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Difference Equations

Difference equations (or recurrence relations) are the discrete
equivalent of a differential equation.
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Difference Equations

Difference equations (or recurrence relations) are the discrete
equivalent of a differential equation.

A famous example is the equation that defines the Fibonacci
numbers.

f(n)=f(n—2)+f(n—1), £0)=0, f(1)=1
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First Order Linear Difference Equations

First Order Linear Difference Equations

The general form of first order linear difference equations is
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First Order Linear Difference Equations

The general form of first order linear difference equations is

y(k+1) =ay(k) + f(k)

Putzer's Method via the Z-Transform SMILE LSU 2011



First Order Linear Difference Equations

First Order Linear Difference Equations

The general form of first order linear difference equations is
y(k+1) =ay(k) + f(k)

f(k) =0
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First Order Linear Difference Equations

First Order Linear Difference Equations

The general form of first order linear difference equations is
y(k+1) =ay(k) + f(k)
f(k)=0

¥(0)= o
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First Order Linear Difference Equations

First Order Linear Difference Equations

The general form of first order linear difference equations is
y(k+1) = ay(k) + f(k)
f(k)=0
¥(0) = yo

The solution is
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First Order Linear Difference Equations

First Order Linear Difference Equations

The general form of first order linear difference equations is

y(k+1) =ay(k) + f(k)

f(k)=0
y(0) = yo
The solution is
y(k) = &y
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First Order Linear Difference Equations

Solving for the Solution
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Solving for the Solution

Putzer’'s Method via the Z-Transform SMILE LSU 2011



First Order Linear Difference Equations

Solving for the Solution

y(1) = ay(0) (1)
y(2) = ay(1) @)
y(k) = ay(k — 1) 3)
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First Order Linear Difference Equations

Solving for the Solution

y(1) = ay(0) (1)
y(2) = ay(1) (2)
y(k) = ay(k — 1) 3)
k k—1
[Ty =T1]ar 4)
i=1 i=0
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First Order Linear Difference Equations

Solving for the Solution

y(1) = ay(0) (1)
y(2)=ay(1) 2)
y(k) = ay(k —1) 3)
k k—1
[Ty =T1]ar 4)
i=1 i=0
k—1 k—1
y(K) [T y(i) = &y(0) [ y() (5)
i=1 i=1
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First Order Linear Difference Equations

Solving for the Solution

y(1) = ay(0) (1)
y(2)=ay(1) 2)
y(k) = ay(k —1) 3)
k k—1
[Ty =T1]ar 4)
i=1 i=0
k—1 k—1
y(K) [T y(i) = &y(0) [ y() (5)
i=1 i=1
y(k) = &y(0) = &y (6)
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System of Linear Difference Equations

System of Linear Difference Equations

The population of the American bison is categorized into
newborns, yearlings, and adults after k years.
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System of Linear Difference Equations

System of Linear Difference Equations

The population of the American bison is categorized into
newborns, yearlings, and adults after k years.

» Every year the newborns are 42% of the adults from the
previous year.

y1(k + 1) = 042y3(k)
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System of Linear Difference Equations

System of Linear Difference Equations

The population of the American bison is categorized into
newborns, yearlings, and adults after k years.

» Every year the newborns are 42% of the adults from the
previous year.

y1(k + 1) = 042y3(k)

» Every year 60% of the newborns become yearlings.

Yo(k +1) = 0.60y1 (k)
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System of Linear Difference Equations

System of Linear Difference Equations

» Every year 75% of the yearlings become adults.
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System of Linear Difference Equations

System of Linear Difference Equations

» Every year 75% of the yearlings become adults.

» Every year 95% of the adults survive.

ya(k +1) = 0.75y + 0.95y5(k)
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System of Linear Difference Equations

System of Linear Difference Equations

» Every year 75% of the yearlings become adults.

