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Introduction

A vector space, V , is a nonempty set with two operations:
addition and multiplication by scalars such that the following
conditions are satisfied for any x , y , z ∈ V and any α, β in R and
C.1

x + y = y + x (1)

(x + y) + z = x + (y + z) (2)

x + z = y has a unique solution z for each pair (x , y) (3)

α(βx) = (αβ)x (4)

(α + β)x = αx + βx (5)

α(x + y) = αx + αy (6)

1x = x (7)

1Han, Kornelson, Larson, Weber
Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Introduction

The dimension of V is the number of elements contained in any
basis.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Introduction

We say a complex (or real) vector space V is a Hilbert space if it
is finite-dimensional and equipped with an inner product 〈f |g〉,
that is, a map of V × V → C which satisfies

〈f + g |h〉 = 〈f |h〉+ 〈g |h〉 (8)

〈αf |g〉 = α〈f |g〉 (9)

〈h|g〉 = 〈g |h〉 (10)

〈f |f 〉 = 0 then f = 0 (11)

for all scalars α and f , g , h in V . For x ∈ V , we write
||x || =

√
〈x |x〉, a nonnegative real number called the norm of x .

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Introduction

We study frames in these Hilbert spaces, a generalization of the
concept of a basis of a vector space.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Introduction

A frame for a Hilbert space V is a finite sequence of vectors
{xi}ki=1 ⊂ V for which there exist constants 0 < A ≤ B <∞ such
that, for every x ∈ V ,

A||x ||2 ≤
∑
i

|〈x |xi 〉|2 ≤ B||x ||2.

A frame is a Parseval frame if A = B = 1. 2

2Han, Kornelson, Larson, Weber
Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Introduction

Theorem

Suppose that V is a finite-dimensional Hilbert space and {xi}ki=0 is
a finite collection of vectors from V . Then the following
statements are equivalent:a

{xi}ki=0 is a frame for V

span {xi}ki=0 = V .

aHan, Kornelson, Larson, Weber
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Introduction

Let {ai}ki=1 be a finite sequence in V . Let Θ : V → Ck be defined

as Θ(v) =

 〈v |a1〉...
〈v |ak〉

 for v ∈ V . We call Θ the analysis

operator for {ai}.

By the Riesz Representation Theorem, every linear operator on V
has an adjoint T ∗ such that 〈Tx |y〉 = 〈x |T ∗y〉. Let Θ∗ : Ck → V
be the adjoint of Θ. We call Θ∗ the reconstruction operator for
{ai}.

Let S = Θ∗Θ. We call S the frame operator.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Introduction

Lemma

Reconstruction Formula Let {xi}ki=1 be a frame for a Hilbert space
V . Then for every x ∈ V ,

x =
k∑

i=1

〈x |S−1xi 〉xi =
k∑

i=1

〈x |xi 〉S−1xi .

For this reason, {S−1xi} is called the canonical dual frame of
{xi}.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Introduction

Lemma

Parseval Frame Reconstruction Formula A collection of vectors
{xi}ki=1 is a Parseval frame for a Hilbert space V if and only if the
following formula holds for every x in V :

x =
k∑

i=1

〈x |xi 〉xi .

This equation is called the reconstruction formula for a Parseval
frame.a

aHan, Kornelson, Larson, Weber
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Examples of Frames
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Why are frames important?

Frames play an important role in signal processing, whether in
transmitting images or sound waves. Parseval frames are especially
important, as they allow for the reconstruction and interpretation
of individual signals from a combination of many signals.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Orthonormal Vectors to Parseval Frames over C Theorem

Theorem

Let k ≥ n and let A be an n × k matrix in which the rows form an
orthonormal set of vectors in Ck . Now let F = {v1, . . . , vk} be the
columns of A. Then F is a Parseval frame for Cn.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction



Introduction
Orthonormal Vectors to Parseval Frames

Harmonic Frames
Quasi Gram Schmidt Technique

References

Proof over C
Let A = [aij ]. We know

〈x |vj〉 =
n∑

i=1

xiaij and |z |2 = zz

Therefore we have
k∑

j=1

|〈x |vj〉|2 =
k∑

j=1

∣∣∣∣∣
(

n∑
i=1

xiaij

)∣∣∣∣∣
2

=
k∑

j=1

(
n∑

i=1

xiaij

)(
n∑

l=1

xlalj

)

=
k∑

j=1

n∑
i=1

(
xiaij

n∑
l=1

xlalj

)
Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Proof over C

=
k∑

j=1

n∑
i=1

n∑
l=1

xiaij xlalj =
n∑

i=1

n∑
l=1

xixl

k∑
j=1

aljaij

Now since the rows of A are orthonormal vectors, then

k∑
j=1

aijalj =

{
1 if i = l

0 if i 6= l

So,

k∑
j=1

|〈x |vj〉|2 =
n∑

i=1

xixi

= ||x ||2.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Harmonic Frames

Let the vector space be Cn. A harmonic frame is a collection of
vectors η0, . . . , ηm−1 (where m ≥ n) such that for 0 ≤ k ≤ m − 1

