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1. Metric and normed spaces, completeness and completion

1.1 Let X be a compact set and C(X) the space of real continuous functions on X
equipped with the sup norm. Let M = {f € C(X) such that f(z) > 0 for all

x € X}. Show that M is an open subset of C'(X).

1.2 Let X be the normed linear space obtained by putting the norm |[|f|o :=

SUDyeo,1] | fg f(s)ds| on the set of continuous real functions on [0, 1].

(a) Show that the functions f,(t) := sin(nt) converge to zero in X.

(b) Show that X is not a Banach space.

(c) Let f:]0,1] — IR be continuous and extend f to [0, 00) by setting f(¢) := f(1)
for t > 1. Show that the differential quotients Dy : t — w converge
uniformly on [0,1] as h — 0% if f is continuously differentiable. Show that
the differential quotients Dj;, are Cauchy in X as h — 0T for any continuous
f:10,1] — R with f(0) = 0; i.e., for all € > 0 there exists hy > 0 such that
| Dy, — Dgllo < € for all 0 < h, k < hyg.

1.3 For 0 < o < 1 consider the space L, of all functions on [0, 1] — IR such that

1l = 1£(0)] + sup LE =IO
sAt |8 —t*

(a) Show that L, is a Banach space.

(b) Show that each element in L, is absolutely continuous.



2. Continuous linear transformations and functions

closed graph theorem, open mapping theorem

2.1 (a) Let X be a complete metric space. A mapping F': X — X is said to be a
contraction if there is a constant r < 1 such that d(F(u), F(v)) < r - d(u,v)
for all u,v € X. Given a contraction F' and a point ug € X, define a sequence
(ur)ren in X by upy1 = F(ug). Show that d(upyq,ur) < r¥d(ui,uo) and
prove that the sequence (uy) converges to the unique fixed point of F.

(b) Let g € C[0,1] with fol lg(s)|ds < r < 1. Use part (a) to show that, for all

f € C[0,1], there exists a unique solution u = u(-) € C|0, 1] of the equation

u(t) = /0 g(t —s)u(s)ds + f(t), 0 <t <1. (%)

(c) Show that the operator A which assigns to each f € C[0, 1] the unique solution
u of the equation (x) is a linear operator from C|0, 1] into C]0, 1].
(d) Use the ‘Closed Graph Theorem’ to show that A is a continuous linear operator.

(e) Show that the solutions u of (x) depend continuously on the forcing terms f.

2.2 Let k be a measurable function on IR? such that [, ([ |k(z,y)|%dy)?/9dx < oo for

Some1<q<ooand%+%—}—1. Show that

(Tf)(x) = / k() (v)dy

R

defines a continuous linear map 7" : L,(RR) — L,(R).

2.3 Let X be the normed linear space obtained by putting the norm || f||; = fol |f(t)] dt

on the set of continuous real functions on [0, 1].

(a) Show that X is not a Banach space. [— 1]

(b) Show that the linear functional Af = f(1/2) is not bounded.



3. Continuous functions: uniform convergence, principle of uniform

boundedness, Stone-Weierstrass, compactness

3.1 A subset S of R is of type F, if S is the countable union of closed sets.

(a) Let f be any function from IR to IR. Prove that the set of points of discontinuity
of f is of type F,.

(b) Can a function from IR to R be continuous on the rationals and discontinu-
ous on the irrationals? What if the roles of the rationals and irrationals are
interchanged?

(c) Briefly explain why there are continuous, nowhere differentiable functions on

R.

3.2 (a) Let f, : R — IR be given by f,(z) = £ (n € IN). Show that the sequence
(fn)nen is pointwise convergent on IR but not uniformly convergent on IR.

(b) Let f, :[0,1] — IR be given by f,(z) = 1—|—1m2 (n € IN). Show that (f,)nen

is a bounded subset of C0,1] and that no subsequence of (f,)nen converges
in C[0, 1.
3.3 Let f, : R — IR be given by f,(z) = 17— (n € IN).