» Every year 95% of the adults survive.
y3(k+1) =0.75y> + 0.95y3(k)
yi(k+1) = 0.42y3(k), y1(0) =«

Yo(k +1) = 0.6y1(k), y2(0)=5
ya(k +1) = 0.75y2(k) + 0.9y3(k), y3(0) =~
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System of Linear Difference Equations

System of Linear Difference Equations

|: Yo(k+1) ] = |:0.60 0 0 ] |: ya(k) ]
ya(k + 1) 0 075 0.95| | ys(k)

¥1(0) &
[}’2(0) ] = {ﬁ]
¥3(0) gl
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System of Linear Difference Equations

|: Yo(k+1) ] = |:0.60 0 0 ] |: ya(k) ]
ya(k + 1) 0 075 0.95| | ys(k)

¥1(0) &
[}’2(0) ] = {ﬁ]
¥3(0) gl

y(k+1) = Ay(k), y(0)=Yo
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System of Linear Difference Equations

System of Linear Difference Equations

|: Yo(k+1) ] = |:0.60 0 0 ] |: ya(k) ]
ya(k + 1) 0 075 0.95| | ys(k)

¥1(0) &
[}’2(0) ] = {ﬁ]
¥3(0) gl

y(k+1) = Ay(k), y(0)=Yo

The solution to the system of difference equations is
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System of Linear Difference Equations

System of Linear Difference Equations

|: Yo(k+1) ] = |:0.60 0 0 ] |: ya(k) ]
ya(k + 1) 0 075 0.95| | ys(k)

¥1(0) &
[}’2(0) ] = {ﬁ]
¥3(0) gl

y(k+1) = Ay(k), y(0)=Yo

The solution to the system of difference equations is

y(k) = Ay(0)
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System of Linear Difference Equations

System of Linear Difference Equations

0 0 042
A=1060 O 0
0 075 095

0 0315 0.399
A= 0 0 0.252
0.45 0.7125 0.9025
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System of Linear Difference Equations

System of Linear Difference Equations

0 0 042
= (060 O 0
0

A
0.75 0.95

A2
0

The k' power of A is the percentages after k years.

0

0 0315 0.399
0 0 0.252
45 0.7125 0.9025
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System of Linear Difference Equations

System of Linear Difference Equations

0 0 042
= (060 O 0
0

A
0.75 0.95

A2
0

The k' power of A is the percentages after k years.

0

0 0315 0.399
0 0 0.252
45 0.7125 0.9025

» Finding powers of A is difficult.
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System of Linear Difference Equations

System of Linear Difference Equations

0 0 042
= (060 O 0
0

A
0.75 0.95

A2
0

The k' power of A is the percentages after k years.

0

0 0315 0.399
0 0 0.252
45 0.7125 0.9025

» Finding powers of A is difficult.
» We need other tools.

Putzer’'s Method via the Z-Transform SMILE LSU 2011



Z-Transform

The definition of the Z-Transform is
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Z-Transform

The definition of the Z-Transform is

)z = 1 -

k=0

Y(z
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Z-Transform

The definition of the Z-Transform is

2k} (@) = 32— v
k=0

Z-Transform

Z{1}(2) 1
2{d}(2) par

Z—

Z{y(k+ 1)}(2) | zZ{y(k)} — y(0)z

N

i\
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Z-Transform Example

Z-Transform

Z{1}(2) 7=
2{d}(2) >
Z{y(k+ 1)}(2) | zZ2{y(k)} — y(0)z

y(k+1)-5y(k)+6=0, y(0)=0
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Z-Transform Example

Z-Transform
Z{1}(2) =1
z{d}(2) pr

Z{y(k+ 1)}(2) | zZ2{y(k)} — y(0)z

i\

y(k+1)-5y(k)+6=0, y(0)=0

Z{y(k +1)}(2) - 52{y(K)}(2) + 62{1}(2) = 0
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Z-Transform Example

Z-Transform
Z{1}(2) =1
z{d}(2) o

Z{y(k+ 1)}(2) | zZ2{y(k)} — y(0)z

i\

Z{y(k+1)}(2) = 52{y(k)}(2) + 62{1}(2) = 0
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Z-Transform Example

Z-Transform
Z{1}(2) =1
z{d}(2) o

Z{y(k+ 1)}(2) | zZ2{y(k)} — y(0)z

i\

Z{y(k+1)}(2) = 52{y(k)}(2) + 62{1}(2) = 0

V4

zY(z) - y(0)z-5Y(2) + 6Z —

=0
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Z-Transform Example

Z-Transform

Z{1}(2) 7=
2{d}(2) >
Z{y(k+ 1)}(2) | zZ2{y(k)} — y(0)z

2Y(2) - y(0)z — 5Y(2) + 6% —0
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Z-Transform Example

