite. Prove that there
exists a subset S C R of positive measure such that f is bounded on S.

If £ is a measurable subset of [0, 1] then there is a measurable subset A C E such that
m(A) = im(E).

Let £ C R be a measurable set with the property that

Y

m(1)
m(ENI) < —5

for every open interval I. Prove that m(E) = 0.

Let E be a measurable set in [0,1] and let ¢ > 0. If m(E N 1) > em(I), for all open
intervals I C [0, 1] show that m(E) = 1.

Let A C (0,1) be a measurable set and m(A) = 0. Show that

m{z’ :x € A} =0 and m{yz:z€ A} =0.



3 Lebesgue integral, convergence theorems

Unless otherwise stated, references to measure and integration are Lebesgue
measure and integration on finite dimensional real space.
III.1  Let X[—nn(-) denote the characteristic function of the interval [-n,n] (n € N). Consider
the sequence of functions f,(z) := x[—nn)(z)sin(ZE) (z € R).

(a) Determine f(z) = lim,_ fn(z) and show that the sequence (f,)nen converges
uniformly on compact subsets of R. Does the sequence converge uniformly on R?

(b) Show that
/ f(z)dr = lim fo(z) dz.

n—oo
—00
Are the assumptions of Lebesgue’s dominated convergence theorem satisfied?

III.2  Let f be a positive function on (0,1] such that f is Riemann integrable on [t,1] for
all t € (0,1), but lim, .o+ f(z) = co. Assume that the improper (Riemann) integral
(R) fol f(z)dz exists. Show that f is a measurable Lebesgue integrable function and that

1
flajde = (B) [ fla)de.

0
IT1.3  For each of the following problems, check whether the limit exists. If so, find its value.

(a) limpoo [['(1 — £)"da,

[0,1]

(b) lim, oo [ (1 — 2)"da.

1.4 (a) Characterize those bounded functions on [0, 1] which are Riemann integrable.

(b) Define g on [0, 1] by

0 if x is irrational
g(x) = . .
1/q if x=p/q in lowest terms

Is g a Riemann integrable function? Give a proof of your assertion.
ITI1.5 Show that if

-1 if if z is irrational

1 if if z is rational
-

then f is not Riemann integrable on the interval [0, 1]. Is f Lebesgue integrable? Explain.



II1.6 Show there are no bounded sequences (a,)nen and (b,)peny for which f,(z) =
a, sin(2mnx) + by, cos(2mnx) converges to 1 almost everywhere on [0, 1].

III.7  Let f(x) be a real-valued measurable function on [0, 1]. Show that

lim 1(cos(7rf(x)))2”dx =m{x: f(z) is an integer},

n—oo 0

where m denotes Lebesgue measure.

III.8  (a) Show that f(z) = ™" is a Lebesgue integrable function on [0,1] if 0 <r < 1.

(b) f0<r<1let
! dx
ay, = / ———— (Lebesgue integral).
0

n—!+ a7
Compute lim,, .. a,. Be sure to quote the appropriate integration theorems to
justify your calculations.

I1.9 Let f, : R — R be defined by

1.
fulz) = E,1f|x\§n

0, if |[x] >n

(a) Show that f,, converges to 0 uniformly on R, and that

lim [ fu(z)de =2

n—oo R

while

. (i 1) e #2

(b) Explain why this example does not contradict the Lebesgue dominated convergence
theorem.
II1.10  (a) Show that f(z) = 1/4/x is Lebesgue integrable on (0, 1).

(b) Find inf{fo1 Y(x) dz|y is a simple function, and ¢ (z) > 1/y/z on (0,1)}. (Simple
functions are finite linear combinations of characteristic functions of measurable sets
with extended real-valued coefficients.)



I1I.11

I11.12

IT1.13

I11.14

I1I.15

I11.16

II.17

ITI.18

I11.19

I1I.20

Give an example of a sequence (f,,)nen of bounded, measurable functions on [0, 1) such
that

lim 1\fn( ) dx =0

n—oo

but such that f, converges pointwise nowhere

Consider a Lebesgue measurable function f on R with fR )2dt < oo. show that the
function g(x) = [, f(t — x)f(t)dt is continuous.

Prove that hmn_m [ (sinnt)f(t)dt = 0 for every Lebesgue integrable function f on
R. (Hint: Do the problem first for step functions.)

