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ABSTRACT. In understanding the underlying structures of a commutative ring with unity, it helps to
find illustrative ways of seeing the relationship of its elements. Zero divisor graphs is an overlap of
Ring Theory and Graph Theory which specifically illustrates the relationships between a ring’s zero
divisors. It is simple to construct these zero divisor graphs given a commutative ring with unity, but
the opposite endeavor is more complicated, i.e. supply a commutative ring for the given graphs.

1. ZERO DI1vISORS GRAPHS

1.1. Zero Divisors and Their Graphs. It is important to state that we only considered rings with
the additional properties that multiplication is commutative and has unity. Now we can jump right
into zero divisors

Definition 1.1. A zero divisor is a element r in a ring R, such that r - s = 0 for some non-zero s in
R.

Definition 1.2. A zero-divisor graph is a graph of a ring R where vertices r and s are connected
such that r - s = 0. There are three types of zero-divisor graphs:

e Beck (1980)

e Anderson-Livingston (1999)

e Mulay (2002)
The Beck graph designats a vertex for each zero divisor of the ring, but the structure of these graphs are
not very interesting since all elements would be adjacent to the element 0. We can see more interesting
structure if we were to eliminate the zero element from the graphs. These are the graphs that Anderson

and Livingston focused on. Therefore, when we consider a graph for being a possible zero divisor graph,
we treated the graph as if it is and Anderson and Livingston zero divisor graph.

Though our project called for us to find rings associated with given graphs, where possible, but looking
at how these graph are constructed will help understand the relationships illustrated in a zero divisor
graph.

Example 1.3. Consider the ring Z3 X Z3
The elements of this ring are: (0,0), (1,0), (0,1), (1,1), (2,0), (0,2), (2,2), (2,1), (1,2)

(2,0) (0,2)
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Example 1.4. Consider the ring Zs[x,y]/ < 22, zy,y? >

The elements of this ring are: 0, 1, z, y, 2+ 1L, y+ 1, 2 +y, . +y+1

Tty xy = 0 mod xy
z(r +y) = 2% + 2y; 22 = 0 mod 2%; xy = 0 mod zy
x y @+ yy=ay+y* 2y =0moday; y* = 0mod y*

So now that we know how zero divisor graphs work, we can work on the actual problem

1.2. The Project. The graphs we were assigned were all the graphs of up to 5 vertices. The table
that follows illustrates all of the distint graph from 1 through 5 vertices, leaving us with 52 graphs we
have to analyze by hand.
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Instead of brute forcing the project and rigorously trying to find rings associated with these graphs,
we had to eliminate as much of the graphs as possibly being zero divisor graphs. We resorted to an
important theorem proved by Anderson and Livingston which knocked out 22 of the 52 graphs we had
to do.

Theorem 1.5. T'(R) must be a connected graph and have a diameter less than or equal to 3

Proof. Assume I'(R) is nonempty and take vertices x and y in I'(R). If z and y are adjacent, we are
done.

Case 1. Since x and y are zero divisors, zz = 0 and yw = 0 for some z,w € I'(R)

Assume z # x and w # y.

Ty

Case 2. z=zx,w#y

Case 3. z=zx,w=y

Ty

As for the diameter, we only have to consider the first case. If z = w, then the proof is done. So
suppose z # w. Then if z - w = 0, then there is an edge between them and we are done. If z-w # 0,
then we know z - w is a zero divisor and we can find a path x — z - w — y and we are done. (]

Now we only have 30 rings to look at instead of 52, lightening the load for the project. Of the 30
remainging graphs, we found examples of commutative rings with unity for 10 of these graphs which
are represented in the following table.
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1 15
Zo|x
Ly , <i[zi L3 x L3
[ ]
3 Zg 5 ZQ X ZQ 18
Zos , 2L
Zs[x] r <z?>
<z?>
6 Lg , Lsg , 30
Zo X 7.
7o) 2 4
<z3>
7 31
Zz[z,y]
14 39
ZQ X F4
X
7 Zy[x) Z3 IE‘4
2 X <x2>

2. NON-EXISTENCE PROOFS

We could not find examples of commutative rings with unity for the remaining 20 graphs, which lead
us to believe that these graphs could not be realized as I'(R) for any such R. To say this, however, we
had to supply a proof which deduces that this graph could not be I'R.