Z-Transform

Z{1}(2) 7=
2{d}(2) >
Z{y(k+ 1)}(2) | zZ2{y(k)} — y(0)z

2Y(2) - y(0)z — 5Y(2) + 62% —0

(z—-95)Y(2) = —62_1
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Z-Transform Example

Z-Transform

Z{1}(2) 7=
2{d}(2) >
Z{y(k+ 1)}(2) | zZ2{y(k)} — y(0)z

z

(z-95)Y(2) = —62_1
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Z-Transform Example

Z-Transform
Z{1}(2) =1
z{d}(2) o
Z{y(k+1)}(=2) | z2{y(k)} — y(0)z

i\

(z—5)Y(z) = —62f1
V4
Y(2) =8z =3
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Z-Transform Example

Z-Transform

Z{1}(2) 71
z{a}(2) 73
Z{y(k +1)}(2) | z2{y(k)} — y(0)z

z

Y2 =875z -9
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Z-Transform Example

Z-Transform
Z{1}(2) T
z{d}(2) 74

Z{y(k+1)}(2) | zZ2{y(k)} — ¥(0)z

I\
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Z-Transform Example

Z-Transform
Z{1}(2) 757
z2{d}(2) 73
Z{y(k+1)}(2) | z2{y(k)} — y(0)z

1 1
Y(z) = -6z (4(2 1) "3z 5))
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Z-Transform Example

Z-Transform
Z{1}(2) 757
z2{d}(2) Far
Z{y(k+1)}(2) | z2{y(k)} — y(0)z
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Z-Transform Example

Z-Transform

Z{1}(2) 7=
2{d}(2) p
Z{y(k+1)}(2) | zZ{y(k)} — ¥(0)z
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Z-Transform Example

Z-Transform

Z{1}(2) T
2{d}(2) par
Z{y(k+1)}(2) | zZ{y(k)} — ¥(0)z

3z 3z
Y@ =577 " 2z-3)
zZ7YY(2)} = g - gsk
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Z-Transform on a System of Difference Equations

Apply the Z-transform to every value in the matrix.
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Z-Transform on a System of Difference Equations
Apply the Z-transform to every value in the matrix.

{yg(k—ﬂ) ] _ {0.60 0 0 ] |:y2(k) ]
Valk +1) 0 075 0.95| | ys(k)
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Z-Transform on a System of Difference Equations

Apply the Z-transform to every value in the matrix.

{yg(k+1) ] = {0.60 0 0 ] {yg(k) ]
ya(k+1) 0 0.75 0.95] | ys(k)
zY1(z) — zy1(0) = Y3(2)
zY2(z) — zy»(0) = 0.60Y1(2)
zY3(z) — zy3(0) = 0.75Y>(2) + 0.95Y3(2)
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Z-Transform on a System of Difference Equations

Apply the Z-transform to every value in the matrix.
yo(k+1) | =060 O 0 ya(k)
ya(k+1) 0 075 0.95 y3(k)

zY1(z) — zy1(0) = Y3(2)
zY2(z) — zy»(0) = 0.60Y1(2)
zY3(z) — zy3(0) = 0.75Y>(2) + 0.95Y3(2)

Solve using known methods.
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Putzer’s Method

Putzer’s algorithm solves y(k + 1) = Ay(k).

» A, n xn coefficient matrix
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Putzer’s Method

Putzer’s algorithm solves y(k + 1) = Ay(k).

» A, n xn coefficient matrix
» y(k + 1) and y(k),n-component column vectors

n—1

y(k) =Y cir1(k)My(0) = A“y(0)
i=0
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Putzer’s Method

Putzer’s algorithm solves y(k + 1) = Ay(k).

