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Objective

@ Parallel transport along a hyperbolic triangle
@ Compare angle of initial and final vector
@ Compute area of hyperbolic triangle

@ Compare area and angles of parallel transports of hyperbolic
triangles
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Albert Einstein and Hermann Minkowski
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Applications

@ Complex variables

@ Topology of two and three dimensional manifolds
@ Finitely presented infinite groups

@ Physics

@ Computer science
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Postulate 1

A straight line segment can be drawn joining any two points.
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Postulate 2

Any straight line segment can be extended indefinitely in a straight line
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Postulate 3

Given any straight line segment, a circle can be drawn having the
segment as a radius and one endpoint as center.
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Postulate 4

All right angles are congruent.
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Parallel Postulate

Through any given point not on a line there passes exactly one line
that is parallel to that given line in the same plane.
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Parallel Transport
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Parallel Transport About a Euclidean Triangle
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Upper Half-Plane

Definition

Upper half-plane: R = {(x,y) € R? : y > 0}.
Complex plane: H? = {x +iy : x,y € R,y > 0}.

7/ K
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Geodesic

Definition
Geodesic is a line, curved or straight, between two points such that the

acceleration of the line is 0. So given a curve ~ defined on an open

interval / it must satisfy 291 =0 ¢ T, forall t € /.

— 7

Euclidean Geometry Hyperbolic Geometry
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Covariant Derivative

Definition

There is a unique correspondence that associates the vector field ¢
along the differentiable curve ~ to the vector field V. The vector field V
is referred to as the covariant derivative.
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Results from the Covariant Derivative

From the Covariant Derivative we obtain a set of two differential

equations, using the curve v = (v1(t),v2(t)) and the vector field
= (f(t), g(t)), that a parallel vector field must satisfy.

F(t) = 72(1) (1) + 74(t)g(t)

Y2(t) Y2(1)
/
71(8) Yo(1)
g(t) (1) g
Y2(t) 72(t ) (*
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Original Vector: V,

'72(t) = (t,2)

Vo
no(t) = (3, 1) nz(f) = (3,1

71 () = (t,1)

ISR
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Transport Along ~4(t) to V4

72(t) = (t,2)

%7”
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Transport Along the Geodesic 7z to V2

72(t) = (t,2)

m(t) = (3,1)

1
7 () = (t,1)

NER
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Transport Back Along ~»(t) to

Vs

NN ——
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Transport Down the Geodesic 1y to V¢

'71(t) = (tv 1)
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Area Calculation

To find the area of the rectangle, we use the following integral:

T2
A:/"‘/dygx
o J1 Y
7 12

:/oy

—
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General Equation

Given the curve c(t) = (t, mt + b), we used Mathematica to find the
equation for the parallel vector field:

V1(t) = e‘ﬁ (eﬁ — 1) ,
Va(t) = e B
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Line: y =mx+b

Parallel Transport about the line 2t + 1.

1oF
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General Parallel Transport

When a vector is being transported around a hyperbolic triangle it

maintains the angle with the tangent vectors of the curve on which it is
moving.

— .

KI<IalR]> 4] =[]+
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Area

Area Equation Step 1
For a hyperbolic triangle with angles « and 8 and v = 0, which is an
ideal triangle, we get the equation for the area:

cos B [%9) dde o (a N IB)

2
—cosaJy/1—x2 Y
W

A=

257

157 Y

B

| SN
51152
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Area Calculation

For the triangle ABco

2 /cosﬁ [e9) dde
B cosa J4/1—x2 y?

cos,B _ ‘

— cos «
cos

—cosa \/1 — X2

= arcsm(x)}c_oioﬁw

= arcsin(sin(g

= (G- +(5-a)
= 17— (a+p)

— B)) — arcsin(— sin(g —a))
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Area

Area equation

We can find the area of a general hyperbolic triangle with angles «, g,
and v by subtracting the areas of two ideal hyperbolic triangles:

A=rm—(a+8+7)

2.5 11480 — 5

15+ B2
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Area Calculation
For the triangle ABC

p /cos B ) dde /cos Bo [eS) dde
B cosa Jy/1—x2 y2 —cos(r—v) J/1—x2 y2

cos B _ ’ cos Bo

5 ax
—cos(7r ) y| 1-x2

—COSa
cos 3 COs B2
a —cosa v1—X —cos(m— 7)v1—x
cos 0S 3
= arcsin(x)|*"  — arcsin(x)|* c0s(r—)

= (G- + G-~ ((G-B)+(5-)
= m—(a+p) = (r—(v+752))

= 7= (a+ b1+ 82) = (7= (v +52))

= m—(a+8+7)
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Area vs. Angle of Initial to Transported Vector

Theorem

The area of any hyperbolic triangle in R?_ is equal to the angle between
the initial and final transported vectors.
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Non-Normal Hyperbolic Triangle

4 4
38
2 c B
q\
1%, ¢
A
0 1 2 3 4 5 6
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What are Fractional Transformations?

A fractional transformation is a special representation of a matrix that
is used in M6bius Transformations.

Fractional Transformation

Given matrix M = [2 Z] , Where a, b, ¢, d € R, and the point

p = (x,y). The fractional transformation of p in terms of M is written

as: _
_ap+b  alx+y)+b

Cep+d  e(x+y)+d

fu(p)
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Future Studies

Parallel Transport in Different Models of Hyperbolic Geometry
@ Poincaré Disk
@ Hyperboloid
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