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Recursion Relation of ,

The telephone numbers satisfy the following recursion:

th=1t 1+ (n - 1)tn72a

where fy and t; are both equal to 1.

Proof.

Either user 1 is making a call or user 1 is not making a call.

e If user 1 is not making a call, there are t,_1 ways that the
network of n — 1 remaining users can be configured.
Hence, the t,_1 term.

e If user 1 is making a call, we may choose who he is calling
n — 1 different ways. In each n— 1 case, there are n — 2
users remaining. Hence, the (n — 1)t,_» term.



The Closed Formula of t,

Theorem
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The EGF of t,

Now, recall that t,, 1 = t, + nt,_4. In terms of the summation:

n+1 n _ *n
z n! X Zn!
n=1 n=1
=t
n+1 _n /
ZT! =T'(x) -1
n=1
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Proof.

The EGF of t,

Now, recall that t,, 1 = t, + nt,_4. In terms of the summation:

[e.9] oo

n!
n=1 n=1 n=1
[e'e} t ]
> f;; "= T(x)—1
n=1
=t
. Zﬁ”!x”_ T(x) — 1
n=1
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The EGF of t, (cont.)

Proof (Cont.)
Solving for T(x) :

T'(x) —1=T(x) -1+ xT'(x).



The EGF of t, (cont.)

Proof (Cont.)
Solving for T(x) :

Now,

where T(0) =1
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Hermite Polynomials

The set of Hermite polynomials is a polynomial sequence.
Applications of Hermite Polynomials:

¢ Probability;

e Numerical Analysis;

e Combinatorics;
e Physics.



Hermite Polynomials

Definition

& (1) ook
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Relating H, and t,

Theorem
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Proof.
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Proof.

(72 () - o 3 e ()
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The Umbral Method

Suppose a, is given and we define another sequence

b, = Zn: <Z> ak



The Umbral Method

Suppose a, is given and we define another sequence

n
n
bn = Z <k> ag
k=0
We wish to solve for a, in terms of by, and will use the umbrae.

B" = Zn: (Z)Ak

k=0
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Consider the vector space V with the basis {1, A, A2,...}.

Vectors in V are polynomials of the form
d
P(A) = ckAX
k=0

Define the linear functional L : V — R such that L(A") = aj.
Then,
d d
L(P(A)) = L(>" ciAk) = 3 il (AY)
k=0 k=0

e Ais the umbra of a.

e Many formulas are easier to derive if we change a, to A”
for some variable A. After some algebraic manipulation ,
we change A” back to ap.
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The Umbral Method

n

n .
© We have by =) <k> ay , and want to solve for a, in
k=0
terms of by.

@ Recall: L(A") = apand L(B") = by

Applying these two we get, L(B") = _ <Z> L(A¥)
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The Umbral Method

© We determined L(B") = L[(1 + A)"]
® Let p(B) be a polynomial in B.

d d d
L(p(B)) = L[Z cksk] =3 Gl (B = 3 al[(1 + A
k=0 k=0 k=0
~ L(p(1 + A))



The Umbral Method

L(p(B)) = L(p(1 + A)) for any polynomial p.



The Umbral Method

L(p(B)) = L(p(1 + A)) for any polynomial p.

p(B) = (B 1)"



The Umbral Method

L(p(B)) = L(p(1 + A)) for any polynomial p.
p(B) = (B—1)"

LB-1)"=L(1+A-1)")=L(A")



The Umbral Method

L(p(B)) = L(p(1 + A)) for any polynomial p.
p(B) = (B 1)
LB-1)"=L(1+A-1)")=L(A")

L(kz% <Z> Bk(—1)”‘k> = L(A")



The Umbral Method

L(p(B)) = L(p(1 + A)) for any polynomial p.
p(B) = (B—1)"

LB-1)"=L(1+A-1)")=L(A")
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EGF of H(u))

Theorem

e Now we derive the EGF of the Hermite polynomials using
umbral methods

o If we define the umbra M such that L(M2™+") = 0 and
L(Mm2ry = CIZCO then Hy(u) = LM + 2u)"]

e Then we have,

i Hr;7(|U) XN — L(e(M+2u)X) _ eZuxL(eMX) _ eZuxefxz _ eZuxfxz
n=0 '



e Let’s take a look at the EGFs f, and H,(u), they are

Flux) = 3 T ey — gzoror
n=0 ’

and,
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e Let’s take a look at the EGFs f, and H,(u), they are