» A, n xn coefficient matrix
» y(k + 1) and y(k),n-component column vectors

n—1

y(k) =Y cir1(k)My(0) = A“y(0)
i=0

Mo = |
M= (A= XI)A=N_1)...(A— )
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Putzer’s Algorithm

ci(k+1)=XMeci(k), ¢1(0) =1
Co(k +1) = Xaca(k) + c1(k), c2(0)=0

ca(k +1) = Asca(k) + ca(k), ¢3(0)=0

Ca(k +1) = An(Kk) + co_1(k), cn(0) =0
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Putzer’s Algorithm Example

y(k+1)=Ay(k), A= [_02 —13] - Y0 = [g]
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Putzer’s Algorithm Example

y(k+1)=Ay(k), A= [_02 —13] - Y0 = [g]

—-A 1

P =1A-x=| T g

':(/\+1)(>\+2):0
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Putzer’s Algorithm Example

y(k+1)=Ay(k), A= [_02 —13] - Y0 = [g]

—-A 1

P =1A-x=| T g

':(/\+1)(>\+2):0

M=-1, dp=-2
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Putzer’s Algorithm Example

y(k+1)=Ay(k), A= [_02 —13] - Y0 = [g]

—-A 1

P =1A-x=| T g

':(/\+1)(>\+2):0
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Putzer’s Algorithm Example

ci(k+1)=XMci(k), ¢(0)=1 (7)
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Putzer’s Algorithm Example

ci(k+1)=XMci(k), ¢(0)=1 (7)

ci(k+1) = —ci(k) (8)

Putzer's Method via the Z-Transform SMILE LSU 2011



Putzer’s Algorithm Example

ci(k+1)=XMecy(k), ¢1(0)=1 (7)
ci(k+1)=—ci(k) (8)
Z{ci(k+1)H(2) = —Z{c1(k)}(2) (9)
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Putzer’s Algorithm Example

ci(k+1) = Mci(k), ¢1(0)=1 (7)
ci(k +1) = —ci(k) (8)
Zici(k+1)}2) = —2{a(k)}(2) (9)
Ci(2) — z¢1(0) = —C4(2) (10)
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Putzer’s Algorithm Example

ci(k+1) = Mei(k), ¢(0) =1 (7)
ci(k+1)=—cy(k) (8)
Z{er(k + }(2) = ~2{e1()}(2) ©)
Ci(2) — z¢1(0) = —C4(2) (10)
Ci(2) = 7 (1)
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Putzer’s Algorithm Example

ci(k+1) = A (k), ©1(0) =1 (7)
ci(k +1) = —cy(k) (8)
Z{ci(k+1)H(2) = —Z{c1(k)}(2) €)
Ci(2) — 261(0) = —Cy(2) (10)
c:1(z):zi1 (11)
Z7HCi(2)} = (-1)" (12)
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Putzer’s Algorithm Example

Co(k +1) = Aac2(K) + c1(k), €2(0)=0 (13)

Putzer’'s Method via the Z-Transform SMILE LSU 2011



Putzer’s Algorithm Example

Co(k +1) = Aac2(K) + c1(k), €2(0)=0 (13)

Co(k +1) = —2¢(k) + (—1)¥ (14)
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Putzer’s Algorithm Example

Co(k +1) = Xaco(k) +ci(k), c2(0)=0 (13)
Co(k +1) = —2¢(k) + (—1)¥ (14)

Z{ca(k + 1)}(2) = —2Z{c2(K)}(2) + Z{(-1)} (15)
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Putzer’s Algorithm Example

Co(k +1) = Xaco(k) +ci(k), c2(0)=0 (13)
Co(k +1) = —2¢(k) + (—1)¥ (14)
Z{co(k +1)Hz) = —22{ca2(k)}(2) + 2{(—1)"} (15)

V4

ZCQ(Z) — ZCQ(O) = —202(2) + Z 11
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Putzer’s Algorithm Example

Co(k +1) = Xaco(k) +ci(k), c2(0)=0 (13)
Co(k +1) = —2¢(k) + (—1)¥ (14)
Z{co(k +1)Hz) = —22{ca2(k)}(2) + 2{(—1)"} (15)

V4

ZCQ(Z) — ZCQ(O) = —202(2) + Z 11

z

T nETe)
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Putzer’s Algorithm Example

Co(k +1) = Xaco(k) +ci(k), c2(0)=0 (13)
Co(k +1) = —2¢(k) + (—1)¥ (14)

Z{ca(k + 1)}(2) = —2Z{c2(K)}(2) + Z{(-1)} (15)

2Co(2) — 265(0) = —2Ca(2) + Zi 1 (16)
V4

“O= EEe "