Let fu(r) = :E(le)”

(a) For which n € N does the Lebesgue integral [ f,(x) do exist?

for x > e and n € N.

(b) Determine lim f,(z) for z > e.

n—oo

(c) Does the sequence ( f,,)nen satisfy the assumptions of Lebesgue’s dominated conver-
gence theorem?

Define f(z) = [, cos(zy)g(y) dy for x € IR where g is an integrable function on IR. Show
that f is continuous.

Let f € L*|0, 1] and fol " f(z)dx = 0 for n € N. Show that f =0 a.e.

Let f be a non—negative Lebesgue-measurable function on (0, co) such that f? is integrable.

Let F(z fo t) dt where z > 0. Show that lim, g+ Fyf) 0.

Let f be a differentiable function on [—1, 1]. Prove that lim._ [

1f(x)dx exists.

<lz|<1 =

n

Let f.(z) := w—'e_‘” for n € Ny.
n!
(a) Show that lim, . f,(z) = 0 for all z > 0.
(b) Show that f, € L'(0,00) with ||f.||1 =1 for all n € Ny.

(c¢) Show that limg_. fok (1 — %) dx =1 for all n € Ny.

0L Jz exists but that the function ®2£ is not integrable over (0, c0).

Prove that limy_ fob



IT1.21 Compute the following limit and justify your calculations:

lim (1 + E) o sin (£> dx
n—oo [y n n

II1.22 Let f be a continuous nonnegative function on [a,b] where a < b. Let M = max{f(x) :

a < x < b}. Show that
1
b m
lim (/ f(x)”dx) =M.

I11.23 Find and justify the limits:

" sinz

dx

i
(a) lim T

en

T

(b) lim dx

n—oo J 1+ na? .
I1.24 Let fu(z) = Y0y Lf(2 + L), where f is a continuous function on IR. Show that the

=0 n
sequence of functions (f,,)nen converges uniformly on every finite segment [a,b] to the

function F(x) = ffﬂ f(s)ds.
I11.25 Let f € L'(0,00), and suppose that [~ z|f(z)|dz < co. Prove that the function

o) = [ e tade

is differentiable at every y € (0, c0).
I11.26 Let f € L'(IR) with respect to Lebesgue measure, and suppose that

/R|$||f(x)|d$ < 0.

Show that the function

o) = [ e ptayda

is differentiable at every y € IR.
I11.27 Prove that, if f is a real-valued Lebesgue-integrable function on R, then

limy [ 17(e+1) = F@)]dt =0,



ITI.28

I11.29

ITI.30

I1I.31

I11.32

IT1.33

Let f € L'(IR).
(a) Prove: lim, fl/n f(x)dz = 0.

(b) Prove or disprove: lim, .o [ f(z)dz = 0.

Give an example of a sequence of uniformly bounded measurable functions f, on [0, 1]
such that m{z|f,(x) # 0} — 0 as n — oo, but the sequence f,(z) does not converge for
any z € [0, 1].

Let n > 3 and

1
n’z, for 0 < x < —
n

1 2
fo(z) =< 2n —n’z, for — <x <=
n n

2
0,for — <z <1
\ n

Sketch the graphs of f3 and f;. Prove that, if g is a continuous real-valued function on
[0,1], then

lim i fu(z)g(x)dx = g(0).

n—oo

(Hint: First show that fol fo(x)dr =1.)

Assume that the real-valued measurable function f(¢, ) and its partial derlvatlve - f(t,x)
are bounded on [0, 1]2. Show that for ¢ € (0,1)

dt[/ft:cdx] /Efta:

Prove that if f,, is Lebesgue integrable on [0, 1] for each n € N, and

00 1
nzl/o | fo(@)| do < o0,

then Y, f,(x) is convergent a.e., and

/01 f:fn(g;) dr = ni /01 fulz)dz

Let f € L'(IR). Prove that lim, .. fj e ™ f(x)dz = 0.

10



I11.34 Assume that A > 0, B > 0, and f is continuous and nonnegative on [a,b]. Assume that
flit) <A+ Bfat f(s)ds for a <t < b. Prove that f(t) < AeBt= for a <t < 0.

I11.35 Let f be a nonnegative integrable function on [0, 1]. Suppose that for every n € N

[ yra= [ s

Show that f is almost everywhere the characteristic function for some measurable set.

