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Factorials

@ The falling factorial is denoted (x),

(xX)r=x(x—1)(x—=2)---(x—r+1)

o The rising factorial is denoted x(")

X(r):X(X+1)(X+2)---(X—|—r—l)

o Rising factorial example: Let x =7 and r =4
7(%) = 7(8)(9)(10) = 5040

Note that both (x), and x(") are polynomials of degree r.
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@ They are the number of ways you can partition n elements
into k non-empty blocks.

e For example, take a set containing 3 items {a, b, c}

5(3,2) =3
53,1)=1 {{a},{b,c}} 533,3)=1
{{a,b,c}} {{b},{a,c}} {{a}. {b}. {c}}
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Note: From the examples, it is clear that S(n,1) = S(n, n) = 1.

Jonathan Broom, Stefan Hannie, Sarah Seger The Complementary Bell Numbers



Introduction

g Numbers
Bell Numbers

A S8, 4)=1701
1500
1000
sool
(7, 4)=350
S6,3)=90
— 2 — —— — é k

The points labeled are the k values that yield the maximum S(n, k) for a given n.
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@ The Bell Numbers are denoted B(n)

B(n) = _S(nk)
k=1

o The Complementary Bell Numbers are denoted B(n)

n

B(n) =) (~1)S(n, k)

k=1

Jonathan Broom, Stefan Hannie, Sarah Seger The Complementary Bell Numbers



Introduction
Factorials

Stirling Numbers
Bell Numbers

n) Examples

Examples:

Jonathan Broom, Stefan Hannie, Sarah Seger The Complementary Bell Numbers



Introduction
Factorials

Stirling Numbers
Bell Numbers

B(n) Examples

Examples:

Jonathan Broom, Stefan Hannie, Sarah Seger The Complementary Bell Numbers



Introduction
Factorials
Stirling Numbers
Bell Numbers

B(n) Examples

Examples:

Odd Even Od_d Ii/.en
{a,b} | {a}, {b} >0 |

Jonathan Broom, Stefan Hannie, Sarah Seger The Complementary Bell Numbers



Introduction
Factorials
Stirling Numbers
Bell Numbers

B(n) Examples

Examples:

Odd Even Odd Even

{a.b} | {a}. b} > | DF

Jonathan Broom, Stefan Hannie, Sarah Seger The Complementary Bell Numbers



Introduction

B(n) Examples

Factorials
Stirling Numbers
Bell Numbers

Examples:

Even
[
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n
0
1
2
3
4
5
6
7
8
9

-2
-9
-9
50
267
413
—2180
—17731
—50533
110176
1966797
9938669
8638718
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20

Figure: |B(n)| for n <-8
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Wilf's Conjecture

H.S. Wilf's Conjecture:

B(n) # 0 for all n > 2
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Aj(x)
Construction of the R-Matrix Basis

Coefficients

Matrices

The \j(x) Polynomials

There exist polynomials A;, for all n,j > 0, that satisfy

n

B(n+j) =Y (~1)*N(k)S(n, k)

k=0
Aj(x) can be defined recursively as follows:
Xo(x) =1
Ant1(X) = xAn(x) = An(x+1)
Alternate Form:
Xo(x) =1
Anti(x —1) = (x=1DAp(x—1) = Ap(x)

Note that An(x) is a monic polynomial of degree n.
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Rising Factorials as a Basis for P,

For each n > 0, the set of rising factorials {x(¥) : 0 < k < n} is a
basis for P, the vector space of polynomials of degree less than or
equal to n.
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Construction of the R-Matrix Basis

Coefficients

Matrices

Rising Factorials as a Basis for P,

For each n > 0, the set of rising factorials {x(¥) : 0 < k < n} is a
basis for P, the vector space of polynomials of degree less than or
equal to n.

x" (=1)"*S(n, k)x*) for all n >0
k=0
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By the previous theorem:
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The Coefficients of the R-Matrix

By the previous theorem:

An(x) = Z an(k)x®
k=0

By the recurrence relation of A,(x):

Anpi(x — 1) = (x = D)Aa(x — 1) — An(x)
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The Coefficients of the R-Matrix

By the previous theorem:

An(x) = Z an(k)x®
k=0

By the recurrence relation of A,(x):
Anpi(x — 1) = (x = D)Aa(x — 1) — An(x)

Therefore:

n+1 n n

S (k) (= D0 =37 a(k) (x — 1) (x = D = 3 an(k)x®

k=0 k=0
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Construction of the R-Matrix

Matrices

The Coefficients of the R-Matrix

By the previous theorem:

An(x) = Z an(k)x®
k=0

By the recurrence relation of A,(x):
Anpi(x — 1) = (x = D)Aa(x — 1) — An(x)

Therefore:

n+1 n n

> ana(k) (x = 1)%

Il
)
3
N
>
=
g
~
I
—
Nt
—~
X
I
—
~
=
I
)
3
=
>
N—
></-\
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For all n > 0 and for all 0 < k < n+1,

ans1(k) = (k + 1) ansa(k +1) = an(k — 1) = 2 (k + 1) an(k) + (k + 1)? an(k + 1)
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Let Aa,1 = Ba,, then A, B are infinite matrices whose entries are

defined by
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The A-Matrix and B-Matrix

Let Aa,1 = Ba,, then A, B are infinite matrices whose entries are

defined by
1 ifj=i
Al )= —-(+1) ifj=i+1
0 ifj<iorj>i+1
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The A-Matrix and B-Matrix

Let Aa,1 = Ba,, then A, B are infinite matrices whose entries are

defined by
1 ifj=i
Al ))=< —(i+1) ifj=i+1
0 ifj<iorj>i+1
1 -1 0 O
01 -2 0
A—|l 0 o 1 -3
0o 0 o0 1
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Matrices

The A-Matrix and B-Matrix

Let Aa,1 = Ba,, then A, B are infinite matrices whose entries are

defined by
1 ifj=i—1
1 ifj=i 2(i+1) ffJ. '
.. . e . . .. —z (1 | =1
Al )= —(i+1) ifj=i+1 B(i.jy=4 "7 I
0 ficiori>itl (i+1) ifj=i+1
| 1 or 1
J J 0 if i —j| > 1
1 -1 0 0
01 -2 0
A—] 0O 0 1 -3
00 0 1
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Construction of the R-Matrix
< cients
Matrices

The A-Matrix and B-Matrix

Let Aa,1 = Ba,, then A, B are infinite matrices whose entries are

defined by
1 ifj=i—1
1 ifj=i 2(i+1) ffJ. '
.. . e . . .. — 1 | =1
Al )= —(i+1) ifj=i+1 B(i.jy=4 "7 I
0 ficiori>itl (i+1) ifj=i+1
| 1 or 1
J J 0 if i —j| > 1
1 -1 0 0 2 1 0 o0
01 -2 0 1 -4 4 0
A—] 0O 0 1 -3 g—| 0 1 -6 9
00 0 1 o o0 1 -8

Jonathan Broom, Stefan Hannie, Sarah Seger The Complementary Bell Numbers



A
Construction of the R-Matrix Basis
Coefficients
Matrices
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Taking Aa,+1 = Ba,, we solve for a,;1. Therefore:

ant1 = Alea,,
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Taking Aa,+1 = Ba,, we solve for a,;1. Therefore

ant1 = Alea,,

. Loifj>i
ATNI) = 0 ifj<i
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Construction of the R-Matrix E
Coefficients
Matrices

The A~1-Matrix

Taking Aa,+1 = Ba,, we solve for a,;1. Therefore:

ant1 = Alea,,

1126 24
i 0126 2
Al(l-,j):{i! ity =i 9 0013 12
0 ifj<i A=l 0001 4
0000 1
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The R-Matrix

Taking ap+1 = A~1Ba,, we call R = A~1B. Therefore:

dpnt+1 = Ra,
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Construction of the R-Matrix
Coefficients
Matrices

The R-Matrix

Taking ap+1 = A~1Ba,, we call R = A~1B. Therefore:

an—l—lzRan
-4 ifj > i
R(, ) —(i+1) ifj=i
’7 = . . .
J 1 ifj=i—1
0 ifj<i—1
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Construction of the R-Matrix