F(u, X’) _ Z Hn(u) (X/)n _ 62ux’—(x’)2

n!
n=0
and,
- tn n x+ﬁ
T(x) = Z X" =gt
n=0

 Notice any similarities? Choosing u and x’ for F(u, x’)

appropriately we can achieve equality. Those choices

_ =i /X
wouldbe,u_\/éandx_\@

e Proof.
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e Writing the EGFs in their power series representations with

F<\%,I>—T()wehave
' = () S
> () - Xa

Therefore,
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Theorem

2n
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Theorem

ZH ( XN er Sx+144v4x2  © (_1)n (6/’7)! x2n
ST (14 48ux) % & (3n)! (1 + 48ux)3/2 (2n)!”

where v = (V1 +48ux — 1)/(24x).

Lemma (1)

e8P x—(B+2)°+¢

= X" M3/ (1—48a3)3/4
nE_:OHS”(“) nl (14 48ux)'/4 L<e )

_ % _ 12xu? ; ;
where o = 7(1+24xu)3/2,5 = Aono Z2isa solution of

1222 + (24a — 1)z + 12a3? = 0, and
¢ =287 — 83 — 240322 + +272 — 240322 — 8a.Z8.
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Lemma (1)

eSuax—(,8+z)2+¢

> x" 3 _ 3/4
H. A — eM a/(1-48ap) )
ngo 3nlt) T = (T 48ux) /2 ( )

Proof.
For any positive integer w,

. X" (M+2u)“ x
> Hon(u) 5 = L(e ).
n=0

So,

= Ln —L (M4-2u)x
Z H3f7(u) n| - (e )
n=0 ’

3 2 3 2
— eBu xL(e6uxM exM +12u xM).



Lemma (1)

XN 68u3x7(,8+z)2+¢

[o¢]
A_E T M3/ (1—48a8)3/4
nonS”(u) n (1+48ux)!/4 L(e )

Proof (Cont.)

If f(M) is a power series and + is a function not dependent on
M, then

L(e™ f(M)) = \/ﬁ L(f(\/mﬁ)).



Lemma (1)

> x" e8u3xf(,3+z)2+¢ 3 3/4
A R — M°a/(1—-48ap) )
nZOHS”(U) nl (14 48ux)'/4 (e )

Proof (Cont.)

If f(M) is a power series and + is a function not dependent on
M, then

L(e™f(M)) = \/ﬁ L(f(\/mﬁ)).
Thus,

> n
X 3 2 3 2
2 :HSn(U) - — eSu xL(eGUXM exM +12xu M)

n=0

8ux 3, 12u%x
= 76 L(e(1+24zx)3/2M +\/1+24ux M)_

V14 24ux



Lemma (1)

eB8Ux—(6+2)*+¢

x" M3a/(1—4803)%/*
nZOHS”(“) n = (1 + 48ux)1/3 L(e )

Proof (Cont.)
For « and S functions not dependent on M,

e—( +Z)2+¢ M3
L(el-20a(@+2)°2 )
V1 —24a(B + 2)

L( eaMaJrBM)

where ¢ = 25z — 8a3° — 24a3%z + 22° — 24a32° — 8a.z%, and
z is a solution of 12a.z% 4 (24a3 — 1)z + 12232 = 0.



Lemma (1)

B X—(B+2)*+¢

x" 3 _ 3/4
X8 (eMPa/(1-48ap)¥t
nZ::o HanlW) 71 = T 28007 ( )

Proof (Cont.)

e (B+2)%+¢ M3a

Lo M) - Lo,




Lemma (1)

B X—(B+2)*+¢

x" 3 _ 3/4
S —— eM a/(1—48ap) '

Proof (Cont.)