II1.36 Provide an example of a sequence { f,,} of measurable functions on [0, 1] such that f,, — f
a.e. and f, >0, but liminf [ f, # [ f.

II1.37 Let 1 < p < oo. Suppose f, € LP([0,1]), || full, < 1, and f,, — f a.c..

(a) Show that f e LP(]0,1]) and || f]|, < 1.

(b) Let 1 < p < oo and g € L9([0,1]) where %%— % = 1. Prove that

/Olfngﬁ/olfg-

(c¢) Give an example to show that the conclusion in item b would be false if p = 1.

4 Functions of bounded variation, absolutely contin-
uous functions, convex functions, and the funda-
mental theorem of calculus

Unless otherwise stated, references to measure and integration are Lebesgue
measure and integration on finite dimensional real space.
IV.1 If f is continuous on an interval [a, b] and has a bounded derivative in (a,b), show that f
is of bounded variation on [a, b]. Is the boundedness of f’ necessary for f to be of bounded
variation? Justify your answer.

11



V.2

IV.3

V4

IV.5

IV.6

Iv.7

IV.8

Let f(z) = z%sin(1), g(z) = 2?sin(;) for  # 0, and f(z) = g(z) = 0 for z = 0.

(a) Show that f and g are differentiable everywhere (including at = = 0).

(b) Show that f is bounded variation on the interval [—1, 1], but ¢ is not.

(c) Let f(x) = zsin(1/z) for x # 0 and f(x) =0 for x = 0. Is f of bounded variation
on [—1,1]?

Show that the product of two absolutely continuous functions on a closed finite interval
[a, b] is absolutely continuous.

A real-valued function f on an interval I for which there exists a constant C' such that

[f(2) = f(y)l < Cle -y
for all x and y in [ is called a Lipschitz function.
(a) Show that a Lipschitz function is absolutely continuous.

(b) Show that an absolutely continuous function f on an interval is Lipschitz if and
only if f” is essentially bounded.

A function f : [0,1] — L'[0,1] is called Lipschitz continuous if there exists M > 0
such that [|f(t) — f(s)|1 < M|t — s| for all t,s € [0,1]. It is called differentiable at a

point s € (0,1) if the differential quotients % converge in L'[0,1] as ¢ — s. Let

f:10,1] — L0, 1] be given by f(t) = x[0,4, where x4 denotes the characteristic function
of the interval [0,¢]. Show that f is Lipschitz continuous and nowhere differentiable.

Let f be a nonnegative real function on [0, 1] and let [ = fol f(z)dx. Show that

1
1+I2§/ V1+ fAx)de <141
0

Suppose f is a nonnegative integrable function on [0, 1]. Prove that

@//Olf(t)dtZ/Ol\/Wdt.

(a) Provide an example of a function on [0, 1] that is not absolutely continuous but is
of bounded variation.

(b) Provide examples of two different continuous functions on [0, 1] that have the same
derivative a.e. and that are both equal to zero at 0.

12



IV.9 Suppose F is absolutely continuous on [0, 1] and that g € L'([0,1]), with fol g = 0. Prove
the “integration by parts” law:

/0 @) g(e)de = — /0 [P @) [T do

IV.10  (a) Provide an example of a function of unbounded variation on [0, 1] that has a deriva-
tive equal to zero at almost all = € [0, 1].

(b) Provide an example of a function that is absolutely continuous on [0, 1] but has an
unbounded derivative.
IV.11 Prove that, if f is differentiable a.e. on [0,1] and f’ is not in L*([0, 1]), then f is not of
bounded variation on [0, 1].
IV.12 Prove that, if f is absolutely continuous on [0, 1], then the total variation of f on [0, 1] is
equal to fol ||
IV.13 Suppose that f is a real-valued function of bounded variation on [0, 1].
Prove that

(a) f has a right- and left-hand limit at each point in (0, 1);
(b) f can have only countable many points of discontinuity;

(c) If, in addition to being of bounded variation on [0, 1], f is absolutely continuous on
[0, 7] for each T' < 1, then there exists an absolutely continuous function g on [0, 1]
that coincides with f on [0,1).

