Core 2 Exam: Measure and Integration
August 2002

Instructions: Do Problems 1-4, one of Problems 5 and 6, and one of Problems 7 and
8 (a total of six problems). You have three and a half hours. Good luck!

. Calculate the volume of a ball of radius R in R™ by any reasonable method.

. Let f be a measurable function on R. In the following, the measure on R is Lebesgue
measure.

(i) Suppose f € L*(R). For any real number k € R, define
f = [ e p(a)da
R

Prove that f is a continuous function.

(ii) Suppose f is a measurable function on [a, b] which is differentiable at every point
of [a,b]. Show that the derivative f’ is also measurable.

. Let X be a locally compact Hausdorff space, C.(X) the vector space of continuous
functions X — R having compact support. Suppose pu1, o, ... are Borel measures
(each finite on compact sets) on X, and suppose that for each f € C.(X) the limit
lim,, o f f duy, exists (as a finite real number). Explain why there is a Borel measure
@ on X such that

for every f € C.(X).

. (i) State the Monotone Convergence Theorem.
(ii) Determine limy | [y e~ @1*/t 4y (2) where f is a measurable function on a mea-
sure space (X, B, u) for which pu(X) < oo.

(iii) Give an example of a sequence of bounded, non-negative, measurable functions f,
on some measure space (X, B, i), with f; > fa > -+ such that lim, . [ f, dp >

Sl fo dp.



5. Let (X, B, ) be a measure space. Let f be a measurable function on X such that
|floo # 0 (i.e. fisn’t 0 a.e.).
(i) Suppose |f|, and |f|, < oo for some p, ¢ € (0,00). Show that f € L"(u) for every
number r between p and q.
(ii) Show that the function x — xlog|f]|, is convex on any open interval of values of
z € (0,00) for which |f|, is finite.

6. Let f,g € L'(R), where we use Lebesgue measure on R.

(i) Show that
/R[/le(w—y)g(y)ldy] dz = |f]1lgl

where | - |; denotes the L'-norm.
(ii) Explain why the integral

h(x) % /R £ - y)g(y) dy

exists for almost every x € R and specifies h as an almost-everywhere defined
measurable function.

(111) Show that |h|1 S |f|1|g|1

7. Let (X, B, ) be a measure space. Let p,q € [1,00] be conjugate indices (i.e. p~t +
q~! = 1 with the understanding that oo™ = 0). If f € LP(u) and g € L9(u), define

Ag(f) Z/ngdu

(i) Explain why the integral defining A, f exists.
(ii) Show that A4 is a bounded linear functional on LP with norm |A4| < |g],.
(iii) Assume p € (1,00), g the conjugate index, and g € L9(u). Produce a function f
for which Ag(f) = |flplgle-

8. Suppose A and p are finite measures on a sigma-algebra, and suppose A << pu, i.e. A
is absolutely continuous with respect to . Show that for any e > 0 there is a § > 0
such that p(E) < 0 implies \(E) < e for any measurable set E. Is it necessary that
both A and g be finite measures?



