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ABSTRACT. We will discuss and give examples of two ways to cre-
ate geometric constructions and the tools needed to produce these
constructions. One way uses a straightedge and compass, while the
other uses a straightedge with two notches and a compass, other-
wise known as the neusis construction. Also, we will discuss those
numbers that are constructible using these two ways and those that
we cannot currently construct.

1. INTRODUCTION

A Geometric Construction is a construction of lengths, angles, and
geometric figures using only a straightedge and compass. The ancient
Greeks’ usage of the phrase "to construct” is similar to the way modern
mathematicians ”Show things exist”. There are two types of Geomet-
ric constructions: there are those that can be constructed using only
a straightedge and compass and those that can be constructed using
a straightedge with two notches and a compass. Some famous mathe-
maticians who made great strives in Geometric Constructions include
Plato, Euclid, Pythagoras, and Thales.

Acknowledgments: We would like to thank our graduate mentor
Laura Rider for her help on the project and Professor Smolinsky teach-
ing the class. We would also like to thank Professor Davidson for al-
lowing us to participate in this program.

2. STRAIGHT EDGE AND COMPASS CONSTRUCTIONS

We assume that two distinct points are constructible. We will call
them O, the origin, and (1,0). The line through two constructible
points is a constructible line. Given constructible points A and B, we
can construct a constructible circle with center either A or B and radius

AB.
1
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Definition 2.1. A point is constructible if it is the intersection point
of two constructed lines or circles or a combination of both.

2.1. Basic constructions.

Theorem 2.2 (Raise a perpendicular). Given a line L and a point
P on the line, we can draw a line perpendicular to L that passes through

P.

Construction:

(1) First we draw a circle with center at point P and get points A
and B where the perimeter of the circle intersects with the line
L.

(2) Next we draw two circles with radius AB and centers at A and
B. These two circles intersect at points C' and D.
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(3) Then we use a straight edge to connect points C' and D. We
claim the line segment C'D runs through point P and is per-
pendicular to the line L.

Proof. We use a straight edge to draw the four equal segments AC,CB,BD,
and DA. We know these segments are equal because they are all radii
two congruent circles. These segments produce the rhombus ACBD.
By properties of the thombus, the two diagonals CD and AB are per-
pendicular to each other and split each other in half, producing the
segments AP, PA, PC, and PD.
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Theorem 2.3 (Drop a perpendicular). Given a line L and a point

P not on L. We can construct a line perpendicular to L that passes
through P

Construction:

(1) Pick a point A somewhere on the line L.

(2) Circle PA to get point B. If the circle PA is tangent to the
line L, the segment PA is perpendicular to L
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(3) Circle AP and BP to get point Q at the intersection of the two
circles.

(4) Use a straight edge to draw the line PQ. The line PQ is per-
pendicular to L.

Proof. After we draw the line segments PB, PA, AQ, and BQ we
follow the same proof as the one used for raising a perpendicular. [J
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Theorem 2.4 (Rusty Compass Theorem). Given a line segment
(AB) and a point C, we can draw the circle with center C' and radius

the length of I(AB).

Proof. First, we draw a circle centered at A with point B on the circle
and also draw a circle centered at B with point A on the circle. The
intersection of these two circles will be our point D and form AABD.
Extend the line BD passed the intersection of circle BE, creating point
E. Next, draw circle DE. Like the past step, Extend the line AD un-
til it intersects the circle DE. Name this intersection, point F. Now,
construct the circle AF. Since E is on the circle BC, [(BE) = I(BC).
Since AADB is an equilateral triangle, [(DA) = I[(DB). Since E a

F are on the circle D, [(DE) = I(DF). Therefore, [(AF) = [(BE) and
I(AF) =1(BC).

=
oW

[l

Theorem 2.5 (Constructing a parallel line). Given a line S and a
point () not on the line S. We can construct a line R through the point
Q) that is parallel to the line S.

(1) Using a straightedge and compass, construct a perpendicular
line to S through the point Q. Name R’.
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v

(2) Using a straightedge and compass, construct a perpendicular
line to R’ through the point Q. Name R.

