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Abstract

This thesis consists of two parts, each part concentrating on a different problem
from the theory of Stochastic Integration. Chapter 1 contains the introduction
explaining the results in this dissertation in general terms. We use the infinite di-
mensional space §’'(R), which is the dual of the Schwartz space S(R), endowed with
the gaussian measure p. The Hilbert space (L?) is defined as (L?) = L*(S'(R), p),
and our results are based on the Gel’fand triple (S)z C (L*) C (S)}. The necessary
preliminary background in white noise analysis are well elaborated in Chapter 2.

In the first part of the dissertation we present a generalization of the It6 Formula
to anticipating processes in the white noise framework. This is contained in Chapter
3. We first introduce an extension of the Ito integral to anticipating processes
called the Hitsuda Skorokhod integral. We then use the anticipating It6 formula for
processes of the type (X (t), B(c)), where X(t) is a Wiener integral and B(t) =
(,104)) is Brownian motion for a < ¢ < b, which was obtained in [21] as a
motivation to obtain our first main result. In this result, we generalize the formula
in [21] to processes of the form 6(X(t), F') where X (t) is a Wiener integral and
F € W'/2, The space W'/? is a special subspace of (L?).

Chapter 4 contains the second part of our work. We first state the Clark-Ocone
(C-0O) formula in the white noise framework. Before the main result we verify the
formula for Brownian functionals using the very important white noise tool, the .S-
transform. Previous proofs of this formula have not used this method. As our second
main result, we extend the formula to generalized Brownian functionals of the form
O =3 (¥ f), where f, € L*(R)®". The formula for such ® takes on the

same form as that for Brownian functionals. As examples we verify the formula

v



for the Hermite Brownian functional : B(t)":; using the Ito formula. We also
compute the C-O formula for the Donsker’s delta function using the result for the
Hermite Brownian functional. Finally, the formula is generalized to compositions
of tempered distributions with Brownian motion, i.e, to functionals of the form

f(B(t)) where f € S'(R) and B(t) = (-,1jp4) is Brownian motion.



Chapter 1. Introduction

In the first part of this dissertation we prove in the white noise framework the

anticipating Ito formula

o(X (1), F) = F>+/ta* (f( )2 (x5, F)) ds

/ PP 3 X Fds + [ F5)0.F) 2 (X, F) s
(1.1)

where f € L*([a,b]) f f(s is a Wiener integral, F € W2 0 €
C?(R?) and the integral fa or (f(s)%(X(s), F)) ds is a Hitsuda-Skorokhod integral
as introduced by Hitsuda [9] and Skorokhod [31].

As our second result, we study the Clark-Ocone representation formula [4] [27]

for Brownian functionals F' € W'/? given by
F = E(F) +/TE(8tF]]-"t) dB(t). (1.2)
Since E(O,F | F;) is nonanticipating, equation (1.2) can be rewritten as
F=EF)+ /TGQ‘E(&FU}) dt. (1.3)

We verify this equation for Brownian functionals using the S-transform. Then
we extend this representation to generalized functions ® in the Kondratiev-Streit
space satisfying the conditions ® = >~ (: -®": , f,), f, € L2(IR{)®"

Since the Hermite Brownian functional plays a very important role in white
noise analysis, using the It6 formula, we verify its Clark-Ocone representation. As

a specific example of a generalized Brownian functional that meets our conditions,



we compute the Clark-Ocone formula for the Donsker’s delta function which is

1 2 — B(s)) _(a=B@)?

_ -5 : 1 (a e 2-s S
(B —0) = —— +/_wm e B, )

This formula relies heavily on the representation for the Hermite Brownian func-
tional. Finally, we generalize the Clark-Ocone formula to compositions of tempered
distributions with Brownian motion, i.e, to generalized Brownian functionals of the
form f(B(t)) where f € S’(R). As an observation, another generalization of the
Clark-Ocone formula was obtained in [6] for regular generalized functions in the
space (S)7 which is larger than our space (S)j, 0 < 3 < 1. But we have a stronger

result than the one in [6].



Chapter 2. Background

In this chapter the basic concepts and notations from White Noise Analysis of
interest to our work are introduced. The proofs for the necessary theorems are not

presented in here and the interested reader is provided with the relevant references.

2.1 Concept and Notations
Let E be a real separable Hilbert space with norm | - |op. Let A be a densely
defined self-adjoint operator on F, whose eigenvalues {\, },>1 satisfy the following

conditions:
ol N < <A<
o DA <0

For any p > 0, let £, be the completion of E with respect to the norm |f|, := |A? f|o.
We note that &, is a Hilbert space with the norm | - |, and &, C &, for any p > g¢.
The second condition on the eigenvalues above implies that the inclusion map
i : Epr1 — &y is a Hilbert-Schmidt operator.
Let

£ = the projective limit of {&, ;p > 0},

&' = the dual space of £.
Then the space € = ﬂpZO &, equipped with the topology given by the family
{] - |p}p>0 of semi-norms is a nuclear space. Hence £ C E C &' is a Gel’fand triple

with the following continuous inclusions:
EC&CECECE CE CE, qg>p>0.

We used the Riesz Representation Theorem to identify the dual of £ with itself.



It can be shown that for all p > 0, the dual space &) is isomorphic to £_,,, which
is the completion of the space £ with respect to the norm |f|_, = [A7? f]o.

Minlo’s theorem allows us to define a unique probability measure p on the Borel
subsets of & with the property that for all f € &, the random variable (-, f) is
normally distributed with mean 0 and variance |f|2. We are using ( , ) to denote
the duality between £ and £. This means that the characteristic functional of

is given by

/ ei<m’£>du(l’> — e*%|§|(2)’ VE € E. (2.1)

The probability space (€', i) is called the white noise space. The space L*(&’, 1)
will be denoted by (L?); i.e., (L?) is the set of functions ¢ : & — C such that ¢
is measurable and [, [p(z)|*dp(x) < oo. If we denote by E. the complexification
of E, the Wiener-Ito Theorem allows us to associate to each ¢ € (L?) a unique
sequence { fn}n>0, fn € Egé” and express ¢ as ¢ = »_ > I,(f,) where L,(f,) is
a multiple Wiener integral of order n (see [11]). This decomposition is similar to
what is referred to as the “Fock-Space decomposition” as shown in [26].

The (L?)-norm || ¢ ||o of ¢ is given by

oo
I = S"nt] £ 2
n=0

where | - |o denotes the E®"-norm induced from the norm | - |y on E. For any

p>0,let |- |, be the Efc”-norm induced from the norm | - |, on &, and define

1
0 2
ol (zm " \z) |
n=0
Let

(&) ={e e (L?);] ¢ llp< o}



If 0 < p <gq, then (&) C (&,) with the property that for any ¢ > 0, there exists
p > ¢ such that the inclusion map I, : (§,) — (&,) is a Hilbert-Schmidt operator
and || I,y |5s< (1= || tpq ||%g) " where i,, is the inclusion map from &, into &,
as noted earlier on.

Analogous to the way £ was defined, we also define

(€) = the projective limit of {(&,) ;p > 0},
()" = the dual space of (£).

With the above result, (€) = [,5,(£,) With the topology generated by the family
{I Il ;» > 0} of norms. It is a nuclear space forming the infinite dimensional
Gel'fand triple (£) C (L?) C (€)*. Moreover we have the following continuous

inclusions
() C(€) C (&) C(IX) C(E,) C(E) C(E)F, q=p>0.

The elements in (£) are called test functions on £ while the elements in (€)* are

called generalized functions on £’. The bilinear pairing between (£) and (£)* is

denoted by ((-,)). If ¢ € (L?) and ¢ € (&) then ({¢,%)) = (¢,v), where (-,-) is
the inner product on the complex Hilbert space (L?).
An element ¢ € (£) has a unique representation as ¢ = .00 I,(f,), fu € EE™

with the norm

lel2=> "nllf2 <0,  V¥p>0.

n=0
Similarly, an element ¢ € (£)* can be written as ¢ = 3.0 I,(F,), F, € ()"

with the norm

[%S)
I l2,=> nl|F. 2,
n=0



The bilinear pairing between ¢ and ¢ is then represented as

({6, 0)) = _nl(F,, fa).
n=0
Kondratiev and Streit (see Chapter 4 in [21]) constructed a wider Gel’fand triple
than the one above in the following way:
Let 0 < 8 < 1 be a fixed number. For each p > 0, define

o 1/2
el = (Z(n!)“ﬂ(z‘l’”)@"fn%)

n=0

and let

(£p)s = {v € (L?); [lollp < o0}
It should be noted here that (&) # (L?) unless 3 = 0. Similarly to the above
setting, for any p > ¢ > 0, we have (€,)s C (&) and the inclusion map (€pya)s —
(&p)p is a Hilbert-Schmidt operator for some positive constant .
Let

(€)s = the projective limit of {(€,)s;p > 0},
(£)j = the dual space of (£)g.
Then () is a nuclear space and we have the Gel'fand triple (£)s C (L?) C (€)5
with the following continuous inclusions:

(&)s C (&) C (L) C(E)5C(E)  p20,

where the norm on (&)} is given by

0 1/2
[ell-p-5 = (Z(n!)lﬁ|(z4p)®"fn|3> .

n=0

Thus we have the following relationships with the earlier Gel’fand triple first dis-

cussed:

(£)s C (£) € (L*) C (£)" C (&)



An even wider Gel’'fand triple was introduced in [5] to create what is known as
the Cochran-Kuo-Sengupta (CKS) space. The interested reader is referred to that

paper for its construction.

2.2 Hermite Polynomials, Wick Tensors, and
Multiple Wiener Integrals

The Hermite polynomial of degree n with parameter o2 is defined by

2 i _ﬁ
ca 2= (—0") ez Dile 202,

These polynomials have a generating function given by

o0

tn
Z e " = ele=30°1", (2.2)

n=0

The following formulas are also helpful:
e,
DA 2= Z (2k) (2k — DN (—o?)Fan 2k, (2.3)
k=0

2,

" = Z (Qk) (2k — Dok o g2k 5 (2.4)
k=0

where (2k — 1)l = (2k — 1)(2k — 3) -+ 3.1 with (—=1)! = 1.

The trace operator is the element 7 € (£/)2 defined by

(r,6@mn) =(&n), {,n €.

Let x € £&. The Wick tensor : z%": of an element z is defined as

[n/2]

. x®n: — Z <27;€> (2k _ 1>”(_1)kx®(nf2k)®7®k,

k=0

where 7 is the trace operator. The following formula similar to equation (2.3) is

also important for Wick tensors, i.e.,

[n/2]

" = Z <27;€> (2k — 1)1 g20=20) . Gork,

k=0



For x € £ and ¢ € &, the following equalities related to Wick tensors hold:
<: x@n: 7§®n> = <l‘7£>n :|§\g7

I(: 227 €5™) [lo = Vnll[;.

In order to make mathematical computations concerning multiple Wiener inte-
grals easier, they are expressed in terms of Wick tensors. This is achieved via two

statements as follows (see Theorem 5.4 [21]).

