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ABSTRACT. The mathematical modeling of an infectious disease is
important to understanding the way a disease spreads. Human Im-
munodeficiency Virus (HIV) is a widespread problem that affects
an estimated 33.3 million people, including 2.5 million children.
The purpose of this paper is to determine the conditions under
which the HIV disease persists and the conditions under which it
dies out within a population. We also wish to examine the stability
of these conditions, which will allow us to see how changes in the
parameters affect the validity of our determined conditions.

1. INTRODUCTION

The simplest epidemiological models rely on the infected class and
the susceptible class. The susceptible class consists of the individuals
in the population who have the potential to be infected, whereas the
infected class contains those already infected. Our model uses these
classes, but also breaks down the infected class into two categories:
those with HIV and those with Acquired Immunodeficiency Syndrome
(AIDS).

For this model of HIV/AIDS, some key assumptions are made:

e No vertical (mother-to-child) transmission.

e The disease naturally progresses from HIV to AIDS.

e The difference between the natural death rate and the death
rate from AIDS is negligible. We thus only consider the natural
death rate.

This model also assumes that susceptible individuals infected by people
with AIDS progress into the HIV class, not directly into the AIDS class.

To better understand the spread of the disease, equilibrium points
were found where the differential equations were equal to zero (implying
no net change in any of the classes). The disease free equilibrium point
(DFE) is the value to which the three populations converge under the
condition that there are no infected individuals within the population.
This implies that every person in the population is in the susceptible

class. The disease endemic equilibrium point (DEE) is the value to
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2 An Epidemiological Model of HIV

which the three populations converge under the condition that the dis-
ease persists in the population. Next, a threshold parameter, Ry, was
found. Ry represents the average number of secondary cases that a
single infected individual produces when introduced into a completely
susceptible population. When of Ry < 1, the disease will gradually
become extinct. When Ry > 1, the disease will persist.

2. THE MODEL

The model is depicted as follows:
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e )\ is the birth rate of the entire population.

e 4 is the natural death rate.

e 3, is the rate of infection caused by susceptibles coming into
contact with those infected with HIV.

e 3y is the rate of infection caused by susceptibles coming into
contact with those infected with AIDS.

e « is the rate of progression of the disease from HIV to AIDS.

3. FinpinGg THE DFE AnND DEE POINTS

To find the Disease Free Equilibrium (DFE) point and the Disease
Endemic Equilibrium (DEE) point, we use the model to begin writing
the differential equations for each population class. These equations
represent the movement of people in and out of the population classes
as time progresses.
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dl
d_t2 = aly — ply

Note that S+ I, + I, = N, so

dN
2 (A= N,
o (A—p)

Because the population is not constant, we must make a change of
variable.

g8 b,k
N ' N PN
s+i11+13=1

We now have three new differential equations with which we will
work.

ds 1dS 1dN . ,
- NG Nal A1 = s) — Bisiy — Pasia

di, 1dl, 1dN. | |
E = NE — N%Zl = 51511 + /82822 — ()\ + Oé)ll

dio 1dl;, 1dN . SR

— = —— — ——ly =i — \

dt  Ndt Nadt > ' 77
To eliminate one of the equations and make the system easier to solve,
we will work in terms of 7; and i5. Recall that s =1 — i, — 5.

We now begin solving for the DFE point and the DEE point. For
the DFE point, there are no individuals moving from the susceptible
class into the infected classes, that is to say, % =0 and i; =1y = 0.

ds
A1 =5) =
o AMl—=s)=0

s=1
Our DFE point, in terms of (s,;), is (1,0). However, we will work
in terms of (iy,1is), so our DFE point is (0, 0).
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di
To find the DEE point at which the disease persists, we set % =0
disy

7 0 and solve for ¢} and 5.

and

From %, we get that
e A
i1 = —1is,
| 1=k
and from %, we have that
p_ sl
L Bist — (A4 a)
Therefore,
AL —Po5*15
— 1y =
a?  Bist—(A+a)

— 2518* — ()\ + Oé) = —52

g A2+ al
§f=——.
AB1 + aBy
From %, we get
. A1 — s%)
g =—
Pis*— + PBas*
Q@
Substituting in s* here gives
o Ao

iy — .
2 A + « )\51 + 0462
Combining this with the above yields

A B A2
Ata A3 +afs

i

(i1*,i2") is the DEE point.