(a) Show that sup,cg |fn(x)| = #ﬁ Conclude that the sequence (f,)nen con-
verges uniformly on IR to a function f. What is f7?
(b) Show that the equation f’(x) = lim,, —, « f},(z) is true if  # 0, but false if

x = 0.
3.4 Identify all subsets of [0,1] on which Y > 2™ converges uniformly. Explain.

3.5 (a) Show that every continuous function on [0, 1] is a uniform limit of step functions.
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(b) Is the converse true? (A step function is finite linear combination of charac-

teristic functions of intervals.)

3.6 Show that every continuous function f : [0,1] x [0,1] — IR can be uniformly ap-
proximated by polynomials p(s,t) = ag + ngzl apmt™x™, where au,,, € IR and

N € IN. Is the same result true for continuous functions f : R x IR — IR?

3.7 Prove or disprove: The product of two uniformly continuous functions on IR is also

uniformly continuous.

3.8 Let X[—n,n)(-) denote the characteristic function of the interval [-n,n] (n € IN).
Consider the sequence of functions f,,(x) := X[—pn(z)sin(%F) (z € R).

(a) Determine f(x) = lim, 0 fn(z) and show that the sequence (f,)nen con-

verges uniformly on compact subsets of IR. Does the sequence converge uni-

formly on IR?

(b) Show that

n—oo
— 00

/ f(z)dz = lim fn(z)da.

Are the assumptions of Lebesgue’s dominated convergence theorem satisfied?

3.9 Prove or disprove the following two statements:

(a) IfY">° | an converges, then Y~ | a, cos nx converges pointwise everywhere on
R.
(b) If Y°°° | ay converges absolutely, then Y ° | a, cosnz converges to a continu-
ous function on R.
x2, if x is irrational
3.10 Let f(z) = Show that f is continuous at only one point, and

0, if x is rational
that f is differentiable there.
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3.11 Let Cp[0,1] be the space of all continuous real functions f on the internal [0, 1]
satisfying f(0) = f(1) = 0. Let Pyo be the subspace of polynomials in Cj [0, 1].

Show that Py is dense in Cp [0, 1] in the sup norm.

3.12 Let f, : [0,00) — IR be defined by f,(x) := (z/n)e~ /") (n € IN).

(a) Determine f(x) = lim, oo fn(x). Show that the sequence (f,)nen converges
uniformly to f on [0, a] for any non-negative real number a. Does the sequence
converge uniformly to f on [0,00)7 Justify your answer.

(b) Show that f(z) = limyooo [y fu(z)de = [ f(z)dz, but that
liny o [3° fo() do # J3° f(2) da.

3.13 Let I = [0, 1]. Suppose f is a continuous real-valued function on I x I. Show that
f can be uniformly approximated by functions of the from Y . | f;(z)g;(y) where

fi and g; are continuous real-valued function on I.
3.14 Show: if f € C[0,1] and [, f(z)a"dz = 0 for all n € No, then f =0,

3.15 Let (z,)nen be a sequence of real numbers. Prove that the following are equivalent.

(i) limy,— oo T = a.

(ii) Every subsequence of (z,)nen contains a subsequence that converges to a.

3.16 Show that the function f(z) = 277 +3-273% 4 .. 4 (2n + 1)2-Cntl2 1 g

continuous on (0, c0).

3.17 (a) Prove or disprove: A continuous function on the interval [0, c0) can be
approximated uniformly by polynomials.
(b) Prove or disprove: If f and g are both functions from IR into IR, and

lim; ., g(t) = b and lim;_;, f(t) = ¢, then lim;_,, f(g(t)) = c.
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3.18 Let f : [0,1] — IR be continuously differentiable. Prove that for any € > 0, there
exists a polynomial P(z) such that ||f — Plle < € and ||f" — P'||oo < €. Here || - [|oo

denotes the sup-norm.
3.19 Prove: If f € C[0,1] and fol f(z)e ™ dx =0 for all n € INy, then f = 0.