1. Let hy, ho,--- € E be orthogonal and let ny + ns + - -+ = n. Then for almost

all z € £, we have

(:a®m: AR R ) =1 (x, )™ 2t (T ha)™ tpgpz -

2. Let f € E®". Then for almost all z € £,

where I,,(f)(x) is a multiple Wiener integral of order n. With this relationship, we
are able to write test functions and generalized functions in terms of Wick tensors

as follows: Any element ¢ € (L?) can be expressed as

[e.e]

o(x) = Z( 2 f), p—ae forz € &, f, € B2

n=0

Suppose ¢ € (£). Since £" is dense in ES™, we have

o0

p(x) = (a2 f),  fa€ES™

n=0

For an element ¢ € (&,)*, it follows that

plx) = (12" F),  F,e (&)



2.3 The White Noise Differential Operator
Let y € & and ¢ = (: 2®": | f) € (€)s. It can be shown that the directional

derivative

lim p(x +ty) — o(x)

— - BN S
=0 t TL( T ’Jy®1f>7

where y®;- : E2" — EZ™ Y is the unique continuous and linear map such that

y@19%" = (y,9)g°" Y, g€ E..

This shows that the function ¢ has Gateaux derivative D,p. For general p(z) =

S, x®m f), fa € €c®", we define an operator D, on (£)g as

n=0
Dyp(x) =Y n(: 2" 1y f).
n=1

It can be shown that D, is a continuous linear operator on (£)g (see section 9.1,
21]). By the duality between (£)j and (£)s the adjoint operator D; of D, can be

defined by

(Dy®, ) = (B, Dyp)), ® € (£), ¢ €(£)

Now let £ be the Schwartz space of all infinitely differentiable functions f : R — R
such that Vn, k € N,
sup

dk
= z" (@) f(z)

If we take y = d;, the Dirac delta function at ¢, then

< 00

1. 0y = Ds, is called the white noise differential operator, or the Hida differential

operator , or the annihilation operator,

2. 0f = Dy, is called the creation operator, and

3. For p € (S)g, B(t)p = 0o + 0fp is called white noise multiplication.



2.4 Characterization Theorems and
Convergence of Generalized Functions

Let h € E,. The renormalization : e"": of e{"" is defined by

oo 1
RSN N . ®n. 1p®n
e =3 ), (2.5)

n=0

Moreover,

If £ € &, then : el M € (E)gforall0 < B < 1. Ify € & then : e € (£)3.

For such a y and &£ we have
((: e 1 el8 1)) = ), (2.7)

The renormalized exponential functions {: e : ‘ ¢ € &.} are linearly independent
and span a dense subspace of (€)s.
For all @ € (£)j, the S-transform S® of ® is defined to be the function on &,

given by
SH(E) = ((D,: M), £k, (2.8)

The S-transform is an injective function because the exponential functions span a
dense subspace of (£)3. By using the S-transform, we can extend the operator 0;
from (S)g to the space (S)} as follows.

For @ € (8)5, let F'(§) = SP(£) and let F'({;t) be the functional derivative of

F at £. The function F' is said to have the first variation if it satisfies the condition

F(§+06) = F(§) +0F(§) +0(5¢),  &,06 € S(R),

10



where 0F(§) is given by

M@zéﬁ@mww.

Definition 2.1. (see [20]). Suppose that F'(xi;t) where £ € S(R) is the S-transform
of some generalized function. Then we define 0;® to be the generalized function with

S-transform F'(&;t), i.e.,

S(0@)(§) = F'(&:1), € SR).

Example. The Hermite Brownian functional gives us the following
P = (:.o": ,1%2]),
F(€) = 59(§) = £(1)",
SF(€) = né(t)" 3¢ (1) = /R 0.y (w)€ ()" 15¢ (u) d,
F'(&t) = nlpg ()"~ =n&(t)" ",
0P =n(:-" 1, 1%,(157}1_1)»

The main purpose of the S-transform is to change an otherwise infinite-dimensional
object into a finite-dimensional one. By so doing, ordinary calculus can be applied
to the finite-dimensional case before finally reconverting it back (if possible) into
the infinite-dimensional setup. A good example is when solving white noise stochas-
tic diffrential equations. As it was done in chapter 13 of [21], the S-transform was
first applied to the white noise diffrential equation thereby obtaining an ordinary
differential equation, before solving it and then reconverting the result back to the
white noise setup. It is therefore necessary to have unique characterization the-
orems for both test and generalized functions which we will state without proof.

The interested reader is referred to [21] chapter 8. We will start by characterizing

generalized functions in the following theorem. The next theorem will then char-

11



acterize test functions; and in both cases, the S-transform plays a very important

role.

Theorem 2.2. Let ® € (£3)*. Then its S-transform F' = S® satisfies the condi-
tion:
(a) For any £ and 7 in &, the function F'(z€ + n) is an entire function of z € C.

(b) There exists nonnegative constants K, a, and p such that

F(€)] < K exp [alﬂfﬁ] . veee

Conversely, suppose a function F' defined on &, satisfies the above two conditions.
Then there exists a unique ¢ € (€ )E such that F' = S® and for any ¢ satisfying

1-8
the condition that e? (i—aﬁ) |A=(@=P)||2 ¢ < 1, the following inequality holds:

2a \'""
uw%%SK(mw%ﬁﬂQ nA@me

Theorem 2.3. Let F' be a function on &. satisfying the conditions:

—-1/2

(a) For any & and n in &, the function F(z€ +n) is an entire function of z € C.

(b) There exists positive constants K, a, and p such that

rF@MSAwm{aaﬁﬂ, vEcE.

Then there exists a unique ¢ € (Eg)* such that F = Sy. In fact, ¢ € (&) for any

1+
q € [0,00) satisfying the condition e* (ﬁ—%) |A=P=D||2 4 < 1 and

1+8
crxfioe( 2 aeap
wek (1= () Ao

In the next theorem, we state the necessary and sufficient condition for de-

—-1/2

1%

termining the convergence of generalized functions. This is done in terms of the

S-transform. For a proof, see Theorem 8.6 in [21].

12



Theorem 2.4. Let @, € (£); and F,, = S®,,. Then ®,, converges strongly in (E)}
if and only if the following conditions are satisfied:
(a) lim,, .o, F,,(§) exists for each & € E..

(b) There exists nonnegative constants K, a, and p, independent of n, such that

|F. (&) < Kexp [a\f];_ﬁ} , VneN, €&,

2.5 Pettis and Bochner Integrals

Let (M, B, m) be a sigma-finite measure space. Let X be a Banach space with norm

| - |]. A function f: M — X is called weakly measurable if (w, f(-)) is measurable

for each w € X* (with the understanding that (-,-) denotes the bilinear pairing
of X* and X). A weakly measurable X-valued function f on M is called Pettis
integrable if it satisfies the following conditions:

(1) For any w € X*, (w, f(-)) € LY(M).

(2) For any E € B, there exists an element Jg € X such that

(w, 1) :/E<w,f(u)>dm(u), Yw € X*.

This Jg is unique. It is denoted by (P) [, f(u)dm(u) and is called the Pettis in-
tegral of f on FE. It is noted that if X is reflexive, then f is Pettis integrable if and

only if f is weakly measurable and (w, f(-)) € L'(M) for each w € X*.

Let f : M — X be a countably-valued function given by f = > 7 xxlp,, B, € B

disjoint. Then f is called Bochner integrable if

S llewllm(Ex) < o0
k=1

13



For any E € B, the Bochner integral of F' on E is defined by

/ f(u)dm(u Zka E N Ey).

A function f: M — X is said to be almost separably-valued if there exists a set
Ey such that m(Ep) = 0 and the set f(M\Ep) is separable. Let f : M — X be
a weakly measurable and an almost separably-valued function. Then the function
Il f(-)|| is measurable. Consider a sequence {f,} of weakly measurable functions
such that f,, converges almost everywhere. Then the limit function f = lim,, . f,
is also weakly measurable. Moreover, if the sequence { f,,} is also countably-valued,
then both functions f and f — f, are weakly measurable and almost separably-
valued. Hence || f|| and || f — f,.|| are measurable. It therefore follows from the above
paragraph that a function f : M — X is called Bochner integrable if there exists

a sequence {f,} of Bochner integrable functions such that

1. lim, . f, = f almost everywhere

2. lim,,_.o fM | f(u) = fu(w)] dm(u) = 0.

From condition 2, it follows that for any E € B, [, f.(u) dm(u),n > 1, is Cauchy

in X. The Bochner integral of f on E is then defined as

B) /E ) dm(a) = T [ fuu) dm()

n—oo

Condition (2) also allows us to state the following conditions for determining
Bochner integrability.
A function f : M — X is Bochner integrable if and only if the following conditions

are satisfied:

1. f is weakly measurable,

14



2. f is almost separably-valued, and

3. [y If @) dm(u) < oco.

It is observed that if f is Bochner integrable, then it is also Pettis integrable and

we have equality of the two integrals:

/f ) dm(u /f ) dm(u VE € B.

The converse is not true. See examples in [21] Section 13.2.

2.6 White Noise Integrals

A white noise integral is a type of integral for which the integrand takes values

*

in the space (€)j of generalized functions. As an example consider the integral
fg e~(t=5): B(s)?: ds where B is white noise. In this case the integrand is an (S)5
valued measurable function on [0, ¢]. A second example is the integral fot 0:d(s)ds
where ® is also (S)j-valued. If fo 0*®(s) ds is a random variable in (L?) then the
white noise integral is called a Hitsuda-Skorokhod integral. This integral will be
defined in detail in the next section and will be our center of focus. So in general,

if (£)3 C (L*) C (€)} is a Gel'fand triple, and ® is an (€)j-valued function on a

measurable space (M, B, m), a white noise integral is of the type

/ B(u) dm(u), E € B.

Despite the fact that (£)j is not a Banach space, these integrals can be defined in

the Pettis or Bochner sense by the use of the S-transform.

o White noise integrals in the Pettis sense:

We need to define [, ®(u) dm(u) as the generalized function in (£)} that satisfies

15



the following:

s ([ etwanto) © = [ s@uy@ant.  cee.

In particular, if ®(u) is replaced by 0;®(u) we have

5</E@’Z‘I’(U) dm(ﬂ)) (&) Z/Ef(U)S(CP(U))(f) dm(u),  §e€&. (29

The above two equations then call for the following conditions on the function ®

to be satisfied:
(a) S(P(u))(€) is measurable for any £ € &..
(b) S(®()(€) € L'(M) for any & € &.

c) For any F € B, the function [, S(®(u))(-) dm(u) is a generalized function in
E
£)%. (This can be verified by using the characterization theorem for gener-
(€)5- ( y g g

alized functions).

The statement in (c¢) can be rewritten as

« /E B(u) dm(u), : 9 )) = /E (@), - 92 ) dm(u), € €&

Since the linear span of the set {: e"¥: & € &} is dense in (€)3, the above

equation implies that

« /E B(u) dim(u), @) = / (B(u), @) dm(u), @€ ()] (2.10)

In terms of the S-transform, Pettis integrability can be characterized using the

following theorem. For a proof, see section 13.4 [21].