The R-Matrix

Taking ap+1 = A~1Ba,, we call R = A~1B. Therefore:

an—l—lzRan
i o -1 -1 -2 -6 -24
—n ifj>i 1 -2 -2 —6 —24
R(I_j): _(I+1) ifj=i 0 1 -3 -3 -12
’ 1 fj=i-1 R=| 0 0 1 -4 -4
0 if j<i—1 o 0 0 1 -5
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Infinite Matrices
Results Finite Matrices

The Lower Section

For each n € N, the nth power of R is defined and R"(i,j) =0 if
Jj<i-—n.
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Results Finite Matrices

The Lower Section

For each n € N, the nth power of R is defined and R"(i,j) =0 if

J<i1—n.
-1 -1 -2 -6 24
1 -2 -2 -6 24
0 1 -3 -3 -12
R — 0 0 1 -4 —4
0 0 0 1 -5
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Infinite Matrices
Results Finite Matrices

The Lower Section

For each n € N, the nth power of R is defined and R"(i,j) =0 if

J<i1—n.
0 1 4 18 96
-1 -1 -2 -6 =24 ... 3 1 2 12 72
1 -2 -2 —6 —24 1 —5 4 3 24
0 1 -3 -3 =12 ... R? — 0 1 7 9 4
R= 0 0 1 -4 -4 0 0 1 -9 16
0 0 0 1 —5
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Infinite Matrices
Results Finite Matrices

The Lower Section

For each n € N, the nth power of R is defined and R"(i,j) =0 if

J<i1—n.
0 1 4 18 96
-1 -1 -2 -6 =24 ... 3 1 2 12 72
1 -2 -2 -6 =24 ... 1 _5 4 3 24
0 1 -3 -3 -12 R? — 0 1 7 9 4
R= 0 0 1 -4 —4 0 0 1 -9 16
0 0 0 1 —5
1 2 4 6 —24
4 3 10 30 96
—6 13 -1 24 96
R® = 1 -9 28 —17 44

0 1 —12 49 51
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Infinite Matrices
Results Finite Matrices

The Lower Section

For each n € N, the nth power of R is defined and R"(i,j) =0 if

J<i1—n.

0 1 4 18 96

-1 -1 -2 -6 =24 ... 3 1 2 12 72

1 -2 -2 —6 —24 A 1 —5 4 3 24

0 1 -3 -3 =12 ... R? — 0 1 7 9 4

R= 0 0 1 -4 -4 0 0 1 -9 16

0 0 0 1 —5

1 2 4 6 —24 ... 1 -1 —12 —78 —504
4 3 10 30 96 . -1 0 —14 —96 —648
—6 13 -1 24 96 . 19 —21 13 —39 —312
RS = 1 -9 28 —17 44 .. R = —10 45 -85 76 —76
0 1 —12 49 —51 L. 1 —14 83 —217 249
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Infinite Matrices
Results Finite Matrices

The Top Row

For all n > 1 and j > 0, the (0,j)th entry of R" is divisible by j.
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The Top Row

For all n > 1 and j > 0, the (0,j)th entry of R" is divisible by j.
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Results Finite Matrices

The Top Row

For all n > 1 and j > 0, the (0,j)th entry of R" is divisible by j.

i N 1 -1 -2 —6 —24 —120 —T720

0 1 1 -2 —2 —6 —24 —120 —720

1 1 0 1 -3 -3 —12 —60 —360
R = 0 0 1 -4 -4 —20 -120

2 2

3 6

4 24

5 120

6 720
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Infinite Matrices
Results Finite Matrices

The Top Row

For all n > 1 and j > 0, the (0,j)th entry of R" is divisible by j.

i N 1 -1 -2 —6 —24 —120 —720
0 1 1 -2 -2 —6 —24 —120 —720
1 1 0 1 -3 -3 —12 —60 —360
R = 0 0 1 -4 -4 —20 -120
2 2
3 6
4 24
5 120 1 —1 —12 —78 —504 36840 —953280
6 720 -1 0 —14 —96 —648 35640 —923760
. 19 —21 13 -39 —312 17700 —443880
RP=1 —10 45 85 76  —76 6000 —141000
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Infinite Matrices
Results Finite Matrices