ZTHC(2)} = (-1 = (-2)F (18)
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Putzer’s Algorithm Example

y(k) = (c1(k)Mo + cz2(k)My)y(0) =
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Putzer’s Algorithm Example

y(k) = (c1(k)Mo + cz2(k)My)y(0) =

((—1)k [g, ?] (1) = (-2)4) [_12 _12]> [ p }
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Putzer’s Algorithm Example

y(k) = (c1(k)Mo + cz2(k)My)y(0) =

((—1)k [g, ?] (1) = (-2)4) [_12 _12]> [ p }

Final solution:

S O ]
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Putzer’s Algorithm Example

2(-1)f —(=2)¢ (1)~ (-2)

Ak =
—2(—Dk 4 2(—2)k —(—1)k2(-2)k
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Putzer’s Algorithm Example

2 [ - (-2F (1)~ (-2)F ]

2(—1 (—
—2(—Dk 4 2(—2)k —(—1)k2(-2)k

[ 210 (=20 (10— (-2 ] _[1 0] _,_
" [—2(—1)°+2(—2)° —(—1)°+2(—2)°] ) [o J ==
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Putzer’s Algorithm Example

Ak_[ )~ (-2)k 1)k—(—2)k}

2(—1)k - (—
—2(—Dk 4 2(—2)k —(—1)k2(-2)k

>
o
L —
N

2P (20 (0-(-207] 10
= | 2(-1)0 1 2(-2)0 —(—1)°+2(—2>°]‘{0 J" = A

A [_2(1)1 -(=2)' (1)~ (-2) ] _ [_02 _13] — A
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Putzer’s Algorithm Example

ge_ [ 2DF— () (1) (2)F }
—2(—1)f+2(-2)F —(—1)k +2(-2)

_[ 210 (=20 (10 (-2)° ] _ [t 0] _,_
A= —2(-1)° +2(-2)° —(-1)°+2(-2)°] [0 J =1=A
_[e-1)-2"  ()-(2']_[0 1]_
A= —2(-1)"+2(-2)" ~(-1)'+2(-2)'] " |-2 —3] —A
I A el v B |
__2(_1)2+2(—2)2 —(—1)2+2(_2)2_ 6 -7
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Putzer’s Algorithm Example

Ak 2(—1)k — (-2)% (=) = (—2)F ]
—2(—Dk 4 2(—2)k —(—1)k2(-2)k
_ [ 2(=1)°—(-2)° (=1)° = (-2)° 1 0] _ _
A = —2(=1)°+2(-2)° —(-1)°+2(-2)°] ~ |0 1} =/=A
[ 21" - (-2) (-1 = (-2) [0 1] _
A'= | o) e a(2)t (1) +2(-2)| = |2 —3]—/‘1
22| 2(—1)° - (—2)? (=12 —(-22 ] _[-2 —3] _ 2
—2(-1)2+2(-2)2 —(-1)2+2(-2)?] |6 -7

The rest of the solutions can be checked inductively.

Putzer's Method via the Z-Transform
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Putzer’s Method via the Z-Transform

Need new closed form solution.

» Putzer’s recursion is tedious.
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Putzer’s Method via the Z-Transform

Need new closed form solution.

» Putzer’s recursion is tedious.
» Z-transform can eliminate recursion.

n—1
A= e (KM
i~0
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Putzer’s Method via the Z-Transform

Need new closed form solution.

» Putzer’s recursion is tedious.
» Z-transform can eliminate recursion.

n—1
A= e (KM
i~0

My = I
Mi:(A—)\,'/)(A—)\,‘_1/)...(A—)\1/)

Putzer's Method via the Z-Transform SMILE LSU 2011



Putzer’s Method via the Z-Transform

Need new closed form solution.

» Putzer’s recursion is tedious.
» Z-transform can eliminate recursion.

n—1
A= e (KM
i~0

My = I
Mi:(A—)\,'/)(A—)\,‘_1/)...(A—)\1/)

B - z
ci(k) =2"{Ci(z)} = 27" {(z—)\i)(Z—Ai—1)---(Z_)‘1)}
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Redefining the Coefficients

ci(k+1) = Xcy(k), ¢4(0)=1 (19)
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Redefining the Coefficients

ci(k+1) = Xcy(k), ¢4(0)=1 (19)