Theorem 2.5. Suppose a function ® : M — (€)} satisfies the following condi-

tions:

16



(1) S(®(-))(&) is measurable for any £ € &..

(2) There exists nonnegative numbers K,a and p such that

| s@uy©dnu) < Kesp [amﬁ], cee.

Then ® is Pettis integrable and for any E € B,

s ([ atwanto) © = [ s@y@anq.  eee.

e White noise integrals in the Bochner sense:

Since the space (5)2} is not a Banach space, the definition of the Bochner in-
tegral from the last section cannot be used to define the white noise integral
[ ®(u) dm(u). As it turns out, we will need much stronger conditions than those
used in the defining white noise integrals in the Pettis sence. As earlier observed,
we know that (€)j = Up>0(Ep)j and each of the spaces (£,)} is a separable Hilbert
space. With is in mind, the white noise integral [, ®(u)dm(u) can be defined in
the Bochner sense in the following way.

Let ® : M — ()5 Then @ is Bochner integrable if it satisfies the following

conditions:

1. @ is weakly measurable

2. There exists p > 0 such that ®(u) € ()5 for almost all v € M and

12C)l|-—p,—p € L1 (M).

If ® is Bochner integrable, then we have

H/M () dm (u)

< D(u)||—p,—gdm(u
s 1 sim
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The following theorem contains the conditions for Bochner integrability in terms
of the S-transform and helps estimate the norm || ®(u)||—, -z of ®. See [21] section

13.5.

Theorem 2.6. Let & : M — (€)} be a function satisfying the conditions

1. S(®(+))(&) is measurable for any & € &,

2. There exists p > 0 and nonnegative functions L € L'(M),b € L>(M), and

an m-null set By such that

1S(@(w))(©)] < L{u) exp [b(u)\srﬂ . VEeE, ueE

Then ® is Bochner integrable and [,, ®(u)dm(u) € (&)} for any q > p such that

2[1b]| 7
e’ ( - 5) A P2 < 1 (2.11)

where ||b]|oo is the essential supremum of b. It turns out that for such gq,

1] o dn(-q
91blo ~1/2
guLnl(l e () paromp )

An example worth noting is the following. Let F' € §'(R) and f € L*(R), f # 0.

(2.12)

Then F((-, f)) is a generalized function and if the Fourier transform F' € L>®(R),

then F((-, f)) is represented as a white noise integral by

F((-, 1) 2 (u) du. (2.13)

_ ! /GMf)
V2rm Jr

In this case ®(u) = ™) F(u),u € R and it satisfies the conditions in Theorem

2.4 for Pettis integrability.
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2.7 Donsker’s Delta Function
Consider the Gel’fand triple S(R) C L*(R) C §'(R). For F € §'(R) and non-zero
f € L*(R), it is known that the composition F({-, f)) is a generalized Brownian
functional [17], [21]. In particular, let F' = 4, be the Dirac delta function at a.
Then, for f = 1y, and (-, 1jo4) = B(t) a Brownian motion, the function é,(5B(t))
is a generalized Brownian functional. d,(B(t)) is called Donsker’s delta function.
Sometimes d,(B(t)) is written as §(B(t) —a). Some of the applications of Donsker’s
delta function include among others:
(a) Solving partial differential equations
(b) White noise representation of Feynman integrals
(c) Local time L(t,x) = [; ( — x)ds.

Donsker’s delta function §(B(t) — a) can be expressed in two ways.

First, as a white noise integral in the Pettis sense represented as

S(B(t) — a) = / (BO=0) g,
R

Note that this is a special case of equation (2.13) with F' = d, and f = 1j9).

Second, in terms of its Wiener-I1td6 decomposition also given by

18m )

m n't”: SRR

This representation is using the fact that (: -®": 1%’;}) =: B(t)": ;. In general, for

F € §'(R), the Wiener-1t6 decomposition for F(B(t)) is given by

F(B(t) (2.14)

1 n
i HZ:O %m Ens): B
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where &, 4(z) =: 2" 4 e~% is a function in S(R) and (,) is the pairing between
S'(R) and S(R) (See [22]). Another representation for Donsker’s delta function is
the subject of discussion in the second part of this dissertation, which is called the
Clark-Ocone Representation formula. The second representaion above will be very

important in obtaining the result.
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Chapter 3. A Generalization of the Ito
Formula

This is the chapter that contains the first result of this dissertation. In the first two
sections we define the Ito integral and some other related concepts. Section two
contains an overview of the ordinary Ito formula. In section three we introduce the
problem plus the machinery involved in solving it while the fourth section contains

the major result.

3.1 The It6 Integral
Definition 3.1. Let 7' C R and let (2, F, P) be a probability space. A stochastic

process X (t,w) is a measurable mapping X : T x © — R such that:

(a) For each w, X(-,w) is a sample path i.e. for every fixed w (hence for every

observation), X (-,w) is an R-valued function defined on T.
(b) For each t, X(t,-) is a random variable.

For a given stochastic process X, we let X (¢) denote the random variable X (t, -).

Definition 3.2. A Brownian motion B(t) is a stochastic process satisfying the

following conditions:
1. P{B(0) =0} =1.
2. Forany 0 <t <s, B(s)— B(t) ~ N(0,s —t); i.e.

1 ""’ y?
P{B(s) — B(t) <z} = ——— e 260 dy.

3. B(t) has independent increments; i.e. for any 0 < ¢t; < --- < t,, the random

variables B(t1), B(ts) — B(t1), -, B(t,) — B(t,—1) are independent.

4. P{w| B(,w) is continuous} = 1.
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Definition 3.3. A filtration on T' C R is an increasing family {F;} of o-fields,

F;, C F with F, C F forall s <t;s,teT.

Let B(t) be a Brownian motion. Take a filtration {F;; a <t < b} such that:
(1) B(t) is F- measurable

(2) For any s < 't, B(t) — B(s) is independent of Fj.

Definition 3.4. A stochastic process f(t,w) with filtration {F;} is called non-

anticipating if for any ¢ € [a,b], f(t,-) is measurable with respect to J;.

As examples, the functions B(t), B(t)?, and B(t)? — t are non-anticipating.

The well-known Ito6 integral is a stochastic integral of the form fab f(t,w)dB(t,w).
It is defined for any stochastic process f(¢,w) satisfying the following conditions:
(1) f is non-anticipating

(2) fab |f(t,-)]* dt < oo almost surely. (i.e. almost all sample paths are in L?(a,b).)
For the definition of a stochastic integral see [1], [25].

When f is a deterministic function and in L?(a, b), it is obviously non-anticipating

and in this case fab f(t)dB(t) is known as the Wiener integral.

Definition 3.5. A stochastic process M(t) is called a martingale with respect to

a filtration {F;} if E(M(t)|Fs) = M(s) Vs <.

Examples:

1. A Brownian motion B(t) is a martingale with respect to the filtration F;
generated by {B(s);s < t}, because if s < t, then
E[B(t)|Fs] = E[B(t) — B(s) + B(s)|F]
= E[B(t) — B(s)|Fs] + E[B(s)|F]

=0+ B(s)
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Here we have used the facts that E[B(t) — B(s)|Fs] = 0 since B(t) — B(s) is

independent of F; and that E[B(s)|Fs| = B(s) since B(s) is Fs-measurable.

2. Let M(t) = B(t)?>—t. Then M (t) is a martingale. To see this, let s < . Then
by using the fact that E[B(t)B(s)|Fs] = B(s)E[B(t)|Fs] = B(s)* we have
E[M(t) = M(s)|F| = E[B(t)* — B(s)* = (t — 5)|F]
= E[B(t)* - (2B(s)* — B(s)*) — (t = s)|F]
= E[B(t)* — 2B(t)B(s) + B(s)" — (t — 5)| 7]
= E[(B(t) - B(s))* — (t — 5)|F]

=({t—s)—(t—s)=0.

This then shows that E(M(t)|F,) = M(s) and so B(t)? — ¢ is a martingale.
If the conditions above in the definition of the It6 integral are replaced with the
following;:
(a) f is non-anticipating
(b) B(f 1£(t,-)]? dt) < oo (ie. f € L*([a,b] x Q)),
then condition (b) is stronger than condition (2) above and the It6 integral defined

using conditions (a) and (b) is a martingale.

3.2 The Ito Formula

In this section we briefly describe the well-known It6 formula [1], [25].

Definition 3.6. Let [a, b] be a fixed interval. An It6 process is a stochastic process
of the form

t
a

X(t) = X(a) —I—/ f(s)dB(s) +/ g(s)ds, t € [a,b] (3.1)

where X (a) is F,-measurable, f is nonanticipating and fab |f(s)]?ds < oo almost

surely, ¢ is nonanticipating, and fab lg(s)| ds < oo almost surely.
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Take an It6 process X (t) as defined by equation (3.1) and let 6(¢, z) be a C? function

in z and C! in t. Then the well-known It6 formula states that

0(t,X(t)) =0(a,X(a)) + / %(S,X(s))f(s) dB(s)

1 9%

t (3.2)
n / (%(s,x@) + 2% (5, X(3))gls) + 5@(S,X<s>>f<s>2) ds.

for all t € [a,b]. Observe that 6(¢, X (t)) is also an It6 process.
In comparison with ordinary calculus, the chain rule says that for such a function

0 and G a deterministic C! function

0(t,G(t)) = 6(a,G(a)) +/ %(S,G(S)) ds +/ %(s,G(s))G’(s) ds (3.3

If we compare equations (3.2) and (3.3) we see a significant difference. In equation

(3.2) there is an extra term 1 [* 29(s, X (s)) f(s)? ds which is often called the cor-

812 )

rection term for stochastic calculus.

Examples:

1. Let X(t) = B(t), 0(t,z) = f(x) a C*>-function. Itd’s formula in this case is

given by

FB) = f(Ba) + [ FBE)B6) + ;5 [ F(B6) ds

2. Let X(t) = B(t) and let 6(z) = 2". Then

B(t)" = B(a)" +n / B(sy" ' dB(s) + "=V / B(s)" % ds.

In particular, put £ = b and n = 3 to obtain

[ seraso =3 { (sor - Bw?) -3 [ Bl
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For n = 2 we have

/ Bt)dB(t) = %{B(b)2 _ B(a) = (b—a)}.
3.3 An Extension of the Ito Integral

The property that the integrands in the [t0 processes be nonanticipating is needed
in order to apply the It6 formula discussed in section 3.2 above. However, in many
cases this essential condition is not satisfied. Take the example of the stochastic
integral fol B(1)dB(t),t < 1. Clearly, B(1) is anticipating and fol B(1)dB(t) cannot
be defined as an Ito integral.