A A2 o A )
Ao /\Bl—iaﬂgyA—FOé /\61+04B2'

Thus (il*,’iQ*) = (
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4. THE THRESHOLD PARAMETER, Ry

The DEE point means that the disease exists and there are members
of the population in the #; class. Setting i1 > 0 gives

A A2 ABL+ o
A4 a MG+ apbs AN+ «)

ABL + afBs

Nota) o

In the following sections, we show that this value,

5. PROVING LOCAL STABILITY WITH THE JACOBIAN

We now prove the local stability of our DFE point and DEE point
by computing the trace and determinant of the Jacobian matrix.
Let
o diy : . .
f(ir,da) := o Bisit + Pasia — (A + )iy

== 61(1 — il — ig)il + 62(]_ — il — ’ig)ig — ()\ + O{)il

and

o di i )
g(i1,i9) == d_t2 = iy — M.
We then have

of of
011 Ot

J p—
99 o9
011 Ot

—Bii1 — Baty — ()\ + ) — i1 — Balg
_ +(1 —i1 —i2) B +P2(1 — iy — ia)
«Q -A

For the DFE point, we assume that Ry < 1 and we evaluate J at (0,0):

5t 5f
o 5—2.1(070) 5—2.2(0,0) _[ﬁl—)\—a 52}
- 59 59 - « —A
571(0»0) E(an)
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It follows that
Tr(J)=0—2A—a=—-A—a+ [ — A

and

Det(J) = =M1 — A —a) —afy = =01 — afs + A(A + a).

Because we know that

R — b1+ aBy
T A A fa) 7
we have,
A
M + abs < A4+a)=-A—-a< _51_04_52‘
A A
Using this with T'r(.J), we see that
o
—/\—Oé+51—/\<—51—7+51—)\
o
=22 o9
h\ <
= Tr(J) <0.

From Ry < 1, we also know
/\51 + Ozﬂg < /\()\ + O./)

—)\51 — Oéﬁg > —>\()\ + Oé).
Using this with Det(.J), we see that

—AB1 — afs+ AN+ @) > 0= Det(J) >0
When the Tr(J) < 0 and Det(J) > 0, a sink is produced. A sink de-
scribes a locally asymptotically stable point because it means that the
eigenvalues of our 2x2 matrix are both negative. It is well known that
when both eigenvalues are negative, the general solution of the differ-
ential equation vanishes. Therefore, the DFE point is locally asymp-
totically stable.
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We thus have the Jacobian,

51(1 - Z.l - 7'2) - Blil
—(A+a)

J(SaihiZ) -

(1 =iy — i)
i1

i

From this, we get T'r(J).

Ba(1 — iy —ig)
—11 81 — 123

Q -A

A2+ A
AB1+ afs
A A2
Ao ABi+aBs

«Q al

Ao MG+ abs

e RIS
- o [(re) (320 - [o sG]
- wl() (Ges) - o) G0 -
_ A+’ (A taP(Mitafy)
(Ao +aba)A+a) (A +af)(A+a)
- | e
= (A +a)? |:(/\61+f;j§<)\+a) - ()\51()\—17—62;2)02%1 04)1
- O
< 0
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Also from the Jacobian, we get Det(J).

Det(J)

D =

o
AN

+

(

A A2

A&<A+a_A&+a&)

-G wren) - (Femten)]
At a  ABy+abs A+ a by + afs

A A
Aafs <)\+a_)\61+a52>+)\()\+a)

A A2
Ao <)\+a Y] +a62>

5(1 A N 22 Qa N al )
N B B
? A+a  AMi+afs Ata A+ ab

) 1 A
a%(A+a_A&+a@)
A A2
Ay <A+a_ml+aﬁg)

1 A 1 A
A{l_%kﬂc_wﬁaﬁz) _Q(A+a_kﬁl+aﬁg)1

A
Oz_>\ﬁ1+0452>+)\()\+a>

1

_l’_

A B A2 )
A+ AB1 + afs
Ozﬁg |:]_ - A

~ N O

1 )_ ( 1 ”
Ata Mitab) “\N¥a MG+ A5,

1 A , 1 A
aﬁz(A+a_Aﬁl+aﬁ2) _O‘Bz_A<>\+a_Aﬁl+a62)

A{L_<Aia_Amia@)Q”+®}_a&[r_(Aia)

o) )
R MA+®}_Q&{—MA+®]

AB1+ afBy AB1+ afBy

So Det(J) > 0 and Tr(J) < 0. These conditions also produce a sink,
so our DEE point is locally asymptotically stable.
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6. PROVING GLOBAL STABILITY WITH THE LYAPUNOV

To prove points are not just locally stable, but also globally stable,
we use a Lyapunov function, defined below.

