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Introduction

Mathematical Epidemiology

Utilizing mathematical models to determine the existence of a disease,
such as HIV, in a population and the likelihood that the disease will

become an endemic or go extinct.

What do we hope to gain?

e Determine the conditions under which the HIV disease persists and
dies out

e Examine the stability of these conditions
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HIV/AIDS

Background on the disease

1981

More than 25 million deaths

Estimated 33.3 million people living with HIV and AIDS

HIV progresses to AIDS - Acquired Immune Deficiency Syndrome

Weakened immune system
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Equations from the model
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Equations from the model
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Equations from the model

A non constant population requires a change of variables.

S ,_h o, _k
N TN PN
We now have three new differential equations to work with:
s _ 1ds 1N
dt  Ndt Ndt
== )\(1 — S) — Blsil — B2SI.2
di . . .
£ = Bisih + Bosir — (/\ + 04)11
di
f = aip— A
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Finding the DFE and DEE points

The Disease Free Equilibrium

The disease free equilibrium point (DFE) is the value to which the three
populations converge under the condition that there are no infected
individuals within the population. s = 1.
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The Disease Free Equilibrium Point

With no individuals moving from the susceptible class into the infected

classes, % =0and 4 =k =0.

ds . .
a = )\(1 — S) — 515/1 — BQSIQ
= Ml-5)=0
s =1

Our DFE point is (s, i1, 2) = (1,0,0).
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Finding the DFE and DEE points

The Disease Endemic Equilibrium

The disease endemic equilibrium point (DEE) is the value to which the
three populations converge under the condition that the disease persists.
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The Disease Endemic Equilibrium Point

Solve for i1 and iy by setting % =0 and % =

dr . . .
ﬁ = Pisit + Pasip — (A +a)i =0
and di
ﬁ — ij — A =0
LA —B2si2
= —I

a? " Bis— (A ta)
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The Disease Endemic Equilibrium Point
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The threshold parameter, R

What is the threshold parameter?

Rp is the average number of secondary cases that a single infected
individual produces when introduced into a completely susceptible
population.

Its implications
When Ry < 1, the disease goes extinct. When Ry > 1, the disease persists.
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The threshold parameter, R

To find Ry, we must look at the /; from the DEE point. The DEE point
means that the disease exists and there are members of the population in
the 71 class.
A A2
= — >0
Ada  ABL+af

i
A S A2
Ao AB1 + afs

R AB1 + afs
T AN +a)
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Local stability of our equilibrium points

The Jacobian matrix

.. dr ) ) .
f(ll, 12) = ?; = P1si1 + Bosir — ()\ + a)ll
=B1(L =it — i) + B2(l — i — )i — (A + )i
.. dr. ) .
gli, ir) = d—i =il — A\ip
54( ﬂ Bi(l — i —i2) — Biin Bo(l— iy — ip)
J i iz | —(A+a) —hp1— [
og dg
671 67/2 « -\
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Local stability

Using the trace and determinant

o Eigenvalues of the 2x2 matrix are both negative.
e Tr(J) <0 and Det(J) >0
e A sink is produced - implies locally asymptotically stable point.
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Local stability - the DFE point

5f 5f
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Tr(J)=—-XA—a+p1—
Det(J) = =M1 — A —a) —afa = =01 —afa + A(A+ «)
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Local stability - the DFE point

Because we know that

AB1+ afs

Ro = A+ )

for the disease to go extinct. Combining this with the Tr(J) and Det(J),

Tr(J)=-A—a+p—-A< Bl—ﬂwl A <0

Det(J) = —A01 —af2+ A(A+a) >0

Therefore, our DFE point is locally asymptotically stable.
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Local stability - the DEE point

The new Jacobian

61(1 — ™ —i*) — fii”

Bo(l — i — ix")

S ") = -(A+a) —i"p1 — " B2
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Local stability - the DEE point

The trace
P () e ()
= (A\+)? [(/\ﬁl +f/§j)@+a) - (Aﬁl(/f;;;(%l a)}

~ B [(A& +aB) —AA+a)

(AB1 + aB2)(A + ) } “A<O
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Local stability - the DEE point

The determinant

A \2
D = A% (A—Fa a /\514-0452)

A i —

Ada  AB1+afs A4 aAB1+ abs
AN+ @) “A\+a)

A {Aﬁﬁaﬁj —of [Aﬁwaﬁz} >0

Therefore, our DEE point is locally asymptotically stable.
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Global stability

Lyapunov Stability

Theorem

Let x* be an equilibrium point for X' = f(x) and let L : U — R be a
differentiable function defined on an open set U containing x*. Suppose
further that:

(i) L(x*) =0 and L(x) > 0 if x # x*;
L
(i) % < 0 in U\x*
Then x* is globally asymptotically stable.
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Global stability - the DFE point
(i) L(x*)=0and L(x) > 0 if x # x*;
., dL . .
(i) 4 < 0in U\x
Stability of the DFE point

i, ) = iy + 22
A
dL _di  adi
dt — dt X dt
So for the DFE point, (0, 0):

L(0,0) =0
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Global stability - the DFE point

Because Ry < 1, we know:
dL 52(1[1

2 =A== i)~ (A+a) + fa(l— i — )iz + — Baiz
<i(Br— AN+ 0a)) + Bl — s — id)io + ﬁz N b
- %(5” tafy— A+ a)A) + Bo(l— iy — in)in + 520"1 — Bair — 52;“[1

We can conclude that our DFE point is globally stable.
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Simulations using MatLab

Disease Free
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Simulations using MatLab

Disease Endemic
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Additional Considerations

The revised model
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® 14 is the death rate of people who have AIDS.
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Future work

e Prove the global asymptotic stability for the endemic point.
o Consider the additional intermediate stage of the disease.

e Expand the model for multiple populations.
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The End - Questions?
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