A number of extensions of the Ito integral exist. One such extension is by Ito.
In [12] he extended it to stochastic integrals for integrands which may be antici-
pating. In particular, he showed that fol B(1)dB(t) = B(1)% In [9] a special type
of integral called the Hitsuda-Skorokhod integral (check the definition 3.7 below)
was introduced as a motivation to obtain an Itd type formula for such functions
as 0(B(t), B(c)), t < ¢, for a C% function 6. (We note here that B(c),t < c is not
F: measurable). As shown in Theorem 3.8 below, this integral is also an extension
of the It6 integral.

Consider the Gel'fand triple (S)s C (L?) C (8)j which comes from the Gel'fand
triple S(R) C L*(R) C S'(R) as described in section 2.1. Suppose ® : [a,b] — (S)j
is Pettis integrable. Then the function t — 0] ®(t) is also Pettis integrable and
equation (2.9) holds. Also, if ® : [a,b] — (S)j is Bochner integrable, then the
function t — 0;®(t) is also Bochner integrable; and because Bochner integrability
implies Pettis integrability, equation (2.9) still holds. We now define a particular

extension of the It6 integral which forms the basis of our result.
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Definition 3.7. Let ¢ : [a,b] — (S)} be Pettis integrable. The white noise integral
f Of p(t)dt is called the Hitsuda-Skorokhod integral of ¢ if it is a random variable

in (L?).

Consider a stochastic process o(t) in the space L?([a,b] x &’(R)) which is non-
anticipating. The It integral f t) dB(t) for the process ¢(t) can be expressed as
a white noise integral in the Pettis sense. The following theorem due to Kubo and
Takenaka [15] (see also [21] Theorem 13.12 for a proof) implies that the Hitsuda-
Skorokhod integral is an extension of the Itd integral to ¢(t) which might be
anticipating. A look at the example following the next theorem will throw some

light on the difference between 1t6’s extension and the Hitsuda-Skorokhod integral.

Theorem 3.8. Let o(t) be nonanticipating and fab le()||2dt < oo. Then the func-

tion Ofp(t),t € [a,b], is Petlis integrable and

b b
/ O (1)t — / o(t) dB(1). (3.4)
where the right hand side is the Ito integral of ¢.

Example 3.9. Let ¢(t) = B(1), t < 1. It was observed earlier that by It6’s
extension, fol B(1)dB(t) = B(1)% However, for the Hitsuda-Skorokhod integral,
fol 0fB(1)dt = B(1)? — 1. This equality can be verified by using the S-transform
in the following way:

Since B(1) = (-, 1j0,1)), we have (SB(1) fo ds. Now, by the use of equa-

s([amwa)©- [ dassa©a
/ / £(4)E(s) dids

2 1[8521)>(€)

tion (2.9),
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Therefore, fol OrB(1)dt = (: -®2%:, 1%?1)). We can apply the results from section 2.2

concerning wick tensors to get

/if = (-, 1p1)” 1

= (-, 1p1)* =1
=B(1)* -1
We clearly see a difference between the integral fol B(1)dB(t) as defined by Ito
and the Hitsuda-Skorokhod integral of B(1).
From now on, the space L*([a, b]; (L?)) will be identified with the Hilbert space

L2(Ja,b] x S').

Example 3.10. It is not always true that for any ¢ € L%([a,b]; (L?)) the white
noise integral fab Ofp(t)dt is a Hitsuda-Skorokhod integral. Consider the following

example: Let

8

n=1

(This is a case where ¢ is constant in t). Applying the S-transform to fol Ofp(t)dt

as in the above example gives us the following result

s([ e ar) © =3 = [Ces (1)) @

1
* nv/n!

1 Sl oD
) (ZM' o 1%‘3“”) ©

(Ljo,1), &) (1301, €%

ME& HM8

3

3
Il

Therefore,

1 00
1

0 p(t)dt =) (D) ey,

/0 t@( ) — nm [0,1) >
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Now if we compute the L?-norms of ((t) and fo OFp(t)dt we have

1 o)
1
| et - / Zn' ol =3 < oo,
n=1
while
I [ aretantt =3+ Dt = 30 < o
n=1 n=1

Thus even though ¢ € L?([0,1]; (L?)), fol d7p(t)dt is not a Hitsuda-Skorokhod
integral. This then calls for some restrictions on the stochastic process ¢(t) in
order for the white noise integral fol O p(t)dt to be a Hitsuda-Skorokhod integral.
First we define a very important operator and a subspace of (L?) which will be

very important in our main result.

Definition 3.11. For ¢ =>">° (:-®": | f,), we define

Ny = in( on
n=1

The operator N is called the number operator. Moreover, the power N", r € R, of

the number operator is defined in the following way: for ¢ = >~ (: -®" :, f,),

N'p = Zn " ).

For any » € R, N" is a continuous linear operator from (S)s into itself and from
(S)j into itself. Let W2 be the Sobolev space of order 1 for the Gel'fand triple
(8)s C (L*) C (8)5. In other words, for [a,b] C RT, W'/? will denote the set of

¢ € (L?) such that (8;¢)efay € L*([a,b]; (L?)). The norm on W2 will be defined

28



as

1
lelly = IV + 1)2¢llg

00 2

D (DA L)

n=0

0

=> nln+1)|fl}
n=0

= Zn'|fn|?) + Z”'an\%
n=0 n=0
= [lells + 1IN l13
Now Theorem 9.27 in [21] gives us the fact that if ¢ is given with the property

that N'/2p € (L?), and t € [a, b], then || NY/2p||2 = ff |0s0||2 dt. Hence

b
Il = lells+ | 1ol e

and so

W3 = {g € (LY); |l < oo}

For more information on Sobolev spaces and the Number operator, see [23], [21].

The following theorem gives the desired condition on the function ¢(¢) in order
for fab 0;¢(t)dt to be a Hitsuda-Skorokhod integral. This condition is determined
by the number operator N and the space W'/2 plays a major role. The proof for

this condition can be found in [21] Theorem 13.16.

Theorem 3.12. Let o € L*([a,b];W2). Then fab Fp(t) dt is a Hitsuda-Skorokhod

integral and

b
[ oo

::/ab ||<,0(t)||(2)dt—|—/ab/ab<<8tgo(s),88gp(t)>)0dsdt (3.5)
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where ((+,+))o is the inner product on (L*). Moreover,

[ [((@etsr000)) aste| < [[1vteie. 6o

As aremark, when ¢ € L*([a, b]; (L?)) is nonanticipating, then the inner product

((8t<,0(s),8590(t)))0 = 0 for almost all (s,t) € [a,b]?. Therefore, when attempting
to compute the L?-norm for the integral by using equation (3.5), we obtain the

following very useful result that relates the norms:

b 2 b
| [ erowar| = [hewiar-]
a 0 a

The Hitsuda-Skorokhod integral is related to two other extensions of the Ito

2

b
/ o(t) dB(t)

0

integral: the forward and backward integrals. For ¢ € L2([a,b]; W2 ) let 9 p(t)
and O0;-¢(t) be the right-hand white noise derivative and left-hand white noise

derivative of ¢ respectively (see [21] definition 13.25). The forward integral of ¢ is
defined as

/abso(t)dB(#) = /ab O+ p(t)dt + /ab O p(t)dt,

provided both integrals on the right hand side are random variables in (L?). In

particular,
1
/ B(1)dB(t") = B(1)?
0
which agrees with fol B(1)dB(t) = B(1)? as shown by It6’s in [12]. Similarly, the

backward integral of ¢ is defined as

/bso(t)dB(t‘) = /b Op—p(t)dt + /b OFp(t)dt.

3.4 An Anticipating It6 Formula
In this section we present our main result for this part of the dissertation. It is

about a particular generalization of the ordinary Ito formula to a class of functions
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that are anticipating.
Let B(t) be a Brownian motion given by B(t) = (-,1jy)). For a C*-function 6, a

simple case of the It6 formula is given by:

6(B(t)) = 6(B(a)) +/ 0'(B(s))dB(s) +%/ 0"(B(s)) ds,

where 0 < a < .
If we assume that 0(B(-)), ¢'(B(-)), 0"(B(-)) € L*([a,b]; (L?)), then Theorem 3.8

enables us to write the above equality as

0(B(t)) = / 0:0'(B(s)) ds + = / t 0"(B(s)) ds (3.7)

where fo 050’ (B(s))ds is a Hitsuda-Skorokhod integral. In [21], the following two
generalizations of the white noise version of the It6 formula in equation (3.7) were
considered:

(a) (X (t), B(c)) for a C*- function 6 and a Wiener integral X (t),t < c.

(b) 6(B(t)) with a generalized function 6 in S'(R).

The main tool for the proofs of the formulas obtained for the above two generaliza-
tions is the S-transform. The result for the generalization of (a) is stated below as
a theorem and as earlier explained, our new formula will be using this particular

generalization. See [21] Theorem 13.21 for a complete proof.

Theorem 3.13. Let0 < a <c<b. Let X(t f f(s ) be a Wiener integral

with f € L*([a,b]) and let 0(x,y) be a C*-function on R? such that

X)L B, 35 (X0, B o (XC), Ble)

are all in L*([a,b]; (L?)). Then for any a <t < b, the integral

/at % (f(s)%(X(S%B@))) ds

31



is a Hitsuda-Skorokhod integral and the following equalities hold in (L?):

(1) fora <t <cg,

(2) for c <t <b,

BX(0).B(E) = (X (0). B + [ <f( >§i<x<s>,3<c>>) ds
/f 8x2 ds—l—/ f(s &B@y X(s),B(c))ds.

In [29], Nicholas Prevault developed a generalization similar to one in (a) above
to processes of the form Y (t) = 0(X(¢), F'), where F' is a smooth random vari-
able depending on the whole trajectory of (B(t));er+, and where (X ());er+ is an
adapted Ito process. His proof relies on the expression of infinitesimal time changes
on Brownian functionals using the Gross Laplacian. For our generalization in this
section, X () is taken to be a Wiener integral while the function F' is chosen to
be in the space W'/2. The resulting formula is similar to the one obtained in [29],
except for the method of computation. We use a limiting process of Theorem 3.13
above in order to maintain the use of the S-transform as used in [21].

The following is the main result:

Theorem 3.14. Let f € L*([a,b]) and X (t f f(s ) be a Wiener inte-

gral. Let F € WY? and 6 € C}(R?) such that

BX((), F)). 55 (XC). B, 5 (X))
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are all in L*([a,b]; (L?)). Then for any a <t < b, the integral

/:8;‘ (f(S)%(X(S),F)) ds

is a Hitsuda-Skorokhod integral and the following equality holds in (L?):

X (0, F) =X () F) + [ 07 (195 (x5 ) ) s

_|_%/a f(S)Q%(X(S),F)ds—i—/a f(s)(asp)ai—gy(X(S),F)dS

The proof is presented in the following steps. First it will be shown that for
F = B(c), 0 < a < ¢ < b the above formula holds and that it coincides with
the formula in Theorem 3.13. Secondly a special choice of F' will be taken in the
following way: We know that the span of the set {: e®9: ;g € L2(R)} is dense in

(L?). If we let g1, 92, - ,gr € L*(R) and
Fy=XM) — (" g8

1 m m
+)‘2Z%<3'® 95"

+ D — (g,

m=1
then, as N — oo, Fiy — F in (L?) where F' = \;: e091) 0 4 N\y:el92): 4.0
e e09%) . In our proof we shall assume that Fyy — F in W2, Also, ¢ will be
taking on the form g = Z§:1 ajlioe,), k €N, aj,¢; € R. The formula will then be
generalized to 0(X (t), Fy) with Fy chosen as above. An extension to 6(X(t), F)
with general F' € W2 will be achieved via a limiting process. The following is

the proof:
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Proof. In the proof of Theorem 3.13 in [21] which uses the S-transform, there are
two components that were treated separately: (1) when a <t < ¢, and (2) when
c<t<hb.