ηk =
1√
m

 wk
1
...
wk
n


where wh = e i(

h×2π
m

) is an mth root of unity. Note that this is a
frame for Cn since it is a spanning set in a finite dimensional
vector space.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Discrete Fourier Transform

When m = n, the matrix
[
η0 . . . ηm−1

]
is the conjugate of the

Fourier matrix of the discrete Fourier transform:
1 1 1 · · · 1

1 e−i 2π
m
1 e−i 2π

m
2 · · · e−i 2π

m
(m−1)

1 e−i 2π
m
2 e−i 2π

m
4 · · · e−i 2π

m
2(m−1)

...
...

...
. . .

...

1 e−i 2π
m
(m−1) e−i 2π

m
2(m−1) · · · e−i 2π

m
(m−1)(m−1)



Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Geometric Series Lemma

Lemma

For any geometric sequence,
{
rai
}k−1

i=0
where a, r ∈ C, a 6= 0, 1,

k−1∑
i=0

rai =
r(1− ak)

1− a
.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Geometric Series Proof

We first observe that

k−1∑
i=0

rai −
k∑

i=0

rai = r + ra + · · ·+ rak−1 − (ra + ra2 + · · ·+ rak)

= r + 0 + · · ·+ 0− rak

= r − rak .

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Geometric Series Proof

But since

k−1∑
i=0

rai −
k∑

i=0

rai =
k−1∑
i=0

rai − a
k−1∑
i=0

rai = (1− a)
k−1∑
i=0

rai = r − rak ,

we see
k−1∑
i=0

rai =
r(1− ak)

1− a
,

which concludes our proof.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Harmonic Frames Theorem

Theorem

If {ηk}m−1
k=0 is a harmonic frame then it is also a Parseval frame.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Harmonic Frames Proof

Let {ei}ni=1 be the standard basis.

m−1∑
j=0

|〈x |ηj〉|2 =
m−1∑
j=0

〈x |ηj〉〈x |ηj〉 =
m−1∑
j=0

〈x |ηj〉〈ηj |x〉

=
m−1∑
j−0

〈ηj |x〉〈

(
n∑

l=1

〈x |el〉el

)
|ηj〉

=
m−1∑
j=0

n∑
l=1

〈

(
n∑

q=1

〈ηj |eq〉eq

)
|x〉〈x |el〉〈el |ηj〉

=
m−1∑
j=0

n∑
l=1

n∑
q=1

〈ηj |eq〉〈eq|x〉〈x |el〉〈el |ηj〉

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Harmonic Frames Proof

m−1∑
j=0

n∑
l=1

n∑
q=1

〈ηj |eq〉〈eq|x〉〈x |el〉〈el |ηj〉 =
m−1∑
j=0

n∑
l=1

n∑
q=1

(
1√
m
w j
q

)
(xq)(xl)

(
1√
m
w j

l

)

=
1

m

m−1∑
j=0

n∑
l=1

n∑
q=1

xlxqw
j
qw

j
l

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Harmonic Frames Proof

=
1

m

m−1∑
j=0

n∑
l=1

n∑
q=1

xlxqe
i( (jq2π)

m )e−i( (jl2π)
m )

=
1

m

m−1∑
j=0

n∑
l=1

n∑
q=1

xlxqe
i( (q−l)j2π)

m )

=
1

m

n∑
l=1

n∑
q=1

xlxq

m−1∑
j=0

e i(
(q−l)j2π

m )

 .

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Harmonic Frames Proof

By our geometric series lemma, if q 6= l ,

m−1∑
j=0

e i(
(q−l)j2π

m
) =

1− e i(
(q−l)m2π

m
)

1− e i(
(q−l)2π

m
)

=
1− e i((q−l)2π)

1− e i(
(q−l)2π

m
)

=
1− (cos(2π(q − l)) + i sin(2π(q − l)))

1− e i(
(q−l)2π

m
)

=
1− (1 + 0)

1− e i(
(q−l)2π

m
)

= 0.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction



Introduction
Orthonormal Vectors to Parseval Frames

Harmonic Frames
Quasi Gram Schmidt Technique

References

Harmonic Frames Proof

Thus,

1

m

n∑
l=1

n∑
q=1

xlxq(
m−1∑
j=0

e i(
(q−l)j2π

m )) =
1

m

n∑
l=1

xlxl

m−1∑
j=0

e i(
(0)2π
m j)

