Portfolio Optimization

By Mary Catherine Roberts, Avery St. Dizier, and Joshua
Vaughan

(*Annual return data for each investment option in percentsx)

tbills = {11.22, 14.30, 11.01, 8.45, 9.61, 7.49, 6.04, 5.72, 6. 45,
8.11, 7.55, 5.61, 3.41, 2.98, 3.99, 5.52, 5.02, 5.05, 4.73, 4.51,
5.76, 3.67, 1.66, 1.03, 1.23, 3.01, 4.68, 4.64, 1.59, .14, .13, .03},

tbonds = {-2.99, 8.20, 32.81, 3.20, 13.73, 25.71, 24.28, -4.96, 8.22, 17. 69,
6.24, 15.00, 9.36, 14.21, -8.04, 23.48, 1.43, 9.94, 14.92, -8. 25, 16. 66,
5.57, 15.12, .38, 4.49, 2.87, 1.96, 10.21, 20.10, -11.12, 8.46, 16.04};

nasdaq = {33. 88, -3.21, 18.67, 19.87, -11.22, 31.36, 7.36, -5.26, 15.41, 19. 26,
-17. 80, 56.84, 15.45, 14.75, -3.20, 39.92, 22. 71, 21. 64, 39.63, 85.59, -39. 29,
-21.05, -31.53, 50.01, 8.59, 1.37, 9.52, 9.81, -40.54, 43.89, 16.91, -1.80};

dowj ones = {14.93, -9.23, 19.61, 20.27, -3.74, 27.66, 22.58, 2.26, 11.85, 26.96,
-4.34, 20.32, 4.17, 13.72, 2.14, 33.45, 26.01, 22.64, 16.10, 25.22, -6.18,
-7.10, -16.76, 25.32, 3.15, -0.61, 16.29, 6.43, -33.84, 18.82, 11.02, 5.53};

sp500 = {25.77, -9.73, 14.76, 17.27, 1.40, 26.33, 14.62, 2.03, 12.40, 27.25,
-6.56, 26.31, 4.46, 7.06, -1.54, 34.11, 20.26, 31.01, 26.67, 19.53, -10.14,
-13.04, -23.37, 26.38, 8.99, 3.00, 13.62, 3.53, -38.49, 23.45, 12.78, 0.00};

gold ={20.8, -25.4, 8.3, -12.4, -17.8, 0.2, 22.0, 24.3, -13.9,
-2.2, -7.6, -4.5, -7.3, 14.5, -1.1, 2.1, -4.8, -21.8, 1.0, -3.2,
-2.8, 0.7, 25.6, 19.9, 4.6, 17.8, 23.2, 31.9, 4.3, 25.0, 30.6, 7.8};

(xCol l ective list of all data setsx)
data = {tbills, tbonds, nasdaq, dowj ones, sp500, gol d};

(xConverting the percents to positive deci mal s*)
For[i =1, i <Length[data], i ++,
For[j =1, j <Length[datal[[i]1]1], ] ++,
I'f[data[[i1]1[[j1]1=20, data[[i]1][[j]1]=data[[i]1[[j]]/100+1,
data[[i J1[[j 11 =1+data[[i]1[[j1]/10011];
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(*Graphs of the returns of each
i nvestnent option relative to years after 1980x)
options = {"T.Bills", "T. Bonds", "NASDAQ', "DowJones", "S&P500", "Col d"};
For[i =1; plots = {};
colors = {Red, Blue, Green, Orange, Purple, Brown}, i <Length[data]l, i ++,
pl ots = Append[pl ot s,
ListPlot [data[[i]], PlotStyle scolors[[i]], AxesLabel - {"Years"
, "Return"}, PlotLabel -options[[i]]]1]1]
Gid[Partition[plots, 31]

(»Constructing a chart of the data by year x)

For [dates = {}; i =1, i =32, i ++, dates = Append[dates, (1979+i)11;