Now suppose that F' = B(c), 0 < a < ¢ < b. We claim that our new formula in the
above Theorem is correct when we replace ' with B(c). To see that this is correct
it is enough to show that B(c) € W2, We proceed by computing the norm for

B(c) in the space W'/2. Indeed, since B(c) = (-, 1)), we have
9sB(c) = L,0(s)

and

1B = 11¢> L) I6 = L[5

/1[0c ds—/ ds = c.
R 0

Therefore,
b
1B(c)llwr/2 = HB(C)|!3+/ 105 B(c)l[5 ds
+ (b —a).

Hence, B(c) € W2, Now since 9;B(c) = 1o (s), we then have

t ’ 029 c))ds it a c
/f 0sB aQ(X(s),B(C))dSZ ff 3zay X(s),B(c))ds ifa<t<c,
o i f(s a(fgy X(s),B(c))ds ifc<t<b.

Thus, the two components (1) and (2) above in Theorem 3.13 are put together as
one piece so as to satisfy the above theorem.

In general, suppose a < ¢; < ¢y < --- < ¢, < b. Let 5(x,y1, -++,Yp) be a func-
tion defined on RP*! and of class C? . Then we have the following formula which

is simply a generalization of the one above

34



For a suitable function G : R? — R and of class C?, we can transform the
function 6 to coincide with 6 as a function defined on R? in the following way:
0(X(t), B(cr), -+, Blc,)) = 0<X(t),G(B(cl),~~ ,B(cp))) — 0(z,y). With this
transformation and using the chain rule the above integral equation then takes on
the following form:
0(X(1),G(B(cr), -+, B(ep))) = 0(X(a), G(B(cr), -+, B(cy)))
= [ o >89< X(5), G(B(er), - Bley))))ds
#5 [ FOP TGN GBE) Bl ds
- 9
+ [ g6 Z (0.5(67)) 55 (X(9), GUB(er). -+ B)

)
X gy CUB(er), - Bl) ds
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Now let

N 1 pM
Fy=M\ Z %< o (Z al )1[O’C<v1>))®m>
m=1"" j=1 !
N 1 p(2)
m 2 m
+)\QZ%<: om. ,(Za§- )1[076;2)))® )
m=1 j=1
N 1 pk=1)
m k—1 m
F e D oS (D o g 0 )
m=1 j=1
N 1 pF)
m k m
+/\kz%<: e (N al >1[Oﬁc§k)))® )
m=1 ’ J=1

We know that for any n € N,

(:-E" 1) = (Q"k) (2k — 1)!N(—¢)*B(e)"2*

for some constants a; and m. Some summands could as well be zero. This then
becomes a polynomial in B(c). We can similarly write Fy as a polynomial in

Brownian motion as follows

(1)
Fy =X\ Z amgn.“m(l)B(Cgl))ml . -B(C](Ol))mp

P

(D D)
(2) m(Q) (2) m(Q)
+ Ao E amgz)_“ml()z)B(Cl ) ... B(Cp ) P
mgz)mmg)
(k) m®) (k mk)
+ Mg E amgk)mm;k)B@l ) ... B(Cp )) LA
m(®) . ®)

where again some coefficients a G, o could be zero for some j. Suppose Fly is
1 P

restricted to only one summand out of the £ summands above. i.e. let us suppose
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that

(1)
1 ...

(1)
Fy=XM Y. amgn__.mg)B(cg”)m B(cDym. (3.8)

mgnmmg)

Then we see that the function Fy is a good choice for our composition. That is,

we let Fy = G(B(cgl)), e ,B(cz(jl))) so that the following ensues

0 (X(0,GBEA), - BE) =0(X0. A Y a0 0B

m§1>-~m§})
e
B(c(V)m )
Moreover,
0 ™)
6_yG (B( M), 73(01(71))>=/\1 Z @, wB(d)™
j M.
my My
D e
m‘gl)B<C§1)) 7 1...B<C;1)) P .
Therefore,
t 00
0(X(t), Fv) = 0(X(a), Fn)+ [ 07 { f(s)5_(X(s), Fiv) | ds
1 t 2829 t D (1)
g [ HE ) Fads s [ 37 He@.B()
a a =1
00 (1)\m (V) (1)
X Fy)A 1 B ™o am
X axay( (5)7 N) 1 (1)2:“)011”5)“,”1;1) (Cl> m;
my ey
X B(C§1)>m§1) ! -B(cél))mg’l)ds

Now, by the product rule,

Ds(p1h) = (9s0)Y + p(0s1).
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We then incorporate this rule into the last summand of the most recent equation

above to obtain the following

p
520 e
j; f(s) dxdy (X(s), Fx)M Z am<11>--~m§,1)B<Cl )™

DD

x B(Dym ' B(eD) Do, B(M)
= J(8) A (X (5), Fx)(@.F).

0xdy
Then, by linearity, the above result can be extended to all the £ summands in the
original expression for Fy. Hence for Fyy € W'? the formula in our Theorem is

true; i.e.,

O(X(1). Fy) = 0(X(a) Fw) + a* (2 (x(5), Fy) ) ds
oz

2 2
+ /f 09 X(s), F. ds+/ f(s aFN);gy(X(s),FN)ds.

As stated earlier, by assumption, Fy — F as N — oo in the W'/?-norm, where
F=\: 6 no1) + X e (92) . ..._|_)\k:€<'79k):

with
(n) @m
p

Z Q (n) B ]_ S n S k
Therefore, there exists a subsequence { Fiy, }r>1 C {Fn}n>1 such that Fy, — F'
as k — oo almost surely. For such a subsequence, the following is true

X (1), Fi) = 0(X(a), ) + [ 0 752 (X(s), F) ) ds
ox

t %0 0%0
+%/a f(3)2@( s), Fn,) ds+/ f(s 8FNk)a o9 (X(s), Fn,)ds.
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We claim that the following convergences hold almost surely as k:
(0)0(X (), F,) — 0(X (), F)
(19)8(X (a), Fn,) — 0(X(a), F)
L 20%0 50
(i) / F()7550%6007 (X (5), F)ds

. t 920 0%6
(i) / F5)(@Fw) 55 (X (5), Fiv)ds — / J&OF) 55

o [0 (105000 By ) ds — [ 3 (565X, F) as

Proof of (i) and (u):

(X(s), F)ds

Because of continuity of 0, since F, — F a.s, those two convergences also hold
almost surely.

Proof of (i:):

Let w € S'(R) be fixed. Since Fy, converges, it is a bounded sequence. i.e. there
exists M > 0 such that |Fy, (w)| < M for all k. Therefore, the function given by
% . [a,b] x [-M, M] — R is continuous on compact sets and hence uniformly
continuous. Thus given ¢ > 0, there exists ¢ > 0 such that whenever |z; — z»|? +

Ya|?

ly1 — < 0, we have

0%6 %6 2¢

o 5 (@1,y1) — o (T2, 40)| < m (3.9)

Also, by the convergence of { Fy, }x>1, there exists a number N (€) depending on

€ such that

k> N(e) = |Fn,(w) — F(w)| <0,
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which implies that

b 07 (SR ) - FE0K, P ) ds

< ||f2||oo/a ng(X(s),FNk(w))—%(X(s),F(w)) ds
I 2

< TRe—at Y

and so (ii1) is proved.

Proof of (iv):

It is known that in a Hilbert space H, if z, — « and y,, — v, then (z,,,y,) —
(x,y) where (-,-) is the inner product on H. By taking H = L?([a,t]) with the

Lebesgue measure it follows then that

/ f(8)(0sFn, (w)) 886 (X (s), Frn,(w))ds = <8.FNk(w),f(-)axay (X(-),FNk(w))>

and

[ 60 - (009, Fds = (00 JO A (X0 F) )

By the same uniform continuity argument used above in proving (iv), as k — oo,

we see that

in L*([a, t]).
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Now Fy, — F in WY2. Hence Fy, — F in (L?) and fat 10sFn,, — OsF||2ds — 0

as k — oo. Therefore a change of integrals is justified and the following is true:

L/<R)/at'asFN<“) F()Pdsdu(e / [ N ) = ) Pl

= 3SFN—8SF22ds—>O.
(L?)

Let

/ 10, Fx, (w) — 0,F (w)|*ds = Hy, (w).

Then, {Hy, (w)},>, 1s a sequence of positive functions and by the above result,

Hpy, (w) — 0 in L*(p). Therefore,
0.Fy, (w) — 0.F(w)

in L?([a,t]) and so (iv) is true.

Proof of (v):

Let us approximate the (L?)-norm of the difference of the two integrals. We claim
the norm of this difference goes to zero. For convenience let us use the following

notation. Let

F(5) 5 (X(5), Fr () = o, 9
and
192 (x(5), F(w) = o(s)

Then by Theorem 3.12, we have the following

t
‘/ 8§<kad8—/ sods /szvk ol ds
a (3.10)

[ ((asgomu)  plu), Do, (5) — Dup(s) ), duds
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where ((+,+))o is the inner product on (L?).

Since Fy, (w) — F(w) in (L?), we can choose a subsequence so that the con-
vergence is almost surely. Thus for such a subsequence, there exists €}y such that
P{Q} =1 and for w fixed, we have Fy, (w) — F(w). Then, by the Mean Value

Theorem, for each s,

00 00
g(X(SXFNk(W)) - %(

X(s), F(w))

where ¢(w) is between Fy, (w) and F(w). Since 6 € CZ(R?),

Z0(X(s).6w))| < €

for some constant C'. So,

As earlier noted, the convergence of the subsequence {Fy, }x>1 of numbers implies

00 00

9 X (6), P (W) = 2 (X(s), F(w))|| < ClFN (w) = F(w)llo-

0

that for some fixed constant M > 0, the quantity ||Fn,(w) — F(w)|lo < M, Vk.

Therefore, using the fact that Fy, (w) — F(w) in (L?), we have that

lon = @llo < [[fllooCllFNy = Fllo — 0,

and also that
e, = @llo < |l CllEN, — Fllo
< | fllCM.
Since this bound is independent of both s and £, by the Bounded Convergence

Theorem, as k — o0,

t
[ low. — elds —o.
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The convergence of the second summand of the right hand side of equation (3.10)

goes as follows

/ / ((asgka (U) - 8Sgp(u), auSONk<S) - au¢<8)))0 duds

t t
= / / 10sp, (1) = Dusp(w)[o 10, (5) — Bup(s)[lo du ds
1 t t
= 5/ / (1105w, (1) — Bsp(W)[|§ + [|Oupn, (5) — Duip(s)|5) duds
t t
= [ [ 1ouemets) — dup(s) B s

<[ ([ 10uoms(s) — (o)) as.