Z{ci(k+1)}(2) = MZ{ci(k)}(2) (20)
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Redefining the Coefficients

ci(k+1) = Xci(k), ¢(0)=1 (19)
Z{ci(k+1)}2) = MZ{c1(k)}(2) (20)
2C1(z) — zc1(0) = M Ci(2) (21)
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Redefining the Coefficients

cr(k+1) = Mei(k), ¢(0) =1 (19)
Z{ci(k+1)}(2) = MZ{ci1(k)}(2) (20)
2C1(2) — z¢1(0) = M Cy(2) 21)
2C1(2) — z = A\ Cy(2) (22)
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Redefining the Coefficients

ci(k +1) = Mo (K), ¢1(0) =1 (19)
Z{ei(k+ 1)}(2) = MZ{er(K)}(2) (20)
2C4(2) — 2¢1(0) = M\ Cs(2) (21)
2C1(2) — z = M Cy(2) (22)
Ci(2) = ;= (23)
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Redefining the Coefficients

Co(k +1) = Aaca(K) + c1(k), €2(0)=0 (24)
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Redefining the Coefficients

Co(k +1) = Aaca(K) + c1(k), €2(0)=0 (24)

Z{co(k+1)}(2) = XoZ{ca(K)}(2) + Z{c1(K)}(2)  (25)
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Redefining the Coefficients

Co(k +1) = Aaca(K) + c1(k), €2(0)=0 (24)

Z{ea(k +1)}(2) = XoZ{ca(K)}(2) + Z{c1(K)}(2)  (25)
V4
Z— M\

ZCQ(Z) - ZCQ(O) = )\QCQ(Z) + (26)
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Redefining the Coefficients

Co(k +1) = Aaca(K) + c1(k), €2(0)=0 (24)

Z{ca(k+1)}(2) = XeZ{ca(k)}(2) + Z{ci(K)}(2)  (25)
V4

2C5(z) — z62(0) = A2 Co(2) + Z—

z
Z— M

2C5(2) = A2C5(2) +
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Redefining the Coefficients

Co(k +1) = Aaca(K) + c1(k), €2(0)=0 (24)

Z{co(k+1)}(2) = XoZ{ca(K)}(2) + Z{c1(K)}(2)  (25)

2C(2) — 265(0) = Ao Ca(2) + —2 (26)
Z— M

2Ca(2) = 2Col2) + 5 @7)

Ca(2) = z (28)

(2= 22)(z2—N\)
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Redefining the Coefficients

c3(k +1) = Asc3(k) + c2(k), ¢3(0)=0 (29)
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Redefining the Coefficients

c3(k +1) = Asc3(k) + c2(k), ¢3(0)=0 (29)

Z{cs(k+1)}(2) = AaZ{ca(k)}(2) + Z{cs(k)}(2)  (30)
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Redefining the Coefficients

c3(k +1) = Asc3(k) + c2(k), ¢3(0)=0 (29)

Z{cs(k +1)}(2) = A\3Z{c3(k)}(2) + Z{c3(k)}(2) (30)
z
(z—=22)(z—\)

2C3(z) — zc3(0) = A3C3(2) + (31)

Putzer’'s Method via the Z-Transform SMILE LSU 2011



Redefining the Coefficients

c3(k +1) = Asc3(k) + c2(k), ¢3(0)=0 (29)

Z{cs(k+1)}(2) = AaZ{ca(k)}(2) + Z{cs(k)}(2)  (30)
V4

(z—=22)(z—\)
z

(2= A2)(z2—N\)

2C3(z) — zc3(0) = A3C3(2) +

2C3(2) = A3C3(2) +
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Redefining the Coefficients

c3(k +1) = Asc3(k) + c2(k), ¢3(0)=0 (29)

Z{cs(k+1)}(2) = AaZ{ca(k)}(2) + Z{cs(k)}(2)  (30)
V4

2C3(z) — zc3(0) = A3C3(2) + Z )z =) (31)
z

ZCS(Z) = )\303(2) + (Z — )\2)(2 — )\1) (32)

Cs(2) = : (33)

(2= A3)(z2—N2)(z—N\1)
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Defining the New Coefficients

ek =2 (G =2 {5

Z— M

co(k) =27 Co(2)} = 27! {(z _ Az)z(z — /\1)}

B _ V4
ca(k) = Z 1 {Cs(2)} = 2 {(z— /\3)(2_)\2)(2—)\1)}

- B z
cn(k) =2 1{C,,(Z)}:Z 1 {(Z—/\n)(z_)\n—1)--'(z_/\1)}
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Example