3.20 Let f, : [1,00) — IR be defined by f,(z) := 2He™® (n € IV). Show that the

series Y, fx converges uniformly to a continuous function.

3.21 f, : R — IR be defined by f,(z) := (sinz)” (n € IN). Does (fn)nen converge

uniformly?
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4. Differentiable functions: Jacobians, inverse and implicit functions, power series

4.1 Does e*(2? + y? + 2%) — V1 +22 + y = 0 have a solution z = f(z,y) which is

continuous at x = 1,y = 0 and f(1,0) = 07 Explain carefully!

4.2 Let f: R — IR be an infinitely differentiable function.

(a) Use Taylor’s formula with remainder to show that given = and h then f/(z) =
(f(z+2h) — f(x))/2h — hf"(&) for some &.
(b) Assume f(z) — 0 as * — oo, and that f” is bounded. Show that f/'(z) — 0

as r — OQ.

4.3 Let f(x,y) = xy — cosy + 2% + 1. At what points on the set {(z,y) : f(x,y) = 0}
does the condition f(x,y) = 0 fail to define either x as a function of y or y as a

function of z?

4.4 Prove or give a counterexample: If f is a uniform limit of polynomials on [—1,1],

then the Maclaurin series of f converges to f in some neighborhood of 0.

4.5 Can the surface whose equation is xy — zlog y + €** = 1 be represented in the form
z = f(z,y) in a neighborhood of (0,1, 1)? In the form y = g(z, z) in a neighborhood
of (0,1,1)?

4.6 Let f(z) = 2¥sin(1/x) if x # 0 and f(0) = 0.

(a) If k = 2, show that f is differentiable everywhere but f’ fails to be continuous
at some point.
b If k = 3, does f have a second derivative at all points? If so, is f/ a continuous
function? Give your reasons.
4.7 Let f be defined on R3 by f(z,y,2) = 2> +4y?—2yz—2z%. Show that f(2,1,—4) =0

and f,(2,1,—4) # 0, and that there exists therefore a differentiable function g in



4.8

4.9

4.10

4.11

4.12

4.13
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a neighborhood of (2,1) in IR?, such that f(z,y,g(z,y)) = 0. Find g,(2,1) and
gy(2,1). What is the value of ¢(2,1)?

Suppose that a function f is defined on (0,1] and has a finite derivative with

|f'(z)| < 1. Define a,, := f(1/n) for n =1,2,3,.... Show that lim, . a,, exists.

Prove or disprove: The series Zzozl(—l)””zn# is uniformly convergent on [—1,1].

Define a function f on IR by

e_l/mz, ifx >0
f(z) =

0,ifz <0

(a) Check whether f is infinitely differentiable at 0, and, if so, find f(™(0), n =
1,2,3,---. Show details.

(b) Does f have a power series expansion at 07

(c) Let g(x) = f(z)f(1 — x). Show that g is a nontrivial infinitely differentiable

function on IR which vanishes outside (0, 1).

Prove that a function f : R™ — IR is continuous at x = (z1,--- ,x,) € R™ if the
partial derivatives fy,,..., fz, exist and are bounded in a neighborhood of x.
Let fn(z) = 25:1 an sin(nz) for a,,x € R. If 7 na, converges absolutely,

show that (fn)nen converges uniformly to a function f on IR, and that (fy)nven

converges uniformly to f’ on R.

Let f be a twice continuously differentiable real-valued function on R™. A point
x € IR"™ is a critical point of f if all partial derivatives of f vanish at z (i.e.,

v f(x) =0), a critical point x is nondegenerate if the n x n matrix

{353% (x)}



4.14

4.15

4.16

4.17

4.18
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is nonsingular. Let x be a nondegenerate critical point of f. Prove that there
is an open neighborhood of z which contains no other critical points. (i.e., the

nondegenerate critical points are isolated.)