Gid[Join[{Join[{""}, options]}, Join[{dates}, data] // Transpose],
Franme » Al |, Background -» {{Gray, None}, {LightGay, None}}]

(*Constructing a second chart with the mean, variance and standard devi ati onx)
Gid[Transpose[Join[{{"", "Mean", "Variance", "Standard Devi ati on"}},
Transpose[Joi n[{options}, {Mean[data // Transpose],
Vari ance[data // Transpose], StandardDevi ati on[data // Transpose]}1]111,
Frame -» Al |, Background » {{Gray, None}, {LightGay, None}}]
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T.Bills |T. Bonds | NASDAQ | DowJones | S&P500 | Gol d
1.1122 | 0.9701 |1.3388| 1.1493 |1.2577|1.208
1.143 1.082 |0.9679| 0.9077 |[0.9027 |0.746
1.1101 | 1.3281 (1.1867| 1.1961 |(1.1476]1.083
1.0845 | 1.032 (1.1987| 1.2027 |1.1727|0.876
1.0961 | 1.1373 |(0.8878 | 0.9626 | 1.014 |0.822
1.0749 | 1.2571 |(1.3136| 1.2766 |1.2633|1.002
1.0604 | 1.2428 [1.0736| 1.2258 |1.1462| 1.22
1.0572 | 0.9504 |0.9474| 1.0226 |1.0203(1.243
1.0645 | 1.0822 |1.1541| 1.1185 1.124 |0.861
1.0811 | 1.1769 [1.1926| 1.2696 |1.2725|0.978
1.0755 | 1.0624 | 0.822 | 0.9566 |0.9344|0.924
1. 0561 1.15 |1.5684 | 1.2032 |1.2631(0.955
1.0341 | 1.0936 |1.1545| 1.0417 |1.0446|0.927
1.0298 | 1.1421 (1.1475| 1.1372 |[1.0706|1. 145
1.0399 | 0.9196 | 0.968 | 1.0214 |0.9846 |0.989
1.0552 | 1.2348 [(1.3992| 1.3345 |1.3411|1.021
1.0502 | 1.0143 [1.2271| 1.2601 |1.2026|0.952
1.0505 | 1.0994 (1.2164 | 1.2264 |1.3101|0.782
1.0473 | 1.1492 [1.3963| 1.161 |1.2667| 1.01
1.0451 | 0.9175 |1.8559| 1.2522 |1.1953(0.968
1.0576 | 1.1666 |(0.6071| 0.9382 |0.8986 |0.972
1.0367 | 1.0557 |(0.7895| 0.929 |0.8696 |1.007
1.0166 | 1.1512 [(0.6847 | 0.8324 |0.7663|1.256
1.0103 | 1.0038 |(1.5001| 1.2532 |1.2638|1.199
1.0123 | 1.0449 [(1.0859| 1.0315 |1.0899 |1.046
1.0301 | 1.0287 [1.0137 | 0.9939 1.03 (1.178
1.0468 | 1.0196 |1.0952| 1.1629 |1.1362(1.232
1.0464 | 1.1021 (1.0981| 1.0643 |1.0353|1.319
1.0159 | 1.201 [0.5946| 0.6616 |0.6151|1.043
1.0014 | 0.8888 [1.4389| 1.1882 |1.2345]| 1.25
1.0013 | 1.0846 |1.1691| 1.1102 |1.1278|1.306
1.0003 | 1.1604 | 0.982 | 1.0553 1. 1.078
T.Bills T. Bonds NASDAQ DowJones S&P500 Col d

1. 05136 1.09216 1.12736 1.09833 1.09379 1. 04994

0. 00116085 |0.0109041 |0. 0761365 0. 0225648 | 0. 0280729 | 0. 0243316

0. 0340712 | 0.104423 | 0.275928 | 0. 150216 | 0.16755 | 0.155986




4| Project.nb

(xDefinitions of our objective functions, goals,
wei ghts, and other variables we will needx)