—(B+z 2+¢  MBa
e : L(e(1724a(3+z))3/2 ) )
\/1 24a B + z)

L(e(\Ms—f—’}M)

Hence,

EOO: x" eBux MRy 2Py
Hsn(u) F e — L<e(1-24ux) V1+24ux )

n=0 nt 1+ 24ux

BUix—(B+ 2+¢ _ MPa
_ e8Ux—(8+2) L(e(1*24°‘(’3+z))3/2>'
VT4 24ux\/1 —24a(6 + 2)




Lemma (1)

e8Ux—(B+2)°+¢

> x" Mms _ 3/4
X _ 8T T (eMPa/(1-48ap)
nZOHS”(“) n = (At 48ux)/4 ( )

Proof (Cont.)
Substituting a =

12xu2

V1+24xu’

X _
(1+24xu)3/2 and B -



Lemma (1)

B X—(B+2)*+¢

E H. x" Mo /(1— 3/4
— = " |(eMa/(1-48ap) )
= an(U) n! (1 4+ 48ux)1/4 ( )

Proof (Cont.)
Substituting a =

X _ _12xu?
Groamyr AN B = #7550, we have

o0

x" BUX—(B+2)°+¢
2 Mol o = i =233 2 L(
n=0 ’
2
_ GBWHWL(eMSa/Uwag)S/‘*)'
(1 + 48ux)1/4

. MPa
e(1—24a(+2))3/2 )
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Theorem

0 XN 68v3x+144v4x2 00 (—=1)"(6n)! x2n
Z nl (1 +48ux)"/* 2= (3n)! (1 + 48ux)3"/2 (2n)!’

where v = (v/1 + 48ux — 1)/(24x).

Lemma (1)

XN e8u3x—(6-&-z)2-&-¢

H. A _zT - " M3a/(1-48a3)3/4
Z:% 5nlt) o1 = (5 gy )

)

Lemma (2)

2n

e S (~1)n6n) x
L (Mg(n) (1—48a >)3 — ( )
(e ) ;0 (3n)! (1 + 48ux)372 (2n)!



Lemma (2)

X2n

oy S (16
L(e("/’ )/(1-48a8)%/ ) = ZO (3n)! (1 + 48ux)3/2 (2n)!"

Proof.
Using the series expansion of e,



Lemma (2)

_ = —1)"(6n)! x2n
L (eMPa)/(1-48ap)/*Y _ ( .
(e ) E (3n)! (1 + 48ux)3n/2 (2n)!

Proof.
Using the series expansion of e*, we have

L(e(Maa)/(1—48aﬂ)3/4) = L(i;-(u_;\,/::jg)s/ct)v

n=0

_ 3n o
N <ZM (1 —48aﬁ)3”/4>
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= 2n
(MBa)/(1-48a8)%/4\ _ (—1)"(6n)! X
L<e ) Z

=0 (3n)! (1 + 48ux)3n/2 (2n)!”

Proof (Cont.)
Since L is linear over umbrae,



Lemma (2)

= 2n
(MBa)/(1-48a8)%/4\ _ (—1)"(6n)! X
L<e ) Z

=0 (3n)! (1 + 48ux)3n/2 (2n)!”

Proof (Cont.)
Since L is linear over umbrae,

> n
(M3a)/(1-48a)%/*\ _ | M3 1o
L(e ) <z;) n!' (1 — 48a3)3n/4

n=
= n

3n o
- Z H (1 — 48a3)31/4°




Lemma (2)

2n

(M) /(1—dgaps) _ N~ (=1)"(6m)! X
L<e ) Z;) (3n)! (1 + 48ux)3n/2 (2n)!

Proof (Cont.)
Since L(M?™+1) = 0 and L(M?") = %



Lemma (2)

2n

b/ (1dgas ) o (—1)(6n) X
L(eMFer/t1—4Ban)®t) _ 37 (3n) (1 + 48ux)372 (2n)l"

Proof (Cont.)
Since L(M?™+1) = 0 and L(M?") = %

n

(MBa)/(1—480,3)3/4 > 3n «
e )= ZL (M ~ 48a,3)%/4

2n

6n @
B nZOL (M (2n) (1 — 48a3)31/2

o 3”(6/’7 o2n

- Z " (2n)i(1 — 48ap)3n/2’



Lemma (2)

_ = —1)"(6n)! x2n
1 (MPa)/(1-48ag)*) _ ( .
(e ) E% (3n)! (1 + 48ux)372 (2n)!

Proof (Cont.)
Substituting for o and 3,



Lemma (2)

e 2n
(MBa)/(1—-48aB)%/4 _ (=1)"(6n)! X
L(e ) >

4= (3n)! (1 + 48ux)37/2 (2n)!”