5 Basic properties of Banach spaces

Unless otherwise stated, references to measure and integration are Lebesgue
measure and integration on finite dimensional real space.
V.1 Let C([a,b]) be the space of real continuous functions on a closed interval [a, b] equipped

with the sup norm. Let M = {f € C([a,b]) : f(x) > 0 for all x € [a,b]}. Show that M
is an open subset of C'([a, b]).

V.2 Let X be the normed linear space obtained by putting the norm ||f||; = fol |f(t)] dt on
the set of real continuous functions on [0, 1].

(a) Show that X is not a Banach space.
(b) Show that the linear functional Af = f(1/2) is not bounded.

13



V.3

V4
V.5

V.6

V.7

V.8

V.9
V.10

V.11
V.12

V.13
V.14
V.15

V.16

6

Show that L,[0, 1] is separable for 1 < p < oo, but not separable for p = cc.

Show that L”(0,1) C L%(0, 1) for any p > ¢ > 1. Here the integrability is with respect to
the Lebesgue measure. Is the inclusion map for LP(0,1) into L%(0,1) continuous?

Prove or disprove the equality L0, 1] = Ni<,<a0 L]0, 1].

Let f € L,(IR),1 < p < co. Show that / |f(x)|P dz — 0 for n — oo.

|z|>n

Let g, = nx[,-2. Show that fol f(x)gn(z)dxr — 0 as n — oo for all f € L?[0,1], but not
all f e L'0,1].

Provide an example of the following:
(a) A nonzero bounded linear functional on LP([0,1]), 1 < p < occ.

(b) A nonzero bounded linear functional on ¢*°.

Describe precisely how the dual of ¢! is represented concretely.
Why is the dual of L> not equal to L!, in other words, why is L' not reflexive?

What is the completion of the space of continuous functions on [0, 1] in the p-norm (1 <
p < 00)? In the co-norm?

Let p+q = pg. For g € LI(E), define g € (LP(E))* as g(f) = [p9f. Prove that
191l = gl oc)-
Prove that the linear space of finite sequences is dense in /7 for 1 < p < oo, but it is not

dense in /*°.

Prove that L>*(R) N LP(R) is dense in LP(R).
Let l<p<g<r<oo. If feLP(R)and f € L"(R), then f € LY(R).

Prove that £°° is not separable, that is, it has no countable dense set.

Sundry Problems

Unless otherwise stated, references to measure and integration are Lebes-
gue measure and integration on real n-space, m is Lebesgue measure on the
appropriate dimensional real space and m, is outer Lebesgue measure.

14



VI1

VI.2

VI3

VI4

VL5

VI.6

VI.7

VL8

VL9

VI.10

VI.11

VI.12

Let £y and E3 be countable sets. Show E; x FEy is countable.
Let d(z,y) = |v — y| for x,y € R%. Show

\d(x1,y1) — d(w2,y2)| < d(21,22) + d(y1,y2).
Let d = dy +dy where d; and dy are natural numbers. Let B,.(z) be the open ball of radius
r with center x. Let x € R" and y € R%. Thus (z,y) € R% Let ¢ > 0. Show

B (x) x B (y) € Be(z,y) € Be(x) X Be(y).

V2

In a similar vein, show that if z = (z1, 29, ...,74) € R?, then

Bﬁ(ml) X Bﬁ(l’g) X e X Bﬁ(xd) C B(x) € Be(w1) X Be(wg) X - -+ X Be(xq).

Show every subsequence of a convergent sequence in R% converges.

Let E be a nonempty subset of R. Let ¢ € R. Show sup £ = ¢ if and only if x < ¢ for all
x € F and for each € > 0, there is an x € F with x +¢ > c.

Show every open subset U of R can be written has a countable disjoint union U, (a;, b;)
of disjoint open intervals.

Let E be a subset of R?. Recall a subset S of E is said to be dense in E if for each z € F
and each € > 0, one has B.(z) NS # (. Using the countability of the set of points in R?
with rational entries, show every subset E of R? has a countable dense subset.

Let I} and F; be disjoint compact subsets of R%. Show d(F}, ) > 0.

Show if F} and F, are nonempty compact subsets of R? there are points z; € F} and
To € F2 with d(l‘hxg) == d(Fl, Fg)

Show the Cantor ternary set is totally disconnected; that is show it contains no nonempty
open interval.

Show the Cantor ternary set consists of all z in [0, 1] that can be written in form

oo
ay
v=2.3
k=1

-

where each ay, is either 0 or 2.