R

Yy

Proof. Line R and line S are both perpendicular to line R’, and line R
and line S are not the same line since Q) is a point that is on R but not
S. Therefore line R and line S are parallel. U

Theorem 2.6 (Bisecting the angle). Given an angle BAC, we can
bisect the angle.
Construction:

(1) Circle AB and get point D where the circle intersects the seg-
ment AC

uy
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(2) Circle DA and BA to get point E where they intersect inside
the angle. Use a straight edge to draw the segment AE. We

claim that AFE bisects the angle BAC forming two equal angles
BAFE and FAC.

Proof. Using the rusty compass theorem and by drawing parallel lines,
we can construct the rhombus ABED.
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A g
B

By properties of a rhombus, since AE is a diagonal of the rhombus
ABED it bisects the angle BAC'.

O

2.2. Constructing numbers from other constructible numbers.

Theorem 2.7 (Adding constructible numbers). If a and b are
constructible numbers, a + b is also a constructible number.

b

a+b
Theorem 2.8 (Subtracting constructible numbers). Given con-
structible segments of lengths a and b. If a > b, then we can construct

a segment of length a — b using a straight edge and compass.

Construction:
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(1) Construct the line L using a straight edge. Choose a point P
on L. Using a compass, construct a circle with center P and
a radius of length a. Mark one of the two intersections of the
circle with line L as A.

=

(2) Using a compass construct a circle with center P and a radius
of length b.

A
i

(3) Mark the intersection of the circle and line L on the same side
of point P as A; name B.

Proof. The length of BA is the length of a excluding the length of b.
Therefore, BA has a length of a — b. O

Theorem 2.9 (Multiplying constructible numbers). Given seg-
ments of length a and b, we can construct a segment of length ab.

Construction:

(1) Draw a line segment OC with length a and extend the line to
point P so that the length of OP is 1. Thus if @ and b are
greater than 1, we must divide each by a single natural number
larger than both a and b to get a and b less than 1.

(2) Raise two perpendicular lines at points C and P to get the lines
L1 and L2
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(3) Use the rusty compass theorem with length b to get D on L2
so that PD has length b.

L1 L2
A A
MDD

xE B = -
O e P

(4) Draw the line segment from O to D producing point £ at the
intersection of OD and L1. The length of EC' is x and we claim
that x=ab
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Proof. Because POD and COFE are similar triangles, we can compare
the ratio of the sides to each other giving the equation:

(2.1) -

T
After multiplying both sided by = and a, we get:
(2.2) T =ab

U

Theorem 2.10 (Dividing constructible numbers). Given con-
structible segments of length a and b, we can construct a segment of

length é
a

Construction:

(1) Draw a line segment OA | with length a and extend the line to
point C'. The length of OC is 1. Thus if a and b are greater

than 1, we must divide each by a single natural number larger
than both a and b.

b

O
= = Y C?

(2) At point A, raise a perpendicular of length b using the rusty
compass theorem and get point B. At point C, raise another
perpendicular.
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b

O
a A C

(3) Use a straight edge to draw a line through points O and B and
get D where the new line intersects with the line perpendicular

— b
to point C'. We claim the segment C'D has the length —.
a

Proof. When we look at the two similar triangles AOB and COD, we
can find the length of x by setting the ratio of the sides adjacent to the
angle C'OD equal to the ratio of the sides opposite of the angle and we
get:

1 =z

2.3 ==

(2.3) - =3
After multiplying both sides by b, we get:

b

2.4 = -

(2.4) o=

b
Thus we have proved the claim and determined that — is constructible
a
given a,b are constructible numbers. U
Theorem 2.11 (Constructing the square root of a constructible

number). Given a constructible number a, we can construct \/a.

Construction:
a+1

(1) Construct a circle of radius

(2) Construct the diameter of the circle, which has the length a+ 1.
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(3) Using a straight edge, construct a chord that is perpendicular
to the diameter that splits the diameter into two segments of
lengths a and 1.