(*The historical mean return value of each investnent options)
meanRet urn = Mean[Transpose[data]l;

(*The covariant matrix of our data with entry aj; =
Covari ancef[option i, option j] and aj; = Variance[option i ]x)
covari ants = Covari ance[Transpose[data]];

(*A list of the variables representing the
percent each variable will have in our allocationx)
vari abl es = Map[Subscri pt [x, #] & options];

(*A list of our objective functionsx)
f = {vari abl es. reanRet urn, vari abl es. covari ants. variables} // Sinplify;

(A list of our goals for each objectivesx)
g={1.1, 0};

(*A list of our weights for each objectivex)

(*Qur standard constraints: x;20 for every x and that 3Xj=1x)
constraints = Total [variabl es] == 1&&Appl y[And, Thread[G eat er [vari ables, 0]]17;

(*The Wei ghted Sum of Deviations function is derived by taking a wei ghted
sum of the deviations of each objective function fromits goal %)
wei ght edSum= Sum[Abs [ (f [[i 11 -9[[i11)1W[[il], (i, 1, Length[f1}] // Sinplify;

(*The Chebyshev function is derived by finding the
maxi mum devi ati on of any objective function fromits goal %)
chebyshev = Max[Tabl e[Abs[(f [[1 11 -9[[l11)1W[[l11, {I, 1, Length[f]}]] // Sinplify;
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(*Thi s section is our calculations using the two different nethodsx)

(*
Wei ght ed Sum of Devi ati ons:
We conbi ne our two objective functions into a wei ghted average of
their deviations fromthe goals using weights derived fromour risk
preferences. W mnimze this function using the original constraints.
*)
resul ts2 = Qui et [Fi ndM ni mrum[ {wei ght edSum constraints}, variables]];

(*
Chebyshev:
We create a new function to mininize by finding
t he maxi mum devi ati on of any objective funtion fromits
respective goal and attenpting to nminimze just this deviation.
*)
resul ts3 = Qui et [Fi ndM ni num[ {chebyshev, constraints}, vari abl es]];

(xConstructing a chart summari zing the
results of the calculations using the two nethodsx)
For [results = {results2, results3}; resultsD=Table[{}, {Length[results]}];
j =1, j <Length[resultsD], j ++,
For[i =1, i <Length[variables], i ++,

resul tsD[[j 1] = Append[resul tsD[[j 11,

PaddedFor m[ (variables[[i]] /. results[[j11[[211[[i]1]) =100, {4, 2}11;11

For[j =1, ] <Length[resultsD], j ++,
For[i =1, i <Length[resul tsD[[j 111, i ++,

resul tsD[[j11[[i1]1 =StringJoin[ToString[resultsD[[jI1[[I111, "%"11;]1

GidJoin[{Join[{""}, options, {"...", "Return", "Variance"}]},
{Join[{"Weighted Suni}, resultsD[[1]], ("..."}, f /. results[[1]11[[2]11]1},
{Joi n[{" Chebyshev"}, resultsD[[2]1], {"..."}, f /. results[[2]1]1[[2]111}] //

Transpose, Frame -» Al |, Background » {{Gray, None}, {LightGay, None}}]

Wei ght ed Sum| Chebyshev
3.27% 18. 02%
53. 96% 16. 42%
27.48% 14. 94%
6.47% 16.17%
4.73% 16. 36%
4.09% 18. 09%
1.09925 1. 08369