Theorem 6.1. [1] Let x* be an equilibrium point for X' = f(x). If
there exists a differentiable function L : U — R defined on an open set
U containing x* such that:

(i) L(z*) =0 and L(z) > 0 if v # z*;
dL
(ii) o < 0 in U\z*
Then x* is globally asymptotically stable.

We will prove the stability of the DFE point. To do this, let

L(il, Zg) = Z‘l + %22

It is clear that at (0,0), L(i,42) satisfies condition one, and so we
have only to show condition two. Consider the following,

dL  di di . N . . .
E = d_tl+%d_; = 51(1—21—22)114—52(1—21—22)22—()\4-04)214—%(OéZl—)\Zg)
. . . . . ot .
=01 (f1(1 —ip —12) — (A + ) + Bo(1 — iy —in)is + 62)\ L Bata.
Because we know Ry < 1, it follows that
. . N 52042'1 .
<i1(Br — (A4 a)) + Bo(1 — iy —ig)ia + 3 — Baia
! . N Bacviy . Bacviy
= X(ﬁl)ﬂ—a&—(>\+a))\)+52(1—21—22)22+ 3 — Baia — 3

- %(51)\ +afy — (A 4+ a)A) + Bo(l — iy — ig)ig — Paia < 0.

We thus conclude that our DFE point is globally stable.
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7. PARAMETER SIMULATIONS

To visualize the threshold parameter, we use MatLab to simulate our
data by inputing certain values for A\, 5y, B2, i and a. These values
either produced Ry > 1 or Ry < 1. The resulting figures are below. s
is represented by the dotted line, 7; is represented by the solid curve
and i is represented by the dashed curve.

1

0s

06

04

02

FIGURE 1. This figure represents the DFE point. It shows
the proportions of the population in the I; and Is classes
with respect to time when Rg < 1. The sum of the number
of people in Iy and I approaches zero, and the number of
people in s approaches 100%, meaning the entire population
is in the susceptible class and the disease becomes extinct.

08 T T

FIGURE 2. This figure represents the DEE point. It shows
the proportions of the population in the Iy and I classes
with respect to time when Rg > 1. The sum of the number
of people in I and Iy approaches 100%, meaning the entire
population is in the infected class and the disease persists.
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8. ADDITIONAL CONSIDERATIONS

If we were to include a death rate from AIDS separate from the
natural death rate, our model would change.

8.1. The Revised Model. The revised model is depicted as follows:

AN SI
| hy
ady tals
S II _— IZ —
ST
by
JMS Juh Jué

e 14l5 is the death rate of people who have AIDS.

To find the Disease Free Equilibrium (DFE) point and the Disease
Endemic (DE) point, we use the model to begin writing the differen-
tial equations for each population class. These equations represent the
movement of people in and out of the population classes as time pro-
gresses.

dsS B ST ST
E_/\N wS BIW BQW

dl, S1 S1s

— = 0— — —ady —ul

qt B N + o N T eh
dl.
d_t2 = aly — ply — pals

Note that S+ I; + I, = N, so

AN
“— (A= u)N — uyl,.
o (A=) fala

Because the population is not constant, we must make a change of
variable.
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s+i11+13=1

We now have three new differential equations with which we will
work.

ds 1dS 1dN

dt Ndt Nat’®

=\ — Bisiy — Pasiz — pus — [(A — p) — paiz)]s

= A — [18i1 — Basta — pus — As + S + figSiz

ds . . .
= M1 — s) — Bysiy — [asia + pasia

Following in the same manner for ¢; and 75 yields

di , . . .
d_tl = [1si1 + Pasia — (A + )iy + pairis
di . . .
d_t2 = iy — (A ptq)io + pais?

To eliminate one of the equations and make the system easier to
solve, we will work in terms of i; and 75. Recall that io =1 — s — ;.

We now begin solving for the DFE point and the DEE point. For
the DFE point, there are no individuals moving from the susceptible
class into the infected classes, that is to say, % =0 and i; =iy = 0.

ds
e AMl—=5)=0
s=1

Our DFE point is, in terms of (s,;) is (1,0). However, we will work
in terms of (i1,12), so our DFE point is (0, 0).