We claim the length of the chord AC' is 2y/a and the length of both
AB and BC'is v/a

1 S 1
Proof. We know the radius is ¢ so the length of AFE is ot

a+1_1:a—1
2

. The

length of EB is:
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1/2(a+1)

E 1/2(a-1) B

By the Pythagorean theorem we have:

a+12 a—lz_\/a2+2a+1—a2+2a—1_ 4a_
Y (e - SNEIRN

Thus the length of AB is /a O

There are some constructions that have been proven impossible like
squaring the cube and doubling the cube. Trisecting the angle is also
impossible with just a straight edge and compass but is possible with
the neusis construction.

3. NEUSIS CONSTRUCTIONS

Definition 3.1. We are given that we can construct the origin (0,0)
and the point (0,1) with a straightedge and compass. Since we can con-
struct lines and circles using these two points, we can use our straight-
edge with two notches to slide and pivot along these lines and circles
with our two notched straightedge to construct a point.

With a twice notched straight edge and compass, it is clear that all
constructions using a regular straight edge and compass are still con-
structible.

Theorem 3.2 (Trisecting the angle). Given an angle A’BC”’, we
can trisect the angle.
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Construction:

(1) Using a straight edge with two marks, mark off the distance on
BA’" to get A”

2) Bisect BA" get A

(2)
(3) Drop a perpendicular line from A to BC” to get C
(4) Draw a line parallel to BC' through A to get L

(5)

5) Pivot and slide on B so the marks on the straight edge are on
AC and L to get D and E

6) Line BA, DE, and BA” are equal
7) Bisect DE and get G

) Draw AG

)

(
(
(8
(

9) Claim Line AG and DG are equal
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Proof. £ C’BA = Z DEA
Z DBA = Z DGA
Z DGA =2/ GEA
If # DBC=x
then Z ABD= 2x and £ A’BC’ = 3x
O

Theorem 3.3. (Nicomedes). Given a constructible length a, it is
possible to find /a using a compass and twice-notched straightedge.

Proof. First, assume that all notches are a unit, 1, distance apart from
each other. Because we can construct inverses, it is enough to find
Ja for a < 1. We begin by constructing a rectangle with length 2
along the x-axis and width 2a along the y-axis, it is enough to find
¥a. Construct the point E so that EA is perpendicular to OA and
|EB| = 1. Next, we construct the point F so that it a distance 2a away
from O. Then, we construct the line 1 through B that is parallel to EF.
Using a straightedge with two notches, We place one notch on the line
1, the other notch on on the line OA, and we can adjust these points so
the straight edge passes through E, giving us points G and H. Finally,
we claim that the distance x = |[BH| is 2/a. O

Claim We can calculate x = 2/a by using similar triangles and pro-
portions.

By using the Pythagorean Theorem, we obtain the values of ANBAFE
and ANHAE.

ABAE |AE]’ +d®=1
AHAE  |AE] + (z +a)? = (y + 1)

Using elimination, we subtract the two pythagorean triangle equations
creating the following equation.

@ —(z—a)P?=1-(y+1)
Then, we use further calculations to obtain a proportion.
a?— (22 +2ax +a?) =1— (y* + 2y +1)
(—2)? — 2az = (—y)* — 2y
z(z +2a) = y(y +2)
T Y+ 2

y x4+ 2a
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Since L || EF in AHEF. Then, AHEF is similar to NHEB

y 4da
1
Since ANHBC' 1s similar to ACD.J
2 4
= DI ==
2a  |DJ| x

Since ANHOJ is similar ANCDJ

r+2a y+2 y+2 y
26 y xr+2a 2a

Therefore, we can calculate x

Y 4a

Then, we plug y back into the equation of - 2£ which gives us:
Yy a

After simplifying, we find:

3 = 8a

x=2a
4. FIELDS AND CONSTRUCTIBLE NUMBERS

Definition 4.1. A number w is constructible if we can use a straight
edge and compass to construct a segment of length w.