Show that the power series in x for the function f(z) = e cos(bx) (a,b € IR) has

either no zero coefficients or infinitely many zero coefficients.

Let f be continuous function on [0, 1]. Define

-1+ (7))

for every integer n > 1. Determine the limit lim,, .o Ip,.

Show that a function f(x) = e™® 4+ 2e72% + ... + ne™"® + ... is continuous on
(0, 00).
Let f(z) = e /%" if 2 > 0 and f(z) = 0 if z < 0. Verify, using induction, that for

each positive integer k, there is a polynomial p;, such that f)(z) = f(x)pg(x)z=3*
for all x > 0. Show that the function ¢ : x — f(1 + z)f(1 — x) has the following

properties:

(i) ¢ is smooth (i.e. has derivatives of all orders);
(i) ¢ = 0;
(if) p(z) = 0'if [a] > 1;

)

(iv) [ é(z)dz > 0.

Let f : R — IR be a twice differentiable function with bounded first and sec-

ond derivatives. By considering the Taylor expansion of f, show that: ||f'[|c <

N fllos| + Allf"|lso for every h > 0. By minimizing over h, show that || f/[ls <

[flloo [/ loos where [|g[loc denotes sup,ep [g()[-
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4.19 Define the Hermite polynomial of degree n by

4.20 Let f be a real-valued differentiable function on an interval (a,b). Show that f is

Lipschitz continuous if and only if f has bounded derivative.
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5. Functions of bounded variation

5.1 If f is continuous on an interval [a, b] with a bounded derivative in (a,b), show that
f is of bounded variation on [a,b]. Is the boundedness of f’ necessary for f to be

of bounded variation? Justify your answer.

5.2 (a) Prove that if a real-valued function f is of bounded variation on an interval
[a,b], then f has right and left-hand limits at all = € (a,b).
(b) Prove that a function f : [a,b] — IR of bounded variation has at most countably
many points of discontinuity.
5.3 Let f(z) = x?sin(1),g(z) = 2?sin(-) for z # 0 and f(z) = g(z) = 0 for z = 0.
Show:

(a) f and g are differentiable everywhere (including x = 0),
(b) f is bounded variation on the interval [—1, 1], but g is not.
(c¢) Let f(z) = xsin(1/x) for x # 0 and f(z) = 0 for z = 0. Is f of bounded

variation on [—1,1]?
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6. Riemann integral, Lebesgue integral (via completion),

convergence theorems

6.1 Let f be a positive function on (0, 1] such that f is Riemann integrable on [¢, 1] for
allt € (0,1), but lim, o+ f(x) = co. Assume that the improper (Riemann) integral
(R) fol f(x)dzr exists. Show that f is a measurable function, Lebesgue integrable,

and

1
flayis = (B) [ flayde

[0,1] 0

6.2 For each of the following problems, check whether the limit exists. If so, find its

value.

6.3 (a) Characterize those bounded functions on [0, 1] which are Riemann integrable.

(b) Let () be an enumeration of the rationals in [0, 1]. Define f on [0, 1] by

I,
—ife=r,
n

fz) =

0, if x is irrational

Is f Riemann integrable on [0,1]? Explain!

(c) Show that if
1, if x is rational
flx) =
—1, if x is irrational

then f is not Riemann integrable on the interval [0,1]. Is f Lebesgue inte-

grable? Explain!

6.4 Show there are no bounded sequences (ap)nen and (b,)neny for which f,(z) =

ap sin(2mnx) + by, cos(2mnz) converges to 1 almost everywhere on [0, 1].
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6.5 Let f(x) be a real-valued measurable function on [0, 1]. Show that

1

lim (cos(mf(x)))*"dx = m{x : f(z) is an integer},
n—oo 0

where m denotes Lebesgue measure.

6.6 (a) Show that f(z) = 2~ " is a Lebesgue integrable function on [0,1] if 0 <r < 1.