The Number operator, N can also be expressed as N = [, 9;0;ds. (see [21]).

Hence, for any ¢ € L?([a,b]; W'/?) we have
INY20l§ = (N, ¢))o

- / (02040, 2))o ds

- / (s, 0y0))o ds

B R
_ / 1,0l12 ds.
R

Therefore, by this result,

t t
/ ( e —auga<s>uadu) ds= [ IN"0,05,5) - s ds
a R a

But N'/2 is a bounded operator from W2 into (L?). Therefore, by the same
Mean Value Theorem argument, since Fyy, — F also in W'/2 by our original

assumption, we have that

/ / (95 (u) = Dsp(u), Bupn, (s) — Dup(s))), duds| — 0
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as k — oo.

Therefore, it has been shown that the convergence in (iii) is true in the (L?)-
norm. We then pick a further subsequence of the subsquence { Fiy, }>1 also denoted
by {Fn, }r>1 such that convergence hold almost surely. This then proves (v) and

completes the proof of the Theorem. n
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Chapter 4. A Generalization of the
Clark-Ocone Formula

In this second part of the dissertation we show that the well-known Clark-Ocone
formula [4], [27] can be extended to generalized Brownian (white noise) functionals
that meet certain criteria and that the formula takes on the same form as the
classical one. We look at a specific example of Donsker’s delta function which is a
generalized Brownian functional.

In section 4.1 we first state the Clark-Ocone formula as it is applied to Brownian
functionals in [4], [27] that meet certain conditions. We then state the white noise
version of the formula and verify it for functionals in the space W'/2. In section
4.2, we verify the formula for a generalized Brownian functional of the form ¢ =
S (8 E), F, € L2(R®™). In section 4.3, we use th e Ito formula to verify
the Clark-Ocone formula for the Hermite Brownian functional : B(¢)": ;. This is
important in view of the fact that Donsker’s delta function has a representation in
terms of the Hermite Brownian functional as shown in equation (2.14). In section
4.4, we compute the formula for Donsker’s delta function as a specific example of
the formula obtained in section 4.2 using the result in section 4.3. It should be
pointed out that in [6] the same result was obtained by using a totally different
approach. Our result is purely computational and much simpler. In section 4.5 we

extend the formula to generalized Brownian functionals of the form F' = f(B(t))

where f is a tempered distribution; i.e. f € S'(R).

4.1 Representation of Brownian Functionals by
Stochastic Integrals

Consider a probability space (2, F, P). Let B(t) be the Brownian motion B(t) =

(1), 0 <t < 1and F = o{B(s)|0 < s <t} the filtration it generates. In [4],
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[27] the following results are considered. If F'(B(t)) is any finite functional of Brow-
nian motion, then it can be represented as a stochastic integral. This representation
is not unique. However, if E(F?(B(-))) < oo, then according to martingale rep-
resentation theory, F' does have a unique representation as the sum of a constant

and an [to stochastic integral

F:ﬂﬂ+l}@ﬂmy (4.1)

where the process ¢ belongs to the space L?([0, 1] x ;R) and is F;-measurable.
The following specific class of Brownian functionals was considered. If F' is
Frechet-differentiable and satisfies certain technical regularity conditions, then F
has an explicit expression as a stochastic integral in which the integrand consists
of the conditional expectations of the Fréchet differential. It is this explicit repre-
sentation for the integrand that gives rise to the Clark-Ocone formula. In the white
noise setup, if we replace Fréchet differentiability with white noise differentiation,
then we need the condition that F € W'/? for the result to have meaning. The
formula then can be represented in two ways as shown below and we will verify
each case separately. In the satement of the theorem, we shall assume that T" C R.

The second form of the formula will be easier to verify using the S-transform.

Theorem 4.1 (The Clark-Ocone Formula). Let W'/2 be the sobolev space from
the Gel'fand triple (S)s C (L?) C (S)}. Suppose B(t) is the Brownian motion given

by B(t) = (-, 1pn), t € T with F, = 0{B(s)|0 < s < t} the filtration it generates.

Let F € WY2 be a Brownian functional. Then, the Clark-Ocone representation

formula for such an F is given by

F:ﬂﬂ+/E@ﬂﬂmmw (4.2)

T
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We can rewrite the stochastic integral in the above equation as
T T T

But 0,E(0,F|F;) = 0 since (E(0,F|F;)) is non-anticipating. (See [21] Lemma

13.11). Therefore, another formulation for equation (4.2) is
F—B(F)+ / 0F B(O.F|F) dt, (4.3)
T

where 0, is the white noise differential operator, J; is its adjoint, and the integral
in equation (4.3) is regarded as a white noise integral in the Pettis sense.

Such formulas are very useful in the determination of hedging portfolios. Another
application is in the context of determining the quadratic variation process of
Brownian martingales.

We start with verifying the representation (4.2). The space W'/? can be repre-

sented as the following

Wiz = {F =305 fo), fu € R, S mntl 3 < oo} .
n=0 n=1

This is so because by Theorem 9.27 in [21], [, [|0.F || dt = >=.7 nnl|f,[3.

As an observation first, we need to make sure that the integral in equation (4.2)
is well defined by computing its (L?) norm. We will assume that F is real valued.
Otherwise, F' = F} +iFy if F' is complex valued so that the two pieces are treated

separately. By using Jensen’s inequality we can have
2
E(/ E(0,F|F) dB(t)> :/E(E(atF\]-"t))Z dt
T T
§/E(E(8tF)2|]-"t) dt
T

= /T E(0,F)*dt
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g/E((‘)tF)th

R

:/||8tFH§dt<oo.
R

So the integral is well defined as an (L?) function.

F will take on the form F = 32 (:-®": £} with f, € L*(R®"). The Wick
tensor ¢ = (: -®": | ) is referred to as the nth order homogeneous chaos. It is
simply another name for the multiple Wiener integral I,,(f,) of degree n for the
function f,,. We first need to verify the formula for ¢. The following Lemma will
be useful in the verification. We will first recall that in integral form, I,(f,) can
be written as I,(f,) = [pn f(t1,-+ ,t,) dB(t1) - - - dB(t,). We will use second form

to verify the first version of the formula.

Lemma 4.2. Let ¢, = I,(f) be the multiple Wiener integral of degree n with
f € LA(R®"). Let B(t) be the Brownian motion given by B(t) = (-, Loy), t € R

with F; = 0{B(s)|0 < s < t}, the filtration it generates. Then

BlpalF) = L(f1E"_ ).

Using another notation, for o, = [o, f(t1,- -+ t,) dB(t1) - - - dB(t,), we have

E(pul ) = / F(tr, - t)dB(t)) -~ dB(t,).

(—oo,t}"
Proof. Let n > 1 be fixed. Let A, Ay, --- A; be pairwise disjoint intervals in R.

Denote by ¢,, the set of special step functions of the form

k
fn(tla t27 e 7tn) = Z Ay iy 1Ai1><“'><Ain (tb T atn)

i1, yin=1

with the property that the coefficients a;, ..;, are zero if any two of the indices

n

i1, , i, are equal. In other words f should vanish on the rectangles that intersect

any diagonal subspace {t; = t;, i # j}. Assume A;; is of the form (t;,,¢ Then

37 ij+1]'
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I,,(f,) can be expressed in the form

k

L(fa)= Y a0, (Blty) = B(ty)) - (B(ti,) = B(ti,_,))

i1, ,in=1
k

= Z ai1--~in<" l(til,t¢2]> T <'7 1(tin_1ytin]>

i1, in=1
By linearity, it suffices to take f,, = 14,x..xa, Where the A}s are mutually disjoint
intervals in R of the form A; = (t;,%;41]. In this case, we obtain the following

representation

E(In(fn) | ‘E) = E(<’ 1(t17t2]> T <'> 1(tn_1,tn]> | :Ft)

E(<7 1(t¢,ti+1]ﬁ(*<>0,t]> + <" 1(t¢,ti+1]ﬂ(t,<>0)> ’ "T;f)

Il

-
Il
—

I
=

((" 1(ti,tz‘+1}ﬂ(—007t]>)

i1
= I (1(a1n(=00,]) X x (Ann(—o0,1]))
= In(lAl XX Ap 1((®_noo7t]>

_ / Larven dB(ty) - dB(b,)
(—o0,t]m

We then conclude that the formula is also true for general f € LQ(]R@”) because

the set €, is dense in LQ(R®”). This then completes the proof for the lemma. [

We are now ready to verify the formula for the nth order homogeneous chaos. Let
o={:®": [}, fn € L*(R®"), n > 1 be the nth order homogeneous chaos. Then

in integral form,

Y= falti, oo t,) dB(t1) - dB(ty)

Rn

ZH!A/Z"'/t;/ifn(tla"'atn)dB(tl)"'dB(tn)
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:/R(n! /_t;.../_t;/_t;fn(tl,--- ,tn)dB(tl)---dB(tn1)> dB(t,)
_ /R n!ﬁ ( /(oo,t]n-l Folty, ,tn_ldB(t1)~--dB(tn_1)> dB(1)
— /R <n/(m7t]n_l Falty, - ,tn_ldB(tl)---dB(tn_ﬂ) dB(t)

Now since Oyp = n{: -®=1 . f,(¢,-)), by the lemma above, E(0yp | F;) =
nf(_oo {n—1 fn(tla oyl t)dB(tl) T dB<tn—1) and so
gpz/ (n/ fultry- - ,tn_l,t)dB(tl)---dB(tn_l)) aB(t)
R (—oo,t]m—1
~ [ Bw| F)iB).
R

If we have a finite sum Fyy = S (@7 £} then

n=0

N
FN:f0+Z<3 on. 7fn>
n=1

— E(Fy) + / E(0Fy | F)dB().

Now for general F' =3 °° (:-®":  f,) € W2 we have the following.

N e.)
F:Z<3'®ni,fn>+ Z <:'®n3afn>
n=0 n=N+1

=Fn+ Fnya

— BE(Fy) + / E(0,Fy | F)dB(t) + Fyo

We note that E(Fy) = FE(F) and Fy — F in (L?) because |F — Fy|j3 =
Yoo v M falg — 0 as n — oco. We claim that [, E(9,Fy|F) dB(t) —
Jg E (OF|F;) dB(t) in (L?) as N — oo. In fact all the convergences also hold if
we work in the space W2, which indeed is our main concern. However, for pur-
poses of ease of computation we will work in the space (L?) because of the way the

two norms are related to each other. Now if we start by estimating the (L?)-norm

20



of the difference between these two quantities we obtain the following

2

| B@riF)aB) - / E(0,Fx|F) dB(1)
E(E(0iFy11|F))? dt

E(E(0;Fny1)?|F) dt

0

B(O(F — Fy)|F) dB(t >)}

T

T

E(0,Fy 1| F) dB(t >)}

IA
%\%\%\ &

E(0,Fyy1)*dt

[ 1orFalia
R

= > ml|F,[§ — 0.

n=N+1
Hence, for general F' € W'/2 we can decompose F as in equation (4.2).

