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Review of conventions on presentations of frames
X a set

i : X Ñ FX the free frame on X , with i the embedding of the generators
R a relation on FX (often written as a set of equations)

FX {R the quotient of FX by the congruence generated by R
iR : X Ñ FX {R i followed by the quotient map FX Ñ FX {R.

Let G be a frame. We say a set map φ : X Ñ G is an R-map if for every equation
Epxq P R, the equation Epφpxqq (obtained by replacement) is true in G.

We have shown that iR has the following universal mapping property: if φ : X Ñ G is
an R-map, then there is a unique morphism φ : FX {R Ñ G such that φ ˝ iR “ φ. We
call iR : X Ñ FX {R the the universal R-map, and we say that FX {R is the free
frame on X subject to R.

Using this strategy, we have defined:
‚ for any Arch-object A and e P A`, the Yosida locale YpA, eq,
‚ the frame of reals R,
‚ for each a P A, a frame morphism Φpa, eq : RÑ YpA, eq.

This gives us a map: Φp , eq : AÑ RYpA, eq.˚ Our goal now is to show:
piq RYpA, eq is an `-group,
piiq Φp , eq is an `-group homomorphism.

˚ For any frame G, RG denotes the set of frame morphisms from R to G.
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Localic Algebras

Localic algebras. For any frame A, let LpAq denote the corresponding locale.
An n-ary localic operation on LpAq is a function from the n-fold localic product
of LpAq with itself to LpAq:

f : LpAq ˆloc ¨ ¨ ¨ ˆloc LpAq Ñ LpAq,
i.e., a frame map:

AÑ Ab ¨ ¨ ¨ bA.

Review of frame coproducts. Let A and B be frames. The coproduct Ab B
is the free frame on (the set) Aˆ B subject to the following relations, with
a, a1 P A, b, b1 P B, X Ď A and Y Ď B:

pC1q ipJ,Jq “ J; ipa,Kq “ ipK, bq “ K;
pC2q ipa, bq ^ ipa1, b1q “ ipa^ a1, b ^ b1q;
pC3q

Ž

t ipx , bq | x P X u “ ip
Ž

X , bq;
Ž

t ipa, yq | y P Y u “ ipa,
Ž

Y q.

Each element of Ab B may be expressed in the form
Ž

t ai b bi | i P I u.

A localic algebraic structure is a locale equipped with a set of operations.
Further facts about localic algebraic structures—e.g., Ω-algebra-objects,
algebra morphisms, equational laws—will be introduced as needed.
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Defining addition in LpRq

We define α0 : Q2
Ñ RbR by:

α0pp, qq “
ł

App, qq

where
App, qq :“ t ps, tq b pu, vq | p ď s ` u & t ` v ď q u

We will show that α0 satisfies the Joyal relations (which we repeat on the next
slide for reference).

We are going to use a geometric argument, which depends on the observation
that there is a bijection between the non-trivial elements of App, qq and the
open rational rectangles in the strip p ă x ` y ă q.

Caution. Let R be a collection of
rational rectangles. If s is rational
rectangle such that s Ď

Ť

R
(sets-theoretic union), it need NOT be
the case that s ď

Ž

R in RbR. The
defining relations for RbR allow us to
join rectangles that have a common
edge, but not arbitrary collections.

(s,u)

(t,v)(s,v)

(t,u)
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Verifying the Joyal relations for α0: pR0q and pR1q

The Joyal relations for a function f : Q2 Ñ A are as follows. (R is the free frame on Q2 subject to these.)

pR0q If q ď p, then f pp, qq “K; (Redundant—follows from pR3q)
pR1q f pp1, q1q ^ f pp2, q2q “ f pp1 _ p2, q1 ^ q2q;
pR2q If p1 ď p2 ă q1 ď q2, then f pp1, q1q _ f pp2, q2q “ f pp1, q2q;
pR3q

Ž

t f px, yq | x, y P Q & p ă x ă y ă q u “ f pp, qq;
pR4q

Ž

t f px, yq | x, y P Q u “ J.