1
d
(b) If0§r<1letan:/ e
o N7 +a”

Be sure to quote the appropriate integration theorems to justify your calcula-

(Lebesgue integral). Compute lim,,_, o Gy,.

tions.

6.7 Let f,, : IR — IR be defined by

1.
fo() = ﬁ,lf\xlgn

0, if |z| > n

(a) Show that f, converges to 0 uniformly on R, and that lim, .o [5 fn(z)dz =2
while [, (limy, oo fr) (z) dz # 2.
(b) Explain why the example in part (a) does not contradict the Lebesgue domi-

nated convergence theorem.

6.8 (a) Show that f(x) = 1/y/x is Lebesgue integrable on (0, 1).
(b) Find inf{fo1 Y(x)dz|y is a simple function, and (x) > 1/y/z on (0,1)}.
(Simple functions are finite linear combinations of characteristic functions of

measurable sets with extended real-valued coefficients.)

6.9 Give an example of a sequence (f,,)nen of bounded, measurable functions on [0, 1)

such that
1

lim |fr(x)|dz =0
0

n—oo

but such that f, converges pointwise nowhere.



6.10

6.11

6.12

6.13

6.14

6.15

6.16

6.17

6.18

6.19

14
Consider a Lebesgue-measurable function f or R with [ f(¢)?dt < co. show that
R

the function g(z f f(t —x)f(t)dt is continuous.

Prove that lim,, . ffooo (sinnt) f(t)dt = 0 for every Lebesgue integrable function

f or R. (Hint: Do the problem first for step functions.)

for x > eand n € IN.

Let fu(z) =

z(Inz)n

(a) For which n € IV does the Lebesgue integral f fn(z) dz exist?

(b) Determine lim,,— o fn(x) for > e.

(¢) Does the sequence (f,)nen satisfy the assumptions of Lebesgue’s dominated

convergence theorem?

Define f(x) = [ cos(zy)g(y) dy for € R where g is an integrable function on IR.

Show that f is continuous.

Define g : R — IR by g(z) = 0 if z is irrational and g(x) = % if z = p/q in lowest

terms. Is g a Riemann integrable function? Give a proof of your assertion.

Give an example of a Lebesgue integrable function f on [0, 1] such that fol flx)dz =

1, but f is not Riemann integrable.
Let f € L®[0,1] and [, 2" f(x)dx = 0 for n € IN. Show that f = 0 a.c.

Let f be a non-negative Lebesgue measurable function on (0,00) such that f2 is

integrable. Let F'(x fo t) dt where = > 0. Show that lim,_, o+ Fﬁ) =
Let f be a differentiable function on [—1,1]. Prove that lim._q f€<|w|<1 1f(z)da
exists.

n

Let f,(x) := m—'e_"” for n € INy.
n!
(a) Show that lim, .. fn(z) =0 for all z > 0.



6.20

6.21

6.22

6.23

6.24

6.25

6.26
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(b) Show that f,, € L'(0,00) with ||f,|l1 = 1 for all n € INo.

(c) Show that limy e [y &7 (1 — £)% da = 1 for all n € INp.

Prove that limy_, fob Si‘;‘” dzr exists but that the function % is not integrable

over (0, 00).

Compute the following limit and justify your calculations:
o0 -n
lim (1 + E) sin <§> dx
n—oo Jq n n

Let f be a continuous nonnegative function on [a,b] where a < b. Let M =

max{f(z):a <z <b}. Show that

b 0
nlln;o (/ f(a:)"’dac) = M.

en

Find and justify the limits: (a) lim . s;_nx 5 dr and (b) lim 1_1_33—2 dx.
n—oo 0 nr n—oo 0 nr

n

Let fo(z) = S0 iz + 1), where f is a continuous function on R. Show that

=0 n
the sequence of functions (f,,)nen converges uniformly on every finite segment [a, b]

to the function F(z) = f;ﬂ f(s)ds.