Let f be a continuous nonegative function on the closed interval a < x < b where a < b.
Let F' be the closed subset {(z,y) |a <x <b, 0 <y < f(z)} of R%. Show m,(F) is the

Riemann integral f; f(x)dux.
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VI.13

VI.14

VI.15

VI.16

VI.17

VI.18

VI.19

VI.20

Show the set of irrationals is a (G5 set but is not an F, set. Hint: Show Q is not a G for
otherwise you could obtain a decreasing sequence G,, of dense open sets that have empty
intersection. Then use the decomposition of each G,, into a disjoint countable union of
open intervals.

Using the fact that the rationals in any closed interval a < x < b where a < b is not a Gy
set, give an example of a Borel subset of R which is not an F,, or a Gy set.

Let &1,02,...,04 be nonzero real numbers. Let E be a subset of R?  Define
QZS(J]h Lo, ... ,l’d) = ((511’1, 52$27 e 75dxd)~
Show

M (¢(E)) = [0102 - - - da|m.(E).

Then show F is Lesbesgue measurable if and only if ¢(E) is Lebesgue measurable and
then

m(¢(E)) = [6102 - - - da|m(E).
Recall that an extended real valued function f : R? — [—oco,00] is measurable if
7[00, @) is measurable for each @ € R. Show f~!(a) = {x | f(z) = a} is measurable
for a € [—o0, x].
Show a subset E C R? is Lebesgue measurable if and only if for each € > 0 there is a
measurable set W with m,(EAW) < e.

Show the composition of two Borel measurable functions is Borel measurable.

Show there is a sequence of Lebesgue measurable functions f,, : [0,1] — R which converge
pointwise everywhere to a function f(x) having the property that there is not a subset A
of [0, 1] of Lebesgue measure 0 such that f,, converges uniformly to f on the set [0, 1] — A.

Let Q = [0, 1]¢ be the unit cube in R? and suppose f : Q@ — R is a continuous function.
Show the Lebesgue measure of the compact set I' = {(z, f(z)) | z € Q} in R is zero.
Hint: Use uniform continuity.

16



VI.21 Suppose E, is a sequence of measurable sets with Y m(FE,) < co. Set Fiy = U2\ E,,.

(a) Show that
lim m(Fy) = 0.

N—oo

(b) One defines limsup E,, by
limsup E, = NY_1 Fn.

n—~oo

Show the limsup FE,, consists of all points p which are in infinitely many of the FE,,.

(c) Note (a) shows m(limsup E,,) = 0 if > 7 m(E,) < oo. Give an example of a
sequence of measurable sets E,, where m(E,) — 0 asn — oo, but m(limsup E,,) # 0.

VI.22 Suppose f, is a sequence of real valued Lebesgue measurable functions on R?. Show if for
each € > 0, m{x | |f.(z)| > €} — 0 as n — oo, then

(a) there is a subsequence f,, of f,, such that f,, () — 0 as k — oo for a.e. .

(b) Show for each € > 0, there is a measurable subset E, of R? and a subsequence f,,
such that m(E,) < € and f,, converges uniformly to 0 off E..

VI.23 Show if E; is a Gy set in R® and E, is a G5 in R%, then E; x E, is a Gj set in R4+,

VI1.24 Let E and F be subsets of R% and R%.

(a) Show if E has Lebesgue measure 0 in R% and F is a bounded set in R%, then E x F
is Lebesgue measurable and has Lebesgue measure 0 in R% 792,

(b) Show if E has Lebesgue measure 0, then E x F is Lebesgue measurable in R41742
and has Lebesgue measure 0.

(c¢) Show if E and F are Lebesgue measurable, then £ x F' is Lebesgue measurable.
(Hint: Take G4 sets E' and F’ containing F and F with m(E'—E) = m(F'—F) =0
and consider E' x F’.
VI.25 Show if F C O C R? and F is compact and O is open, then there is a continuous function
f such that 0 < f(z) < 1 for all z € R? and f(z) = 1 on F and f(x) = 0 for x ¢ O.

Hint: Consider f(z) = min{ Zg?g?y 1}.