We now verify the representation in equation (4.3). The main tool for the ver-
ification is the S-transform. First we prove that the integral [,0;E(9,F|F;)dt
is a white noise integral defined in the Pettis sense. We need to show that the
three conditions in section (2.9) are satisfied. We will take ® : R — (S)j where
O(t) = Of E(0,F|F;). We note that t — S(P(t))(£) is measurable because
S(®(1)(€) = SO E(0F|F)(€)

=£(t )5( (O F|F)(€)

t)z / / ot st sn—1)€(s1) -+ - &(Sn—1) ds1 - - - dsp_1,

which is a product of measurable functions. Hence the function 0} E(0,F|F;) is

weakly measurable to settle the first of the three necessary conditions.
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The second condition is to show that t — ((®,¢)) € LY(R) Vo € (S)s. Let

©=>"0(:-*" gn) € (S)s. Then
/\ ((Or E(O.F|F), )| dt = /] E(O,F|F), 0ip))| dt
< [lI@riE)| ol a

< [leer ol a

< floriia [ oo
R R

We know that fRHBtF”(Q)dt < oo by assumption. To show that fRH(‘?tgoH?)dt < 00,

it is enough to show that >_°7  nnl|g,|3 < co. We see that for any p > 0,

o oo
> nnllgals <Y nl2mA g, 2
n=1 n=1

If we choose p large enough such that 207 < 1, we see that °°° Q”Afgpnn!|gn|§ <
>y 2lgnl> = llll2 < oo. Therefore the second condition has been satisfied. The
third condition in section (2.9) is implied by the above two conditions as shown in
21]. Hence the integral [.0; E(0,F|F;)dt is defined in the Pettis sense.

We now claim that F = E(F) + [, 0; E(0,F|F;)dt YVF € W'2. We prove this
first for exponential functions F = F, = > 7 L(:.@n: pon) n € L*(R).

n=0 n!

First we check that F), € wh/2,

>

[’
!

> n

= Z;In!én
0 n=1
o

:|n|32( Tl )

n=1

= [nlgel™ < oo,
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Now to show that F,, = E(F,) + [, 0f E(9;F,|F;)dt we will have to check if the

S-transforms of the two sides are equal.

s(er)+ [ap@niFa)© = sEE)© +5( [ rponimd)e
1 /5 E(0,F 7)) (€) dt

_1+/§ (O F, 7)) (€) dt
—1+/5 E(F,|F))(€) dt
1 / £(t)n(t)5<z< o oot]>)<€) di
_ 1+/5 (Fya o)) dt
_1+/5 Py Fo)) dt

_1_’_/6 (Wl(oct§>dt

-1 f_ (s)€(s) ds dt
i / dt (e )

= 1+ efSen)E) d5|

=1+ el 5nEEds _q

_ oS n(s)e(s) ds

— (8

= ((Fy, Fe))

= S(F)(E)

This then verifies that F,, = E(F,) + [, 0fE(0,F,|F;)dt. We now have to show
that the span of the set {F,, n € L>(R)} is dense in WY/2. Let F = (: -®": f,) €

W2, f, e LA(R®"). Tt is enough to show that each (: -®": | f,) can be approxi-
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mated in the W'/2-norm by exponential functions. Now each f,, can be approxi-
mated by n®", where n € L?*(R) by the polarization identity. Thus (: -®": | f,) is

approximated by (: -®™": n®"). But we have the equation

d’I’L

<: Qn., ®n> = %Ftﬁ 0

Y

an

and 2+

Ftn‘ +—o 1s in the closure of the span of exponential functions (it is a limit
of a limit of finite linear combinations of exponential functions). Therefore, there
exists a sequence {F,},>1 in the span of {F, | n € L*(R)} such that F, — F
in WY2. Since E(F,) — E(F) it remains to show that [, 0; E(9,F, | F;) dt —
fR O E(OF ‘ Fi)dt. This is equivalent to showing that the convergence exists

weakly. Let ¢ € (S)g. Then we have
([ orpr, — P | Ry e = | [ (B F) | F).o)
< / ((E@W(F, — F) | F), 0| dt

< [ IE@E, = | Fl ol
<\ [ace.— Pl | Jolia
— 0.

This then completes the verification of formula (4.3).

4.2 A Generalized Clark-Ocone Formula

This is the main result of our second part of the dissertation. As pointed out earlier
on, extending the Clark-Ocone formula to generalized Brownian functionals that
meet some restrictions yields a formula of the same form as equation (4.2), but
for ease of computation we will verify the form as given in equation (4.3). For
our result, we start with laying down the kind of restrictions that the generalized

Brownian functional has to satisfy.
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Let ® € (S)5 with the property that ® = >""° (:-®":  f.), f, € L2(R®”), 0, d
exists in (S)} and [, H@tQDHZ_p _zdt < 0o. We first need to extend the definition of

the conditional expectation E(8,® | F).

Definition 4.3. Let ¢ € (S)Z that satisfies the above property. For each t, we
define the conditional expectation of 0,® with respect to F; to be the function
whose S-transform is given by

S(E(0:® | F))(€)

- fn(t’ 7...7n_)£( )f(n—)d coedS,_q.
;n/_m /_OO S1 Sn—1 S1 Sn—1 S1 Sn—1

Of course for such a definition to be valid, S(FE(9;® | F1))(€) must satisfy the
conditions in the characterization Theorem for generalized functions as introduced
in chapter 2. That is, we need to check that for £, € S.(R) and z € C the function
S(E(0,® | F:))(&+n) is an entire function and that it satisfies the growth condition.

Let us start by showing that the function is question is an entire function.

(a) Let &,n € S.(R) and any z € C. Then we have

B(0:® | F)(€ +n) = Zn/ [ Bt s )

(254"0 Sn— 1 dSl dSn 1

—zz [ oo [t saglo) s doy sy
+;n/_oo.../_oo Falt sty Sno1)n(s1) -+ n(sn_1) dsy -+~ dsp_1.

Now by the Fundamental Theorem of Calculus, the two series in the last
equality are complex differentiable. Therefore, the first condition has been

satisfied.
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(b) The growth condition:

IS(E(0,® | F))(€)|

= fn(t7 y T n—)f( )€< n_)d dn_
‘;n/_m /_OO S1 Sn—1 S1 Sp—1) aS1 Sp—1

< \in<fn,§®">

<[|0®,, gz 0|,

= ‘((@CI), AR >>|

26-1 _
< (0|, ;2% exp(1 - B)2717 [¢[/*F

= KexplaléX'™7],  VEe€E,

where K = 2°/2||0,®||_, 5 and a = (1 — 6)2215—;61. See Theorem 5.7 [21].

Therefore, a generalized function in the space (S)j exists for which the given
expression is its S-transform; and that function is given by E(0,® ‘ Fr).

We now claim that the integral [, 0} E(0;® ‘ F:) dt is defined as a white noise in-
tegral in the Pettis sense. The argument will be similar to the W'/? case considered
earlier. It only suffices to show that ¢ — ((3; E(8,® | ), ¢)) € L'(R), Ve € (S)s
since the measurability condition is obvious by the previous argument.

Let o =3 (:-®": g,) € (S)g. Then
[ lorsee| zy.o0] @t = [ [(E@@| 7.0
< [IE@@ | Z), , lowel s

< / 10, Bl , dt

< \/ [ o, _, de [ 10, d
R R

By assumption, [, |](9t<I>H2_p _p dt < oco. Let us choose any ¢ > p > 0 such that

AN 2P < 1. We will the have the following for the computation.
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/ gl dt = / Zn )2 gt )2 dt
< / S 02 (nl) g (1, )2 dt
Rn:l
=3 n2(n)) g, 2
n=1

n —2(g—p)n
< 222 (n!)1+ﬁ>\1 (g—p) |gn|?]

n=1

Z (n1)*7gal = llell7 < oo.

Hence, [, 0;fE(0,® ’ F3) dt is defined as a white noise integral in the Pettis sense.
The next Theorem then establishes the second version of the Clark-Ocone formula

is given in equation (4.3) above.

Theorem 4.4. Let ® € (8)5 with ® =Y ((: ", fu), fu € L2(R®™). Assume
that 0,® exists in (S)f and [, ||at(1)||2—p,—ﬁ dt < oo for some p > 0. Then, ® can be

represented as

+ / O E(0,P | F)dt. (4.4)
R

Proof. First let &y = Ziv ol -®":, fn). Then calculating its S-transform yields

the following

S(@n)(€) = ((Pw, : M1 ))

N

(fnr €57
=0
= fo+ Falst o sn)(s1) -+ E(sn)dsy - - - dsn
0 ;/_OO /_OO S1 S S1 S S1 S
N t t
:fo+;4n/m---/wfn<t,sl,---,sn_of(t)f(sl)---

o g(sn—l)dsl te dSn_ldt

3
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E(51)ds1 dsM) it

~ ot [ €SOy | R d

= s(E@w)(©) + ([ oo | F)at)©
= S(E(ch) + /R O (B0 | }"t)dt) (€).

This then verifies the decomposition @y = E(®y) + [ O E(,Pn | F)dt. Now
for & = 3700 (&7 f,), with f, € L*(R®"), we have that & — ® in (S)j and

E(®y) — E(®) as N — oo. We only need to check that
/a;‘(Eatch | F) dt —>/8§‘(E8t<1> | ) dt
R R

We will use Theorem 2.3 to show this convergence. We verify the two conditions
which are as follows

(a)Let Fy = S®y. We claim that limy_, Fy(§) exists.

Fx(€) = S(E@x))(©) + 5 ( [ sy | £ dt) (©
= fo+ /RS(t)S(E(atch | F))(€) dt.

Now, we note that as N — oo, we obtain the pointwise limit of the integrand in
the above integral because

S(E( atch | 7))

—Z / / St s1,  8n1)8(81) - - E(sp—1) dsy -+ - dsy

o0

_>gn/_oo/_oo fo(tys1,o o sn—1)€(s1) -+ &(Sp—1) dsy - - - dsp_1.
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Moreover, an attepmt to obtain a bound for the quantity ‘S (E(0,PN ‘ E))(£)’

yields the following estimate

\SEatch\ft )|
(t, 51, Sn_1)E(51) -+ - E(Sp_y) dsy - - - dsp_y
\<<8t .<§> ‘
< [[o®]l_, _sll: e+ |, 5

This bound obtained above is integrable because

S0yl et e = | 69, [ 0], it <o,

since fRHE)tCDHQ_p s dt < oo by assumption in the Theorem.
Hence, by the Lebesgue Dominated Convergence Theorem, limy_—o, S(Pn)(&) =
fot+ [ @) limy_oo SE(0,®y | F)(€) dt and so limy_.o Fiy(€) exists.
(b) We claim that Fy () satisfies the growth condition.
| F ()] = [S(2a)(€)]
<nl+ [ ewl|sE@ey | 7))
R
2

<lhl+ [ \£<t>mat<1>u_p explaléli 7 at

<ol + exolally ™) [ s at [ o,
But [, 0:®?, _zdt < oo and [, [£(t)]*dt < oo since £ € S(R) C L*(R). If we
let K = [ [€(t)]dt fRHat(bHip _zdt, we get the desired bound for the growth
condition which is independent on N for every ¢ € S.(R). We now conclude
that [, OFE(0,Px | F)dt — [, 0;E(0,® | F)dt since SE(8,®y | F)(§) —

SE(0,® | F)(€) from the above argument. This then completes the verification

for the extended formula (4.4). O
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4.3 The Formula for the Hermite Brownian
Functional

In this section we verify the Clark-Ocone formula for the Hermite Brownian func-

tional using the It6 formula.