Putzer’'s Method via the Z-Transform SMILE LSU 2011



Example

y(k+1)=Ay(k), A= [_02 —13] - Y0 = [g]

—-A 1

P =1A-x=| T g

':(/\+1)(>\+2):0
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Example

y(k+1)=Ay(k), A= [_02 —13] - Y0 = [g]

—-A 1

P =A== | g

A':(A+1)(A+2):o

M=-1, dp=-2
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Example

y(k+1)=Ay(k), A= [_02 —13] - Y0 = [g]

—-A 1

P =1A-x=| T g

':(/\+1)(>\+2):0
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Example

ci(k) =27} = (1)
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Example

ci(k) =2 {5} = (1)
ca(k) = 3_1{m} = (-1)f = (-2)
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Example

ci(k) =2 {5} = (1)
ca(k) = 1{m} = (-NF = (-2)

AR = ¢1(K)Mp + co(k)My =
(C0r]g 3+ eor-can[l, 1))

SMILE LSU 2011
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Example

c(k) =27z}t =(-1)
ca(k) = 1{m} = (-1)f = (-2)

AR = ¢1(K)Mp + co(k)My =
(C0r]g 3+ eor-can[l, 1))

Final solution:

[2(—1)k (-2 (-1 (- ]
—2(-1)f+2(-2)F —(-1+2(-2)

Putzer’'s Method via the Z-Transform SMILE LSU 2011



Thank You!
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Resolvent Matrix

Wi (k + 1) = 042y3(k)
yo(k +1) = 0.6y1(k)
ya(k+1) = 0.75y(k) + 0.9y3(k)
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Resolvent Matrix

Wi (k + 1) = 042y3(k)
yo(k +1) = 0.6y1(k)
ya(k+1) = 0.75y(k) + 0.9y3(k)

zY1(z) — zy1(0) = Y3(2)
zY>(z) — zy»(0) = 0.60Y1(2)
zY3(z) — zy3(0) = 0.75Y>(2) + 0.95Y3(2)
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e
Resolvent Matrix

|: Yo(k+1) ] = |:0.60 0 0 ] |: ya(k) ]
Valk +1) 0 075 0.95| | ys(k)
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Resolvent Matrix

yi(k+1) 0 0 042 yi(K)
WH ol
(k+1) 0 075 095 (k)
¥1(0 042 Yy(
3] L] b o | 2
¥5(0) 0.75 0.95| | Ys(2)
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) 0 o 042 yi(k
|-l
) 0 075 095 | ys(k
1(0 042
{ !yz(o] {060 ]
y5(0) 0.75 0.95

zY(z) — zY(z) = AY(2)

Resolvent Matrix

yi(k+1
o(k + 1
{ 3(k + 1

)

)

)
Yi(z
Yo(z
Y3(z
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) 0 o 042 yi(k
|-l
) 0 075 095 | ys(k
1(0 042
{ !yz(o] {060 ]
y5(0) 0.75 0.95

zY(z) — zY(z) = AY(2)

Resolvent Matrix

yi(k+1
o(k + 1
{ 3(k + 1

)

)

)
Yi(z
Yo(z
Y3(z

(zI - A)Y(2) = 2Y(2)
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) 0 o 042 yi(k
|-l
) 0 075 095 | ys(k
1(0 042
{ !yz(o] {060 ]
y5(0) 0.75 0.95

zY(z) — zY(z) = AY(2)

Resolvent Matrix

yi(k+1
o(k + 1
{ 3(k + 1

)

)

)
Yi(z
Yo(z
Y3(z

(zI - A)Y(2) = 2Y(2)

Y(z) = z(zI - A~'Y(0)
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Resolvent Matrix

n—1
2(z1- A" =Y R (2)P
j=0
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e
Resolvent Matrix
n—1
2(zl - A" =D R (2)P,
j=0

L~ MRS = L& D) — (A= X+ 1) Ry (8) R

((z = Aj+1)Ris1(8) P — Rig1(S)(A— A+ 1,

= N|I=NI=

= S(Ri1(9)P = Ria(8)Pii1)

n—1
2(zl - A)Y(s) Z A)Rf“( )P

=0
1

:\
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