17



VI.26

VI.27

VI.28

VI.29

VI.30

VI.31

Let f: R? — [0,1] be measurable. Set

k k+1
Ek,n:{xl|x|§nand—§f(x)<i
n

}

where k € {0,1,2,...,n}. Show Ej , is measurable. Then for each k choose F},,, C Ej.,, C

Ok with Fj,, compact, Oy, open and m(Oy,, — Fip) < m Now find continuous

functions fk,n with 0 S fk,n S 1, fk,n = % on Fk,n, and f =0 off Ok,n- Set fn = EZ:(] fk,n'
Each f, is continuous. Show f,(z) — f(z) as n — oo for a.e. .

Let f > 0 be a Lebesgue measurable function on R%. Define u(E) = [ f dm.
(a) Show p is a measure on the Lebesgue measurable sets.
(b) Show u(E) = 0 whenever m(E) = 0.

(¢) Show p is purely infinite on the set £ = {z | f(z) = oco}. (Note p is purely infinite
on F if and only if u(F) =0 or pu(F) = oo on any measurable subset F' of E.)

(d) Show p is o-finite on the set E = {x | f(z) < oo}. Note this means there is a
sequence E,, of measurable sets with F' = U | E, and u(E,) < oo for all n.

It is known the ball of radius 1 in R?™ has volume (i.e., Lebesgue measure)

7.[_'n"l,

m-
Find the volume of any ball in R?*™ which has radius r > 0.

Show if f is a Lebesgue measurable function on R?, then there exists a Borel measurable
function i on R? such that f = h a.e. Hint: Let ¢ € Q and let E, = {x | f(z) < q}. The
set E, is Lebesgue measurable. Choose a Borel set B, D E, with m(B, — E,) = 0. Set
F, = Uy<,B,. Note F, C F, if ¢ < ¢'. Define h(z) = inf{q | z € F,}. Show h is a Borel
function and equals f a.e. Hint: Show f = h on the complement of U,cq(B, — E,) and
show h is a Borel function.

Let (a,) and (b,) be sequences in [—o0, co]. Show

(a) limsupa, = —liminf(—a,)

(b) liminf(a, + b,) > liminf a,, + liminf b,

Let F' be a measurable subset of R. Let E be the set of z in F' such that thereisa d > 0
with m((z — 0,z + 0) N F') = 0. Show that F has measure 0.

18



VI.32

VI.33

VI.34

VI.35

VI.36

VI.37

VI.38

VI.39

VI.40

Determine
fe’e) 3

i [ (2)
im sin ( — ) ———— duz.
n—oo [ n/ 1+ n2x3

Determine

! x n3

lim sin (—) ——dx.
n—oo J, n/ 1+ n?x3

Show there are no countably infinite o-algebras.

Give an example of a sequence of measurable real valued functions f, such that

liminf/fn(x) dr < /liminffn(x) dx.

Also give a sequence where f,, > 0 and

/lim inf f,,(x) dx < lim inf/fn(x) dx.

o) ta:—l
¢($):/0 e

is continuous for 0 < z < 1. Is ¢(z) differentiable on 0 < z < 17

Prove the function

Let f be a real valued function on R x R and suppose

z = f(x,y)

is continuous for each y and there is a dense subset E of R such that

y— f(x,y)

is Lebesgue measurable for x € E. Show f is Lebesgue measurable.

Show if p(z1,xs) is a nonzero polynomial in two variables, the set of points € R? with
p(x) = 0 has Lebesgue measure 0.

Recall if f is Lebesgue measurable on R? and E is a Lebesgue measurable subset of R?,
then [, fdm is defined if fxp is integrable and then [, fdm = [ fxgdm. Show if
fQ fdm = 0 for all closed cubes @, then f =0 a.e.

Suppose f € L'(R?). Show if fEfdm > 0 for all Lebesgue measurable sets E, then
f(z) >0 ae. x.
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VI41

VI.42

VI.43

VI.44

VI.45

VI.46

VI1.47

VI.48

Give an example of a sequence of Lebesgue integrable function f, on R? where f,, — f
pointwise, f is integrable, [ f,dm — 1 and [ fdm = 0.

Give an example of a sequence of Lebesgue integrable functions f,, where f,, — f pointwise
and [ fodm — 0 and [ fdm =1.

Show if f is an integrable function on R? and one has

fhdm =0
Rd
for every bounded continuous function h on R? then f = 0 a.e.