0. 00955972 |0.00853878
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(xPie Charts of each allocations)
For [name = {" Wi ghted Suni', "Chebyshev"};
pi charts = Tabl e[{}, {Length[results]}]; i =1, i <Length[results], i ++,
pi charts[[i]] =PieChart [variables /. results[[i]1]1[[2]],
Chart Styl e » 61, PerformanceGoal - "Accuracy", ChartlLegends - opti ons,
Chart Layout - "Stacked", Pl otLabel -» Style[name[[i]], "Title", FontSi ze » 147,
Label i ngFunction » (Pl aced [Nunber For m[#, 2], "Radial Cal l out"] &) 11
Gid[Partition[picharts, 11]
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(#Si ngl e function versionsx)

flresults = Qui et [Fi ndM ni mum[{Abs [f [[1]]1-9[[1]]1], constraints}, variables]];
f2results =FindM ni mum[{f [[2]], constraints}, variabl es];

For [fresults = {flresults, f2results};
fresultsD=Table[{}, {Length[fresults]}]; j =1, j <Length[fresultsD], j ++,
For[i =1, i <Length[variables], i ++,

fresultsD[[j 1] = Append[fresul tsD[[]j 1],

PaddedFor m[ (vari abl es[[i 1] /. fresults[[j11[[2]110[[i1]1) =#100, {2, 2}11; 11

For[j =1, j <Length[fresultsD], j ++,
For[i =1, i <Length[fresultsD[[j1]], i ++,

fresultsD[[j11[[i]1] =StringJoin[ToString[fresultsD[[j11[[i]11], "%"11;]1]

Gid[Join[{Join[{""}, options, {"...", "Return", "Variance"}1},
doinf{"mn fy(x) - r*y, fresultsD[[1]], {"..."}, f /. fresults[[11]1[[2]1]11},
{Join[{"mn fo(x)"}, fresultsD[[2]], {"..."}, f /. fresults[[2]11[[2]111}]1 //

Transpose, Frame -» Al |, Background » {{Gray, None}, {LightGay, None}}]

mn fy(xX) - r*|[ mn fy(x)
12. 00% 84.00%
12. 00% 3.20%
39. 00% 0. 75%
13. 00% 0. 28%
12. 00% 0.22%
12. 00% 12. 00%
1. 09669 1. 05327
0. 0198787 0. 00069933

(*This cell plots the Pareto fronts for
Wei ght ed Average and Chebyshev by varying wei ght sx)
(*l T 1S NOT EVALUATABLE. )
experinment2[wl_] : =
Modul e[{},
w={wl, 1-wl};
wei ght edSum= Sum[Abs [ (f [[i 11 -9[[i11)]1W[[il], {i, 1, Length[f1}] // Sinmplify;
resul ts2 = Qui et [Fi ndM ni mum[ {wei ght edSum constraints}, variabl es]];
f /. results2[[2]]];

experinment3[wl_] : =
Modul e [{},
w={wl, 1-wl};
chebyshev =
Max [Tabl e[Abs [ (f [[1 11 -9l 11)Iwl[l11, {I, 1, Length[f1}1] // Sinplify;
Qui et [resul ts3 = Fi ndM ni mum[ {chebyshev, constrai nts}, vari abl es]];
f /. results3[[2]]];
Li st Pl ot [Tabl e[experiment2[i ], {i, .001, .999, .001}], Pl ot Range -» Al |,
Pl ot Label - "Wei ghted Sum of Devi ations", AxesLabel - {"return", "risk"}]
Li st Pl ot [Tabl e[experiment3[i ], {i, .001, .999, .001}], Pl ot Range -» Al |,
Pl ot Label - "Chebyshev Goal Programm ng", AxesLabel -» {"return", "risk"}]



8| Project.nb

Weighted Sum of Deviations

risk
0.020 [ A
L /
i /4
0015 / .
: . .
00101 s 4 z
I V4
0.005
n L L L L L L L L L L L L L L return
1.06 1.07 1.08 1.09 1.10
- Chebyshev Goal Programming
rn
0.0201
L 14
00151
[ P
00101 /
r ole .
: / hat & ¢ o
00051 i - A
i @o® o0 080 ¢
o0 L4 °
e e 1 return
1.06 1.07 1.08 1.09 1.10