Definition 4.2. A number w is neusis constructible if we can use a
straight edge with two notches and compass to construct a segment of
length w.

We can talk about the set of both constructible numbers and neusis
constructible numbers and form more general conclusions about what
real numbers are constructible by talking about fields and field exten-
sions.
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A field is a set with two binary operations: addition and multiplication
that satisfy the following:

e The addition, subtraction, multiplication or division of any two
elements in the field is also in the field.

e Addition and multiplication are both associative:

a+(b+c)=(a+b)=c
a(bc) = (ab)c

e Addition and multiplication are both commutative:

at+b=b+a
ab = ba

e There exist identities

(1) 30 such that a +0 = a Va which is known as the additive
identity

(2) 31 such that a x 1 = a Va which is known as the multi-
plicative identity

e There exist inverses
(1) Ya 3(—a) such that a + (—a) =0
(2) Va # 0 Ja~! such that a(a™!) =1

e Addition and multiplication are distributive:

Va,b,c a(b+c)=ab+ ac
e Examples of Fields
— @, the rational numbers
— R, the real numbers
— C, the complex numbers
Theorem 4.3. The set of all numbers constructible with a straight edge

and compass is a field.

Proof. e (0,1 are both constructible numbers.
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e The addition, subtraction, multiplication and division of two
constructible numbers is also constructible.

e Addition and multiplication are both associative and commu-
tative within the set.

e There exists an additive and multiplicative inverse for each con-
structible number.

O

Theorem 4.4. The set of all constructible numbers with a twice notched
straight edge and compass is a field.

Proof. e We can construct all constructible numbers with with a
straight edge and compass with the twice notched straight edge
and compass as well as extra constructible numbers.

e (0,1 are both constructible numbers with a twice notched straight
edge and compass.

e The addition, subtraction, multiplication and division of two
constructible numbers is also constructible.

e Addition and multiplication are both associative and commu-
tative within the set.

e There exists an additive and multiplicative inverse for each con-
structible number with a twice notched straight edge and com-
pass.

e We conclude that the field of all constructible numbers with
a straight edge and compass is a subfield of the field of all
constructible numbers with a twice notched straight edge and
compass.

O

Theorem 4.5. The number a € R is constructible with straight edge
and compass (« € constructiblenumbers) if and only there is a se-
quence of field extensions

Q=FCF CkKC... C F, so that [F; : F;_1] =2 or 1 for
1=1,.... ;n (ie. F;=F_1(J/Bi)), Bi € F;_1 and a € F,,

Examples :
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(Q) is constructible with only a straight edge and compass.

\/? is constructible with only a straight edge and compass

‘ / il/j is constructible with only a straight edge and compass.

Kl/i is constructible with only a straight edge and compass.
q

\/ V3 + V5 + 2 + V/7 is constructible with only a straight edge and
compass.

Analogous Statement

Theorem 4.6. If a number o € (R) is in F,, so that there is a sequence
of field extensions

Q) =FCFC.... C F, with [F;: F; 1] =1,2,3

fori=1,.... ,n, then « s constructible with straight edge with two
notches and compass (i.e. « € the constructible numbers with two
notches.)

Note : The converse is false. We could potentially create /a with
the neusis construction which cannot be written as a sequence of field
extensions with degree 1, 2 or 3.

Example : We can construct the number 2.515709455 with the neusis
5- V3
V2

construction because we can write the number as

5. CONCLUSION

We have shown the basic operations for constructing numbers with a
compass and straight edge as well as more complicated constructions.
Some constructions like trisecting an angle or constructing the cube
root of a number are impossible with only a straight edge and com-
pass but can be done using the neusis construction. Both the set of
constructible numbers and the set of numbers constructible using the
neusis construction are fields. This allows us to create a tower of field
extensions which allows us to construct most real numbers as long as
the degree of each extension is 1, 2 or 3. Using field extensions, the
degree for the whole tower is 293”. However we do not know for certain
if we can construct a number not in this form such as /a where a is a
constructible number.
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