Let f € L'(IR) with respect to the Lebesgue measure such that [, |z f(z)|dz < co.

Show that the function

o(y) = /R ¢ f () da

is differentiable at every y € IR.

Prove that if f is a real-valued Lebesgue integrable function on IR, then

gigg)/lf(xirt)—f(tﬂdt:o-
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6.27 Let f € L*(RR).

1/n

(a) Prove: lim, .o [,"" f(x)dz = 0.

(b) Prove or disprove: lim, .o [~ f(z)dz = 0.

6.28 Give an example of a sequence of uniformly bounded measurable functions f,, on
[0, 1] such that m{x|f,(z) # 0} — 0 as n — oo, but the sequence f,(z) does not

converge for any z € [0, 1].

6.29 Let

1
an,f0r0§x<—
n
fo(x) =< 2n —n?z, for — <z <
n

2
n
2
0, for — <z <1
\ n

Sketch the graphs of f; and fs. Prove that if g is a continuous real-valued function

on [0,1], then

n—oo

lim i fn(z)g(z)dz = ¢(0).

(Hint: First show that fol fo(z)dr =1.)

6.30 Assume that the real valued measurable function f(¢,x) and its partial derivative

2 f(t,z) are bounded on [0, 1]2. Show that for ¢ € (0,1)

% [/Olf(t,x)dx] :/01 %f(t,fv)dﬂf

Hint: Consider the difference quotient for the derivative on the left.

6.31 Prove that if f, is Lebesgue integrable on [0,1] for each n € IN, and

Domea fo |fn(x)|dx < oo, then >0 | fn(x) is convergent a.e., and

/an dw—Z/ fula

6.32 Let f € L'(R). Prove that lim, . [, e " f(z)dz = 0.
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6.33 Assume that A > 0, B > 0, and f continuous and nonnegative on [a,b]. Assume
that f(t) < A+ B[l f(z)ds for a < t < b. Prove that f(t) < AeP(t~%) for

a<t<hb.
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7. Absolutely continuous functions and the fundamental

theorem of calculus

Show that the product of two absolutely continuous functions on a closed finite

interval [a, b] is absolutely continuous.

(a) Show that a Lipschitz function is absolutely continuous.
(b) Show that an absolutely continuous function f on an interval is Lipschitz if

and only if f’ is bounded.

Let f be absolutely continuous in the interval [e, 1] for each ¢ > 0. Does the
continuity of f at 0 imply that f is absolutely continuous on [0,1]7 What if f is

also of bounded variation on [0, 1]?

A function f :[0,1] — L'[0,1] is called Lipschitz continuous if there exists M > 0
such that ||f(t) — f(s)]1 < M|t — s| for all t,s € [0,1]. It is called differentiable
at a point s € (0,1) if the differential quotients % converge in L'[0,1] as
t — s. Let f:[0,1] — L'[0,1] be given by f(t) = x[0,1], where X[o4 denotes the

characteristic function of the interval [0,¢]. Show that f is Lipschitz continuous

and nowhere differentiable.
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8. Basic properties of LP-spaces, Riesz representation for LP-spaces

Show that (L,[0,1],] - ||,) is separable for 1 < p < oo, but not separable for p = occ.

Show that LP(0,1) C L9(0,1) for any p > g > 1. Here the integrability is with
respect to the Lebesgue measure. Is the inclusion map for LP(0,1) into L?(0,1)

continuous?
Prove or disprove the equality L>[0, 1] = Ni<p<ocLP[0,1].

Let f € L,(R),1 < p < co. Show that / |f(x)|P dz — 0 for n — co.

|z|>n

Let g, = nX[o,n-3]. Show that fol f(2)gn(z)dz — 0 as n — oo for all f € L?[0,1],
but not all f € L1[0,1].

Construct an isometry of the Hilbert space £5 onto the Hilbert space Lo [0,1] and

justify that your map is an isometry.