Lemma 4.5. Let B(t), t > 0 be a Brownian motion. Then the Hermite Brownian

functional : B(t)™: ; is a martingale.

Proof. Let A € R and set Yy(t) = O3 We first show that the process
{Yi(t), t > 0} is a martingale (See [8]). First we show integrability. We observe

that A(t) is Fi-measurable. Moreover,

1 2
E(0] = s | iy
_— 6_%>\2t 1 e 2t (y 2t>‘y)dy

24,2
:(37%/\21t 27rt/e21t(yt)‘)2€t2i\ dy
V R

= 6_%>\2t6%)\2t = ]_
which shows integrability.
Now let ¢t > s. We can write
Y,\(t) _ e)\B(s)—%AQseA(B(t)—B(s))—%)\Q(t—s)

_ Y/\(S)ek(B(t)—B(s))—%)\Q(t—s)

Since B(t) — B(s) is independent of any F,-measurable function, we have
E[YA(t) | Fu] = Ya(s) BP0
= Y\ (s) almost surely by the integrability result above.

We have the generating function for : B(¢)™ :; given by

n=0

n

>

L B(1)" 3= PO (4.5)

|

S
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Taking the conditional expectation on both sides of (4.5) we obtain

Z)\—TE(: B(t)": ¢ | F) :Z)\—': Bs)": ..

n=0 n=0

By comparing coefficients of A", we get
E(: B(t)": ‘ Fi)=:B(s)": s,

which completes the proof for the lemma. n

Next we verify the formula for the Hermite Brownian functional : B(¢)™ :.

Theorem 4.6. Let t € [0, 1] and B(¢) a Brownian motion. Then,
E(0s: B(t)": 1 | Fs) =n: B(s)" " 15 1p4(s) and the Clark-Ocone representation

formula for : B(t)" :; is given by:

: B(t)" 4= /Otn : B(s)" ! 1, dB(s). (4.6)

Proof. Consider the function 6(¢, x) =: ™ :;. Then by using the generating function

o0

A" 132
E :_::L,n :t:e)\x 2)\t’
n!

n=0

the following formulas can easily be verified:

0 1 2
B! O(t,x) = —§n(n — 12"y
0
E O(t,x) =n:a" "y .
o? 1 neg
By the Ito6 formula,
do(t, B(t)) = ﬁ@(t B(t))dB(t) + 16—20(75 B(t)) + 20(75 B(t)) | dt
’ COr 2012 ot '



Putting it in integral form,

t_/  9(s, B(s dB(s)+/Ot (%aa—;H(s,B(s))+%0(s,B(s))) ds

:/ n: Bls)"™ dB(s)—l—/Ot%n(n—l):B(s)”_? ., ds

Since E[: B(t)" :;] = 0, it remains to be shown that
1 t
/ B0, : B#t)" 4| F.)dB(s) = / n: B(s)") -, dB(s).
0 0
We can first write : B(¢)" :; in terms of Wick tensors as
:B@)" 4= (:® ,1%Z]>

We then obtain
O = B(t)" s = nd: © D 1 1™ 10 (s)
=n:Bt)"" 4 Log(s).
Since : B(t)™ :; is a martingale as earlier noted, it follows that

E(0s: B(t)" 4| Fs) =n: B(s)" " 15 1 g(s).

and so

/0 B0, : B(t)" | F.)dB(s) /0 n: B(s)™ sy 1on(s)dB(s)

_ /0 )

which then verifies the Clark-Ocone formula for : B(¢)" :; .

62

(4.7)



4.4 The Formula for Donsker’s Delta Function

As a specific example of the results obtained in section 4.2 above, we consider
Donsker’s delta function. For d, the Dirac delta function at a and B(t) a Brow-
nian motion, the Donsker’s delta function §(B(t) — a) is a generalized Brownian

functional with the following Wiener-1t6 decomposition ([18]) given by:

5(B(t) - a) 18y (4.8)

m nun‘ el Ty
Theorem 4.7. Let §(B(t)—a) be Donsker’s delta function. Then the Clark-Ocone

representation formula for 6(B(t) — a) is given by:

1 _a 1 — B(s)) _ta—pe:p? B(a))2
0(B(t) —a) = e2t+/ e dB 4.9
R s (6. (49
Proof. Since (: -®™: ,1%%} =: B(t)": +, equation (4.8) can also be written as
HB) —a) = B Y L s By (4.10)
—a) = e 2t LAt Lt .
V2t A ' '

We now know from Theorem 4.6 that : B(t)": ; = ffoo n: B(s)"': ,dB(s). Hence,

1 1
4+ — ca”
27t \ 27t ; nln

1 w2 1 &1 t
= e 2t + ca n: B(s)" ! dB(s
V27t V2t = nltn ' /_oo (s) (s)

1 o2 RN | o2 1
= ——e¢ 2t + e 2t ca” y: B(s)" i, dB(s).
V2t /oonz:; V2t (n—1)itr i B(s) (5)

The following 2 formulas can be used to simplify the integrand in the last equality:

=t 1 [ t2a? — 2tay + t2y?
— gyt = exp |— : | t]|< 1. (4.11)
2o N 21— )
C(ouw) e =0" ru" (4.12)
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From the second formula above, we get

utn=— (ou)™ :p2
Therefore,
i": tn 1 (oz)" 1 ()" 1 2% — 2xy + t2y?
—— (o) i — e = exp |—
2l gn oo e E T P 2(1—12)
Put ox = u, \y = v. Then
iﬁi:unmi:v":,\az ! exp —;_22“2_2t%§+§_22v2
= nlon 7 V1-—1t2 2(1 — 2)
Let t = 7. Then we obtain
iﬂi:unzzi:v":p: 1 exp _;—§u2—27£uv+;—zv2
= nlon 7 \n 1 — 72 2(1 —72)
Put 02 =t, A2 = s. to obtain
X n 2,2 1 T°,,2
ZT— ! ! cut " = ! exp I T
2wl (Voy (Vo) = i -7
(4.13)
Differentiating both sides of equation (4.13) in v we obtain
N Rt O i et
Z s vt = oo eXp | — 5
— (n— 1! (Vits) V1=722(1—-12) 21 —171
(4.14)

Substitute a for u, B(s) for v, and ‘/Tf for 7 in equation(4.14) to get

n=1
1 B iBB6) [ e 26kl + 11BW)
VI 2(1—2) P 2(1-9)
V'ta — /tB(s) ;a® —2aB(s) + B(s)”
e {_ 2(t =) }
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We then get

S 1 -2 n n
Zme 2t 1A B(S) g

n=1
Vit(a — B(s)) . a®>  2a® —2aB(s)+ B(s)?
= - X —_——
t—si P 21— s)
The power for the exponential expression in the above equation reduces to
_a®  ja® —2aB(s) + B(s)’ _ —a®>  sa®  —2aB(s)+ B(s)
2t 2(t — s) 2t 2t(t —s) 2(t — s)
_ —(t=s)a*+sa®> —2aB(s) + B(s)*
o 2t(t—s) 2(t — s)
@ —=2aB(s) + B(s)?
2t —s) 2(t — s)
=B
B 2(t —s)
Therefore
. 02 t(a—B — B(s))?
S L g ey e Y= B exp{ (a <s>>}
‘= (n—1) In (t—s)2 2(t — s)
Hence
o(B(t) —a)
1

o2 RN | o2 1
— e 3 +/ Z e 2 a"  B(s)" i, dB(s)

27t —oo i V27t (n—1)ltn
Ll e Y Via=B) [ (=B
LT = (t—s)2 p{ 2(t — s) }dB()
LU e [ L Vi Be) [ a- BO]
RV BV, =T || )

which gives us the desired result, and completes the proof.
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4.5 Generalization to Compositions with
Tempered Distributions

In this section we generalize the Clark-Ocone formula to Brownian functionals of
the form f(B(t)) where f € S’(R). We first state a Theorem wich verifies that

indeed f(B(t)) is a generalized function. For the proof see [21], [22].

Theorem 4.8. Let f € S'(R). Then f(B(t)) = (f,d(B(t) — (+))) is a generalized

Brownian functional with the following series representation:

f(B(1))

ﬁzn,tn f o) BO)": v (4.15)

22
where &, .(z) =: 2" ;x e” 2 is a function in S(R) and (-, -) is the pairing between

S'(R) and S(R).

Theorem 4.9. Let f € S'(R). Then, the Brownian functional f(B(t)) has the

following Clark-Ocone representation formula:

(z—B(s))?

f(B(t)) = \/%/Rf(x)e_idx—l—/;\/ﬁ (/Rf’(as)e_ 2(=s) d:v) dB(s).

(4.16)

Proof. For f € 8'(R) and &,,(z) =: 2™: te’g € S(R) the pairing (f,&,+) is the

22
integral [, f(x): 2": ye~ 2 dz. Therefore,

1 & 1
f( mnz%n' ()zt

2 n=0 R

:\/;7/Rf( e 2tdm+zmn'tn (/ fl):am s e—”éfdx):B(t)n;t.

~+~

~+
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Let K denote the second summand in the last equality above. Then we obtain

K= Z/ 5 (/f "o Bls)" egidx) dB(s)

/ Jont (/ f(z 2 (= 1)'t”: 2"y B(s)" eéidx) dB(s).

But
N z? t(x — B _(e=B(s))?
Z cat t . B(S)n_l s €2t = Me 2(t—s) |
1 n—]_ 'tn (t_s)E

Therefore,

A (&= Bls) _eoment )
K—/wm%ﬂ R d)dB( )

Applying integration by parts to K yields the following

(x — B(s)) (z2f(z>>2 . s
K= /oo 27T(/f Ty (t_s) e X d)dB()

kel A
-/ mmwa S (Z”B 32‘“") 4Ble).
Hence
180 = = [ o Faos [ ;ﬁ ([ s 55 s ) as

which is the Clark- Ocone formula for f(B(t)) for which

1 22
BB = o= [ f)Fan
and
B(O.f(B(t) | ) = \/ﬁ / Fla)e T 0,
This finishes the proof. O
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