=
1

m

n∑
l=1

xlxl(m)

=
n∑

l=1

xlxl

= ||x ||2.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Spectral Theorem

Theorem

Let T be a normal linear operator on a finite-dimensional Hilbert
space V with distinct eigenvalues λ1, λ2, . . . , λk , and let Pj be
the orthogonal projection of V onto the eigenspace Eλj for
1 ≤ j ≤ k. Then the following are true:a

V = Eλ1 ⊕ Eλ2 ⊕ . . .⊕ Eλk (12)

PiPj = 0 for i 6= j (13)

P1 + P2 + . . .+ Pk = I (14)

T = λ1P1 + λ2P2 + . . .+ λkPk (15)

aHan, Kornelson, Larson, Weber

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction



Introduction
Orthonormal Vectors to Parseval Frames

Harmonic Frames
Quasi Gram Schmidt Technique

References

Spectral Theorem

Another statement of the Spectral Theorem is as follows:

Theorem

T is a normal linear operator on a finite dimensional Hilbert space
if and only if there exists an orthonormal eigenbasis. a

aAxler

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Lemma (9)

Lemma

Suppose S is diagonalizable. Then (S−1)
1
2 = (S

1
2 )−1.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Lemma (10)

Lemma

Let S = Θ∗Θ be the frame operator. Then,

(S− 1
2 )∗ = S− 1

2

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Quasi Gram Schmidt Theorem

Theorem

Let V be a Hilbert space. Let {vi}ni=1 be a frame for V . Let

S = Θ∗Θ. Then {S− 1
2 vi}ni=1 is a Parseval frame for V .

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Quasi Gram Schmidt Proof

Let x ∈ V , S = Θ∗Θ. Now S is self-adjoint, normal, and positive. Since
S is normal, by the Spectral Theorem we can say V has an orthonormal
basis of eigenvectors {e1, . . . , ek}, such that Sei = λiei (where
λ1, . . . , λk are not necessarily distinct). Let M be a k × k matrix with
columns ei . So, M = [e1 . . . ek ]. (Note that M∗ = M−1)
Note that

SM = [Se1, . . . ,Sek ]

= [λ1e1, . . . , λkek ]

= [e1, . . . , ek ]

 λ1 0
. . .

0 λk


= MD

So, S = MDM−1, and S is diagonalizable.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Quasi Gram Schmidt Proof

Now,

n∑
i=1

∣∣∣〈x |S− 1
2 vi 〉

∣∣∣2 =
n∑

i=1

〈x |S− 1
2 vi 〉〈S− 1

2 vi |x〉

=
n∑

i=1

〈x |S− 1
2 vi 〉〈S

1
2S− 1

2S− 1
2 vi |x〉

By Lemma (10), S− 1
2

∗
= S− 1

2 . So this is equal to

n∑
i=1

〈S− 1
2 x |vi 〉〈S−1vi |S

1
2 x〉.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Quasi Gram Schmidt Proof

Now by Lemma (2),

n∑
i=1

〈S− 1
2 x |vi 〉〈S−1vi |S

1
2 x〉 = 〈

n∑
i=1

〈S− 1
2 x |vi 〉S−1vi |S

1
2 x〉

= 〈S− 1
2 x |S

1
2 x〉

= 〈x |S− 1
2S

1
2 x〉

= 〈x |x〉
= ||x ||2

So, {S− 1
2 vi}ni=1 is a Parseval frame.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Construction of Quasi Gram Schmidt Matrix Theorem

Theorem

Let {fn}kn=1 be a frame for m-dimensional V . Let S = Θ∗Θ. Then

S = [sij ] =

[
k∑

n=1

fn[i ]fn[j ]

]

where fn[k] is the kth element of the vector fn and sij is the
element of S in the i th row and j th column.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Program for forming a Parseval frame

Here is the Mathematica program for forming a Parseval frame for
any frame in Ck :

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction
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Program for forming a Parseval frame

To test that Pframe is truly a Parseval frame we can use the
program:

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction



Introduction
Orthonormal Vectors to Parseval Frames

Harmonic Frames
Quasi Gram Schmidt Technique

References

References

Axler, Sheldon. Linear Algebra Done Right. Springer-New
York, Inc. New York, NY, 1997.

Davidson, Mark. Frames. SMILE@LSU. Louisiana State
University, Baton Rouge. 4 - 27 June 2012. Lecture series.

D. Han, K. Kornelson, D. Larson, E. Weber. Frames for
Undergraduates. American Mathematical Society, Providence,
RI, 2007.

Nathan Bush, Meredith Caldwell, Trey Trampel Parseval Frame Construction


	Introduction
	Orthonormal Vectors to Parseval Frames
	Harmonic Frames
	Quasi Gram Schmidt Technique
	References