The Top Row

For all n > 1 and j > 0, the (0,j)th entry of R" is divisible by j.

i N -1 -1 -2 —6 —24 —120 —720
0 1 1 -2 —2 —6 —24 —120 —720
1 1 0 1 -3 -3 —12 —60 —360
R = 0 0 1 -4 -4 —20 -120
2 2
3 6
4 24
5 120 1 —1 —12 —78 —504 36840 —953280
6 720 -1 0 —14 —96 —648 35640 —923760
. 19 -—21 13 —39 —312 17700  —443880
RP=1 —10 45 -85 76  —76 6000 —141000

For R4 778 = —13, 7504 = 21, 36840 = 307, 7953280 — 1324
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Infinite Matrices
Results Finite Matrices

The Top Left Entry

For all n € N, B(n) = R"(0,0).
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Infinite Matrices
Results Finite Matrices

The Top Left Entry

For all n € N, B(n) = R"(0,0).

n B(n)
1 -1
2 0
3 1
4 1
5 =2
6 -9
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Results Finite Matrices

The Top Left Entry

-1 —1 -2 —6
1 -2 -2 —6
O R
1 -1
2 0
3 1
4 1
5 -2
6 -9
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Results Finite Matrices

The Top Left Entry

For all n € N, B(n) = R"(0,0).

1 -1 -2 -6

1 -2 -2 -6

= 0 1 -3 -3

n B(n) gr= 0o 0 1 -4
1 -1
2 0
3 1
4 1

5 =2 0o 1 4 18

6 -9 3 1 2 12

) 1 -5 4 3

R = 0 1 -7 9
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Infinite Matrices
Results Finite Matrices

The Top Left Entry

For all n € N, B(n) = R"(0,0).

-1 -1 -2 -6 ... —2 11 —42 —156
1 -2 -2 —6 ... 1 —13 —52 —216
= 0 1 -3 -3 ... 5 —40 36 —74 —183
n B(n) r-= 0 0 1 —4 R = 55 —165 261 —335
1 -1
2 0
3 1
4 1
5 =2 0 1 4 18
6 -9 3 1 2 12
) 1 -5 4 3
R® = 0 1 -7 9
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Infinite Matrices
Results Finite Matrices

The Top Left Entry

For all n € N, B(n) = R"(0,0).

-1 -1 -2 -6 ... —2 11 —42 —156
1 2 2 -6 ... 1 —13 -52  —216
= 0 1 -3 -3 ... 5 —a0 36 —74 —183
n B(n) r= 0 0 1 -4 R = 55 165 261 —335
1 -1
2 0
3 1
4 1
5 -2
6 5 0 1 4 18 ... —9 18  —4 40644
- 31 2 12 ... 14 —27  —36 40548
) 1 -5 4 3 ... . 76 —106 47 20286
R? = RS =
o 1 -7 9 ... 220 53 —808 7473
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Infinite Matrices
Results Finite Matrices

The Top Row

For all m,n > 1 and for each 0 < j <2™ —1,

R™(0,j) = R"(0,j) mod 22"~ 1,
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Infinite Matrices
Results Finite Matrices

The Top Row

For all m,n > 1 and for each 0 < j <2™ —1,

R™(0,j) = R"(0,j) mod 22"~ 1,

1 —1 —-12 78

-1 0 14 -9

4 9 =21 13 -39
R =

—10 45 -85 76
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Infinite Matrices
Results Finite Matrices

The Top Row

For all m,n > 1 and for each 0 < j <2™ —1,

R™(0,j) = R"(0,j) mod 22"~ 1,

1 —1 —-12 78

-1 0 14 -9

4 9 =21 13 -39
R =

—10 45 -85 76
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Infinite ces
Results Finite Matrices

The Top Row

For all m,n > 1 and for each 0 < j <2™ —1,

R™(0,j) = R"(0,j) mod 22"~ 1,

1 —1 —12 —78
~1 0 -14 —9%
. 19 —21 13 -39
R =
—10 45 -85 76
1 7 4 2
(1 1 s |7 0 2 0
Ry *( 10 ) =13 7 1 5
6 1 3 4
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Infinite Matrices
Results Finite Matrices