Proof (Cont.)
Substituting for oo and 3, we have

Ba —48a3)3/4 - (_1)3n(6n)l azn
L<e(’V’ )/(1-48a3)3/ ) _ z; Br @R = 48ag
R (=1)"(6n)! X2
N Z (3n)! (1 + 48ux)37/2 (2n)!

n=0



Theorem

o0 e8v3x-|-144v4x2 o (—1)"(6n)! x2n
Z ! 1+ 48ux)1/4 5 B+ 48ux)3n/2 (2n)l’

where v = (v1 4+ 48ux — 1)/(24x).
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o0 e8v3x-|-144v4x2 o (—1)"(6n)! x2n
Z ! 1+ 48ux)1/4 3 (Bm(1+ 48ux)3n/2 (2n)l’

where v = (v/1 + 48ux — 1)/(24x).
Lemma (1 & 2)

o0

p o X gBUX—(B+2)P+6 2 (—=1)"(6n)! x2N
HZ::O ) o = T 28007 2= (@)1 (1 + 48ux)72 (2n)l




Theorem

i e8Vix+144vix® (—1)"(6n)! Xx2n
! (1 +48ux)1/4 (3n)! (1 + 48ux)3n/2 (2n)!’

where v = (v/1 + 48ux — 1)/(24x).
Lemma (1 & 2)

SR BUx—(B+2)P+¢ (=1)" (6n)! x2n
HZ::O ) o = T 28007 2= (@)1 (1 + 48ux)72 (2n)l
Lemma (3)

8USX—(B+2)2+¢ _ A 8Vix4144v4x?
e —e ,

where v = (V14 48ux — 1)/(24x).



Lemma (3)

8Usx—(B+2)2+¢ __ 8vix+144v*x2
=€

e ;
where v = (V1 4+ 48ux — 1)/(24x).
Proof.

Substituting for 3, z, and ¢ using Mathematica,



Lemma (3)

8USX—(B+2)2+¢ _ BV x+144v4x®

e ;
where v = (V1 4+ 48ux — 1)/(24x).
Proof.

Substituting for 3, z, and ¢ using Mathematica, we have

1+ 72xu + 864x20u2 — (1 + 48xu)?

3 2 _
Bxu”— (B4 2]+ 864x2
— 8V3x + 144v*x?

where v = (V1 +48ux — 1)/(24x).



Lemma (3)
eeu3x—(ﬁ+z)2+¢ _ 68v3x+144v4x2’

where v = (V14 48ux — 1)/(24x).

Proof (Cont.)

Since
8xUP — (B + 2)° + ¢ = 8v3x + 144v* X2



Lemma (3)
eeu3x—(ﬁ+z)2+¢ _ e8v3x+144v4x2’

where v = (V14 48ux — 1)/(24x).

Proof (Cont.)

Since
8xUP — (B + 2)° + ¢ = 8v3x + 144v* X2

e8u3x—(ﬁ+z)2+¢> — eBVix+144v4x2



Lemma (1)

ZHSn( ( +4SUX)1/4



Lemma (1)

Z . ( Xn eSu x—(B+2)%+¢
o (1 +48ux)1/4 ’

Lemma (2)

> (—1)"(6n)! x2n
nzo (3n)! (1 + 48ux)3n/2 (2n)!”



Lemma (1)

. X” eSu x—(8+2)2+¢
> o) = 1 ggare ’

Lemma (2)

> (—1)"(6n)! x2n
nzo (3n)! (1 + 48ux)3n/2 (2n)!”

Lemma (3)
e81/3)(7(/j+z)2+,o‘ _ er3x+1 44v4x?

where v = (v/1 + 48ux — 1)/(24x).

)



Further Applications

Theorem

2n

68v3x+144v4x2 o0 (—=1)"(6n)! X
ZH3”(U n(1+48ux)'/* £ (3n)! (1 + 48ux)37/2 (2n)!’

where v = (V14 48ux — 1)/(24x).



Further Applications

Recall that

(72) #(7) -



Further Applications

Recall that
<i>nH <_i>—t
v2) \ve) "
Corollary
o (12407 @)1+ 2407772 (2n) 2"
where

V2(VT+24x — 1)

W= 2dx :
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