
Math 1015 – R.8 Roots, Radicals and Rational Exponents (exercises pulled from sections R.3 and R.5 of text)

Objective 1:  Finding nth Roots

To find the square root of a number , we find a number that was squared to get . For example, since  and , both  and  are square roots of . 

Principal and Negative Square Roots:

If  is a nonnegative number, then 
·  is the principal, or nonnegative, square root of .
·  is the negative square root of .

An expression containing a radical sign is called a radical expression. An expression within or “under” a radical sign is called a radicand. For example,  is a radical expression with a radicand of .


Finding roots can be extended to other roots such as cube roots. For example, since , we call  the cube root of . Using a radical sign, we write  which is read “the cube root of  is .”

Cube Root:
The cube root of a real number  is written as , and  if and only if .
Notice that unlike with square roots, it is possible to have a negative radicand when finding a cube root. This is because the cube of a negative number is a negative number. Therefore, the cube root of a negative number is a negative number.

We can find the  root of a number, where  is any natural number. The  root of  is written as , where  is called the index. For example,  has an index of  and is read as “the fourth root of 
 because 

For square roots, the index of  is usually omitted. 



Objective 2:  Understanding the Meaning of 

Up to this point, we have applied properties of exponents strictly to expressions containing integer exponents. Now, we will extend the properties of exponents to include rational exponents as well. We will begin with unit fraction exponents.

Suppose that . Then
.
Since ,  or . Because  is a positive number, we can conclude that .

Now suppose that . Then 
.
Since , . We can conclude that .

Notice that in each example, the denominator of the rational exponent corresponds to the index of the radical.

Definition of :   If  is an integer greater than  and  is a real number, then .




Objective 3 :  Simplifying radical expressions

The product and quotient rules for radicals can be used to simplify radicals. In general, we say a radical of the form  is simplified when the radicand  contains no factors that are perfect  powers (other than  or ).

Using properties of exponents, we know that . Writing this in radical notation gives us the product rule for radicals.

Product Rule for Radicals:  
If  and  are real numbers, then 
.

Using properties of exponents, we know that . Writing this in radical notation gives us the quotient rule for radicals.

Quotient Rule for Radicals:  
If  and  are real numbers and  is not zero, then 
.


Objective 4:  Understanding the Meaning of 

We will now look at rational exponents of the form . Consider the expression . Using properties of exponents, we can rewrite this expression in two ways and apply the definition of  from above. 


Notice that the denominator of the rational exponent  corresponds to the index of the radical, and the numerator of the rational exponent indicates that the base is to be raised to the power of .

Definition of :
If  and  are integers greater than  with  in lowest terms, then 
as long as  is a real number.




Definition of :

as long as  is a nonzero real number.




Objective 5:  Using Rules for Exponents to Simplify Expressions

Since the properties of exponents hold for rational exponents, we can use these properties to simplify expressions that contain rational exponents. 

Summary of Exponent Rules:
If  and  are rational numbers, and and  are numbers for which the expressions below exist, then the following properties are true.
	
	

	
	

	
	











Objective 6:  Operations with Radicals

Two radicals are like radicals if they have the same index and the same radicand.

Similar to polynomial expressions that can be simplified by combining like terms, radical expressions can be added and subtracted by combining like radicals.

We have learned that the distributive property can be used to add or subtract like terms. For example,  and  are like terms, and the sum of these terms can be found as follows.


The distributive property can also be used to add like radicals which are radicals with the same index and the same radicand. For example,  and  are like radicals, and the sum of these radicals can be found as follows.


The following expressions contain unlike radicals and cannot be simplified any further.


When adding or subtracting radicals, check to see if any of the radicals in the expression can be simplified.


To multiply radical expressions, follow the same approach as when multiplying polynomial 
expressions. Use the distributive property to multiply each term in the first expression by each 
term in the second. Then simplify the resulting products and combine like terms and like 
radicals.









Objective 7:  Rationalizing Denominators of Radical Expressions

When working with radical expressions such as  , it is sometimes useful to write the expression either without a radical in the denominator or without a radical in the numerator. 

The process for writing a radical expression as an equivalent expression but without a radical in the denominator is called rationalizing the denominator because our goal is to rewrite the expression so that the denominator is a rational number. For example, for the expression  we can rationalize the denominator by multiplying both the numerator and the denominator by .









Rationalizing Denominators Having Two Terms

Recall the difference of squares identity:


 The expressions  and  are called conjugates of each other. To rationalize a numerator or denominator that contains a radical expression that is the sum or difference of two terms, we use conjugates and the difference of squares identity.

For example, the conjugate of  is . We can rationalize the denominator of the expression  by multiplying both the numerator and the denominator by .