The Top Row

For all m,n > 1 and for each 0 < j <2™ —1,

R™(0,j) = R"(0,j) mod 22"~ 1,

1 —1 —-12 —-78 ... -2 —11 —42  —156

-1 0o —-14 -9% ... 1 —-13 =52 216

4 9 =21 3 -39 ... 5 —40 36 —74 —183
R = R’ =

—10 45 -85 7% ... 55 —165 261 —335

X
=
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[
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Infinite Matrices
Results Finite Matrices

The Top Row

For all m,n > 1 and for each 0 < j <2™ —1,

R™(0,j) = R"(0,j) mod 22"~ 1,

1 -1 —12 —78 . -2 —11 —42 —156
-1 0 -14 9% ... 1 -13 s 216
. 19 —21 13 -39 ... s —40 36 -74 —183
RY = RS =
~10 45 -8 76 ... 55 —165 261 335
1 7 4 2
4 1 1 4 7 0 2 0 5 0 1
Rl*(l o) RR=13 7 1 5 Rl*(1 1)
6 1 3 4
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Infinite M
Results Finite Ma

The Top Row

For all m,n > 1 and for each 0 < j <2™ —1,

R™(0,j) = R"(0,j) mod 22"~ 1,

1 —1 —12 —78 A -2 —11 —42 —156
“1 0 -14 -9 ... 1 -13 -5 —216
. 19 —21 13 -39 ... s —a0 36 —74 -—183
R* = RS =
—10 45 -85 76 ... 55 —165 261 —335
17 4 2 6 5 6 4
o (1 1 s [ 7 0 2 0 s_(0 1 s_ [ 13 4 0
Rl*(l o) =13 7 1 5 Rl*(l 1) R=14 0 6 5
6 1 3 4 3 3 5 5
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Results Finite Matrices

The Top Left Entry

For all n,m € N,

B(n) = R™(0,0)(mod 22" 1)
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Infinite Matrices
Results Finite Matrices

The Top Left Entry

For all n,m € N,

B(n) = R™(0,0)(mod 22" 1)

©CO~NOUIA,WNROS
=

267

Jonathan Broom, Stefan Hannie, Sarah Seger The Complementary Bell Numbers



Infinite Matrices
Results Finite Matrices

The Top Left Entry

For all n,m € N,

B(n) = R"(0,0)(mod 22"1)

n  B(n)

0 1

1 -1

2 0

3 1 22 323 1422 1884
4 1 R 25 301 1124 —1008
5 _2 2= | —28 —96 382  —243
6 59 —205 373  —283
7

8

9

267
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Infinite Matrices
Results Finite Matrices

The Top Left Entry

For all n,m € N,

B(n) = R™(0,0)(mod 22" 1)

n  B(n)

0 1

1 -1

2 0

3 1 22 —323 1422 —1884
4 1 R 25 —301 1124 —1008
5 ) 2 —28 —96 382 —243
6 _g 59 —205 373 —283
7 -9

8 50 —2=22=6 mod38

9

267
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Infinite M
Results Finite Ma

The Top Left Ent

For all n,m € N,

B(n) = R™(0,0)(mod 22" 1)

n

0 1

1 -1

2 0

3 1 22 —323 1422 —1884 46203 —112360 161308 —139686
4 1 RS — 25 —301 1124 —1008 RS — 31762 —66157 80710 —76050
5 2 2~ —28 —96 382 —243 2 9756 —18293 24253 —36750
6 _9 59 —205 373 —283 10181 —20787 33462 —30421
7 -9

8 50 —2=22=6 mod38

9 267
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Infinite M
Results Finite Ma

The Top Left Ent

For all n,m € N,

B(n) = R™(0,0)(mod 22" 1)

n

0 1

1 -1

2 0

3 1 22 —323 1422 —1884 46203 —112360 161308 —139686
4 1 RS — 25 —301 1124 —1008 RS — 31762 —66157 80710 —76050
5 2 2~ —28 —96 382 —243 2 9756 —18293 24253 —36750
6 _9 59 —205 373 —283 10181 —20787 33462 —30421
7 -9

8 50 —2=22=6 mod38 267 = 46203 =3 mod 8

9 267
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