We verify pR0-R4q for f “ α0pp, qq :“
Ž

t ps, tq b pu, vq | p ď s ` u & t ` v ď q u:

pR0q: If t ` v ď q ď p ď s ` u, then s ě t or v ě u, so ps, tq b pu, vq “ K in RbR.

pR1q: We express LHS using distributivity and compare to RHS:

LHS “
Ž

t ps1 _ s2, t1 ^ t2q b pu1 _ u2, v1 ^ v2q | pi ď si`ui & ti`vi ď qi pi “ 1, 2q u

RHS “
Ž

B; B :“ t ps, tq b pu, vq | p1 _ p2 ď s ` u & t ` v ď q1 ^ q2 u

The red and blue rectangles are in

App1, q1q and App2, q2q, respectively. Their

intersection (purple) is one of the _-terms

in LHS. The _-terms of RHS are the

rectangles between x ` y “ p2 and

x ` y “ q1, like the purple one. (We have

drawn maximal rectangles, but the

argument is the same for any.)

p1 q1p2 q2
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Verifying the Joyal relations for α0: pR2q

pR2q Suppose p1 ď p2 ă q1 ď q2. Then α0pp1, q1q _ α0pp2, q2q “ α0pp1, q2q.

Lemma. Suppose p, q P Q and ε P Qą0. Then, in R,

pp, qq “
ł

t px, yq | p ă x ă y ă q & y ´ x ă ε u.

Proof of pR2q. Put ε “ 1
2
pq1 ´ p2q, and put

S “ t ps, tq ‘ pu, vq | p1 ď s ` u & t ` v ď q2 & t ´ s ă ε & v ´ u ă εu.

By the Lemma, α0pp1, q2q “
Ž

S . But every rectangle in S either has its upper right
vertex on or below x ` y “ q1 or its lower left vertex on or above x ` y “ p2.

Geometric view. We need to cover the green rectangle with

rectangles that lie either entirely within the red strip or entirely

within the blue strip. The second image shows that maximal

rectangles will not do the job. pC3q says that we must build up

covers with sets of rectangles that have a fixed projection onto one

of the axes. The third image shows that sufficiently narrow

rectangles (with height equal to the green rectangle) can be covered

by rectangles with a common projection onto the x-axis, which are

entirely within the red strip or entirely within the blue strip. These

all have the same height, and they cover the green rectangle. (In the

proof, we consider rectangles whose dimensions are less than half the

horizontal (or vertical) width of the overlap.)
p1 q1p2 q2
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Verifying the Joyal relations for α0: pR3q

pR3q : α0pp, qq :“
ł

!

ps, tq b pu, vq
ˇ

ˇ

ˇ
p ď s ` u & t ` v ď q

)

“
ł

"

ps 1, t1q b pu1, v 1q

ˇ

ˇ

ˇ

ˇ

Dp1, q1
păp1ăq1ăq

p1ďs1`u1

t1`v 1ďq1

*

“
ł

!

α0pp
1, q1q

ˇ

ˇ

ˇ
p ă p1 ă q1 ă q

)

Explanation. The first equality is the definition. The
second is due to the fact that any rectangle in the strip
between x ` y “ p and x ` y “ q (p ă q) is covered by
an increasing sequence of rectangles with the same
projection onto one axis, lying in strips between
x ` y “ p1 and x ` y “ q1 (p ă p1 ă q1 ă q), as shown in
the picture. (This follows from pR3q for R and pC3q.) The
third equality follows from the fact that the set of terms
in the supremum on the second line is the union of the
sets of terms that appear in the expressions for α0pp1, q1q,
p ă p1 ă q1 ă q.

An increasing sequence of rectangles

with vertices (s,u') and (t, v'),

where s and t are fixed while

u' is decreasing toward u, and

v' is increasing toward v.

(s,u)

s+u=p

t+v=q

(t,v)

x + y = p x + y = q
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Verifying the Joyal relations for α0: pR4q

Reminder: α0pp, qq :“
Ž

t ps, tq b pu, vq | p ď s ` u & t ` v ď q u

pR4q :
ł

 

α0pp, qq
ˇ

ˇ p, q P Q
(

“
ł

 

ps, tq b pu, vq
ˇ

ˇ s, t, u, v P Q
(

ě
ł

"

ł

 

ps, tq b pu, vq
ˇ

ˇ s, t P Q
(

ˇ

ˇ

ˇ

ˇ

u, v P Q
*

“
ł

 

JR b pu, vq
ˇ

ˇ u, v P Q
(

“ JRbR
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