To find the DEE point at which the disease goes extinct, we solve
for 4; and iy by setting % =0 and % =0.

dia .

From R
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Therefore, from the original equation of

(A + pa)is — pai3

=
o
L 0= O pa)ia + praid
o
S o — (A4 p)is + pgis — i3
1-@1-@2 =
«
s — Oé—()\—i-ﬂd—i-a)iz—i-ﬂdi%
(6%
diy .

dt -’

diy oy AN+ g + )iy 4 pgid] [N+ pa)is — pgi3
dt o «
_ : 2 9
Y [a (N + ,ud;— )i + udzg} iy — (At a) [()\ + ,ud);g udzz}
b s [(A + fta)iz — Mdig} _o.
(6]
Thus,
= i3(=Pupg) + 5B+ pa)pa + Bacpia + Bi(pa) (A + pra + ) — opi]
= o[ A+ pa) (A + pa + @) = Bi(pacr) — Baae(A + prg + ) + (A + @) pa
+ (A + pa)] + aBi(A + pa) + Goa® — a(A + @) (A + pa).

While this does not solve explicitly for i; and is, it is useful because
it makes it possible to determine the conditions that guarantee the ex-
istence of i5. The polynomial has two apparent sign changes, meaning
there exist two or zero real roots by Descartes’ rule of signs. We want
the guaranteed existence of at least one real root, which would be the
case if there were three sign changes, because complex roots only come
in pairs. To make certain there are three sign changes, we want our
final term 5y (A + pa) + Boax — (A + @) (A + pa) < 0. Meaning

Bi( A+ pa) + Baar < (A + @) (A + pia)

Br(A + pa) + o

O o))
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We have now found Ry to be

Bi( A+ ) + Bocx
(A +a)(A+ pa)

and our DEE point to be (i1*,45").

Now we must prove the local stability of our DFE point and DEE
point by computing the trace and determinant of the Jacobian matrix.

Let
f(Zh 12) = d_tl = 51(1 — 11— Z2)Z1 +ﬁ2(1 — 11— Z2)22 - (>\ + 04)@1 + fati22
and

o di . . .
g(i1,iz) = d_t2 = iy — (N + ptq)ia + pais®.

Then we have

of of

diy  dig
J =

99 99

diy  dis

_ | P = 2Py — Pria — (A + ) + paia —Prir + P2 — Boin — 2Pais + pais
a —A — g + 2p402

For the DFE point, we get
of of

_0,0 —0,0
J = dh( ) de( ) B A—a B2 }
a dg dg a a —A =
d_il(o’()) d_i2(070)

Which means we have
Tr(J)=p01—2\ —a — g

and

Det(J) = (A +« —lfl)(/\ + pa) — afs.
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Because we know that

R — Br(X + pa) + Boc
T+ + )

for the disease to go extinct,

<1

Br(A+ pa) + Pear < (A4 ) (X + pa).

Note that because [y« is positive, it can be removed from the above
inequality and preserve the validity of the inequality.

Prd+ pa) < (A + @) (A + pa)

b < A+«

Recall
Tr(J)=p1— 2\ —a — uq.

:51 - ()\‘FO./) - ([Ld—i—a)
This implies that the T'r(J) < 0.

Recall
Det(J) = (A +a — B1)(A+ pa) — afs
= —(B1(\+ pa) + afa) + (A + @) (A + pa)-
This implies that the Det(J) > 0.

With the Tr(J) < 0 and Det(J) > 0, a sink is produced. A sink
describes a locally asymptotically stable point because it means that
the eigenvalues (\’s) of our 2x2 matrix are both negative. As noted
earlier, when both eigenvalues are negative, the general solution of the
differential equation vanishes. Our DFE point is locally asymptotically
stable.

9. FUTURE WORK

Understanding the mathematical model of HIV is important to con-
trolling the spread of the disease. We were able to find the necessary
conditions (according to our model) for the disease to go extinct and
for it to persist; we also were able to prove the stability of these condi-
tions. This particular model of HIV took many things into account, but
further study is necessary to make the model more accurate. For ex-

ample, HIV progresses through three true stages of infection, although
15
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this model considered only two. Also, aside from the additional con-
siderations we carried out, the death rates of infected individuals from
the disease was regarded to be negligible and was included with the
natural death rate.
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