Let f be a Lebesgue integrable function on R? and let @ be a closed cube. Let z, be a
sequence in R? with |x,| — oo as n — oo. Show

/ fdm — 0 asn— oo.
zn+Q

Let f be a real valued function on R such that the set of x at which f is discontinuous
has measure 0. Show f is Lebesgue measurable.

(a) Show if h : R% — R% is continuous and the preimage h™'(E) of any Borel subset F
in R% has Lebesgue measure 0 in R%, then h~!(E) is Lebesgue measurable in R%
for each Lebesgue measurable subset E of R%. Use this to show f o h is Lebesgue
measurable whenever f : R% — R is Lebesgue measurable.

(b) Now show if f: RY — R is Lebesgue measurable function, then H(z,y) = f(z — y)
is Lebesgue measurable on R? x RY.

Suppose f and h are L' functions on RY. Show H(z,y) = f(z — y)h(y) is an L' function
on R??, Use this to show the function

Fot) = [ s =uhto)dy

is defined almost everywhere x and gives an integrable function on R%. Then show | f*h|, <
| flulhls.

Let f : [0,1] — R be Lebesgue measurable and suppose H(x,y) = f(z)— f(y) is integrable
on [0,1]2. Show f is integrable on [0, 1] and determine the integral of H.
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VI.49

VI.50

VI.51

VI.52

VI.53

VI.54

VI.55

VI.56

VI.57

VI.58

VI.59

Suppose f is integrable on R%. Prove

H(a) =m{z | f(z) > a} —m{z| f(z) < —a}

is integrable for a > 0 and show

Hdm, = / fdm.
[0,00) R4

Let 1 < p < co. Suppose 1 < g < oo where ¢ # p. Give an example of a measurable
function f on R such that f € LP(R) but f ¢ LI(R).

Supposelgpgqgooand%—i-%:l.

(a) Let f € LP(R) where 1 < p < oco. Find a function g € LY(R) so that |g|, = 1 and
f fgdm = |[f|,.

(b) Give an example of an f € L°°(R) for which there is no g € L*(R) such that |g|; = 1
and [ fgdm = |fl.
Let Q be a closed cube in R?. Show L(Q) C LP(Q) whenever 1 < p < ¢ < oo.

Let @ be a unit cube in RY. Show if f € LP(Q), then |f|, < |f],if 1 <p < g < o0

Let f and g be functions in L*(R?). Suppose |z,| — 0o as n — oo. Show

/f(:v)g(zt + 2,) dm(x) — 0 as n — 0.
Let f € L'(R?). Show fol f(x,y+n)dm(y) exists for a.e. x and defines a function H,, in
L'(R). Then determine if the sequence H, has a limit in L'(R).
Let 1 < p < oo. Suppose f, € L’(R) and f € L?(R) and

\fn— flp — 0 as n — oo.

Show there is a subsequence f,x) such that f,x)(x) converges a.e. to f(x) as n — oo.

Show if f : R? — R is a function satisfying for each € > 0, there is a Lebesgue measurable
subset W with m(W) < e and f|w. is continuous on W€, then f is Lebesgue measurable.
Let F' and G be functions on [a,b] into R and let ¢ be a constant. If F and G have
bounded variation, show V?(F + G) < VPF + VG and V’cF = |¢|VPF.

Show f has bounded variation if and only if f™ and f~ have bounded variation. Hint:
Show | f| has bounded variation.
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VI.60

VI.61

VI.62

VI.63

Let f : [a,b] — R be monotonically increasing. Show the set of points in [a,b] where f is
discontinuous is countable.

Show if f is absolutely continuous on [a, b], then the total variation V¥ f where a < z <b
is given by VZf = fab |f'(x)|dm(z). Hint: First show F’'(z) > |f'(x)| a.e by using
VIt f > | f(x + h) — f(z)| and then conclude [7|f/(z)|dx < [T F'(x)dx < V¢f. Then
show Vef < [ f'(x)] da.

Show f : [a,b] — R is absolutely continuous if and only if f* and f~ are absolutely

continuous on [a, b].

Let Vg denote the total variation of g from a to . Show if f is absolutely continuous
on [a,b], then V*f = VZ|f| for a < x < b and then give an example of a function f of
bounded variation where V. f and V7| f| are different. You may use V7 f = [ |f'|dm if
f is absolutely continuous.
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