These proofs took the form of contradiction proofs so we were able to us the following strategies to
disprove these graphs:

e Suppose the given graph is an [AL] zero divisor graph.
e Consider products and sums of the elements
e Look for contradictions that arise with these elements
— A vertex is equivalent to zero
— Two vertices are the same
— A zero divisor appears that is not on the graph

By following these strategies, we found contraditions for the 20 remaining graphs, concluding which
graphs of up to 5 vertices can be realized as the zero divisor graph of a commutative ring with
unity.

The following are samples of proofs for some of the 20 graphs which could not be realized as the zero
divisor graphs of a commutative ring: (it is important to note that each graphs vertices are labelled
starting from the bottom left vertex and labelled starting with a going clockwise)

Claim 2.1. G17 cannot be realized as the zero divisor graph of any ring R.
Proof. Consider the sum a 4 d. Since a 4 d is annihilated by ¢, but cannot be annihilated by b, a + d
must be equal to b.

Consider the sum ¢+ d. Since ¢ + d is annihilated by a, but cannot be annihilated by b, so ¢ + d must
be equal to b.
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However, this means that ¢+ d = a + d, which leads to the contradiction ¢ = a. Therefore, G17 cannot
be realized as the zero divisor graph of any ring R. (]

[

Claim 2.2. This graph cannot be realized as a zero-divisor graph of a ring

Proof. Consider b+ e. This element is annihilated by a and d, but not ¢. Then b+ e can only be either
b or e. However, if b+ e = b, then e = 0 an contradiction. Likewise, if b + e = e, then b = 0, another
contradiction.

Therfore, this graph cannot be realized as the zero-divisor graph of a ring. O

)

Claim 2.3. This graph cannot be realized as a zero-divisor graph of a ring.

Proof. Consider a-d, which is annihilated by b, ¢, and e. Thus a-d is a zero-divisor somewhere on this
graph. However, no vertex in this graph has degree greater than 2 so no such vertex exists. Therefore,
this graph is not the zero-divsor graph of a ring. (]

=

Claim 2.4. G423 cannot be realized as the zero divisor graph of any ring R.

Proof. Consider the sum b + e, which is annihilated by ¢, but cannot be annihilated by a or d. Since
no vertex has these properties, G452 cannot be realized as the zero divisor graph of any ring R. (|

K

Claim 2.5. Gy7 cannot be realized as the zero divisor graph of any ring R.

Proof. Consider the sum a + ¢, which is annihilated by b, but cannot be annihilated by d or e. Since
no vertex has these properties, G47 cannot be realized as the zero divisor graph of any ring R. (]

X)



8 ADRIANNA GUILLORY, MHEL LAZO, LAURA MONDELLO, AND THOMAS NAUGLE
Claim 2.6. G5 cannot be realized as the zero divisor graph of any ring R.

Proof. Consider the sum a + b, which is annihilated by e, but cannot be annihilated by ¢ or d. Since
no vertex has these properties, G45 cannot be realized as the zero divisor graph of any ring R. (]

Claim 2.7. Gyg cannot be realized as the zero divisor graph of any ring R.
Proof. Consider the sum b+ d, which is annihilated by a, ¢, and e. Since b and d are the only vertices

with these properties, and either possibility would lead to a contradiction, G4 cannot be realized as
the zero divisor graph of any ring R. (]

Claim 2.8. G35 cannot be realized as the zero divisor graph of any ring R.

Proof. Consider the product cd, which is annihilated by a, b, and e. Since no vertex has these properties,
G35 cannot be realized as the zero divisor graph of any ring R. O
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